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Research on the parametric design of high-speed accessory 
transmission gears

J.Q. Tan, J.W. Jiang & H.T. Zhou
China Aviation Powerplant Research Institute, Zhuzhou, China

ABSTRACT: Determination of the modification coefficient of the high-speed accessory transmission 
gear design of aero-engines requires higher accuracy. Traditional methods such as the nomographic 
method and enclosed graph method of the modification coefficient are applied, but they are less accurate 
and fussy. A gear parametric design based on the Newton iteration method is proposed in this paper, 
considering the optimization index of abrasion resistance and adhesion resistance. Results of examples 
show that the gear modification coefficient can be determined rapidly and accurately, improving the 
efficiency and veracity.

to guarantee that the gear pair has an equal sliding 
ratio, when the number of teeth, module, adden-
dum coefficient and tip clearance coefficient are 
known, are as follows:

a. How to allocate the modification coefficient, 
when its sum is known?

b. How to allocate the modification coefficient 
when center distance is known?

c. How to choose the other modification coef-
ficient of the mating gear when one of 
modification coefficients is known?

Solution for problem (a): The working pressure 
angle of the gear pair could be obtained according 
to the equation of engagement with zero backlash 
when the total modification coefficient is known.

inv
x x

inv′ =
+

+α ′′
2 1 2x

1 2

tan ( )
( )z z+1 2z

(( α  (1)

The center distance modifying coefficient is 
given as follows:

y
z z

=
+

−⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

1 2z
2

1cos
cos

α
α

 (2)

The addendum modifying coefficient is as 
follows:

Δy xΔ y( )xx +x1 2x+  (3)

Solution for problem (b): Center could be calcu-
lated when center distance is known.

y a m′( )a a′ − /  (4)

1 INTRODUCTION

Transmission quality and life of gears are some 
of the important topics under research in the 
gear manufacture industry. While designing, 
modification is usually applied to improve the 
gear’s transmission quality and life. Tooth break-
age, wear of the tooth surface, pitting of tooth 
flanks, surface catching, and plastic deformation 
are the common failure modes of gears (Zhang 
1984). Gear modification is able to influence the 
tooth root bending strength, tooth flanks contact 
strength, tooth surface bond strength, noise, etc. 
The specific working condition and common fail-
ure mode should be considered while choosing a 
suitable gear modification coefficient. Therefore, 
computation of the gear modification coefficient 
can be of great importance in the development of 
a gear’s parametric design.

The nomographic method and the enclosed 
graph method of the modification coefficient are 
widely applied but are less accurate and fussy. 
A gear parametric design based on the Newton 
iteration method is proposed in this paper, by 
considering the optimization index of abrasion 
resistance and adhesion resistance. Finally, the 
examples using MATLAB demonstrated that the 
gear modification coefficient can be determined 
rapidly and accurately, thereby improving the 
efficiency and veracity.

2 MATHEMATICAL MODELING

The several problems encountered with respect to 
selection of an appropriate modification coefficient 
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The working pressure angle is given by the 
following equation:

cos cosα ′
′

a
a

α  (5)

Total modification coefficient is given as follows:

x
inv invii

Σ ( )z(z +z
tan1 2z+

2
α α

α
 (6)

Solution for problem (c): The addendum modi-
fying coefficient Δy is represented by the working 
pressure angle α ′ according to equation (2), (3) 
and (6) while one of modification coefficients is 
known.

In order to acquire the optimization design 
index of  abrasion resistance and adhesion resist-
ance, the total modification coefficient could 
be allocated by calculating the equation of  the 
maximum sliding ratio (Du & Lin 2007), par-
ticularly in high-speed transmission, as shown in 
equation (7).

η η1 2η ηη ma m2η ax  (7)

The maximum sliding ratio of the external 
meshing gear could be calculated by using equa-
tions (8) and (9).

η α α
α1ηη 1 2 2

1 2 2
max

( )(tan tα )α
( )1 2 ta t2n an

=
+ 2 )(tanα

)2 tan
z1 +

1

aααααα

aαα ′ 2

 (8)

η α
α2ηη 1 2 1

1 2 1
max

( )(tan tα 1 an )
( )1 2 ta t1n an

=
+ 2 )(tanα 1

)2 tan
z1 +

1

aααα

aα
α

α
′

′ 1

 (9)

where, z1 is the teeth number of the pinion; z2 is the 
teeth number of the wheel; m is the module; α is the 
pressure angle; α ′ is the working pressure angle; x1 
is the modification coefficient of the pinion; x2 is 
the modification coefficient of the wheel; xΣ is the 
total modification coefficient; y is the center dis-
tance modifying coefficient; Δy is the addendum 
modifying coefficient; a = is the reference center 
distance; α ′ is the modified center distance; ha

* is 
the addendum coefficient; αa1 is the pressure angle 
at tip circle of the pinion; αa2 is the pressure angle 
at tip circle of the wheel; η1max is the maximum slid-
ing ratio of the pinion; and η2max is the maximum 
sliding ratio of the wheel.

Solutions for problems (a) and (b): η1max and η2max 
can be represented as a function of modification 
coefficients x1 or x2, as stated in equation (10).

η
η

1 1ηη 2

2 1ηη 2

a , ,

max , ,

( )1 2,

( )1 2,

=
=

F (
G (

b,F
b,G  (10)

The problem (c): η1max and η2max can be repre-
sented as a function of the working pressure angle 
α ′, as stated in equation (11).

η
η

1ηη
2ηη
max

max

( )α
( )α

F
G

c

c

′
′  (11)

Solving equation (7) could assist in calculat-
ing the root of the following non-linear equation: 
fa,b(x1,2) = 0 or fc(α ′) = 0.

f x F Gaff a bFF a bG, ,b , ,b , ,b)x ( )x ( )x2,, 2,, 2,, 0= −FF )x =  (12)

f Gc cf Ff F cG( ) ( )FcFF (′ ′F (F ( ′−)F ( = 0  (13)

3 SOLVING METHOD

The Newton iteration method (Zeng & Fu 1992) is 
put forward in this article, which is an important 
solving method of iterative approximation. It is 
computationally simple and converges rapidly, and 
is stated as equation (14).

x x f x f xk kx k kf x−xkx )xk / ff ) (14)

When the Newton iteration method is applied, 
an appropriate initial value should be chosen to 
ensure that f’(xk) is not equal to zero in each itera-
tion. Otherwise, it would lead to divergence in iter-
ation and therefore, this equation cannot be solved. 
Then, suitable precision would be given until an 

Figure 1. Program flow chart of the Newton iteration 
method.
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approximate value solved meets the requirement. 
The program flow chart of the Newton iteration 
method is shown in Figure 1.

4 SOLUTION AND ANALYSIS

4.1 Model solution

The Newton iteration method should be proposed 
in the process of solution, as shown in Figure 2. 
Specifically, it would be used to calculate the work-
ing pressure angle α’ and independent variables x1 
or x2, while solving problems (a), (b) and (c). This 
article compiles the relevant procedure with MAT-
LAB, which exhibits rapid speed and high compu-
tation efficiency. Usually, the results are obtained 
in about 2 seconds.

4.2 Numerical analysis
1. The solution for problem (a) is illustrated by 
using an example in literature (Cheng 2011) in this 
paper, which is as follows: with the known param-
eters of gears, such as z1 = 15, z2 = 28, α = 20°, and 
ha

* = 1, please try to figure out the modification 
coefficient.

The modification coefficients can be inferred 
separately as x1 = 0.23 and x2 = −0.23, according 
to the nomographic 14-1-11 of the modification 
coefficient in page 14 to page 26 of a study (Cheng 
2011). By calculating, the absolute value of the 
difference of the maximum sliding ratio would be 
obtained, that is, |η1max−η2max| = 1.2584. Based on 

the enclosed graph F2–85 in page 156 of a study 
(Zhu 1982), the straight line x1 + x2 = 0 could be 
drawn, which would have an intersection point 
with the sliding ratio equalization curve of the gear 
pair’s bottom land. And also, the coordinates of 
this intersection point just represent modification 
coefficients, that is, x1 = 0.27 and x2 = −0.27. By 
calculating, the absolute value of the difference of 
the maximum sliding ratio would be acquired, that 
is, |η1max−η2max| = 0.3121. Based on the method used 
in this paper, the modification coefficients would 
be separately determined to be x1 = 0.284886 and 
x2 = −0.284886. Thus, the absolute value of the 
difference of the maximum sliding ratio would be 
obtained, that is, |η1max − η2max| = 6.6 × 10−6.

2. The solution for problem (b) is also explained 
with an example in literature (Cheng 2011) in this 
paper, which is as follows: when a pair of gear’s 
parameters in the gearbox of the machine tool 
are given, which refers to z1 = 21, z2 = 33, m  = 2.5, 
α  = 20°, ha

* = 1, and a’ = 70 mm, please try to work 
out the modification coefficient.

According to the nomographic 14-1-11 of the 
modification coefficient in page 14 to page 25 of a 
study (Cheng 2011), the modification coefficients 
would be separately determined to be x1 = 0.55 and 
x2 = 0.575. Then, the absolute value of difference of 
the maximum sliding ratio would also be obtained, 
that is, |η1max − η2max| = 0.011. There haven’t corre-
sponding to enclosed graph method of modifica-
tion coefficient in literature (Zhu 1982). However, 
the enclosed graph method of modification coeffi-
cient of 21/33 gear pair can be plotted by applying 
the method used in this paper and the modifica-
tion coefficient xΣ can be calculated; then, draw the 
straight line x1 + x2 = xΣ, as shown in Figure 3.

In Figure 3, 1 is the the contact ratio limit 
curve with ε = 1.2; 2 is the limit curve keeping 
the tooth root of  the pinion from intervening; 3 
is the limit curve keeping the tooth root of  the 
wheel from intervening; 4 is the crest width limit 

Figure 2. Program flow chart of the optimization 
design index of abrasion resistance and adhesion resist-
ance in the external meshing gears mechanism.

Figure 3. The enclosed graph of the modification coef-
ficient of the 21/33 gear pair.
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curve of  pinion with sa1 = 0.25 m; 5 is the crest 
width limit curve of  the wheel with sa1 = 0.25 m; 
6 is the undercut limit curve of  the pinion; 7 is 
the undercut limit curve of  the wheel; and 8 is the 
sliding ratio equalization curve of  the gear pair’s 
bottom land.

The point of intersection A, which is formed 
by the meeting of the curve 8 and the straight line 
x1 +  x2 = xΣ, whose coordinates represent modifica-
tion coefficients, x1 = 0.55 and x2 = 0.58, is chosen. 
By calculating, the absolute value of the difference 
of the maximum sliding ratio |η1max − η2max| = 0.0173. 
However, |η1max − η2max| = 9.8 × 10−8, when the mod-
ification coefficient x1 = 0.32933 as obtained by 
using the Newton iteration method in this paper.

3. The solution for problem (c) is illustrated with 
accessory transmission gear design of aero-engines 
by using the following example from literature: 
gear z2 engages with z1 and z3. A series of param-
eters of a gear are known, such as z1 = 23, z2 = 57, 
z3 = 56, m = 1.75, α = 20°, and ha

* = 1. In order 
to achieve the optimization of abrasion resist-
ance and adhesion resistance of the z1/z2 gear pair, 
please try to work out the modification coefficient 
x1 of  gear z1.

As the z2/z3 pair gear implies standard gear 
transmission, thus x2 = x3 = 0. Even though the 
modification coefficient x1 based on nomographic 
14–1-11-still cannot be calculated, the enclosed graph 
of the modification coefficient of the 23/57 gear pair 
can be plotted according to the method presented in 
the paper, as shown in Figure 4.

In Figure 4, 1 is the contact ratio limit curve 
with ε = 1.2; 2 is the limit curve keeping the tooth 
root of pinion from intervening; 3 is the limit curve 
keeping the tooth root of the wheel from interven-
ing; 4 is the crest width limit curve of the pinion 
with sa1 = 0.25 m; 5 is the crest width limit curve of 
the wheel with sa1 = 0.25 m; 6 is the undercut limit 
curve of the pinion; 7 is the undercut limit curve 
of the wheel; and 8 is the sliding ratio equalization 
curve of the gear pair’s bottom land.

The point of intersection B, which is formed by 
the meeting of the curve 8 and the horizontal axis, 
is chosen. That is, x1 = 0.31 when x2 = 0. By calcu-
lating, the absolute value of difference of the maxi-
mum sliding ratio |η1max−η2max| = 0.0606. However, 
|η1max−η2max| = 4.4 × 10−6, when the modification 
coefficient x1 = 0.32933, as obtained by using the 
Newton iteration method in this paper.

5 CONCLUSIONS

The values of |η1max−η2max| have been contrast by 
above-mentioned examples, as shown in Table 1.

From Table 1, it can be observed that the 
parametric design based on the Newton itera-
tion method used in this paper has the following 
advantages:

1. It can solve the common problem that the 
modification coefficient is calculated during the 
design process, with high accuracy.

2. An equal sliding ratio between engaged gear 
pairs is obtained by applying this method. It is 
able to solve the problems mentioned in litera-
ture (Cheng 2011), where it was impossible to 
compute the modification coefficient of a pin-
ion when modification of a gear is given.

3. For a given gear pair that belongs to an involute 
external gear, an accurate enclosed graph can be 
plotted by using the enclosed graph method.
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Figure 4. The enclosed graph of the modification coef-
ficient of 23/57 the gear pair.

Table 1. Values of |η1max−η2max| determined using three 
methods.

Problem

|η1max−η2max|

Nomographic
method

Enclosed 
graph
method

Newton 
iteration
method

a 1.2584 0.3121 6.6 × 10−6

b 0.011 0.0173 9.8 × 10−8

c Unobtainable 0.0606 4.4 × 10−6
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Test technique research on accessory gear box of aero-engine

Q.L. Chen, P. Jiang, D.C. Lei & X.Y. Huang
China Aviation Powerplant Research Institute, Zhuzhou, China

ABSTRACT: This paper presents a test method of dynamic stress for Accessory Gear Box (AGB) of 
aero-engine. Through the application of high-speed transmission shaft structural design, multiple systems 
coordination loading technique, and so on, a test rig is constructed to simulate the actual working condi-
tions of AGB. The dynamic stresses of the gear spoke and the vibration of the gear bearing seat were 
measured in the test. The test data of vibration show that the change trend is consistent with the whole 
aero-engine test results. It is also shown that the test rig can simulate the vibration environment and the 
actual working conditions of AGB in aero-engine. On the basis of the comparison test results of dynamic 
stress for the gear spoke before and after improvement, the research has led to the determination of the 
effectiveness of the improved design.

2 TEST SCHEME

Because of the restriction in configuration and 
the testing instruments, the dynamic stress of 
AGB gear spoke in a certain aero-engine cannot 
be measured in the whole aero-engine test. A spe-
cial test rig needs to be constructed to carry out 
the dynamic stress test of AGB gear spoke. The 
test scheme should simulate the actual working 
conditions of the AGB component, including the 
installation, lubrication, loading, and vibration 
environment.

2.1 Principle of test rig

The principle of the test rig is shown in Figure 1. 
The variable-frequency AC motor is the power 
source. The variable-frequency speed control sys-
tem adjusts the AC motor to attain the contin-
ued test speed. The high-speed gearbox is used to 
increase the AC motor speed according to the test 
requirement. There are two sets of high-speed cou-
plings from high-speed gearbox to intermediary 
transmission unit, which transmit the speed and 
the power to the test gear of AGB. A torque sen-
sor that is precise enough for the measurement of 
torque and speed is present.

In order to simulate the actual working condi-
tions, all real accessories should be installed on the 
AGB casing as they operate in the aero-engine. 
The real accessories include oil pump, fuel pump, 
hydraulic pump, electric generator, and so on. 
Accordingly, the test rig is equipped with the load-
ing systems including fuel pump loading system, 

1 INTRODUCTION

Accessory Gear Box (AGB), an important part of 
aero-engine, provides power transmission for fuel 
pumps, oil pumps, and generators of engine or 
aircraft. With its continuous development toward 
higher speed, miniaturization, and integration, 
the resulting mechanical vibration influences the 
gear engagement accuracy, fatigue strength, and 
reliability. Therefore, the component test and gear 
test of AGB in the simulative working conditions 
for the design verification and pre-research is very 
essential (Lin 2005), and have important instruc-
tion significance for design and failure analysis of 
AGB.

Aiming at solving the practical engineering 
problems of AGB cylindrical gear spoke fracture 
of a turbofan engine, a specific AGB test rig was 
built to simulate the actual working conditions 
of AGB in aero-engine. Referring to the success-
ful application experience of electromotive strain 
in dynamic stress measurement of engine blades 
(Peng 2003) and elastic support, we carried out 
experimental research on the dynamic stress of 
AGB gear wheel spoke, which shows that the 
vibration trend obtained experimentally is consist-
ent with the whole aero-engine test results. It is 
shown that the test rig can simulate the vibration 
environment and the actual working conditions of 
AGB in the aero-engine. On the basis of  the com-
parison test of  dynamic stress for the gear spoke 
before and after improvement, this paper has led 
to the determination of the effectiveness of  the 
improved design.
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oil pump loading system, hydraulic pump loading 
system, and electric generator loading system. The 
actual loading conditions of the above accessories 
can be simulated through adjusting the parameters 
such as the liquid press, flux, temperature, and 
electric current of loading systems.

2.2 Test method of dynamic stress

An appreciable number of studies have been 
conducted in the dynamic stress test of gear and 
valuable results have been obtained. The main 
measuring method is electromotive strain meas-
urement. Kahraman and Liou measured the tooth 
root dynamic stress of single gear pair by using 
electromotive strain measuring method (Hotait & 
Kahraman 2013, Liou et al. 1996). Liu Geng meas-
ured tooth root and gear spoke dynamic stress of 
single gear pair by using micro-strain gages (Liu 
et al. 1994, Zhang et al. 1995). So far, the reports 
on gear dynamic stress test have shown that the 
test rotating speed was no more than 4500 rpm in 
the single gear pair, and the actual working con-
ditions of the test gear were difficult to simulate. 
The AGB gears of aero-engine have the following 
advantages: high speed, small size, and compact 
structure. Under the condition that real accessories 
are assembled and actual working conditions of 
AGB are simulated, it is more difficult to conduct 
the dynamic stress test of gear spoke, and higher 
requirements are put forward to strain gages lay-
out, sticking, wiring, and analysis.

The dynamic stress test scheme for a certain 
type of  aero-engine is shown in Figure 2.  Driving 

Figure 1. General principle of test rig.

Figure 2. Test scheme of dynamic stress.

gear is driven by the high-speed gearbox. Driven 
gear is the test gear. Strain gages should be stuck 
on the designated spot of  gear spoke. Wires con-
nect strain gages with slip ring through hollow 
gear shaft. The output signals of  slip ring enter the 
strain analysis system, which is used to amplify, 
display, store, analyze, and process the signals. 
Two vibration sensors are settled on the bearing 
housing of  the centre gearbox casing, which sup-
ports the high-speed drive shaft system. Vibration 
results may reflect the inner vibration environ-
ment, and by comparing with the whole-engine 
test results, we may determine whether the test 
rig will simulate the vibration environment and 
actual working conditions of  AGB in the aero-
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engine. The arrangement of  strain gages stuck on 
the test gear spoke is shown in Figure 3.

3 KEY TECHNIQUE FOR TEST

3.1 Design of high-speed drive shaft components

The high-speed drive shaft component is a part of 
intermediary transmission unit. One end of the 
shaft is joined to torque sensor through the high-
speed couplings, and the other end of the shaft is 
joined to the driving gear, which transfers the power 
and speed to the AGB. The high-speed drive shaft 
components must run steadily and reliably under the 
condition of high-speed rotating test, avoiding the 
high temperature rise and excessive vibration. The 
actual working conditions such as supporting mode, 
lubrication condition, and power input characteris-
tics of test gear should be simulated adequately.

The high-speed drive shaft components were 
designed, whose structure is shown in Figure 4. 
These components comprise a high-speed shaft, 
end closure, disk spring, locknut, pressing plate, 
sleeve, driving gear, bearing, and so on, which are 
shown in Figure 4. The high-speed shaft is sup-
ported by two ball bearings in the centre gearbox. 
A distance sleeve is used to fix the axial position 
for bearings. Disk springs are used to pre-tight the 
bearings. Labyrinth seal is present at the end clo-
sure. One end of  high-speed shaft is connected to 
the coupling by involute spline and the other end 
is connected to the driving gear by means of  rivets. 
To simulate the lubrication condition of  AGB test 
gear in aero-engine, real oil pump of aero-engine 
is installed and flow distribution and pressure sim-
ulation are achieved by equivalent jet nozzle.

The design of high-speed drive shaft should 
guarantee the statics strength, improve dynamic 
characteristics of rotor, and avoid the critical 
speed in working speed range. An analysis model 
of coupling modal is built to analyze the dynamic 
characteristics of the rotor. The structure, sup-
porting mode, and stiffness of high-speed shaft are 
adjusted for optimizing the design.

The modal analysis model of boundary condi-
tions is shown in Figure 5. Driving gear is simpli-
fied to pitch circle and only the left half  coupling 
is considered. Driving gear, sleeve, bearing inner 
race, and high-speed shaft are joined firmly in the 
model. Bearing stiffness is simulated by spring in 
the analysis. Taking the ideal target of the first-
order natural frequency of high-speed shaft, the 
high-speed shaft structure is optimized by apply-
ing the modal analysis model, with wall thickness 
(Fig. 5, size C,D,E), diameter of axle, and axle hole 
being variable parameters.

We calculated the critical speed of high-speed 
shaft by applying SAMCEF/ROTOR software, 
and the results under different supporting rigidity 
conditions are shown in Table 1.

3.2 Bearing preloading

During the high-speed test, the working state of 
bearings has an effect on the dynamic perform-
ance of the high-speed drive shaft, and is related 
to the success or failure of the test. The high-speed 
drive shaft is supported by two angular contact 

Figure 3. Strain gages arrangement.

Figure 4. High-speed shaft components.

Figure 5. Modal analysis model of boundary 
conditions.
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ball bearings, which are face to face. The bearings 
must be pre-tightened and the bearings preloading 
should be optimized, in order to avoid skidding 
under high-speed and light load conditions, elimi-
nate axial clearance, improve bearing stiffness, and 
reduce vibration and noise.

In the test, the bearings are pre-tightened 
assembling through axial fixed position. The 
detailed method is shown in Figure 4. The end 
closure forces the disk spring that creates elastic 
deformation, and the acting force is applied to the 
two bearings through the passing of the outer-race 
pressing plate, the left bearing, distance sleeve, 
and the right bearing in turn. The value of actual 
preloading depends on the actual deformation of 
the disk spring. The deformation value of the disk 
spring should be measured and controlled eas-
ily according to the preloading requirement. The 
standard disk spring cannot be used in the test rig 
because of the restriction in assembly configura-
tion. Therefore, special disk springs are designed 
to meet the requirement of the load, deformation, 
and assembly.

The minimum bearing preload is not equal as 
the offset between the bearing outer race and the 
bearing inner race made in different factories is 
different. The super-precision bearings of FAG are 
adopted in the test. The value of bearing preload is 
calculated according to boundary conditions and 
loading analysis methods of FAG Company. The 
fatigue lives of the bearings under different preload 
conditions are analyzed based on bearing analysis 
modeling of high-speed drive shaft. The analysis 
model (Fig. 6) is built, considering the influence 
factors of rotating speed, load, temperature, lubri-
cation, and temperature difference between inner 
race and outer race. Through calculation and anal-
ysis, the optimized bearing preload is 440 N when 
the bearings have the longest life time. The relation 
curve between the life and the preload is shown in 
Figure 7.

3.3 Multi-system coordination loading technique

Fuel pump, oil pump, hydraulic pump, genera-
tor, and some other accessories are assembled 
on the AGB casing during the test. The loading 

Figure 6. Bearing preload analysis modeling of the 
high-speed drive shaft.

Figure 7. Relation curve between the life and the 
preload.

state of  these accessories determines the load 
conditions of  AGB. Therefore, the actual load 
of  accessories in the engine must be simulated 
to ensure the effectiveness of  the dynamic stress 
test.

Operating characteristics of all the accessories 
are taken into consideration in the test. By using 
multi-system coordination loading technique, the 
actual loading simulation of accessories in the 
aero-engine is realized, and the loads of all acces-
sories vary with the speed. The fuel pump loading 
system, oil pump loading system, hydraulic pump 
loading system, and electric generator loading sys-
tem are constructed according to their own load-
ing conditions in the aero-engine. These systems 
could control pressure, flow, temperature, cur-
rent, and voltage in real time, following the speed 
change, for simulating actual loads of AGB in the 
aero-engine.

Table 1. Margin of critical speed.

Serial 
number

Rigidity (N/m)
First-order critical 
speed (rpm)

First-order 
margin (%)

Second-order critical 
speed (rpm)

Second-order 
margin (%)Front prop Back prop

1 179 179 57,484 219.4 61,965 244.3
2 100 100 48,378 168.8 57,727 220.1
3 50 50 37,474 108.2 50,280 179.3
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The difficulty of multi-loading system to oper-
ate with high speed realizes the flow and pressure 
distribution with higher precision among multiple 
branches. By means of adjusting the equivalent jet 
nozzle and high-precision electric valve and taking 
the pressure and flow parameters with high-preci-
sion sensors measuring as feedback under closed 
loop control, the associated loading systems simu-
late the actual working conditions of test gear in 
aero-engine successfully.

4 TEST RESULTS

To settle the practical engineering problems about 
AGB cylindrical gear spoke fracture of a certain 
engine, the vibration acceleration and dynamic 
stress of the AGB have been measured with the 
aforementioned test technique. The vibration 
contrasts between AGB test and the whole aero-
engine test are shown in Figures 8–9. The curves 
in these figures show the change trends of the 
vibration acceleration following the rotating speed 

in this test is the same with the whole aero-engine 
test, which indicates that this special test rig can 
simulate actual operation conditions and vibration 
environment of AGB in aero-engine.

At 100% speed (17,000 rpm), by removing the 
direct current component, dynamic stress fre-
quency spectra of testing points are shown in 
Figure 10.

Under regular working conditions, frequency 
spectrum components of testing point 1#–5# are 
the same, and two main frequency divisions (f1 
= 2,261 Hz, f2 = 3,822 Hz, respectively) are the same 
with the first- and third-order vibration frequencies 
of the modal test. Frequency division amplitudes 
of the testing points are approximately the same 
and mainly in the third-order vibration modes. The 
maximal frequency division amplitude of testing 
points 1#, 2#, and 4# are the same (∼15 MPa), fre-
quency division amplitude (∼14 MPa) in point 3# is 
oppositely less, and frequency division amplitude 
(∼21 MPa) in point 5# is maximum. The vibration 
stress distribution is the same with model analysis. 
By analyzing the dynamic stress at 100% rotating 
speed, we can conclude that vibration modes of 
the test gear in the above test are consistent with 
modal calculation, and this test validates the verac-
ity of modal tests. The test results prove the valid-
ity of the gear dynamic stress test, which indicates 
that the aforementioned test rig can simulate the 
actual working conditions of aero-engine.

During the troubleshooting of gear wheel 
spoke fracture of AGB in a certain aero-engine, 
the dynamic stresses of gear wheel spoke and the 
vibration of AGB have been measured before 
and after improving designs. The amplitude of 
vibration acceleration in point 1# after improving 
design reduces by 78.6% than before improve-

Figure 8. Vibration contrast of 1# point between this 
test and the whole aero-engine test.

Figure 9. Vibration contrast of 2# point between this 
test and the whole aeroengine test.

Figure 10. Dynamic stress spectra of test points at 
17,000 rpm.
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ment and the vibration acceleration amplitude in 
point 2# after improving design reduces by 96.9% 
than before improvement. Vibration contrasts of 
before-and-after improving designs are shown in 
Figures 11–12. The maximum dynamic stress of 
test gear is 21.4 MPa after improving design, and 
it decreases by 48.2%, comparing with the value of 
41.3 MPa before improving design.

5 CONCLUSIONS

In this paper, a special test rig was developed for 
AGB test, which can simulate the actual working 
conditions of AGB part such as the installation, 

Figure 11. Vibration contrast of 1# point of before-
and-after improving designs.

Figure 12. Vibration contrast of 2# point of before-
and-after improving designs.

lubrication, loading, and vibration environment. 
The dynamic stress test of small gear spoke with 
high speed was conducted, and it simulated the 
actual working conditions with all real accessories 
being installed on the AGB casing.

Through the application of key techniques on 
high-speed transmission shaft structural design 
and multi-system coordination loading technique, 
the problems of high temperature rise and excessive 
vibration which are very likely to arise during high-
speed rotating test have not occurred. The simu-
lation of working conditions on the supporting, 
lubricating, and loading is realized successfully.

The dynamic stresses of the gear spoke for the 
AGB have been measured successfully in the above 
test rig during the troubleshooting for gear spoke 
fracture of a certain aero-engine. The results of the 
test data analysis of dynamic stresses show that the 
above test rig can simulate the vibration environ-
ment and actual working conditions of AGB in the 
aero-engine, and the test results verify the effective-
ness of the improved design.
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Effect of air bubbles in the viscous damper silicone oil on damping 
property

Weixin Yang, Ping Wang & Jinshun Wang
China Aviation Powerplant Research Institute, Zhuzhou, China 

ABSTRACT: To study the effect of air bubbles in the viscous damper silicone oil on its damping prop-
erty, two types of damper structures were tested. One of the damper silicone oil capsules have a certain 
length of air bubbles, and the other has no bubble. Two types of dampers with bearing pedestal were 
oscillated on a vibration shaker, and the vibration isolation coefficient and rate of the two structures at 
the same oscillation were compared. Meanwhile, in order to simulate the actual working condition of 
the damper in the helicopter, the varying curves of vibration isolation coefficient of the two structures 
changing with load were also obtained and compared. The results showed that the bubbles existing in the 
silicone oil of viscous damper can negatively affect its damping property.

and rate of the viscous dampers at specific oscilla-
tion conditions.

2 TESTING PROGRAM

Viscous damper consists of an outer bearing bush, 
silicone oil capsule, and silicone oil capsule filler, 
whose structure diagram is shown in Figure 1.

The assembly diagram of the viscous damper 
is shown in Figure 2, with the viscous damper 
mounted on the outer ring of the bearing and the 
filler of the viscous damper placed facing upward, 
by fixing it through the bearing inner and outer 
rings.

To simulate the installation condition of the vis-
cous damper mounting on the helicopter, viscous 
damper was installed on the vibration shaker by 
test fixture. An iron mandrel was used to simulate 
the weight of  the drive shaft and the work con-
dition, and the outer circle of  the mandrel and 
the inner circle of  the outer bearing bush were 
coordinated. In addition, the viscous damper was 
oscillated by a vibration shaker, and the dynamic 
loads generated by the inertia motion of the man-
drel were used to simulate the dynamic loads of 
the viscous damper generated by the transfer shaft 
in working status. Meanwhile, in order to obtain 
the vibration isolation coefficient and rate of  the 
viscous vibration damper, acceleration of the table 
and response acceleration of the mandrel were 
measured.

The viscous damper isolation coefficient η is:

η = a2 / a1 (1)

1 INTRODUCTION

Damping property is a measurement of the 
strain energy consumption of the material under 
mechanical vibration during cyclic loading. Effec-
tive utilization of the damping properties of the 
material in structural applications can effectively 
reduce noise and vibration. In recent years, the 
processing of viscoelastic damping of the struc-
ture has become the main means of suppressing 
the vibration response of the mechanical structure 
and reducing the structural noise radiation.

Viscous dampers, as the support means of the 
transmission tail shaft assembly, does not only 
play its role of installation positioned for sealed 
deep groove ball bearing, but also absorbs vibra-
tion energy to reduce its transmission between the 
fuselage and the tail shaft. Damping property of 
the viscous damper has a significant impact on the 
dynamics of the tail shaft assembly, among which, 
the air bubbles in the viscous damper silicone oil, 
especially with huge air bubbles, will have signifi-
cant impact on the property of the damper. Air 
bubbles are easily formed during the injection of 
silicone oil mixed with air to silicone capsule. In 
addition, air bubbles also form in silicone oil dur-
ing oil leakage in a long flight of the helicopter. 
The vibration amplitude of the tail shaft exceeding 
the limited value during the test flight of a certain 
type of helicopter shows the occurrence of oil leak-
age at the tail shaft, which had led to the formation 
of large amounts of air bubbles in the silicone oil. 
To study the effect of air bubbles in silicone oil of 
viscous dampers on its damping properties, in this 
paper, we studied the vibration isolation coefficient 
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Where a2 = response acceleration of the mandrel 
and a1 = acceleration of the table.

Viscous damper isolation rate E is expressed as 
follows:

E = (1 – η) × 100% (2)

According to the above formulas, when the 
acceleration of the table is in the same range as 
that of the mandrel corresponding to a smaller 
isolation coefficient (η) and higher isolation rate 
(E), the viscous damper exhibited better damping 
properties.

According to the interface size of the vibration 
shaker and viscous damper, a specially designed test 
fixture was used to test the characteristics of the 
damper. Viscous damper was fixed to the test fix-
ture by four bolt holes of the outer ring of the bear-
ing, and test fixture was mounted on the vibration 
shaker. During the test, acceleration of the table (a1) 
was measured by the acceleration sensor placed at 
the bolt that connects the outer ring of the bear-
ing and the viscous damper. Meanwhile, another 
acceleration sensor was used to measure response 
acceleration of the mandrel (a2) placed at the out-
put connector. The installation of the test fixture 
and the measuring points are shown in Figure 3.

Two types of viscous damper structures were 
tested according to the test parameters as listed in 
Table 1. The structure containing 12.7-mm-long 
air bubbles in silicone oil was defined as structure 
1 (performance qualification test of this type of 
viscous damper requires viscous damping length 
of air bubble in the silicone oil <12.7 mm), while 
structure 2 has no bubbles. To simulate actual 
working conditions in the helicopter flight, excit-
ing frequency of the vibration shaker was set at 
68.6 Hz (the speed of this helicopter tail shaft was 
4,116 rpm), and the load step was set at 0.05 mm 
displacement of the table; During the test, accel-
eration of the table (a1) and response acceleration 
of the mandrel (a2) were recorded. In addition, 
excitation of the damper was not allowed to exceed 
its affordable maximum excitation throughout the 
whole test.

3 TEST RESULTS AND ANALYSIS

The test lasted 30 s for the two damper structures in 
each displacement. The excitation acceleration (a1) 
and response acceleration l(a2) were measured and 
recorded, and the measurement results are shown 
in Table 2. Calculating the isolation coefficient (η) 
and isolation rate E of the dampers in each state 
according to formulas (1) and (2), and comparing 
the results shown in Table 3, the changes of the iso-
lation rate of the two structures with the increasing 
load damper are shown in Figure 4.

Figure 1. Schematic of the viscous damper.

Figure 2. Assembly diagram of the viscous damper.

Figure 3. Test fixture installation and measuring points.

Table 1. Damping characteristics test procedure.

Preloading/
N

Displacement/
mm

Frequency/
Hz

40 0∼(0.8 mm, Steps 
0.05 mm

68.6
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The values of acceleration and response accel-
eration of two structures under different displace-
ments are listed in Table 2. The data in the table 
showed that in the case of the same acceleration, 
all the response accelerations of structure 1 were 
higher than those of structure 2. In addition, com-
parison result of Table 3 showed that in the same 
excitation conditions, isolation rate of structure 1 

was lower than that of structure 2; in other words, 
the damping properties of structure 1 were worse 
than those of structure 2. Furthermore, as seen 
in Figure 4, with the increase of load, when dis-
placement exceeded 0.6 mm, damping properties 
of structure 1 showed a sharp decline, while damp-
ing properties of structure 2 in this state declined 
slowly. The test indicated that the existence of 

Table 2. Acceleration measurements (excitation frequency 68.6 Hz).

Displacement
/mm

Structure 1 (bubbles) Structure 2 (no bubbles)

Acceleration a1
(P-P)/g

Response acceleration a2
(P-P)/g

Acceleration
a1
(P-P)/g

Response 
acceleration a2
(P-P)/g

0.05 1.897 1.83 1.902 1.737
0.1 3.765 3.639 3.782 3.432
0.15 5.685 5.482 5.702 5.221
0.2 7.602 7.319 7.482 6.831
0.25 9.543 9.058 9.497 8.631
0.3 11.484 10.898 11.402 10.178
0.35 13.371 12.621 13.126 11.598
0.4 15.32 14.231 15.169 13.473
0.45 17.302 15.873 17.261 15.025
0.5 19.275 17.664 19.098 16.321
0.55 21.034 18.927 21.021 17.627
0.6 23.272 20.627 23.084 18.812
0.65 25.279 23.865 25.192 20.776
0.7 27.215 26.002 27.034 22.682
0.75 29.096 28.332 28.903 24.902
0.8 31.064 30.803 30.946 27.106

Table 3. Vibration isolation rate and the results.

Displacement/
mm

Structure 1 (bubbles) Structure 2 (no bubbles)

Isolation coefficient
η

Isolation rate
E

Isolation coefficient
η

Isolation rate
E

0.05 0.9647 3.53% 0.9132 8.68%
0.1 0.9665 3.35% 0.9075 9.25%
0.15 0.9643 3.57% 0.9156 8.44%
0.2 0.9628 3.72% 0.9130 8.70%
0.25 0.9492 5.08% 0.9088 9.12%
0.3 0.9490 5.10% 0.8927 10.73%
0.35 0.9439 5.61% 0.8836 11.64%
0.4 0.9289 7.11% 0.8882 11.18%
0.45 0.9174 8.26% 0.8705 12.95%
0.5 0.9164 8.36% 0.8546 14.54%
0.55 0.8998 10.02% 0.8385 16.15%
0.6 0.8863 11.37% 0.8149 18.51%
0.65 0.9441 5.59% 0.8247 17.53%
0.7 0.9554 4.46% 0.8390 16.10%
0.75 0.9737 2.63% 0.8616 13.84%
0.8 0.9916 0.84% 0.8759 12.41%
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bubbles in the silicone oil of viscous damper can 
reduce its damping property, and therefore, air 
bubbles must be avoided in silicone oil.

In the test, the structure vibration was prima-
rily the bending vibration. Viscoelastic damping 
material reduced the effect of vibration and noise 
because of the transformation of the kinetic energy 
of the friction of damping material macromolecu-
lar chain segments into heat energy in an alternating 
stress and strain of tension and compression. Usu-
ally near the glass transition temperature, increase 
in the number of chain segments involved in the 
viscoelastic damping material per unit volume gen-
erated higher frictional resistance, consumed more 
energy, and gained better damping properties. The 
number of macromolecular chain segments per unit 
volume segment in the damping layer with more 
bubbles is less than that in the bubble-free damp-
ing layer with the same thickness. Thus, under the 
same excitation conditions, decrease in the friction 
of chain segments reduced its energy consump-
tion. In addition, the overall modulus of elasticity 
of the damping layer would be lowered due to the 
presence of air bubbles, and this would reduce 
the damping property of the structure. Therefore, 
the bubbles existing in the silicone oil of viscous 
damper can reduce its damping property.

4 CONCLUSIONS

The test results show that air bubbles in the silicone 
oil of viscous damper would reduce the damping 

properties of the structure and weaken the ability 
of restraining vibration. Therefore, in flight mis-
sions, viscous damper should be inspected regu-
larly to ensure that vast air bubbles do not exist 
in the silicone oil of damper due to oil leakage. In 
addition, the dampers should be treated to elimi-
nate air bubbles when pouring oil to silicone oil 
capsules, reduce the level of air bubbles in oil as 
much as possible, improve the damping property 
of the structure, achieve better damping effect, and 
ensure flight safety.
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Analysis of the technical characteristics of tilt rotor drive system

Qibo Wang, Yonghong Wang & Mei Yin
China Aviation Powerplant Research Institute, Zhuzhou, China

ABSTRACT: The purpose of this paper is to experimentally determine the friction coefficient between 
a pulley and a poly-v belt. This parameter is crucial in the belt power transmission capability and effi-
ciency. The friction coefficient is often considered locally between two materials, although it depends on 
the belt/pulley contact geometry and therefore might be considered globally. It is determined under the 
conditions of full sliding with a steel pulley for several contact arcs between the belt and the pulley and for 
several initial setting tensions. The effects of these parameters are presented and analyzed. A comparison 
of several belts showed that they differ in their longitudinal stiffness and/or the rubber ribs covering mate-
rial. The influence of the belt components is highlighted.

two PT6C-67A turbine shaft engines tilted along 
with the rotor. Its basic parameters are shown in 
Table 2[2]. It takes 20 s to tilt between the vertical 
position and the horizontal position.

Transmission system is the key component of 
the tilt rotor aircraft. It not only makes the com-
plex power transmission, but also realizes the tilting 
movements of the rotor, which is the main factor 
that distinguishes it from helicopter or fixed-wing 
propeller aircraft.

1 INTRODUCTION

Tilt rotor aircraft achieves different angles of tilt-
ing rotor by tilt mechanism. Thus, the aircraft has 
a dual function of vertical take-off, landing and 
high-speed cruise. Its take-off  and landing do not 
need a runaway, like a helicopter. When it is on 
the cruise, the rotor forward will become a pro-
peller and not only improve the mobility, but also 
increase the cruising speed to 500–600 km/h. This 
paper overcomes the drawbacks of fixed-wing air-
craft not to lift off  vertically and helicopter’s small 
activity radius, short range, and slow speed.

Tilt rotor aircraft has a large flight envelope, cov-
ering almost both the helicopter and propeller air-
craft, and combines the aerodynamic characteristics 
of the two types of aircraft below 9,000 m in altitude, 
with a very good economy, as shown in Figure 1.

Because of the unparalleled advantages, tilt 
rotor aircraft has a huge application space both 
in the military and civilian field. Since the 1950s, 
the United States and some European countries 
invested heavily in the research of tilt rotor tech-
nology, which is considered one of the future devel-
opment directions of the rotorcraft. At present, 
several tilt rotor aircrafts have been successfully 
developed, such as V-22 “Osprey”, BA609, and 
“Eagle Eye”.

V-22 “Osprey” is equipped with two T-406 tur-
bine shaft engines tilted along with the rotor. Its 
basic parameters are shown in Table 1[1]. In the 
vertical take-off  or landing conditions, the engine 
has 100% rotating speed of 15,000 rpm. However, 
when it is converted to the fixed-wing state, the 
speed reduces to 84% (333.5 rpm).

BA609 is a civil tilt rotor aircraft developed by 
Bell and Agusta in the 1990s. It is equipped with 

Figure 1. Comparison of tilt rotor aircraft and others.
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Transmission system has a direct impact on 
the performance of tilt rotor aircraft. In the early 
development of V-22, the design of the transmis-
sion system is too complex, which troubles the 
whole project. Then, a number of improvements 
are presented to solve the problem.

2 TECHNICAL CHARACTERISTICS OF 
THE TILT ROTOR TRANSMISSION 
SYSTEM

Both tilt rotor transmission system and helicopter 
transmission system are aircraft mechanical 

transmission systems with similarity in structure 
and function. At the same time, there are many 
new technical characteristics on tilt rotor transmis-
sion system.

2.1 Structure composition and operational 
principle of tilt rotor transmission system

Tilt rotor transmission system is composed of five 
gearboxes and three drive shafts, including left/
right Proprotor GearBox (PRGB), left/right Tilt-
Axis GearBox (TAGB), Middle-Wing GearBox 
(MWGB), engine input shaft, Pylon shaft, and 
wing shaft, as shown in Figure 2.

When tilt rotor aircraft is transformed between 
helicopter and fixed-wing aircraft, the PRGB is 
tilt relative to the wing within the specified scope. 
Tilt gearbox is made up of a pair of spiral bevel 
gear. One end connects the MWGB by the wing 
shaft and the other end connects the proprotor 
gearbox by the Pylon drive shaft. When tilting, 
on the one hand, the spiral bevel gear transmit-
ted power between the proprotor gearbox and the 
MWGB, and on the other hand, the spiral bevel 
gear connected to the Pylon shaft tilt around the 
wing shaft. This working state is similar to the 
rotation and revolution of a plant. The intercon-
nected transmission system is made up of bilateral 
symmetry of Pylon shaft, tilt-axis gearbox, wing 
shaft, and MWGB. At the same time, the over-
running clutch is set between the proprotor gear-
box and the engine to achieve the following three 
functions:  When all engines operated, the single 
engine drives the rotor of the same side. And when 
the engines’ speed is not synchronous, the overrun-
ning clutch can make two rotor speeds synchro-
nize.  When one engine is invalid, the emergency 
engine drives not only the rotor on the same side 
but also the rotor on the other side through the 

Table 1. Basic parameters of V-22 (100% engine speed).

Maximum take-off  weights (kg) 27,441
Range (with one refueling) (km) 3,890
Empty weight (kg) 14,779
Cruise airspeed (km/h) 463
Engine speed (rpm) 15,000
Rotor speed (rpm) 397
Speed of wing shaft (rpm) 6,574
Tilt angle 123°
Engine 2 × Allison 

T-406
Each engine 

power (kW)
Max. continuous power 3,359
Transient power 5,027.4

Power of wing 
shaft (kW)

All engine operated 376
30 s OEI 3,454.5
Max. continuous OEI 2,749

Table 2. Basic parameters of BA609 (100% engine 
speed).

Full weight (kg) 7,620
Payload (kg) 2,450
Range (km) 1,200
Passenger 9
Cruise speed (km/h) 509
Engine speed (rpm) 30,032
Rotor speed (rpm) 569
Speed of wing shaft (rpm) 6,536
Engine 2 × PT6C-67A

Each engine power 
(kW)

Max. continuous 
power

1,296

30 s OEI 1,715

Each rotor power 
(kW)

Max. continuous 
power

8,51.6

Max. take-off  
power

1,044

Transient power 1,286

Power of wing shaft 
(kW)

Max. continuous 
OEI

714

Transient power 1,127

Figure 2. Structure of the tilt rotor transmission 
system[3].
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interconnected transmission systems. At the same 
time, the clutch between the failure engine and 
proprotor gearbox overruns to avoid the loss of 
power and to protect the failure engine.  When all 
engines are invalid, the tilt rotor aircraft enters into 
the helicopter mode by controlling tilting mecha-
nism, and the two rotor synchronous spin down by 
the interconnected transmission systems to achieve 
a safe landing. The above three functions of the 
interconnected transmission systems facilitate 
superior safety, reliability, and control maneuver-
ability of the tilting rotor aircraft to the fixed-wing 
propeller aircraft.

In the whole flight envelope, tilt rotor transmis-
sion’s work attitude changes in more than 90°, as 
shown in Figure 3. Compared with the conven-
tional helicopter transmission system, there is an 
increase of new requirements: (1) the drive system 
has the ability to rotate around the reciprocating 
axis and (2) the reciprocating motion of the nacelle 
with a large angle requires stable and reliable work-
ing of the gearbox in all types of flight condition.

2.2 Characteristics of tilt rotor transmission 
system

Active tilt rotor aircraft mainly includes the 
famous V-22 “Osprey”, the only commercial tilt 
rotor BA609, and the unmanned tilt rotor “Eagle 
Eye”. This section introduces the technical charac-
teristics of the tilt rotor transmission system based 
on V-22 “Osprey”.

V-22 shows excellent performance and 
advanced technology, which is widely used in the 
United States Marine Corps and Air Force. Its 
maximum take-off  weight is more than 27 tons. 
V-22 is equipped with two T-406 turboshaft 
engines, each with 5,027 kW maximum power 
and 15,000 rpm output rotating speed. The two 
engines are respectively arranged in the left and 
right nacelle turning with the tilting axis gearbox, 

as shown in Figure 4. The transmission system 
has the characteristics of  a large power, large 
transmission ratio, long transmission chain, and 
the function of  one engine driving two rotors with 
one engine invalid.

In V-22, each nacelle contains proprotor gear-
box and tilt-axis gearbox. The proprotor gearbox 
is applied to transfer the engine power to the rotor 
(propeller) with a reduction ratio of  37.78, con-
sisting of  three stages of  gear pair: stage 1, heli-
cal gear pair and stages 2 and 3, planetary gear. 
Tilt-axis gearbox is composed of  a pair of  spiral 
bevel gears with transmission ratio of  1.81, which 
is connected to the proprotor gearbox and the 
wing shaft. When all engines operated, part of 
the engine power is used to drive the generator, 
hydraulic pump, compressor, and so on in the 
MWGB through tilt-axis gearbox and the wing 
shaft. When one engine is invalid, half  of  the 
engine power is transferred to the rotor (propeller) 
on other side through the wing shaft and tilt-axis 
gearbox on both sides.

Compared with the helicopter transmission 
system, the technical characteristics of the tilt 
rotor transmission system are mainly embodied in 
the following three aspects:

1. Multiple power transmission routes
Tilt rotor aircraft has interconnected transmis-
sion system, connecting the power on both sides 
of the wing. Through the interconnected transmis-
sion system and an overrunning clutch, the engine 
power can be transferred bidirectionally:  When 
all engines operated, each engine drives the rotor 
on the same side;  When one engine is invalid, 
emergency engine drives not only the rotor on the 
same side, but also that on the other side through 
the interconnected transmission system, and the 
failure engine is insulated with the proprotor gear-
box through the overrunning clutch.

Figure 3. Tilting limited position of the nacelle[3].
Figure 4. Components of the tilt rotor transmission 
system[1].
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2. With complex structure, long transmission 
chain, and many key moving components

Tilt rotor transmission consisted of  five gearboxes 
and three shafts. Both the left and right propro-
tor gearboxes include three-stage gear trains. 
And one PRGB must increase an idler wheel 
to achieve opposite direction rotation between 
the two rotors, which can offset the anti-torque 
effect, leading to the PRGB’s structure not sim-
ple symmetry. In tilt-axis gearbox, one gear needs 
to rotate simultaneously along another gear axis 
when transferring power. This non-conventional 
form of  transmission brings new challenges to 
pattern adjustment and dynamic stability design 
of  the spiral bevel gear pair. When one engine is 
invalid, the engine power needs to be delivered 
to the contralateral rotor through more than 
10-m-long wing shaft and adapted to the original 
wing angle.

3. With changeable work condition and com-
plicated load, the dynamic analysis is more 
difficult

The tilt rotor drive system has a larger difference 
between the configuration and function than the 
helicopter transmission system. In tilt rotor air-
craft, the transmission system need to bear not 
only the rotor’s gas dynamic load, but should 
also adapt to the complex aerodynamic loads 
brought by the transition state. In addition, during 
the tilting process and under different attitude, the 
support and transfer force structure between the 

engine, gearbox, rotor, and wing change, which 
leads to complex and changeable dynamic tran-
sient coupled effect between moving components. 
This effect is difficult to be calculated and analyzed 
accurately, and it requires a large number of exper-
imental studies.

3 KEY TECHNOLOGIES OF TILT ROTOR 
TRANSMISSION SYSTEM

The tilt rotor transmission system contains many 
key technologies, including: (1) aerodynamic inter-
ference research; (2) rotor/wing-coupled dynamics 
stability study; (3) quality/flight dynamics research; 
(4) flight control system research; (5) advanced 
rotor system research; and (6) drive system and tilt 
mechanism research. As one of the most impor-
tant moving components of the tilt rotor, trans-
mission system is the key to achieve its complex 
power transfer and rotor tilting function, and is 
one of the focus directions of the development of 
tilt rotor aircraft.

Although many similarities exist between the tilt 
rotor transmission system and helicopter transmis-
sion system, unique differences also exist. Through 
comprehensive analysis, the following five key 
technologies need to be solved.

3.1 The overall design technology of the tilt rotor 
transmission system

The overall matching design of the tilt rotor trans-
mission system under all types of attitudes and 
various complex loads plays a crucial role in tilt-
ing rotor’s performance. Compared with helicopter 
transmission system, tilt rotor transmission system 
has large differences in configuration and function. 
The transmission system not only transmits the 
power to rotor (propeller) and bears the rotor (pro-
peller) aerodynamic load outside, but also adapts 
to the complex aerodynamic loads brought by the 
transition state. When one engine is invalid, the 
transmission system must have to transmit equal 
power to rotors on both sides. It wants to ensure 
the work coordination and synchronization of the 
rotor (propeller) during the process of flight atti-
tude changing. All these brought new and higher 
requirements to the transmission system.

3.2 Design technology of tilt-axis transmission 
mechanism

Tilt-axis transmission mechanism plays a crucial 
role in tilt rotor aircraft, which connects the power 
from nacelle to wing shaft on the one hand and 
provides fulcrum to the nacelle to tilt on the other 
hand. It can directly assess the emergency engine, 

Figure 5. Power transmission route of the helicopter 
transmission system.

Figure 6. Power transmission routes of the tilt rotor 
transmission system.
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the support rigidity of the nacelle, the stability of 
the tilting process, and the stability of power trans-
mission of the fuselage accessory when one engine 
is invalid. There is a pair of spiral bevel gears con-
necting the power between the nacelle and wing 
shaft. When the nacelle is tilting, one gear rotates 
not only around its own axis, but also around 
another axis of the gear pair. This phenomenon 
brings challenge to the pattern adjustment and 
stability design. The nacelle, which is cantilever-
supported in the edge of the wing by two rolling 
bearings tilts around the wing shaft under the 
hydraulic driving. Conversion spindle and the two 
bearings bear complex loads under different atti-
tudes, which brought difficulty to the matching 
design of strength, stiffness, and weight of trans-
mission components.

3.3 Design technology of flexible coupling 
adapted to an original installation angle

In order to adapt the wing structure, there is an 
original installation angle between the driving shaft 
of MWGB and the wing shaft. Therefore, the cou-
pling has to be designed with sufficient flexibility 
to adapt to this structure. For example, in V-22 and 
BA609, there are flexible couplings with double dia-
phragms, which can accommodate 2.4° angle between 
two axes. In some aircraft, this original installa-
tion angle is nearly 3°, which puts forward higher 
requirements of the coupling and shaft design.

3.4 The flexibility support design among engine, 
gearbox, and airframe

Engine, gearbox, engine input shaft, and hub are 
tilted together with the nacelle. The connection 
structure between the engine, gearbox, and nacelle 
is very important. It must guarantee the stability 
of power transmission and adapt to the deforma-
tion incongruity between various components dur-
ing large-angle rotation.

3.5 Lubrication design technology under extra-
large attitude conversion

Unlike the large attitude maneuver of helicopter 
and aeroplane, tilt rotor requires stable working of 
gearbox for a long time under any position in the 
attitude envelope. In addition, nacelle has a com-
plex structure containing PRGB, TAGB, accesso-
ries, and so on. Therefore, the lubrication directly 
affects the stability and reliability of the whole 
transmission system at various positions and dur-
ing the tilting process. The following are the main 
drawbacks of the lubrication system design: plenty 
of lubrication points, complex structure, need to 
guarantee stability and adequate lubricating oil 
flow, and oil pressure under arbitrary attitude. 
However, because of the complexity of the struc-
ture and the diversity of the working attitude, 
regular design is difficult to guarantee the good oil 
return ability. Therefore, a special oil return chan-
nel or other structure needs to be set up to ensure 
smooth oil return. The compatibility design of the 
lubrication system under all types of attitudes is 
one of the key technologies of tilt rotor transmis-
sion system.

4 FUTURE DEVELOPMENT OF TILT 
ROTOR TRANSMISSION TECHNOLOGY

Study of tilt rotor drive system has a history of 
more than 60 years. The future research may focus 
on continuous improvement of performance of the 
drive system and the new configuration matching 
new tilt rotor aircraft.

Boeing and Bell companies in the United States 
conducted research on tilting rotor drive system 
in ART project, and proposed the improvement 
target of the following aspects:

1. Weight of the drive system reduced by 25%.
2. Noise of the transmission system reduced 10 dB.
3. Reliability of the transmission system increased. 

That is, the Mean Time Between Repairs 
(MTBR) increased to 5,000 h.

Although V-22 has been a huge success, human 
never stopped continuous research on the tilt rotor 
technology. In recent years, a new type of quad 
tilt rotor aircraft has been developed, as shown 
in Figure 8. It puts forward higher request on the 
function and performance of the drive system: 
interconnects not only the left and the right gear-
box, but also the front and the back. Another type 
of tilt rotor V-280 has also been put forward with 
engine not to tilt with gearbox. In this scheme, the 
engine’s applicability will increase significantly. 
However, the narrow space of the wingtip brought 
design challenges to the support of the engine and Figure 7. Flexible coupling arrangement[2].
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the interconnection of the engine and the trans-
mission system.

5 CONCLUSION

Throughout the development course and the cur-
rent situation of tilt rotor aircraft, transmission 

Figure 8. Structure of quad tilt rotor.

system always plays an important role, and the 
drive system is one of the key technologies of tilt 
rotor aircraft. Because of the powerful function of 
the drive system, tilt rotor aircraft has irreplace-
able advantages compared with helicopters and 
fixed-wing propeller aircraft. Meanwhile, tilt rotor 
transmission system has more complex structure 
and key technologies, which bring greater chal-
lenges on development.
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ABSTRACT: By adopting the rotor shaft integrated with rotor hub, safety, reliability, and maintenance 
of the transmission and rotor hub can be improved significantly. This paper shows the difference between 
the normal design and integrated design for the rotor shaft and rotor hub, and then presents the advan-
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shaft is supported by a set of pull bearing and a 
set of cylindrical roller bearing. At the end of the 
shaft, it is connected by the spline transferring 
torque to the center part. The way of fixing the 
center part is complex. Both sides of the spline are 
supported by two cones via axle centering, com-
pressed by some bolts. The center part is connected 
to the flexible beam, transferring the torque to the 
rotor and enduring the load like bending moment, 
shear load, and axial force from the rotor.

If  the rotor shaft is integrated with the main 
gearbox, diameter of the lower shaft, combined 
gear bore diameter, and the sun gear bore should 
ensure the installation of the rotor shaft and suf-
ficient space.

2.2 Normal tail rotor shaft structure

Figure 2 shows the typical structure of the normal 
tail rotor shaft. As is shown in Figure 2, the tail 
rotor shaft is supported by a set of bearing. The 
tail rotor shaft and the gear are always designed 
as an integrated structure with sliding collar sub-
assembly integrated in it. At the end of the shaft, 
it is connected by the spline transmitting torque 
to the output flange. The way of fixing the output 
flange is complex. Both ends of the spline are sup-
ported by two cones and it is axle centering, com-
pressed by some bolts. The output flange transmits 
the torque to the rotor through the connecting 
bolts and endures the load like bending moment, 
shear load, and the axial force from the tail rotor.

From Figure 2 it can be found that this connec-
tion needs many parts and a highly reliable lock to 
the end shaft compressed bolt, as it may loosen. 
When the bolt is loosening, it may cause heavy fret-
ting of the spline and loss of the ability of torque 
transferring. The installation requirement of the 

1 INTRODUCTION

Reliability of two connections of the transmission 
system between the main rotor and tail rotor and 
the main rotor shaft and tail rotor shaft is very 
important, and it endures the complex load from 
the rotor hub (Manfu Li et al. 2010). The normal 
way of connecting between the rotor shaft and rotor 
is that the rotor connects to the flange by cone first, 
and then, the flange connects to the rotor. This 
connecting method has disadvantages of complex 
structure, numbers of part, high maintenance cost, 
and heavy maintenance workload. With the devel-
opment of the helicopter transmission system, inte-
grated design becomes more and more extensive in 
the application of the gearbox design, and the com-
ponent structure integrated design has become an 
important characteristic of the transmission system. 
In the advanced helicopter transmission system, like 
the AB139, Tiger, many integrated structure designs 
have been used, such as gear/shaft/bearing, rotor 
shaft/bearing/planetary gear carrier, and tail rotor 
shaft/bearing/gear integrated structure (Zeyong 
Yin. 2011). Airbus Helicopter Company has abun-
dant experience in integrated structure design and 
application. They have used this integrated struc-
ture in “AS332”, “NH 90”, “Tiger”, H175, and so 
on. Compared with the normal design, the inte-
grated design methods used in the rotor shaft design 
decrease the number of the parts, increase the reli-
ability, and reduce the weight obviously.

2 NORMAL STRUCTURE DESIGN

2.1 Normal main rotor shaft structure

Figure 1 shows the typical structure of the normal 
main rotor shaft. As is shown in Figure 1, the rotor 
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bolt is very strict and it may take much time. During 
the installation, to avoid the production of partial 
load, the bolt installation torque has been divided 
into several levels, each level of which should be 
applied symmetry until the torque becomes stable, 
which may take a very long time. At the same time, 
the maintenance of the bolt is very strict. Accord-
ing to the bolt maintenance requirement from 
one helicopter maintenance manual, the torque 
is checked for several flight hours until there is no 
loosening of the torque. If  the torque of the bolt 
is still unstable after the third time tightening, it 
needs to be changed. During testing of the bolt 

torque, the tail rotor blade needs to be removed, 
and hence the maintenance cost is very high.

3 INTEGRATED STRUCTURE DESIGN

The integrated structure is simpler than the normal 
structure, because of the integration of the rotor 
shaft and rotor hub in one part and the removal of 
parts such as the cone, semi-cone, and connecting 
flange. Thus, it is possible to easily find the mal-
function and repair it. At the same time, it largely 
reduces the support resource during the repair and 
significantly improves the reliability and mainte-
nance of the gearbox. The integrated structure also 
conforms to the RMS design requirements in the 
aviation product, especially the modern civil heli-
copter product.

3.1 Integrated main rotor shaft structure

The integrated structure of the rotor shaft sub-
assembly is an individual unit and its typical struc-
ture is shown in Figure 3. Adopting this design, the 
assembly and disassembly become convenient and 
so as the maintenance. It adopts four-strut installa-
tion. The aerodynamic load of the rotor shaft like 
the tension and bending moment directly transfer 
to the rotor shaft taper housing through the strut 
and the main housing only transfers the torque 
and the transverse force. This design reduces the 
weight. The upper attachment close to the center 
of the rotor and the shaft is short, so the bending 
moment of the attachment is small, but it adds the 
height of the main gearbox.

The rotor shaft transfers the force by two sets 
of bearing, like the SA330 “Puma”, which takes 
a pair of face-to-face taper roller bearing on the 

Figure 1. Normal rotor shaft structure.

Figure 2. Normal tail rotor shaft structure.

Figure 3. Integrated main rotor shaft structure.
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upper rotor shaft and a ball bearing support on the 
main gearbox housing through a planetary carrier 
on the bottom end. The distance between the two 
taper roller bearings is small to ensure the instal-
lation of the bottom of the rotor shaft and avoid 
the installation stress. The ball bearing is used to 
locate the planetary carrier and radial auxiliary 
locates the rotor shaft, enduring radial force at the 
same time.

3.2 Integrated tail rotor shaft structure

Figure 4 shows the typical integrated structure of 
tail rotor shaft and rotor hub. It is evident from 
the figure that this structure is divided into two 
parts according to the characteristics. The rotor 
shaft is in the gearbox and supported by a pair of 
bearing through external spline connected to gear. 
The rotor hub is out of the gearbox and connected 
to the flexible beam by elastic bearing and damp. 
Compared with the normal tail rotor structure, it 
simplifies the connecting structure, removes the 
cone and lock device, and significantly reduces the 
number of parts, to simplify the installation proce-
dure and reduce the maintenance cost.

4 INTEGRATED TECHNICAL RESEARCH

The following is an example of the integrated 
structure of the tail rotor shaft and the rotor hub. 
Structure, load boundary, strength, and test meth-
ods are analyzed.

4.1 Structure analysis

Figure 5 shows the integrated tail rotor shaft struc-
ture. The structure connected with tail rotor has 
already been shown in Figure 4. Figure 6 shows 
the installation structure of the rotor shaft in the 

gearbox. The rotor shaft is connected to the gear 
by the outer spline and supported by double-taper 
roller bearing and roller bearing. At the end of the 
shaft, it is locked by the SHUR-LOK nut.

Considering that the integrated structure 
endures the high bending moment from the tail 
rotor during the design process, it should pay 
attention to the matching surface. For example, 
in the disassembly of the prototype after a cer-
tain flight hours, heavy fretting was found on the 
matching surface between the rotor shaft and gear 
and between the rotor shaft and the bearing. Since 
the fretting will affect the potential of the gearbox 
overhaul, the design is improved by introducing 
the spraying tungsten carbide on those areas.

During the design of the rotor hub, attention 
should be paid to the installation interface of the 
rotor hub bearing, damp, and pitch control rod. 
As the tail blade of this helicopter is three, a sym-
metric distribution structure needs to be designed 
with three lugs to install the rotor shaft bearing. To 
let the three pitch control rod have control space, 
three bell mouths need to be designed. For the 
installation of the damp, a symmetric distribution 
structure with three lugs is designed.

Considering the worn of the inner hole, the 
bushes are set inside the hole. They can be replaced 
during its overhaul. As part of the rotor hub is 
exposed outside and endures the vibration load, it 
needs a reliability protective treatment. Therefore, 

Figure 4. Integrated tail rotor shaft structure.

Figure 5. Integrated tail rotor shaft.

Figure 6. Installation of the tail rotor shaft in the 
gearbox.

ICPT2016_Book.indb   25ICPT2016_Book.indb   25 9/29/2016   10:58:38 AM9/29/2016   10:58:38 AM



26

anti-vibration paint has been taken to guarantee 
the protective requirements.

In terms of the selection of the material, we 
have two options: titanium alloy and stainless steel. 
Considering the long procurement cycle and high 
processing cost, stainless steel is preferred.

4.2 Load boundary analysis

In the normal tail rotor shaft design, the tail rotor 
shaft endures different types of loads, including 
torque, bending moment, shear load, and axial 
force. In addition to those loads, the integrated tail 
rotor shaft endures the damping load and the cen-
trifugal load caused by the high-speed rotation of 
the blades. The loads are shown in Figure 7.

4.3 Strength analysis

The software MSC.PATRAN is used before/after 
treatment using the finite element method and 
MSC.NASTRAN is used for the calculation of 
line elastic finite element stress. During calculation, 
the axial displacement and radial displacement of 
the tail rotor shaft bearing mounting surface and 
the circumferential displacement of the spline tooth 
root resection surface are restricted. Under a given 
calculation load, the equivalent stress distribution 
of the tail rotor shaft is shown in Figure 8 and the 
synthetic displacement and deformation distribu-
tion are shown in Figure 9 (Junlin Xie. 2012).

From the above analysis, it can be seen that the 
high-stress zone of the integrated tail rotor shaft 
is close to the hole and the maximum deformation 
position is in the rotor hub side. In the following 
test, it is also verified that the crack appears close 
to the hole.

4.4 Test substantiation

4.4.1 Test boundary simulation
In order to simulate the actual load on the helicop-
ter, it needs to apply bending moment, shear load, 
torque, axial force, damping load, and the centrifu-
gal force. Figure 10 shows the load sketch, with F1, 
F2, and F3 applying the axial force and bending 
load; L1, L2, and L3 applying the torque; D1, D2, 
and D3 applying the damper load and the centrifu-
gal force by a special three-direction actuator.

The special three-direction actuator ensures that 
the error of the output load of the three-piston 
stem is not more than 0.3% under working pressure 
of the same oil chamber. The detailed load scheme 
is shown in Figure 11. The three-piston stem of 
the three-direction actuator is directly mounted 
to three sets of special rubber joint bearings, 
which are connected to the tail rotor hub through 
bolts. The fitting dimension is consistent with 

the actual installation structure of the helicopter. 
The special rubber joint bearing can eliminate the 
negative effects to the centrifugal load caused by 

Figure 7. Loads of the tail rotor shaft.
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the deformation of the tail rotor shaft. It needs 
to ensure that the centrifugal load applied to the 
tail rotor shaft through the rotor hub connection 
bolt is consistent with the actual load condition 
(Lisheng Lin. 2010).

4.4.2 Test substantiation methods
In addition to the normal high and low cycle 
fatigue test, damage tolerance test was conducted 
as the substantial method of the integrated tail 
rotor shaft. Figure 12 shows the fatigue test bench 
of the tail rotor shaft.

The main purpose of the damage tolerance tests 
is to determine the inspection period of the main-
tenance. The damage type on the tail rotor may 
be the scratch, impact, and loose of torque. To 
simulate the real situation, the damage mode and 
area should be collected and analyzed. Then, the 
fatigue test is conducted by applying these dam-
ages on the part.

5 CONCLUSION

As two critical components of the helicopter, the 
integrated design of the tail rotor shaft and the 
rotor hub largely reduces weight and improves reli-
ability and maintainability. This paper provides a 
new configuration and development direction for 
the transmission component design. Since this 
configuration endures more complex load than 

Figure 8. Equivalent stress distribution.

Figure 9. Displacement and deformation.

Figure 10. Sketch of the load application.

Figure 11. Mounting of the three-direction actuator.

Figure 12. Fatigue test bench of the tail rotor shaft.
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the normal one, the analysis of the load becomes a 
key research content of the integrated rotor shaft 
and hub. The transmission system and rotor hub 
designer are required to conduct an in-depth study 
of its key technologies.
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ABSTRACT: In this paper, the classification and the current situation of new configuration rotorcrafts 
are introduced. On the basis of analyzing the characteristics of all types of rotorcrafts, the development 
tendency of future rotorcrafts is proposed, that is, the compound high-speed rotorcraft with a tail propel-
ler and the tilt rotor aircraft. Then, the structure, technical characteristics, and development trend of the 
power transmission systems for the compound and the conventional and electric transmission rotorcraft 
are analyzed emphatically. Finally, in order to fulfill the future needs of new configuration rotorcrafts, the 
development direction of power transmission technology is put forward, which includes variable-speed 
drive, counter-rotating drive, active clutch, and tilt-axis gearbox.

rotor), the coaxial dual-rotor, the longitudinally 
arranged dual-rotor, the transversely arranged 
dual-rotor, and the crossly arranged dual-rotor. 
However, people do not stop exploring and stud-
ying the new configuration rotorcraft that not 
only has the maneuverability of vertical take-off, 
landing, and hovering like rotorcraft, but also 
has a relatively high flight speed and a long range 
like fixed-wing aircraft. In recent years, with the 
advance of related technologies, the new configu-
ration high-speed rotorcrafts have been developed 
rapidly and drawn public attention[12], and can be 
divided into three types: compound, conventional, 
and other configurations, shown in Fig. 1.

2.1 Development of compound high-speed 
rotorcraft

Compound high-speed rotorcraft is developed 
normally by changing the conventional rotorcraft 

1 INTRODUCTION

Since multiple new configurations[1–3] have been 
publicized in succession for future rotorcraft, espe-
cially high-speed rotorcraft, the new configurations 
and technologies of corresponding power transmis-
sion have emerged. For example, the coaxial contra-
rotating output transmission system has become the 
main configuration of the compound high-speed 
rotorcraft with a tail propeller[2, 4–5], and the tilt-
axis gearbox adapted to ultralarge attitude change 
as well as the flexible coupling adapted to a preset 
mounting inclination have become key characteris-
tics of the high-speed tilt rotor power transmission 
system[1, 6–8], and the variable speed transmission 
technology will be applied in the power transmis-
sion system of compound high-speed rotorcraft 
with a tail propeller and high-speed tilt rotor[6,9]. 
The new needs bring higher requirements on the 
function and performance of power transmission 
system, such as, more complicated load character-
istics and load path, more dynamic excitation and 
coupling, more difficult lubrication under the con-
dition of ultralarge attitude change, as well as more 
conflicting between high-pressure oil lubrication 
and sealing for parts in relative motion[7,10–11].

2 DEVELOPMENT OF NEW 
CONFIGURATION HIGH-SPEED 
ROTORCRAFT

Since the discovery of modern rotorcraft, it has 
developed into multiple configurations, including 
the single-rotor with a tail rotor (or a ducted tail Figure 1. Types of new configuration rotorcraft.
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tail rotor into a translational thrust system. 
The concept of  compound rotorcraft started in 
the 1950s. During take-off, landing, or hovering, 
the main rotor generates lifting force; when flying 
forward, its translational thrust system provides 
main thrust to increase flight speed. Main thrust 
system can be a tail propeller, two front propellers, 
or a turbojet engine that only generates thrust. 
Currently, the high-speed compound rotorcraft 
mainly adopts the two former ones, because a 
turbojet engine has a high SFC although with a 
large thrust.

Sikorsky X-49A, X2 and S-97 and Russian 
Ka-92 adopt tail propeller, as shown in Fig. 2.

In the 1990s, the US Army, by adding a trans-
lational thrust system and two wings to the 
conventional rotorcraft UH-60, trial produced 
X-49A “speed hawk”. It has a maximum flight 
speed less than 500 km/h[12]. However, the heavy 
translational thrust system could cause the 
center of  gravity to move backward. In addition, 
because the rotor downwash flow is blocked by 
the wing, rotor efficiency and hovering perform-
ance are reduced. In 2005, Sikorsky launched X2 
technical validation plan. X2 adopts two coaxial 
main rotors plus a translational thrust system. 
X2 reached a maximum speed of  469 km/h in 
flight test. Prototype S-97, developed based on 
X2, accomplished the successful first flight in 
May 2015. Russian 30-seat large-sized new con-
cept high-speed rotorcraft Ka-92 was publicized 
in 2008, whose structure is similar to X2. How-
ever, because of  fund problem, its progress is 
slow.

Airbus Helicopter X3 adopts two front propel-
lers, as shown in Fig. 3. X3 demonstrator achieved 
472 km/h flight. Also because of fund problem, 
this project was ended in 2013. However, the tech-
nical achievement of X3 can be used in future 
high-speed rotorcraft.

2.2 Development of conventional high-speed 
rotorcraft

Conventional high-speed rotorcraft has multiple 
working modes, which means that during take-off, 
landing, or hovering, it works as a rotorcraft; and 
during cruise, it works as a fixed-wing aircraft to fly 
at a high speed. Its advantage is higher speed (over 
500 km/h), and disadvantage is the technical dif-
ficulty in converting working modes between take-
off, landing, hovering, and cruise. On the basis of 
the movement of the conventional rotor, the con-
ventional high-speed rotorcraft can be divided into 
two types: conventional rotor/wing and tilt rotor.

Typical conventional rotor/wing high-speed 
rotorcrafts include X-50A “dragonfly” and X wing, 
as shown in Fig. 4. During take-off, the engine shaft 
outputs power, which drives the rotor to rotate to 
generate needed lifting force; during cruise, the rotor 
is locked and works as a wing, and the engine ejects 
gas rearward to produce thrust. Because the rotor 
needs to function as a fixed wing, its hovering per-
formance is worse than the conventional rotor. Fur-
thermore, there is great difficulty in flight control to 
realize working mode conversion, which reduces the 
practicability of conventional rotor/wing rotorcraft.

High-speed tilt rotor aircraft is equipped with 
a rotor tilting structure at the wing tip, which can 
move between horizontal and vertical position. 
During vertical take-off, landing, or hovering, the 
rotor shafts are perpendicular to the ground and it 
flies as a transversely arranged rotorcraft; during 
cruise, the rotors tilt 90 degree forward, become 
two puller propellers, and fly as a fixed-wing pro-
peller aircraft.

Tilt rotor aircraft mainly has two configura-
tions, tilt rotor (see Fig. 5(a)), and tilt ducted fan 
(see Fig. 5(b)). V-22 and AW609 belong to the first 
type. V-22 entered into service in 2006, which has 
over 100,000 flight hours; AW609 is a civil tilt rotor 
aircraft, which was launched in the 1990s. Bell X-22 
demonstrator has a tilt ducted fan, in which the 
rotor is surrounded by the duct, thus avoiding the 
rotor downwash flow to be blocked by the wing. 
However, during tilting of ducted rotor, there may 
be stall, difficulty in flight control, engine inlet air 
turbulence, and abnormal noise.

Figure 3. X3 compound high-speed rotorcraft with 
front propeller.

Figure 2. Compound high-speed rotorcraft with tail 
propeller.
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2.3 Development of other configuration 
rotorcrafts

In recent years, electric transmission rotorcraft and 
electric power rotorcraft have attracted attention 
of people.

In electric transmission rotorcraft, the output 
of turboshaft engine drives the lightweighted high-
power electric generator, whose electric power is 
transmitted to the motor, which in turn drives the 
rotor or tail rotor. Now, subjected to the techni-
cal obstacle of reducing the weight of high-power 
electric generator and drive motor, electric trans-
mission rotorcraft is still in its initial stage, as 
shown in Fig. 6.

Electric power rotorcraft uses on-board batteries 
to directly drive the rotor, which means that there 
is no need for mechanical transmission device, 
as shown in Fig. 7. According to the reports[13], 
electric power rotorcraft has the disadvantage of 
high-capacity battery requirement. Because of 
this, recently, its application has been limited to 
low-power-consuming, lightweighted, and simple 
rotorcraft with no more than two seats, and its 
cruise duration is relatively short, which confines 
its application.

It can be seen from the development of 
rotorcraft with new configuration that tilt rotor 
aircraft is the earliest high-speed rotorcraft project, 
which has entered the equipment stage. Because 
of its high speed, high loading capacity and long 
cruise range, the United States and Europe have 
shown a great interest in the tilt rotor aircraft, 
listing it into the main development directions of 
future transporting rotorcraft, and has already 
put effort into developing the next generation, 

such as American V-280, V-44, and Eurotilt and 
LCTR2[5,14–15], which are invested by four European 
countries. Compound rotorcraft with tail propel-
ler, which has excellent overall performance such 
as good stability, maneuverability, and high speed, 
also gains significant attention of the US Army. 
Furthermore, it is listed in the main development 
directions of future attack rotorcraft. For example, 
Sikorsky Company has plans to use S-97 to replace 
OH-58D, which is now applied in the US Army.

3 POWER TRANSMISSION SYSTEMS 
OF COMPOUND HIGH-SPEED 
ROTORCRAFT

3.1 Development of the power transmission 
systems in compound high-speed rotorcraft

In order to meet the high-speed requirement of 
compound rotorcraft, X-49 “Speed Hawk” arranges 
a translational thrust system. on the basis of UH-60 
“Black Hawk”, the power transmission system in 
X-49 “Speed Hawk”  is changed from a tail rotor gear-
box to a tail propeller gearbox, as shown in Fig. 8[16]. 

Figure 4. Conventional rotor/wing high-speed rotor-
craft.

Figure 5. Tilt rotor aircraft.

Figure 6. Electric transmission rotorcraft.

Figure 7. Electric power rotorcraft.

ICPT2016_Book.indb   31ICPT2016_Book.indb   31 9/29/2016   10:58:45 AM9/29/2016   10:58:45 AM



32

During cruise, the tail propeller gearbox mainly 
drives the tail propeller, and at the same time, the 
rotor provides partial lifting force; while during 
take-off, landing, or hovering, the tail propeller 
can work as an anti-torque rotor, which balances 
the torque of the rotor. Compared to the power 
transmission system of traditional rotorcraft, the 
compound rotorcraft has a special characteristic of 
owning a large power tail propeller gearbox, which 
can work as main power chain during cruise.

As shown in Fig. 9, X2, S-97, and Ka-92 adopt 
two coaxial rigid rotors and a translational thrust 
power transmission system. By adjusting the pitch 
of the rotor and tail propeller, main power can 
be transmitted to the main rotor during take-off, 
landing, or hovering, while to the tail propeller 
during cruise. Its main rotor is coaxial rotor; thus, 
there is no need to use a tail propeller balancing 
the anti-torque.

It can be seen in Fig. 10[17] that the power trans-
mission system in X3 consists of a main rotor and 
two front pusher propellers. The engine power is 
transmitted by the left and right distributional 
gearbox to the propeller gearboxes and the rotor 
gearbox. The rotor gearbox provides the power 
output to the main rotor after incorporating the 
power from the two engines. The engines provide 
more power output to the right propeller to bal-
ance the torque produced by the main rotor.

3.2 Technical features of the power transmission 
system in compound high-speed rotorcraft

As mentioned above, there are several types of 
compound high-speed rotorcraft. Here, only the 
power transmission system is analyzed in the most 
representative compound high-speed rotorcraft 
with a coaxial dual-rotor and a tail propeller.

3.2.1 Dual-main-rotor coaxial counter-rotating 
output

When the main rotors adopt coaxial counter-
rotating output, there is no need for the tail propel-
ler to balance the anti-torque, which means the tail 
propeller is only used for providing thrust during 
cruise. Thus, the power consumption of the tail 
propeller can be reduced during take-off, landing, 
or hovering. Moreover, it can use an active clutch 
to cut off  the tail propeller transmission chain in 
order to increase flight efficiency, reduce vibra-
tion and noise of the rotorcraft, as well as simplify 
the transmission chain design of the tail propel-
ler, as shown in Fig. 9. However, comparing to 
the rotorcraft of conventional configuration, the 
structure of the main gearbox and rotor control 
mechanism in coaxial dual-rotor rotorcraft is more 
complicated (see Fig.11), which makes the dynamic 
problems of coaxial dynamic components even 
more complicated.

3.2.2 Switchable main driving chain
During take-off, landing, or hovering, 90% of the 
engine power is transmitted to the main rotor, and 
during high-speed cruise, 80% of the engine power 
is transmitted to the tail propeller. Different power 
flow produces significant difference in layout and 
structure of power transmission system from con-
ventional rotorcraft.

3.2.3 Translational thrust system with high 
transmission power

In conventional rotorcraft, maximum power for 
TGB reaches 20% of the take-off  power for MGB. 
As described above, however, for compound 

Figure 8. Power transmission system in X-49 “Speed 
Hawk”[16].

Figure 9. Principle of rotorcraft power transmission 
system with coaxial rigid rotor and tail propeller[2].

Figure 10. Power transmission system in X3[17].
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rotorcraft with a tail propeller, maximum power 
for the translational thrust system reaches 80% of 
the take-off  power. There is significant difference 
in structures of the translational thrust system and 
the lubrication systems from those of the conven-
tional rotorcraft, and a pressure oil lubrication sys-
tem should be used.

3.3 Future development for the power 
transmission system in compound high-speed 
rotorcraft

3.3.1 Power transmission system with 
variable speed

Power transmission system, with the function of 
variable speed, can supply main rotor high speed 
and high lift during vertical take-off  and land-
ing; and during cruise, with the lower main rotor 
speed, the forward shock wave of the main rotor is 
decreased and its flight efficiency is increased.

As shown in Fig. 12, variable speed gearing uses 
a frictional clutch together with an over-running 
clutch to realize branching transmission of power 
flow and two speed output, respectively. During the 

engagement of frictional clutch, with over-running 
clutch, power flow is directly transmitted through 
frictional clutch, and it is high-gear temporarily. 
During disengagement on frictional clutch, power 
flow is transmitted through over-running clutch, 
and it is low-gear.

So far, variable-speed technology has only 
successfully realized gear shifting in Unmanned 
Rotorcrafts of A160T of the United States. How-
ever, for the medium and large size and heavy-
lift rotorcraft application, further research is still 
needed.

3.3.2 Power transmission system with tail driving 
chain cut-off

As shown in Fig. 13, an active control clutch is 
mounted on the tail driving chain. During verti-
cal take-off, landing, or hovering, the power to 
the tail propeller is cut off  by disconnecting the 
clutch, and all the power from engine is transmit-
ted to the main rotor and the operating efficiency 
is increased; before changing to high-speed flight 
state, it is necessary to switch on the active con-
trol clutch on the tail driving chain and to adjust 
blade pitch of the tail propeller and the main rotor 
for the main power from engine to be transmitted 
to the tail propeller and high-speed flight to be 
realized.

4 POWER TRANSMISSION SYSTEM 
OF CONVENTIONAL HIGH-SPEED 
ROTORCRAFT

4.1 Development of the power transmission 
system in conventional high-speed rotorcraft

In order to meet the need of rotor rotation dur-
ing take-off, landing, hovering, and rotor stalling 
during cruise, a rotor-wing convertible setup is 
mounted on the conventional rotor/wing rotorcraft. 
During take-off, landing, or hovering, the power 
from engine is transmitted to the rotor through 
the power transmission system for the rotation of 
rotor to produce lift force. During cruise, the rotor 

Figure 11. Principle of coaxial counter-rotating 
transmission.

Figure 12. Principle of power transmission system with 
variable speed for compound rotorcraft[9].

Figure 13. Power transmission system with tail driving 
chain cut-off  for compound rotorcraft.
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is locked through the rotor brake and is used as 
wings. For this type of power transmission system, 
a clutch is mounted on it. After the rotor is locked 
in, the clutch is disengaged to cut off  the power 
transmission between the engine and the rotor, and 
the shaft-fan engine will directly supply forward 
flight power (see Fig. 14).

In order to meet the requirements of conversion 
of two operation modes for tilt rotor aircraft, a tilt-
axis gearbox, mounted at the joint of root of the 
rotor and top of the wing, drives the rotor to tilt 
within 0–90° under the action of the tilt mechanism 
(see Fig. 15). For a typical tilt rotor aircraft (V-22 
and AW609), two turboshaft engines are installed, 
both of which are placed at the tip of the wing. 
Most power of an engine is transmitted to the cor-
responding rotor through the proprotor gearbox; 
at the same time, some power is transmitted to 
the middle wing gearbox and accessories through 
the tilt-axis gearbox and the wing shaft. In OEI, 
the operative engine provides some power to drive 
the rotor at the other side through the proprotor 
gearbox, the tilt-axis gearbox, the wing shaft, the 
tilt-axis gearbox at the other side, the proprotor 
gearbox at the other side, and the motion between 
inoperative engine and gearbox is cut off  through 
an over-running clutch (see Figs. 16 and 17).

4.2 Technical characteristics of the power 
transmission system in conventional 
high-speed rotorcraft

The high-speed tilt rotor aircraft has attracted 
much attention for developing direction of the 
high-speed conventional rotorcraft. In the follow-
ing, we analyze the power transmission system of 
high-speed tilt rotor aircraft.

4.2.1 Tilt-axis gearbox with significant change 
of attitudes

The tilt-axis gearbox (see Fig. 18) is the key com-
ponent to realize the conversion of rotor attitudes 
for the high-speed tilt rotor. On the one hand, 
it is the hinge to connect the engine to the wing 
shaft; on the other hand, it faces many problems 

in supporting the tilt components (such as rotor): 
complicated interfaces and load delivering routes, 
significant change of work attitudes, conspicuous 

Figure 14. Power transmission system of conventional 
rotor/wing rotorcraft.

Figure 15. Tilt schematic diagram of tilt-axis 
gearbox[18].

Figure 16. Typical tilt rotor aircraft power transmission 
system[8].

Figure 17. Schematic diagram of driving train of tilt 
rotor aircraft.

Figure 18. Diagram of internal structure of tilt-axis 
gearbox[1].
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dynamics issues, and so on. Difficulties in design 
include: the matching design of strength–rigidity–
weight, and the lubrication compatibility of mov-
ing parts during extraordinarily serious change of 
attitudes.

4.2.2 Multi-power transmission routines
The high-speed tilt rotor aircraft shall have the 
interconnected transmission system with multi-
function and complicated structure to connect 
the power in both sides of wing, and to realize the 
two-way power transmission through the inter-
connected transmission system and over-running 
clutch:  while all engines operating, each engine 
will drive the rotor in the same side to generate 
lift force or pull;  while one engine is invalid, the 
only engine which works in emergency will not 
only drive the rotor in the same side, but also drive 
the rotor in the other side through the intercon-
nected transmission system. The failure engine and 
the proprotor gearbox will be isolated through an 
over-running clutch. It is quite different from the 
traditional rotorcraft, which transmits power to 
the main rotor and the tail rotor in one way sepa-
rately after power collection, as shown in Fig. 19.

4.2.3 Flexible coupling adapted to preset 
mounting inclination

In order to adapt to the structure of dihedral angle 
and sweep-forward angle of the wing, a certain 
inclination lies between the drive gear shaft of the 
intermediate wing reduction gearbox and the axis 
of connected wing drive shaft. Therefore, the cou-
pling is required to have a prodigious flexibility to 
adapt to the structure in design. For example, the 
flexible couplings at both ends of the intermedi-
ate wing reduction gearbox in AW609 are designed 
as double-membrane disk structure, which adapts 
to an inclination of 2.4° between the two axes, as 

shown in Fig. 20. In some rotorcrafts, the “V” 
angle in both sides of wings reaches 3°; therefore, it 
puts higher requirements in the design of the wing 
shaft and the flexible coupling.

4.3 Future development of the power transmission 
system in conventional high-speed rotorcraft

As described above, the high-speed tilt rotor aircraft 
becomes the developing direction of the high-speed 
conventional rotorcraft. The future high-speed tilt 
rotor aircraft will have higher efficiency and loading 
capacity, such as that of V-280, V-44, and Eurotilt. 
In order to adapt to the future development of 
high-speed tilt rotor aircraft, beyond weight reduc-
tion, extension of lifetime, reliability improvement, 
and vibration reduction, some new design programs 
may occur henceforth for the power transmission 
system design, such as the engine no-tilt program, 
the quad rotor tilt program, and the variable speed 
ratio transmission program, which will play impor-
tant roles in the future development of high-speed 
tilt rotor aircraft.

4.3.1 Layout of power transmission system with 
engine not tilting

As shown in Fig. 21, a part of power transmission 
system drives the rotor to tilt with engine always 
being at the horizontal position and fixed on the 
rear of the tilt-axis gearbox. The layout of power 
transmission system with non-tilting engine, com-
paring to that of the existing V-22, has a relatively 

Figure 19. Comparison of power transmission routines 
between the power transmission systems of tilt rotorcraft 
and traditional rotorcraft.

Figure 20. Flexible coupling with a preset mounting 
inclination[8].
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lower requirements for engine, weight and rotating 
inertia of tilting components are reduced, which 
benefits the design of the tilting mechanism and 
the support structure. However, the tilting compo-
nents are located on the main drive chain in this 
layout, so evaluating the impact of tilting move-
ment on power transmission in transient state will 
be focused on.

4.3.2 Power transmission system of quad tilt 
rotor aircraft

As shown in Fig. 22, four engines are connected by drive 
shafts and gearboxes. The interconnection structures of 
left and right engines are similar to that of V-22. The 
intermediate gearboxes of front wing and rear wing are 
connected by drive shafts going through the airframe to 
realize the interconnection of four engines. This inter-
connection ensures that either other three engines can 
drive the four rotors in case of one engine failure, or the 
remaining two engines or one simultaneous drive the four 
rotors in case of two or three engines failure, as shown 
in Fig. 23. Compared to the existing two rotors layout, 
the quad tilt rotor aircraft has not only higher carrying 
capacity and better stability but also higher safety and 
reliability. However, its configuration of power transmis-
sion system is more complicated, especially, the coupling 
among multiple systems needs to be considered.

4.3.3 Variable speed ratio function of power 
transmission system

Variable speed ratio transmission technology will 
be applied to the large civil high-speed tilt rotor 
aircraft according to the plan for transmission 
technology of Europe high-speed tilt rotor aircraft 
in 2035[15]. In this plan, the rotor speed variability 
of 100% to 54% was achieved by using only the 
power transmission system or both the power 
transmission system and the engine, as shown in 
Fig. 24. Therefore, flight efficiency is significantly 
improved.

5 POWER TRANSMISSION SYSTEM 
OF ELECTRIC TRANSMISSION 
ROTORCRAFT

5.1 Technology features of electric 
transmission system

The power system of electric transmission 
rotorcraft consists of turboshaft engine, gearbox, 
high-power generator, cable, driving motor, and 
rotor/tail rotor. Its principle is shown in Fig. 25. 
The power is provided by one or more turboshaft 
engines. The gearbox combines the power from 

Figure 21. Tilt-axis gearbox with engine not tilting[19].

Figure 22. V-44 and its power transmission system.

Figure 23. Schematic diagram of power transmission 
system of quad tilt rotor aircraft in the case of three 
engine failure.

Figure 24. Schematic diagram of power transmission 
system of the large civil tilt rotor aircraft described in the 
plan[6].
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engines, and then transmits it to the high-power 
generator at the reduced speed, which converts 
the mechanical power from the gearbox to electri-
cal power, which is transmitted to the drive motor 
of the main rotor or the tail rotor by cables. The 
drive motor then converts electrical power back to 
mechanical power, which will rotate the main rotor 
or the tail rotor.

Compared to conventional mechanical trans-
mission, electric transmission has the following 
features:

1. Configuration of transmission chain is simple. 
Compared to the conventional power transmis-
sion system of rotorcraft, electric transmission 
system adopts electric energy for transmis-
sion, and finally drives the main rotor and the 
tail rotor by converting electric energy back to 
mechanical energy. It has no extremely compli-
cated and multi-stage gear transmission chain, 
which avoids the problem caused by complicated 
and precise fitting, supporting, and mounting.

2. Transmission chain of the main rotor and the 
tail rotor has variable speed ratio. Speed range 
of conventional rotorcraft in normal operation 
state is small, since its speed range is determined 
by engine’s speed limits, while electric transmis-
sion may easily realize the speed change by 
adjusting the field current of the motor rotor.

3. Mounting and transmission is flexible. Unlike 
the inflexibility of the conventional mechanical 
transmission, the electric transmission can real-
ize a “flexible” transmission.

5.2 Development of electric transmission 
technology in rotorcraft

Because of the special advantages of electric trans-
mission, several application studies, with certain 
achievements, have been conducted on the tank 
transmission system. However, the technical prob-
lem of reducing the weight of high-power genera-
tor still exists, which limits its application to the 
rotorcraft transmission system.

Recently, some technicians have proposed a 
project of electromechanical transmission sys-
tem, in which the main rotor adopts conventional 
mechanical transmission system, while the tail rotor 
uses electric transmission, as shown in Fig. 26. The 
tail transmission chain consists of engine, main 

gearbox, high-power generator, cable, tail driv-
ing electric motor, and tail propeller. This project 
applies electrical transmission to the relatively low-
power tail transmission chain, which avoids the 
technical obstacle of designing and manufacturing 
high-power generator for the main rotor.

6 CONCLUSION

Compound high-speed rotorcraft with a tail rotor 
and high-speed tilt rotor aircraft will become the 
primary development direction for new configura-
tion high-speed rotorcrafts, and will draw much 
attention from military and civil fields.

In order to meet the development needs of new 
configuration rotorcrafts, the power transmission 
technology is faced with a new challenge and will be 
explored in the new field of high-speed rotorcraft 
power transmission system. For instance, variable 
speed will be one choice for the power transmission 
system of various configuration rotorcrafts[20–21], 
which can decrease the rotor speed during high-
speed flight and avoid the forward blade shock 
wave, in order to significantly increase flight effi-
ciency. Although the counter-rotating output 
configuration of coaxial rotor has been applied 
for the power transmission system “Ka” series 
rotorcrafts for many years, for the advantage of 
avoiding tail rotor to balance. The anti-torque and 
counter-rotating output configuration of coax-
ial rotor combined with a translational propel-
ler will be one of the main configurations in the 
future. The rotorcraft adopting this configuration 
possesses not only high hovering efficiency but also 
high propulsion capacity. The active clutch will 
play an important role in the compound rotorcraft Figure 25. Principle of electric transmission.

Figure 26. Schematic diagram of electromechanical 
transmission[3].
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power transmission system, and it can cut off  the 
tail transmission gear train when the helicopter is 
taking off, landing, or hovering, thereby increasing 
efficiency and decreasing the vibration and noise 
level. Power conversion technology of new gear 
box under large attitude change will be developed 
to increase the maturity of high-speed tilt rotor 
aircraft power transmission system technology and 
for the rapid growth of the products.
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The design of transverse flux PMDCM for electric direct driving
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ABSTRACT: Electric direct driving system has great significance in the field of engineering practice 
owing to its high reliability, favorable maintenance and high transmission efficiency, etc. It removes the 
complex middle transmission mechanism, thus reduces the power loss caused by transmission gear, and 
improves the efficiency and precision of the system. The motor, as the major component of the electric 
direct driving system, the reliability becomes the key factor in promoting the performance of the system. 
The transverse flux Permanent Magnetic DC Motor (PMDCM) has the prominent merits of high torque 
density, modular structure and flexible design, compared to other normal motors. Therefore, it’s perfectly 
suitable for the industrial low-speed condition. This paper performs the simulation analysis of the neoteric 
type of motor static magnetic field, no-load and load transient magnetic field by Ansoft Maxwell 3D soft-
ware, and then selects the best size of the motor structure according to the simulation results.

[6–7]. Most Chinese colleges choose small and 
medium PMM as their main study object. Focus 
on the problem of the manufacturing process of 
PMM, the use of new materials, new design meth-
ods and assembly techniques will be a hotspot and 
a major research direction in the field domestic 
and abroad.

Based on the research of the transverse flux 
PMDCM domestically and abroad, a novel type 
of transverse flux PMDCM has been put forward. 
Design and analysis have been made to gain break-
through progress in the process of the structural 
manufacturing process.

2 PMM CLASSIFICATION AND 
OPERATING THEORY

Based on the difference of magnetic path, transverse 
flux PMM can be classified as tabulate trans-
verse flux PMM, magnetic gathering rotor trans-
verse flux PMM and passive rotor transverse flux 
PMM [8–13]. Analyzing the structures and charac-
teristics of all kinds of transverse flux PMM, and 
considering the problems of complex structure 
and poor manufacturing technology of traditional 
transverse flux motor, the paper adopts the second 
kind of rotor structure and puts forward a novel 
disk type transverse flux brushless PMM that 
has high structural strength and good manufac-
turing process. Although this kind of motor still 
has the characteristic of complex structure and 
low mechanical strength, the specific structure of 

1 INTRODUCTION

The motor is the key component of the electric 
direct driving system, and its performance will 
directly determine the merits of the system. The 
transverse flux permanent magnetic brushless DC 
motor has the advantages of high torque density, 
flexible structure and elastic design under low 
speed condition. This new type of motor conquers 
the limitation in torque-density promotion. How-
ever, its disadvantages of large leakage, low power 
factor, and complex structure have seriously lim-
ited the further popularization and application. 
Therefore, study of the new structure of transverse 
flux PMDCM with high torque density, has great 
academic value and practical significance in dimin-
ishing the weight and improving the utilizing rate 
of electric direct driving system [1].

Transverse Flux Permanent Magnetic Motor 
(PMM) was proposed in 1980s [2–4]. The concept 
of transverse flux PMM was raised by professor 
Herber Weh from TU Braunschweig, German in 
1986 [5], and the first 45kW model machine was 
developed in 1988. As new technology and new 
permanent magnetic material developed rapidly, 
while modern control theory and manufacturing 
technical level was promoted, PMM is more and 
more suitable for the industrial low-speed condi-
tion and has the prominent merits of high torque 
density, thus pushes the further study of PMM, 
and started to use it into industrial application.

The study of electric direct driving transverse 
flux PMM is still on the primary stage in China 
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motor lead to a much higher air-gap flux density, 
while the increase of air-gap flux density is a signif-
icant point for improvement of motor weigh and 
transverse flux PMM power factor [14–17]. Opti-
mum structural design is used to reduce structural 
complexity and increase mechanical strength. The 
structure is shown in Figure 1 and Figure 2. The 
rotor is in the middle of two disk type stators.

The new type of motor has the characteristics 
below:

1. Three-phase windings are arranged in the same 
circumference, conquering the weaknesses 
brought by the coaxial three-phase windings 
that the amount of stator disks and the length 

of motor axial direction increase. Consequently, 
motor has a more compact structure. How-
ever, there is leakage flux between the phases, 
decreasing the torque density of motor to some 
extent.

2. Magnetic gathering rotor structure enhances 
the motor magnetic density of air-gap, increas-
ing the power factor and reducing the weight of 
motor [18].

3. The iron core of stator and rotor is piled up 
with silicon steel sheets along motor axial direc-
tion. The structure improves processing technic 
and restrains eddy-current loss, bringing con-
venience to quantity production of motor.

4. The compact structure is easy to assemble, so 
it’s convenient for the redundancy design of 
motor, and the redundancy is electromagnetic 
decoupling.

3 ANALYSIS OF ELECTROMAGNETIC 
RELATION IN DISK TYPE 
TRANSVERSE FLUX BRUSHLESS PMM

The disk type transverse flux PMM in this paper 
produces a magnetic field. As shown in Figure 3, 
after being gathered by rotor iron core, the mag-
netic line of force in air-gap field circulates along 
Y direction, while the current and electromag-
netic force circulate along X direction. Hence, it’s 
impossible to analysis the electromagnetic torque 
of transverse flux PMM by Lorentz Force Law. In 
the paper uses equivalent surface current model 
theory.

The permanent magnet can be equivalent to 
surface current I ', and stator-winding current 
is regarded as the source of  magnetic potential. 
Flux density B is along Y direction and surface 
current I' is along the Z direction. It is known 
according to Lorentz Force Law that electro-
magnetic force is along X direction (the direction 
motor rotates).

Suppose that the electromagnetic field produced 
by winding current is the source of magnetic poten-
tial of motor, and flux is still in the same direction. 
The permanent magnet can be equivalent to sur-
face current I ', so the electromagnetic force that 
permanent magnet 2 and 3 bear along the X direc-
tion is:

2 'F BI L2 '  (1)

Leaving out the drop of magnetic pressure, and 
supposing the flux density is same inside and out-
side, the magnetomotive Ff is:

F NIN H h
B h

f cF NF INN H mh mh
NINNIN =h +

×2+2HH ×
22B

0 0r

δ δ
μ μ0 μ0

 (2)

Figure 1. The structure of disk type transverse flux 
brushless PMM in this paper.

Figure 2. The equivalent main magnetic circuit of disk 
type transverse flux PMM in this paper.
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The equation can transformed into:

B
NI

m r

=
2 0( )δ μm /hmh+

μ0  (3)

In the equation (1–3), B is the flux density of 
air-gap produced by stator windings (T); L is the 
length of  permanent magnet along the Z direc-
tion (m). δ is the length of  air-gap (m); N is the 
turns; I is the stator current; Hc is the coercivity 
(A/m); Hδ is the magnetic field strength in air-
gap (A/m); μ0 is magnetic permeability of  air and 
μ0 = 4π × 10−7 H/m; hm is the length of  perma-
nent magnet in magnetization direction (m); μr is 
the relative magnetic permeability of  permanent 
magnet.

Substituting equation (3) into equation (1):

F NI I L

NI H h L

H h

m r

m r
c mH h

c mH h

m r

= × × I

= × H ×

=

2
2 0

0

( )

( )

(

δ μm /hmh+
μ00

δ μm /hmh+
μ00

δ μm /hmh+

′IIII

))
μ

βσ

σ

0μ

2 1
2

× ×

×βσ= 2 ×⎛
⎝
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

=

NI L

NI L

NB IL

 (4)

In the equation (4), flux density of air-gap Bσ 
produced by magnetic gathering pole is:

B
H hc mH h

m r
σ δ μm

μ=
(δ hmh ) 0μ  (5)

Suppose l is the distance between the center of 
permanent magnet and the motor spindle, and p is 

the number of pole-pairs, the total electromagnetic 
torque Tem is:

T NpBNN IL lemTT ×NpBNN ILσ  (6)

In the equation (6), leaving out the drop of 
magnetic pressure in the iron core, to improve the 
output of  electromagnetic torque, it’s effective 
to enlarge the motor size, to add the number of 
permanent magnets and to lengthen the length of 
stator and rotor along the axial direction. Adding 
the number of  pole-pairs p, that is, decrease the 
pole pitch, can also achieve higher flux density 
Bσ in air-gap, further optimizing the structure of 
motor.

No-loading counter ElectroMotive Force (EMF) 
is an important factor of motor design. It makes big 
difference on the dynamic and static properties of 
motor. The waveform depends on distribution of 
magnetic density in the air-gap of transverse flux 
PMM. When rotor rotates, the permanent mag-
netic pole will produce a rotating magnetic field. 
At the same time, stator will stay static. Therefore, 
the distribution of magnetic density in the air-gap 
and per-phase-winding linked flux linkage both 
varies with rotor. Eventually, there induces rota-
tional voltage in the windings, i.e.

e N d
dtm
ψ  (7)

In the equation (7), N is the number of turns; ψ is 
the flux in the linkage of single phase winding (Wb).

When flux linkage varies as sine wave with rotor, 
no-loading counter EMF of phase winding is:

e N d t Nm mN ax
e

max e= Nψ ω ψ max
sidd

dt
( )te +tω πte +t  (8)

Figure 3. The schematic diagram of transverse flux PMM analyzed by equivalent to surface current.
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In the equation (8), ψmax represents the amplitude 
of coil no-loading flux (Wb); ψ is the electronic 
angular velocity. And:

ω π π
e

ππ
p

npππ
= × =

2
60 30

 (9)

So:

e N
np

t

E t

m eN

m eE

×NN +

+tEE=

πnn ω πte +

πte +t

a cos( )π

( )π
30

2
 (10)

In the equation (10), n represents the no-loading 
speed of motor (r/min); p represents the number of 
pole-pairs. Em is the effective value of no-loading 
inductive potential in the phase windings, i.e. Em = 
0.074npNψmax.

Therefore, the waveform of no-loading counter 
EMF of disk type transverse flux brushless PMM 
depends on the no-loading speed n, the number 
of pole-pairs p, turn ratio N and permanent mag-
netic flux ψ. This chapter will directs the magnetic-
field transient simulation analysis of motor, using 
Ansoft Maxwell.

The electromagnetic power of disk type trans-
verse flux PMM is:

P m E IemPP m aE I×m ×I cosϕ  (11)

In the equation (11), m is the phase number 
of motor; Em is the effective value of no-loading 
inductive potential in the phase windings (V); Ia is 
the effective value of phase current (A); ϕ is the 
angle between Em and Ia (°).

Mechanical power is the product of torque and 
angular velocity. In the case of transverse flux 
PMM, electromechanical power is the product of 
electromechanical torque and angular velocity of 
motor rotor. It reflects the power transmitted via 
air-gap.

Based on the equation (6) and equation (10), 
electromechanical power can also be expressed as:

P T NpB IL lII
n

emPP emTT ×T Ω = ×lσ II
πnn2
60

 (12)

4 3-DIMENSIONAL STATIC MAGNETIC 
FIELD SIMULATION OF TRANSVERSE 
FLUX PMM

The model of a disk type transverse flux PMM has 
been built based on the Ansoft Maxwell 15.0, and 
ANSYS Workbench 14.0 integrated finite-element 
analysis platform is used for simulation. Parameters 

shown in Table 1 have been adopted to establish the 
simplified model. In the following static magnetic 
field simulation analysis, based on the difference of 
the value M/p (M is the number of stator teeth, 
and p is the number of pole-pairs), parameter set 
1 to 4 constitutes control group 1, while parameter 
set 5 to 8 constitutes control group 2. Two models 
are shown in figure 4 and figure 5.

Between the parameter sets in control group 1, the 
main difference is the width of stator tooth, the results 
of simulation is shown in table 2. In control group 2, 
change the value M/p from 12/14 to 15/17. The other 
parameter is similar to the control group 1.

Synthesizes the parameters in control group 1, 
parameter set 3 is chosen as the best parameter set 

Figure 4. The model corresponding to parameter set 1.

Table 1.  The stator-size parameter set of disk type 
transverse flux PMM.

Stator size

The matching of the number of 
stator teeth and pole-pairs (M/p)

Parameter set

12/14 15/17

1 2 3 4 5 6 7 8

Inner 
stator

Thickness 
(sn/mm)

12.5

Width 
(bn/mm)

11 10 9 8 10 9 8 7

Height 
(hn/mm)

45

Outer 
stator

Thickness 
(sw/mm)

12.5

Width 
(bw/mm)

16 14 12 11 14 12 10 8

Height 
(hw/mm)

45
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when M/p = 12/14. In control group 2, parameter 
set 7 is optimal. For the disk type transverse flux 
PMDCM in this paper, there is an enhancement of 
the flux density in the magnetic yoke of stator with 
the decrease of the width of stator teeth within a 
certain range, as shown in table 2.

5 CONCLUSION

This work is supported by the Basic Research 
Foundation of NWPU (No. 3102016ZY002) and 
the Seed Foundation of Innovation and Creation 
for Graduate Students in Northwestern Polytech-
nical University (No.Z2016045). In this paper, a 
novel disk type transverse flux brushless PMDCM 
for electric direct driving has been presented.

After analyzing the operating mechanism, 
structure and characteristics of many kinds of 
transverse flux PMM, an innovative topological 
structure of disk type transverse flux brushless 
PMDCM is proposed. Simulation and analysis 
are given. In adequate consideration of the influ-
ence on motor performance caused by the width 
of stator tooth, 3-dimensional static magnetic field 
Simulation of transverse flux PMM with different 
stator-tooth width has been made by Ansoft Max-
well 3D software. The results verify the rationality 
of the designed motor.
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Belt-pulley friction coefficient, experimental analysis: Influence 
of the Poly-V belt material components and contact pressure
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ABSTRACT: The purpose of this research is to set up an experiment for determining the friction 
coefficient between a pulley and a poly-v belt. This parameter is crucial regarding the belt power transmis-
sion capability and efficiency. The friction coefficient is often considered locally between two materials, 
although it depends on the belt/pulley contact geometry and therefore might be considered globally. 
The friction coefficient is determined under the conditions of full sliding with a steel pulley for several 
contact arcs between the belt and the pulley and for several initial setting tension. The influences of these 
parameters are presented and analyzed. Then several belts are compared, they differ on their longitudinal 
stiffness and/or the rubber ribs covering material. The influence of the belt components is highlighted.

efficiency, but no supplementary effort was given 
on the belt-pulley friction coefficient determina-
tion and analysis.

The work reported here tries to analyze the influ-
ence of some poly-v belt constituent parameters 
on the friction coefficient. These are the belt longi-
tudinal stiffness, the rib coverings and the contact 
pressure. The measurement principle corresponds 
to that developed by Cepon et al. (2010).

2 EXPERIMENTAL TEST RIG

2.1 Description

The principle of the test rig is presented in Figure 1, 
it consists of a specially developed apparatus. 
A part of a poly-v belt is wrapped around a steel 
pulley and attached at both of its ends. In order 
to measure the tension in the belt spans when the 
pulley is rotated, two load transducers were used. 
The belt-pulley contact arc can be adjusted (84° 
≤ α ≤ 110°). The pulley pitch radius R is equal to 
50 mm. The belts have six v-ribs with K profile. 
The initial tension T0 can be adjusted by mean of 
a screw tensioner.

The torque transmission between the pulley and 
the flat or V-ribbed belts is mainly governed by the 

1 INTRODUCTION—BACKGROUND

Poly-V belts are widely used in the automotive and 
truck industries. Some recent environmental regu-
lations push the truck and car manufacturers to 
reduce the power losses of their engines. A part of 
that concerns the power losses taking place in the 
poly-v belt Front Engine Accessory Drive (FEAD). 
Some of these losses are due to the pulley-belt slip 
that can occur at each contact arc between the belt 
and a pulley of the transmission. The belt-pulley 
friction coefficient is therefore a key parameter for 
estimating these losses.

Several years ago, the determination of belt-
pulley friction coefficient had been studied and 
reported in several major papers (Firbank 1970, 
Childs 1980, Gerbert 1999), mainly for flat belts 
and also V-belts. This topic was given little inter-
est in the last decade, even if  the literature on belt 
mechanics had been very productive. The field of 
investigation were focused on dynamics, durabil-
ity, vibrations, non-linear dynamics. The pulley-
belt slip of serpentine belt drive was investigated 
by Manin et al. (2009), the influence of the ten-
sioner and the belt characteristics was discussed. 
Recently, Balta et al. (2015a&b) have focused on 
the speed and torque losses, they have also made 
a thorough review on the general topic of belt 
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friction. By assuming that the belt is sliding against 
the pulley and that the friction is fully developed 
along the groove, we can write equation (1) for the 
belt tension:

T t e. μα  (1)

where μ is the global friction coefficient including 
the influence of the belt material as well as the belt 
and pulley-rib profiles, α is the contact arc between 
the belt and the pulley, T and t are the tight and 
slack belt span tensions.

According to Becthel et al. (1999), the radial 
contact force per unit length can be obtained at 
any point of the contact arc (Eq. 2):

F
R

T eNFF = ≤T e ≤
1 0. ϕ α≤where  (2)

An average value can be deduced by an integral 
calculation (Eq. 3):

F
R

T eN mFF _ .
.(( )= T −1

2
1

μα
μ α.  (3)

A typical force measurement in the tight and 
slack span is shown in Figure 2. The correspond-
ing friction coefficient and friction torque Cf are 
computed using Equations 4 & 5.

μ
α

= ⋅ ( )1 ln T
t  (4)

C RfC R( )T tT  (5)

The experiment has consisted in doing five con-
secutive start/stop of the pulley rotation, then an 
average value is calculated for the coefficient of 
the sliding friction. Only one pulley rotational 
speed was considered, it was chosen according to 
some previous works (Cepon et al. 2010) equal to 
1.3 rad/s, which corresponds to a peripheral belt-
pulley sliding speed of 0.065 m/s. It was shown 
experimentally that the friction coefficient increases 
with the normal contact force and the sliding 
velocity (Cepon et al. 2010), in this paper we focus 
mainly on the influence of the belt materials.

Three initial tensions T0 were considered 240, 
360 and 480 N (which corresponds respectively to 
40, 60 et 80 N/v-rib as there are 6 ribs).

2.2 Characterization of the belts

In this study, six different belts were considered. 
Their longitudinal stiffness and damping charac-
teristics are given in Table 1, as well as their com-
position. Belts A, B and C have the same rubber 
but a different cord material. Belts D, E, F have the 
same cord material but different v-rib coverings.

Figure 1. Schematic view and picture of the test rig for 
measuring belt-pulley friction coefficient.

Figure 2. Measurements of belt slack and tight ten-
sions, driving friction torque and belt-pulley friction 
coefficient, start/stop of pulley rotation.
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The belts were characterized using the method 
presented in Cepon et al. (2009). The belt is sus-
pended to the rigid frame at one end and, at the 
other end, to the mass (Fig. 3). This system can 
be idealized as a mass attached to a spring and 
a damper mounted in parallel. The longitudinal 
excitation of the belt is made with a shock ham-
mer. From the damped free response of the system 
(Fig. 3) the resonant frequency and the damping 
ratio can be determined. First, the experimentally 
obtained natural frequencies and the correspond-
ing damping ratio can help determine the belt’s 

longitudinal stiffness EA and the viscoelastic 
damping property Clin using the Equations 6 & 7:

EA mL= ω0ω 2ωω  (6)

ClinC 2 0δ ωmmL 0  (7)

where m is the mass, L is the length of  the belt 
segment, ω0 is the measured natural frequency 
and δ is the measured damping ratio. The 
results of  Table 1 correspond to L = 0.4 m and 
m = 32.5 kg.

Although the belts A, E and F are supposed to 
have similar longitudinal stiffness, based on their 
constitution, some little differences are observed as 
reported in Table 1. A clear difference is observed 
between the belts B, C and D.

3 BELT-PULLEY FRICTION COEFFICIENT

3.1 Influence of the contact arc

Two contact angles were considered: 84° and 
110°. This does not change the normal contact 
load per unit length for a given setting tension 
T0, since the pulley radial reaction load Rp is 
distributed along the length of  the contact arc 
(Eqs. 8 & 9).

R TpR ⎛
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For each contact arc, the friction coefficient was 
determined for three setting tensions and in two 
cases:

− With no warm up, i.e., the pulley was not rotated 
before the tests.

− With a five minutes warm up, i.e., the pulley was 
rotated before the test.

It can be observed from the plots in Figure 4 
that when no warm up is done, the contact arc has 
no influence, this is consistent with the fact that 
the belt-pulley contact angle do not change the 
normal contact load per unit length. However, the 
influence of the normal load is clearly shown as 
the friction coefficient increases with the setting 
tension. On the other hand, when a five minutes 
warm up is applied, the measured coefficient is 
larger for a contact angle of 110° than 84°, also 
the influence of the normal load is smaller and 
attenuated.

Table 1. Longitudinal stiffness and damping of belt 
samples.

Belt Description EA (N) Clin (N.s)

A PET cord, standard v-rib 123,6 k 1,9
B Aramid cord, standard v-rib 281,3 k 3,6
C Polyamide cord, standard v-rib 65,0 k 0,9
D PET cord high modulus, 

standard v-rib
132,3 k 1,6

E PET cord, polyamide v-rib 
covering

119,8 k 1,5

F PET cord, polyethylene v-rib 
covering

118,1 k 1,9

Figure 3. Test rig for longitudinal stiffness and damp-
ing measurement of the belt samples. Periodic damped 
acceleration of the mass attached to the belt segment.
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3.2 Influence of belt longitudinal stiffness

In order to estimate the influence of the belt lon-
gitudinal stiffness on the belt-pulley friction coef-
ficient, the test results are compared for the belts B, 
C and D. It can be seen from the plot of Figure 5 
that the softer the belt is, the larger the friction coef-
ficient. The major difference is observed between 
belts C and D, this difference is almost constant 
versus the increasing of the setting tension. As the 
belt C is the softest, it is more stretched than belt 
D, the consequence may be that there is a better 
compliance between the belt ribs and the pulley 
ribs which makes the contact surface bigger and 
the friction force larger. However, the influence of 
the belt longitudinal stiffness is low compared to 
that of the belt rib covering material (Fig. 6).

3.3 Influence of belt rib covering

Three different belt rib covering materials are con-
sidered, they are applied on the belts A, E and F as 
detailed in Table 1. These different covering mate-
rials are supposed to change the friction proper-
ties between the belt and the pulley. The measured 
friction coefficients for these three belts at three 
setting tensions are plotted in Figure 6. A great 
difference can be observed, the friction coefficient 
of the reference belt A is changed by almost ±25%. 

The polyethylene covering gives the highest fric-
tion coefficient, at the opposite a rib covering with 
polyamide lower the coefficient of about 45%. One 
can also remark that the influence of the normal 
contact load is attenuated and almost nil in this 
case for belt A.

4 DISCUSSION—CONCLUSION

This study has experimentally investigated the belt-
pulley friction coefficient in the case of poly-v belts. 
The used test rig has permitted the friction coefficient 
determination for a full sliding belt-pulley contact, 
with the possibility to change the belt setting ten-
sion and also the contact arc. Six different belts were 
considered, three with different cord materials but 
same v-rib covering, and three with different v-rib 
covering materials but same cord material.

The change of the belt setting tension permits 
to change the normal contact load per unit length 
between the belt and the pulley. A quasi linear 
dependency was observed for the friction coef-
ficient among all the tests performed, which is a 
quite classical result.

Figure 4. Belt A-pulley friction coefficient for two con-
tact arcs (80° and 110°), no warm-up and with 5 min 
warm-up.

Figure 5. Belt-pulley friction coefficients for α = 110° 
with 5 min warm-up. Influence of cord layer material.

Figure 6. Belt-pulley friction coefficients for α = 110° 
with 5 min warm-up. Influence the v-rib covering 
material.
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The originality of the work comes from the 
analysis of the influence of the belt constituent 
materials on the friction coefficient. The cord 
material and the v-rib covering material have been 
considered. It was shown that the latter is the most 
influent, and it can lead to drastic change. The 
influence of the cord material is little, however 
the softer cord material corresponds to the larger 
friction coefficient. The cord material is directly 
related to the belt longitudinal stiffness.
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ABSTRACT: In order to solve disturbances and parameter perturbation problems in the active magnetic 
bearing system, a robust controller design method based on singular value analysis was proposed in this 
paper. First, models of all parts of the active magnetic bearing system were analyzed and the uncertainty, 
mainly parameter perturbation, was considered. According to the established system model, the controller 
was designed, and the stability and robust performance of the designed controller were analyzed. Finally, 
simulations and experiment were carried out. Simulation results show that compared with the H-infinity 
controller, the overshoot volume of system step response was improved significantly, with stronger anti-
interference ability and better robustness. The effectiveness and robustness of μ synthesis controller was 
demonstrated through the experiment.

The system can maintain good robust performance 
with allowable parameter perturbation and model 
uncertainty. The simulation and experimental 
results show the effectiveness of the method.

2 MODELING AND ANALYSIS OF THE 
MAGNETIC LEVITATION SYSTEM

The active magnetic bearing system is shown in 
Figure 1, which is composed of a rotor, magnetic 
bearings, power amplifier, and sensors. The dis-
placement sensors are used to detect the rotor dis-
placement away from the reference. According to 
the error, the controller output is calculated. Then 
through the power amplifier, the control output is 
converted to the control current, which generates 
electromagnetic force, leading the rotor to suspend 
on the positioning device. In Figure 1, K, Ka, G, 
and Ks represent the transfer functions of the con-
troller, power amplifier, electromagnetic rotor, and 
sensor respectively.

2.1 Rigid rotor model

Magnetic bearings in active magnetic bearing 
system consist of  two radial magnetic bearings 

1 INTRODUCTION

For the active magnetic bearing system, nonlinear-
ity of magnetic force, aging of the hardware cir-
cuit, and the influence of the temperature lead to 
the parameter perturbation of the nominal model. 
These factors also affect the stability of the active 
magnetic bearing system. Classical control algo-
rithms, such as PID control and adaptive control, 
are ineffective to suppress parameter perturbation 
and unable to meet the requirements of reliability 
and precision of the active magnetic bearing sys-
tem, even losing stability and causing a serious 
accident.

The uncertain factors between the actual system 
and the nominal model are considered in robust 
control theory. Under the condition of the model 
uncertainty and external disturbance, the robust 
stability and robust performance of the system 
can also be satisfied, which has a great significance 
when there are disturbances and parameter pertur-
bation. H-infinity method was used to design the 
controller. Simulation results and experiment effect 
verify the robust stability of H-infinity controller 
(Li 2007). However, H-infinity control method is 
based on unstructured uncertainty and small gain 
theorem for the frame design. When there are mul-
tiple perturbation sources, because of the neglect 
of the uncertain block structure feature, the unnec-
essary conservatism would be introduced, leading 
to a poor robustness performance (Doyle 2010). In 
this paper, the structured singular value μ analy-
sis and synthesis method was used to design the μ 
controller in the active magnetic bearing system. Figure 1. Active magnetic bearing system.
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and one axial magnetic bearing, as shown in 
Figure 2.

According to the momentum theorem and the 
theorem of moment of momentum, the following 
equations can be obtained:

m x F F

m y F F

m F

J l l
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Data calculation can result in state equation of 
five degrees of freedom magnetic bearing–rotor 
system for:
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State vector:

X = [ ]T

Control vector: U = [ixa, ixb, iya, iyb, izc]T

Output vector: Y = [xsa, xsb, ysa, ysb, zsc]T

The transfer function of the first degree of free-
dom in the radial direction is obtained by forced 
decoupling of non-diagonal elements in formula 
(2):
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2.2 Model of power amplifier

A voltage–current two-level PWM switching 
power amplifier is used in the system. The rotor 
suspension position is always near the equilibrium 

position, in the linear range of the power amplifier. 
Therefore, the power amplifier can be considered 
as the gain. The input of power amplifier is from 
−5 to 5 V, while the output of power amplifier from 
0 to 4 A. The radial degree of freedom transfer 
function of the power amplifier is:

Ka = 0.4 A/V (4)

2.3 Model of sensor

In this paper, the eddy current displacement sen-
sor is used, whose bandwidth is 5 kHz, which can 
be considered as an ideal proportional part of the 
active magnetic bearing system expected to run at 
the speed of 60,000 rpm (1 kHz). The input range 
of the radial sensor is from −0.125 to 0.125 mm, 

Table 1. Physical meaning of the parameters in 
Figure 2.

Variable Meaning

Fxa Force of left magnetic bearing on X-axis of 
the rotor

Fxb Force of right magnetic bearing on X-axis of 
the rotor

Fya Force of left magnetic bearing on Y-axis of 
the rotor

Fyb Force of right magnetic bearing on Y-axis of 
the rotor

xa Displacement of the rotor in X-axis at the left 
magnetic bearing

xb Displacement of the rotor in X-axis at the 
right magnetic bearing

xc Displacement of the rotor in X-axis at the 
center of mass

ixa Electromagnet current in the left magnetic 
bearing at X-axis

ixb Electromagnet current in the right magnetic 
bearing at X-axis

iya Electromagnet current in the left magnetic 
bearing at Y-axis

iyb Electromagnet current in the right magnetic 
bearing at Y-axis

iz Electromagnet current in the axial magnetic 
bearing

ya Displacement of the rotor in Y-axis at the left 
magnetic bearing

yb Displacement of the rotor in Y-axis at the 
right magnetic bearing

yc Displacement of the rotor in Y-axis at the 
center of mass

ω Rotational angular velocity of the rotor 
around Z-axis

θx Rotational angle of X-axis around the center 
of mass of the rotor

θy Rotation angle of Y-axis around the center of 
mass of the rotor

Figure 2. Bearing–rotor system force diagram.
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while the output range is from 0 to 5 V, so the 
transfer function of the radial sensor is:

Ks_nor = 20,000 V/m (5)

3 DESIGN AND ANALYSIS OF Μ 
CONTROLLER

3.1 Description of uncertainty

Many secondary factors were ignored in active 
magnetic bearing system if  the nominal models 
were described by equations (3), (4), and (5). For 
example, the power amplifier circuit and sensor 
circuit are influenced by the circuit itself  and the 
outside temperature, so there is uncertainty esti-
mated at 5% parameter perturbation of sensor:

Ks = Ks_nor × (1 + psδs), ps = 0.05, −1 ≤ δs ≤ 1

There is uncertainty in the model of magnetic 
bearing as well, because of forced decoupling, 
nonlinearity of the curves of electromagnetic force 
and displacement and the curves of electromag-
netic force and current, and inductance character-
istics of the electromagnet coil. In this paper, the 
uncertainty of the model of magnetic bearing is 
considered as the parameter uncertainty, and that 
of current stiffness and displacement stiffness is 
determined to be 10%:

Ki = Ki_nor × (1 + piδi), Kx = Kx_nor × (1 + pxδx), 
pi = 0.1, px = 0.1, − 1 ≤ δi, δx ≤ 1

Parameter perturbations mentioned above are 
transformed into the linear fractional transforma-
tion as:

Ks = FU(Ms, δs), Ki = FU(Mi, δi), Kx = FU(Mx, δx)

where

M
p K

M
K

p K

M
K

SM s nor

s sKK nor
iM iK nor

i iKK

xM x nK

=
⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦
=

⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦

=

0 0KsK nor ⎤ ⎡

0

_

_

_

_

_

, ,M
KiM

⎣
⎢
⎣⎣ ⎦

⎥
⎦⎦nor

oroo

x x norp Kx x _

⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦

The uncertain magnetic model and the uncertain 
sensor model represented by the linear fractional 
transformation can be described as a whole con-
trolled object model Gamb, as shown in Figure 3.

3.2 Selection of weighting function

3.2.1 Performance weighting function selection
Performance weighting function is mainly used to 
suppress the influence of external input disturbance. 

In general, the gain of the performance weighted 
function must be high at low frequency, so as to 
improve the control of the interference and system 
response performance.

For the magnetic bearings, when the rotor is sus-
pended, the external interference is mostly of low 
frequency with higher gain. Therefore, perform-
ance weighting function is mainly used to suppress 
low-frequency noise and interference, the com-
monly used low-pass transfer function with a high 
gain. Performance weighting function also plays 
the role of a constraint in the rotor displacement, 
to prevent collision and protect the rolling bearing 
of the rotor. Performance weighting function of 
the radial controller is determined as follows:

Wp =
+

0 14 1× 0
0 7

3.
.s

 (6)

3.2.2 Control weighting function selection
The control weighting function aims at remov-
ing the high-frequency components in the control 
output. When the high gain is used to suppress 
the high-frequency component after the control 
frequency band is exceeded, the high-pass transfer 
function is usually adopted. The control frequency 
band can be determined according to the fast 
response index, and the gain is close to zero in the 
control frequency band. The high gain can be used 
to suppress the high-frequency component in the 
control output after the control frequency band is 
exceeded. In general, if  the control weighting func-
tion in the high-frequency band is high, the input of 
the vibration mode can be suppressed effectively.

For the magnetic suspension controller, on the 
one hand, the control weighting function mainly 
aims at controlling the output current of the power 
amplifier in the control band to prevent damage 
of the electromagnetic coil of the active magnetic 
bearing. On the other hand, over the range of the 
control frequency band, the control weighting func-
tion can be used to suppress the high-frequency 
components in the control current of the power 
amplifier output. Control weighing function of the 
radial controller determined as follows:

Wu =
+

0 48
4 8 1500

.
.

s
s

 (7)

Figure 3. The controlled object Gamb with uncertain 
parameters.

ICPT2016_Book.indb   55ICPT2016_Book.indb   55 9/29/2016   11:00:35 AM9/29/2016   11:00:35 AM



56

3.3 Solution of μ synthesis method

The robust control problem of magnetic bearings 
is normalized (Zhen et al. 2010):

Δ(s) = diag(Δm(s), Δp(s)), and Δm(s) = diag(δi,δx,δs), 
Δp(s) = diag(Δu,Δp)

where Δm is the uncertainty block caused by sys-
tem parameter perturbation, while the uncertainty 
block Δp is resulted from the evaluation of system 
performance. In the nominal system P as shown 
in Figure 4, (d1,z1) denotes the evaluation of the 
output of the control signal, and (d2, e2) denotes 
the evaluation of disturbance response, while (u, 
y) corresponds to the measured input and output 
of the controller. On the basis of these facts, a 
basic framework of μ synthesis of the active mag-
netic bearing system can be obtained, namely M-Δ 
structure, as shown in Figure 4, where M is linear 
fractional transformation between a generalized 
plant p and controller k, expressed as:
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For M with uncertainty Δ, the singular value 
μΔ(M) is defined as:

μΔμ
Δ Δ

( )M = { }σ ( )Δ ( )Δ =
1

min{σ ( )Δ

By using the structure singular value μ, the 
robust performance of the μ synthesis problem 
can be summed up to find a stabilizing controller 
K to make:

μ γ
∞Δμμ Fl ( )P K⎡⎣⎡⎡ ⎤⎦⎤⎤ ≤

μΔ[Fl(P,K)] can be calculated by selecting a scal-
ing matrix D, and thus the problem becomes:

inf
D D l D( ),K, ≤−1

∞
γ  (8)

By repeatedly solving K and D, the problem of 
μ synthesis can be solved, which is always called 
D-K iteration (Wu et al. 2010). The steps are as 
follows:

1. Select the initial scale matrix D, usually to make 
D = I;

2. Make D constant, obtain the K like the H-infinity 
control to make:

arg inf ;
D D lDFl D( ),P K, ≤−

∞
1 γ ;;

3. Make K constant, solve formula (8) on the D 
convex optimization problem to get the scale 
matrix D, and remember as D*;

4. Compare D with D*; if  they are close, then the 
controller K obtained at the second step is the 
optimal controller, otherwise let D = D*, return 
to the second step.

According to the idea of D-K iteration, through 
robust control toolbox (Gu et al. 2005), the con-
troller K can be calculated:
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+
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The controller K is discrete by bilinear 
transformation:

k = ( )+ ( )( )−
( )z + ( )z −

6 289 )( −
. )(

)( z
)+ )(

( )z − 1 024.((
× ( )+ ( )− +

( )( )−
)+ ()()(

.)( ))− ()( ( )+ 0 11.+ 0z 1311

× ( )2 1 0522 2 05 1 0522 05 ( )1 844 0 85182 − +1 844
( )1 851 0 85732 − +1 851

2 − 2 052 05 2 − 1 844
2 − 1 851

05 105 844 0+844
851 0+851 ( )zzz2 2 028 1 029− +z2 028

× ( )z2 09907+zz ( )z2z 1 91 0 91621 91z
028 1+z

)987 09907+z ( z
1 973 0 97552z( )z2 1− .90699 0z 0+ − +1 973z()91079107 . .973 0+973z )

3.4 μ synthesis

Once the controller is designed, whether the con-
trol system meets the requirements of robust sta-
bility and robust performance can be determined 
(Slavov et al. 2013).Figure 4. Standard of μ control of magnetic bearing.
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The upper and lower bounds of the structure 
singular value μΔ(M) are shown in Figure 5. In 
the frequency range from 0.016 to 1592.36 Hz, the 
upper and lower bounds of μΔ(M) satisfy the condi-
tion that μΔ(M) < 1. According to the theorem (Liu 
2013) that if  Δ(s) is stable and meets ||Δ(s)||∞ < 1, the 
closed-loop system of Figure 4 meets the necessary 
and sufficient conditions for robustness require-
ment under the condition of μΔ(M) < 1 and the 
designed control system in the desired frequency 
range meets the requirements of robust perform-
ance. In other words, the closed-loop system can 
meet the performance requirements of all assumed 
parameter uncertainties.

It is obvious that the singular value μΔ[M11(jw)] 
is <1 in the frequency range of 0.016–1592.36 Hz, 
as observed from the upper and lower bounds 
of the singular value μΔ[M11(jw)] in Figure 6. 
According to the lemma (Zhen et al. 2010), for all 
assumed parameter perturbation Δ(s), the closed-
loop system of Figure 4 meets the necessary and 
sufficient conditions for robust stability require-
ments. If  μΔ[M11(jw)] < 1, the closed-loop feedback 
control system in Figure 6 is robust in the desired 
frequency range. And the maximum value of the 
upper bound of the singular value is close to 0.289. 
By theorem (Shi 2003), for all uncertainties of 

||Δ(s)||∞ < γ−1, if  the closed-loop feedback control 
system in Figure 6 is stable, μΔ[M11(jw)] is < γ, 
whereas if  μΔ[M11(jw)] < 0.289, the closed-loop 
system of Figure 4 is stable and can withstand the 
uncertainty of ||Δ(s)||∞ < 3.46. That is, the closed-
loop system can still be stable when the uncertainty 
is 3.46 times that of the assumed uncertainty.

4 SIMULATION AND EXPERIMENT

4.1 Simulation

In order to verify the effectiveness of the μ con-
troller, the step response simulation of the rotor is 
carried out. The structure of the active magnetic 
bearing system is simulated on the Simulink simu-
lation platform, and the mathematical model of 
all the parts is included in the model as shown in 
Figure 7. Step at 0.001 s to simulate the actual input 
(ref1 in Figure 7), and exert a current disturbance 
of 1 V at 0.08 s. According to the simulation results 
in Figure 8, the overshoot and response time of the 
control system are improved by adopting the μ con-
troller compared with H-infinity controller. When 
the reference voltage is 2.5 V and sensor signal bal-
ance is 2.5 V at the end, μ controller simulation 
overshoots about 76% with about 0.02 s adjust-
ing time, while overshoot of H-infinity controller 
simulation is 92% with a longer regulation time of 
0.03 s, repeated oscillation. After applying volt-
age interference, regulating time of μ controller is 
0.02 s with 36% overshoot, while the overshoot of 
the H-infinity controller is 50% with 0.03 s adjust-
ing time. It also shows that the H-infinity controller 
is much more conservative than the μ controller.

Figure 5. The upper and lower bounds of the structure 
singular value μΔ(M).

Figure 6. The upper and lower bounds of the singular 
value μΔ[M11(jw)].

Figure 7. System simulation structure diagram.

Figure 8. System simulation performance comparison.
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The parameter perturbations of the system are 
taken into account during the design of the μ con-
troller. In order to verify the robustness of the μ 
controller, the uncertain system Gamb with param-
eter uncertainties is simulated. If  the reference sig-
nal is 2.5 V, the scope shows the output voltage of 
the sensor signal, as shown in Figure 9. It is evident 
from the figure that among all assumed parameter 
uncertainties, the output signal of the sensor can 
be stabilized around 2.5 V in 0.02 s, and the over-
shoot is from 68% to 92%, which show that the μ 
controller exhibits good robust performance.

4.2 Experiment

The magnetic levitation experiment was conducted. 
Because of the structural reasons, the output volt-
age of the rotor is not necessarily 0 V, and the 
numerical value will be determined by the initial 
state position of the rotor. When the rotor is stably 
suspended in a predetermined position, the output 
voltage of the sensor should be around 2.5 V. The 
μ controller was adopted to carry out the floating 
experiment, and the radial floating characteristic 
is shown in Figure 10. It can be seen from the fig-
ure that the floating process is very short, about 
0.02 s, very close to the simulation time. However, 
there is no obvious overshoot in the experiment. 
Finally, the rotor is suspended at around 2.5 V 
stably. When the sinusoidal signal with amplitude 
1 V and frequency 200 Hz is applied, the voltage 
signal of the rotor fluctuates from 2.3 to 2.8 V (as 
shown in Figure 11). When the current stiffness 

and displacement stiffness increase 10% and 21% 
at the same time, the adjusting time is about 0.04 s 
longer than the simulation result, no obvious over-
shoot occurs, and ultimately the rotor is suspended 
at 2.5 V stably, as shown in Figure 12. These results 
show that the μ controller has good robustness to 
parameter perturbation and disturbance.

5 CONCLUSIONS

In this paper, the mode of the rotor is analyzed, 
and the frequency range of the μ controller 
designed and analyzed is determined with the goal 
of passing the first-order bending critical speed. 
Parameter perturbations of all aspects of active 
magnetic bearing system were analyzed, and the 
performance weighting function to evaluate the 
performance of the system was introduced. On the 
basis of these facts, the robust stability and robust 
performance of the robust control problem are 
normalized. The controller of the active magnetic 
bearing is designed by D-K iteration. The simula-
tion results show that the time domain index of 
the μ controller is significantly improved com-
pared with H-infinity controller. The experiment 
results also verify the validity and robustness of the 
μ controller.

Figure 9. System simulation between certain system 
and uncertain system.

Figure 10. Radial floating characteristics.

Figure 11. Displacement signal after interference.

Figure 12. Radial floating characteristics after the 
change of current displacement stiffness.
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Research on the design and performance of face seal in bearing chamber
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ABSTRACT: Among frictional contacting seals, face seal shows higher capacity because of its enhanced 
sealing property, low cost, easy manufacturing, low brittleness, and insensitivity to lubricant coking. In 
this paper, a type of face seal in bearing chamber is designed based on the design theory of sealing and 
operating conditions. The real operating conditions of the face seal is simulated by a newly designed test-
ing device. The gas leakage measurement methods are comparatively analyzed, and the new pressure bal-
ance measurement method, which is successfully applied, is selected. The leakage property and abrasive 
resistance of the face seal are studied, while the methods of design and evolution of performance on face 
seal have been proved.

Keywords: bearing chamber, face seal, design, performance

assistant seal ring, bracket, anti-rotating peg, and 
elastic component. The seal function is proved by 
the assistant sealing and the main seal face, which 
combine with the moving seal ring and the mod-
ule of static ring. One side of sealing face is filled 
with high-pressure gas coming from other system 
in aero-engine; the other side is commixed with gas 
and lubricant coking, which has a slightly higher 
pressure than atmosphere pressure. Lubricant cok-
ing is prevented from leaking into the other side, 
while a little leakage of high pressure outside goes 
into the bearing chamber through main sealing 
face and assistant sealing face[3].

2.1 Design parameter of face seal

a. Rotating speed
Cylindrical helical compression springs are widely 
used in the rotary face seal. When the rotation 
reaches higher speed, the static structure of springs 
should be used to fix up springs inside or outside, 
so that the springs do not rotate with the shaft. 
Indeed, only seal object can rotate with shaft. The 
geometry of the rotating parts should be designed 
exactly symmetrical. On the arrangement of trans-
mission mode, anti-rotating peg should be avoided 
to reduce the centrifugal force caused by unbal-
anced mass and enhance the sealing property[4]. 
The face seal designed in this paper achieves the 
purpose of transmission through interference fit 
between seal object and shaft5].

b. Contact force load
Contact force load acts on the compensable ring, 
to make the non-compensable ring come closer. Ae 

1 INTRODUCTION

Among frictional contacting seals, face seal shows 
higher capacity, including high working pressure, 
working temperature, and slipping velocity of the 
sealing face, which can be a disadvantage. Besides, it 
shows enhanced sealing property, low leakage, and 
low cost of friction power. Compared with circum-
ferential seal, face seal is cheaper, easier to manufac-
ture, less brittle, and more insensitivity to lubricant 
coking. Thus, it is widely applied in bearing cham-
ber of aero-engines[1]. In this paper, a new type of 
face seal in bearing chamber is studied. Static test, 
dynamic test, and high-temperature leakage test are 
conducted by simulating real operating conditions 
of the face seal device by a newly designed testing 
device. Leakage property of the face seal is tested 
by a precise method of gas leakage measurement. It 
provides experimental basis for application in bear-
ing chamber of aero-engines.

In order to evaluate the real sealing property 
of the face seal, tests are conducted to precisely 
measure the leakage under operating conditions[2]. 
However, face seal in bearing chamber suffers high 
working pressure, high working temperature, high 
slipping velocity of sealing face, and low leakage. 
A new testing device should be designed to meas-
ure gas leakage by proper method according to real 
operating conditions.

2 DESIGN OF FACE SEAL

Face seal in bearing chamber includes mainly 
moving seal ring, module of static ring, O type of 
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denotes the effective action area, A represents the 
area of sealing face, and the coefficient of balance 
K is the ratio of Ae to A

K
A
A

d d
d d

= =e bA dd
=

2
1dd 2

2dd 2
1dd 2

 (1)

where d1: inside diameter of seal ring (mm); d2: 
outside diameter of seal ring (mm); db: diameter of 
seal ring (mm).

c. Radial face differential pressure
Radial face differential pressure Pc is the force act-
ing on the seal radial face per unit area, which is 
one of the primary factors affecting the capability 
and life span of seal. Pc can be assured by force 
balance of the compensable ring. The relationship 
between them is:

P P Pc fPP PPs +PPsPP ( )KK Δ ±PP)  (2)

where ΔP: seal differential pressure; Δ = −P P= Ph LPP PP  
(Pa); Ph: the high pressure (Pa); PL: the low pres-
sure (Pa); λ: opposite pressure coefficient; Pf: fric-
tion pressure (Pa); Ps: spring pressure (Pa).

Face seal contains two styles, balanceable and 
non-balanceable, according to the contact force 
load brought by seal factor force on the seal face. 
When K ≥ 1, the face seal is the non-balanceable 
one, when 0 < K < 1, it is the balanceable one.

λ is connected to fluid membrane on the radial 
face, which is the ratio of the average pressure to 
seal differential pressure of seal face fluid mem-
brane. In general, the experimentally obtained 
value of λ is. 0.5.

d. Follow capability
In order to assure seal silent ring can follow axial 
vibration of seal dynamic object, seal ring should 
contact with seal dynamic object at all times. The 
working direction of friction force is always reverse 
to seal silent ring, so during the working of the seal, 
seal clearance may tend to reduce. Thus, Fs should 
satisfy the following balanceable connection:

F A F Fs GFF FFh fFF( )K −KK Δ ≥PAhAPAhA  (3)

where Fs: elasticity (N); FG: inertia force (N); A: 
area of seal radial face (m2); Ff: friction force (N).

The subassembly is easily stimulated to vibrate 
as quality-spring system, and several types of stim-
ulation exist during the working of aero-engine, 
so it is necessary to avoid vibration. Vibration not 
only makes clearance augment, which brings high 
leakage, but also destroys the seal. Thus, it is neces-
sary to provide damp to seal, as the frictional force 
can provide damp to vibration.

2.2 Structure design

a. Seal ring fix
The radial face of seal resembles an ellipse, which is 
fixed to a metallic circular frame, and it can predigest 
process techniques. Fix structure adopts rigid nega-
tive clearance fix, which has a small structure and 
handy techniques, and the material of compensate 
ring is the same as seal ring; the fix stress provides 
stress and then releases distortion, which can be 
eliminated by structure design of the inside groove.

If  there are materials with different linear expan-
sion coefficients, it is necessary to assure Δδ  in the 
working temperature:

Δ Δδ δ ( )α( ) TΔP (αα  (4)

where Δδ : negative clearance under working tem-
perature (mm); δ : negative clearance under nor-
mal temperature (mm); ΔT : gap between working 
and normal temperature (°C); α1 and α2: linear 
expansion coefficients of two types of material 
(1/°C); DP: cooperating diameter (mm); usually, 
Δδ ≥  0.01–0.02 mm.

As confirming negative clearance, it is needed to 
check whether the fix stress exceeds utmost stress 
of the material. Excessive δ may complicate fixing 
and produce utmost stress, which lead to radial 
face distortion.

b. The design of elastic structure
After ascertaining PS, spring working force is 
expressed as:

P PAsPP  (5)

c. The design of assistant seal
Under 200°C, O-ring is adopted as the assistant 
seal. The condensable O-ring is:

ε δ
= ×

d
d H−

d0dd
dd

0dd
100 1% %= ×

d H0dd 100  (6)

where d0: sectional diameter of O-ring (m); H: 
groove depth of O-ring (m); usually, ε varies 
between 5% and 15%.

3 EXPERIMENTAL RESEARCH 
OF FACE SEAL

3.1 Measuring method of seal leakage quantity

The face seal device designed in this paper is shown 
in Fig. 1; the seal medium is lubricant coking, 
operating ambient temperature is 80–100°C, the 
maximum test rotating speed of the seal object is 
45,000 rpm, and the maximum pressure difference 
of the experimental sample is 0.08 MPa.
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In the following, we mainly focus on the analysis 
of the measuring principle, method, and applica-
tion scope of several commonly used measurement 
methods of sealing leakage. Meanwhile, we propose 
applicative new measurement methods. The meas-
urement methods of moving seal leakage include 
drainage measurement method, intermediate inlet 
method, and pressure balance method.

a. Drainage measurement method
Currently, drainage measurement method is one of 
the widely used methods in measuring moving seal 
leakage.

Because gas leakage results from the transfor-
mation of drainage volume, the volume is related 
to the temperature. Therefore, drainage measure-
ment method more suits for measuring moving seal 
air leakage in normal temperature state, and also 
suits for measuring the state of leaking large oil 
mist in the air. In high-temperature measurement, 
the error brought by measuring the temperature of 
the gas should be considered.

Drainage measurement method is simple and 
practicable, but because it is an indirect method 
and significantly influenced by temperature, the 
measurement accuracy is poor.
b. Intermediate inlet method
Intermediate inlet method measures moving seal 
piece and needs special measuring switching sec-
tion (the theory as shown in Fig. 2), using test 
pieces with specimen test method for measure-
ment, installing moving seal piece and specimen on 
the seal bearing, and the seal target on the rota-
tion axis, letting the high temperature and pressure 
gas to C cavity, then leaking to A and B cavities, 
respectively. After going through specimen and 
test pieces, the gas in A cavity emits to the outside, 
while that in B cavity is measured accurately by 
mass flow meter after cooling.

Comparing intermediate inlet method with 
drainage measurement method in measuring mov-

ing seal dynamic leakage measurement device, the 
former directly measures leakage, has higher meas-
urement accuracy, shows quicker response, and so 
on. Moreover, the measurement accuracy depends 
on the accuracy of mass flow meter.

c. Pressure balance method
Pressure balance method is a novel method in 
measuring moving seal air leakage. Measuring 
seal air leakage needs special measuring switching 
section (the theory as shown in Fig. 3). Moving 
seal is installed between A and B cavities, and the 
low-pressure cavity is connected through the air 
in A cavity, and the B cavity is the high-pressure 
cavity.

The air leaked from high-pressure cavity 
goes through the moving seal to A cavity. Dur-
ing measurement, one needs to first fill the 
high-temperature and high-pressure air in the 
B cavity, and then tune the inlet air flow and 
temperature according to the demand of  the 
experiment. In order to keep the air pressure and 
temperature in B cavity invariant, using mass 
flow meter measuring the air input of  B cavity, 

Figure 2. Theory of intermediate inlet method.

Figure 3. Theory of pressure balance method.Figure 1. Operating conditions of the face seal device.
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the total input air measured between several time 
equals the total leakage amount of  the seal test 
pieces in this time, and the leakage amount in unit 
time can be obtained by dividing the total leakage 
amount by time.

3.2 Selection of test methods

Real operating conditions of  the face seal device 
are needed to simulated the leakage (measure-
ment accuracy is required higher than 1% F.S.) 
in the temperature range of  80–100°C and dif-
ferent rotating speeds. At the same time, endur-
ance tests of  two-face seal device made of  initial 
graphite material and improved one are con-
ducted. Weight changes of  experimental samples 
are measured by high-precision electronic bal-
ance, in order to examine the sealing perform-
ance of  the two graphite seals with different 
graphite materials in a long operating period. 
The sealed medium of  experimental samples 
is hot air, ambient temperature and measure-
ment accuracy requirements are higher, so the 
drainage measurement method cannot be used. 
Intermediate inlet method is suitable for circum-
ferential seal. The difficulty of  design, installa-
tion, and complex installation will be increased 
when applied to face seal experiment in order to 
install and fix the accompanying sample of  face 
seal device. By using high-precision mass flow 
meter and pressure-regulating system, the pres-
sure balance method can be used to accurately 
measure the gas leakage of  the face seal device. 
In summary, the measurement of  the leakage of 
the face seal device is recommended by optimized 
pressure balance method and the experiment is 
carried out on one dedicated seal rig.

3.3 Results and analysis

Fig. 4 shows the relationship between the leakage 
and pressure difference of the experimental sam-
ple under room temperature and high-temperature 
range of 80–100°C. As we can see in the figure, 
under the experimental condition of the tempera-
ture and rotating speed remaining unchanged, gas 
leakage of face seal increases with pressure dif-
ference, which proves the law that the leakage of 
the face seal device increases with the increase of 
the pressure difference. Under the experimental 
condition of the pressure difference remaining 
unchanged, gas leakage of face seal remains con-
stant with the increase of rotating speed, which 
indicates that the rotating speed has only little 
impact on the leakage performance of the face 
seal.

Fig. 5 shows a three-dimensional view of the 
relationships among leakage, pressure difference 

Figure 4. Relationship between the leakage and pres-
sure difference of the experimental sample.
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of the experimental sample, and rotating speed 
under high temperature.

As can be seen in Fig. 5, under the experimental 
condition of the rotating speed and pressure differ-
ence remaining unchanged, gas leakage of face seal 
decreases with the increase of temperature. This is 
due to the reduction of the gap between seal runway 
and the face seal, which is caused by the heat effect. 
Therefore, it is difficult for the gas to flow past the 
gap, and then the gas leakage is decreased.

Figures 6 and 7 show two experimental samples 
after the endurance test in room temperature under 
the pressure difference of 0.05 MPa and rotating 
speed range of 0–45,000 rpm. According to these 
images and the results of weight measurement, 
graphite ring of face seal device wear down: the 
damage of graphite ring made of graphite material 
A is serious with an abrasion of 0.036 g, while the 

Figure 5. Three-dimensional view of the relationships 
among leakage, pressure difference of the experimental 
sample, and rotating speed under high temperature.

Figure 6. Experimental sample after endurance test.
(The image on the left-hand side is graphite ring made 
of graphite material A, and that on the right-hand side 
is the seal object).

Figure 7. Experimental sample after endurance test.
(The image on the left-hand side is the seal object, and 
that on the right-hand side is graphite ring made of 
graphite material B).

damage of graphite ring made of graphite material 
B is not obvious with an abrasion of 0.014 g.

The reasons for the above phenomenon are 
analyzed as follows: graphite material B of graph-
ite ring shows superior performance to graphite 
material A, such as shore hardness, compressive 
strength, and flexural strength. The data above 
show that face seal device made of the improved 
graphite material B has an obviously better abra-
sive resistance, to meet the requirement of the 
continuous working of the face seal in the bearing 
chamber of aero-engines.

4 CONCLUSIONS

In this study, a seal device of  bearing chamber face 
was designed based on the theory of  sealing and 
actual operating condition. The seal test equip-
ment simulating actual operating condition of 
this device was used; furthermore, a new measure-
ment method of  pressure balance was discussed 
and optimized. Finally, the leakage characteristics 
and wear resistance were considered, and the tech-
niques for the design of  face seal device as well as 
the evaluation of  sealing performance of  the bear-
ing chamber of  aircraft engines were investigated.

For the face seal device, the experimental result 
shows that:

1. With the temperature and rotating speed 
unchanged, the increase of pressure difference 
promotes the leakage of face seal.

2. With the temperature and pressure difference 
unchanged, the leakage of face seal remains 
constant as the rotating speed changes.
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3. With the rotating speed and pressure difference 
unchanged, the increased temperature would 
result in the decrease of leakage.

4. Graphite ring, which is made of improved mate-
rial, shows better wear resistance, and the result 
of the experiment shows that this type of face 
seal, which is used in the bearing chamber of 
aero engines, can meet the requirement of con-
tinuous working.
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Analysis of the dynamics of timing silent chain system with 
hydraulic extender
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ABSTRACT: As the key component of Internal Combustion (IC) engines, the dynamics of timing 
silent chain system is of significance in their combustion and Noise, Vibration, and Harshness (NVH) 
performance. Hydraulic extender is widely used in IC engines to control the dynamic performance of 
timing drive system. The multi-body dynamic model of the timing silent chain system was established, in 
which the characteristics of the camshaft and crankshaft sprocket, silent chain, guide rails, and hydraulic 
extender were taken into consideration. The chain link velocity, the contact force between chain link and 
parts of timing drive system, and the normal force of guide rails were investigated. The chain tension 
force was measured by dynamic strain response on engine vibration test bench, on which the tension force 
and gauge strain were validated by a special device. The simulation result of tension force well agreed the 
measure data. On the basis of the analytical model, the mechanism of the parameters such as preload, 
spring stiffness, and oil clearance of hydraulic extender on the dynamics of timing silent chain system was 
studied in detail.

Keywords: silent chain, timing drive system, hydraulic extender, dynamics, dynamic strain response

performance of  timing drive system in engine 
development stage.1

According to generating mechanism of chain 
vibration and its control, several studies have been 
conducted. Considering mass and inertia of chain 
link, dynamic equations are given with multi-rigid-
body model by Liu Xiaolun[3]. The dynamics of 
chain drives is obtained using numerical method. 
On the basis of a strain-gauged chain link in 
combination with a telemetric transducer system, 
the timing chain load is measured by Weber C, 
Herrmann[4]. It guarantees the continuous obser-
vation of the link force during the complete chain 
revolution in order to identify significant dynamic 
effects, which are responsible for noise, wear, and 
incorrect valve timing. Dynamic analytical model 
of timing silent chain system with blade tensioner 

1 INTRODUCTION

With the improvement of  the speed and load of 
the Internal Combustion (IC) engine, and silent 
chain technology, the silent chain timing drive 
system has been increasingly used these engines. 
However, the worse vibration performance is 
more significant, although the Noise, Vibration, 
and Harshness (NVH) performance is improving. 
Two main dynamic incentives of  chain noise are 
meshing impact excitation and the polygon effect, 
which produce vibration and noise in silent chain 
drive system. Meshing frequency is determined 
by the speed of  crankshaft and the teeth number 
of  sprocket. Polygon effect leads to related phe-
nomena, namely meshing impact excitation and 
fluctuation of  torque and angular velocity. With 
the interaction between it and response of  tim-
ing cover, the noise of  howling, the typical noise 
of  chain transmission, occurs at high frequency. 
Therefore, it is significant to predict the dynamic 

1An ability improving project from Chongqing research 
center of vehicle dynamic system and control engineer-
ing techniques.
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was constructed by Hiroshi Takagishi[5]. As a result, 
the features of a chain system using a blade ten-
sioner were clarified, thus enabling the prediction 
of chain load and behavior with a higher degree 
of accuracy than before. Michele Calabretta[6] 
described the correlation of a mathematical model 
of a complex timing chain drive for a Lamborghini 
V12 gasoline engine to measurements made on a 
prototype engine. The depth of the model required 
and the choice of stiffness and damping values to 
give excellent agreement between calculated and 
measured data are discussed. The analytical model 
of the entire timing drive system was established by 
Martin Sopouch[7], in which the characteristics of 
bushing chain drive, camshafts, and all connected 
single-valve trains are taken into consideration. 
The investigations carried out are mainly focused 
on the primary dynamics of the chain drive and 
the forces that are transferred to the engine’s struc-
ture. A comparison of measurements determines 
the validity of the MBS Model used in view of the 
primary chain drive dynamics and induced struc-
tural excitation.

This paper describes the modeling (MBS) of 
the entire timing drive system containing camshaft 
and crankshaft sprockets, silent chain, guide rails, 
and hydraulic extender. The chain link velocity, 
the contact force between the chain link and parts 
of timing drive system, and the normal force of 
guide rails were investigated. Thus, on the basis of 
a strain-gauged chain link in combination with a 
telemetric transducer system, the timing chain ten-
sion force is measured. Finally, the influence of 
preload hydraulic extender on the dynamic char-
acteristic of the timing silent chain system was 
investigated.

2 ANALYTICAL MODEL OF TIMING 
SILENT CHAIN SYSTEM ELASTIC 
VIBRATION RESPONSE

Figure 1 shows the entire timing drive of a mod-
ern four-cylinder DOHC gasoline engine, which 
was the basis for the work presented in this paper. 
It consists of a silent chain (pitch: 9.25 mm; 154 
links), crankshaft sprocket (23 teeth), and two 
camshaft sprockets (46 teeth) made of steel. A 
hydraulic tensioner provides the necessary chain 
tension. Two guides suppress free transversal vibra-
tions of the chain span between the camshafts and 
the crankshaft.

In this study, the tolerance of the silent chain 
system is not considered. In addition, the mass 
of the system and friction are also neglected. In 
the modeling, the chain is divided into a series of 
rigid body and connecting unit. The rigid body 
is responsible for the mass and inertia, and the 

connecting element is responsible for the stiffness 
and damping. In this paper, the movement of the 
link in O-YZ plane is studied, whose freedom of 
center can be represented on (Y8 Z8 θ8).

Figure 2 shows different phases of the chain: 
the crankshaft sprocket phase, tensioner rail phase, 
intake camshaft sprocket phase, exhaust camshaft 
sprocket phase, fixed rail phase, and free phase. 
In the whole operating process of the chain, the 
link is acted on by effective pulling force (F1) and 
elastic force (f8i), both of which come from adjoin-
ing links. Besides, when the link engages in crank-
shaft sprocket, it is acted on by meshing force (F83) 
and elastic force (f83), resulting from the interac-
tion. When the link contacts the tensioner rail, it 
is acted on by contact force (F8A) and elastic force 
(f8A), resulting from the interaction. When the link 
engages in camshaft sprocket, it is acted on by 
meshing force (F8j) and elastic force (f8j), resulting 
from the interaction. When the link contacts the 
fixed rail, it is acted on by contact force (F89) and 
elastic force (f89), resulting from the interaction. 
Chain link produces inertial force (M X8 8M XM �� ) during 
operation.

The equation of vibration response of the link 
is written as:

M u u8 8u 8 8 8 8u 8 8
2

8 8 8 8 8 8

84 8

�� � � �� ��+ = +
+84+

C K8 8u 8
� +u8u L T M8−8 X f8 8+

a F8F8 f8

iA B8 8L 8θ θ2
8 8L2 −2

B8 LL8 [
( 4 844 5 85 83 83

8 8 89 89 1

) ( ) ( )
( 8( ) ( )89( ]

+85 (
+ 8 ( +

8F( 8( f85 ) F f83 8+83

d ( 8(( 8 e)8 + f89 889 889 fF1A888

 (1)

Figure 3 shows force analysis of tensioner rail. 
The top of tensioner rail is subjected to force (FA0) 
and elastic force (fA0), resulting from the interaction 
of the tensioner rail and engine block. The bottom 
of the tensioner rail is subjected to force (FAB) and 
elastic force (fAB), resulting from the interaction 
of the tensioner rail and hydraulic extender. The 
right-hand side of the tensioner rail is subjected to 
force (FA8) and elastic force (fA8), resulting from the 

Figure 1. Timing silent chain system.
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interaction of tensioner rail and links. Besides, the 
tensioner rail produces inertial force (M X

A A

�� ).
The equation of vibration response of the ten-

sioner rail is written as:

M u uA Au A A A Au AA A BA A

A
t

C KA Au A LAA

TA M X F f FA A ABFF ABff AF
�� � � ��

��
+ C uAu =

+ − +M XA AM X +fABf
+

θ θA BA ALA
2

8[
Fff fAffff Aff8 0FAF 0−F ]

 (2)

where, according to the moment balance, the equa-
tion of the chain tension force is written as:

FABF A ×H cFAF × os L2 8 θ  (3)

Hence, the chain tension force can be expressed 
as:

F F
AF ABF

8 2
= ×

×
H

co L×sθ
 (4)

where H is the distance between the center line of 
the plunger and the center of the moving orbit and 
L is the distance between the resultant force of 
chain tension force and the center of the moving 
orbit.

Figure 4 shows force distribution of the hydrau-
lic extender, which includes a plunger, keeping-
springs, and a check valve. In the working process 
of engine, the plunger is compressed to a balanced 
position and exhibits reciprocating motion slightly 
near the balanced position. When the external force 
increases, the plunger goes down and the high-pres-
sure and low-pressure chambers are separated by 
the check valve. The pressure in the high- pressure 
chamber increases so that the hydraulic fluid is 
squeezed into low-pressure chamber through gaps, 
and then the keeping-springs are pressed. When 
the external force is reduced, the plunger goes 
up because of the applied force of the keeping-
springs and high-pressure chamber. The pressure 
in the high-pressure chamber decreases and then 
the check valve is opened. Hydraulic oil has been 
absorbed into high-pressure chamber from low-
pressure chamber.

In the working process of engine, the plunger 
is subjected to force (FT) of keeping-springs, force 
(FO) of hydraulic oil, and elastic force (fBA), result-
ing from the interaction of the plunger and ten-
sioner rail, force (FB0) of engine block and elastic 
force (fB0), resulting from the interaction of the 
plunger and engine block, and inertial force (M X

B B

�� ) 
of the reciprocating motion of the plunger.

Figure 2. Force analysis of the link.

Figure 3. Force analysis of the tensioner rail.

Figure 4. Force analysis of the hydraulic extender.
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The equation of vibration response of the 
plunger is written as:

M u uB Bu B B B Bu B B T O

BA B

C KB Bu B M XB F FO

F FBA B f f
�� � ��+ C uBu = − + FT

− F + f0 0BA BfBA B+ fBA

 (5)

From Eqns. (1) to (5), the combined part of 
the timing silent chain system is simulated by the 
stiffness-damping element. The equation of elastic 
force is written as:

f k cilff il i l il−( ) ( )i lξ ξi l− i l−  (6)

where kil and cil represent stiffness and damping of 
parts and ζi and ζl represent the relative displace-
ment of parts.

3 DYNAMIC ANALYSIS OF TIMING 
SILENT CHAIN SYSTEM

3.1 Model boundary condition

The dynamic analytical model (Figure 5) by AVL 
EXCITE Timing Drive (TD) software. A part of 
the model is synchronous timing silent chain sys-
tem, and the other is camshaft and valve system, 
which can simulate the camshaft torques.

The boundary conditions for modeling, such as 
the key parameter of chain (Table 1) and hydraulic 
extender (Table 2). In order to simulate real engine 
crankshaft speed, not only steady-state excitation 
but also angle speed fluctuations (Figure 6), which 
are simulated to AVL EXCITE Power Unit, are 
applied to the crankshaft sprocket under the 6,000 
rpm condition. The main frequency components 
of the crankshaft sprocket angular velocity fluc-
tuation are 200, 400, and 600 Hz, among which the 
ignition excitation (200 Hz) is the principal excita-
tion, as shown in Figure 7.

3.2 Results

The links combine with revolute joints to establish 
a rigid flexible chain model. As the key component 
of timing silent chain system, it plays an important 
role in converting force and torque. Figure 7 shows 
the angle velocity around X-axis of a certain link 
under the condition of 6000 rpm. Polygon effect 
and meshing impact are reflected from it.

From Figure 7, we draw the following con-
clusion. When the link engages in crankshaft 
sprocket, the angle velocity of the link is approxi-
mately equal to the angle velocity of the crankshaft 
sprocket (628 rad/s). When the link engages in 
camshaft sprocket, the angle velocity of the link is 
approximately equal to the angle velocity of cam-
shaft sprocket (314 rad/s). Because of the polygon 

effect and meshing impact, the angle velocity of 
the link is fluctuated around the theoretical value 
and a large impact is caused when the link engages 
in and out the sprocket.

Figure 9 shows the contact force between chain 
link and parts of timing drive system under the 
condition of 6000 rpm. By analyzing the contact 
force, we know the meshing impact between the 
link and parts and chain operation.

From Figure 9, we know that, when the chain 
unit contacts the fixed guides, the contact force 
becomes higher than 0, which indicates good 
operating condition of the chain. When the chain 
geared with the crankshaft sprocket, the meshing 
From Figure 9, we know that, when the chain unit 

Figure 5. Dynamic analytical model by AVL EXCITE 
TD.

Table 1. Key parameter of chain.

Name Parameter

Mass of link 4.2 g
Moment of inertia of link 61.4 g mm2

Pitch of link 6.35 mm
Number of link 154
Build-in preload 300 N

Table 2. Key parameter of hydraulic extender.

Name Parameter

Diameter of plunger 0.0127 m
Mass of plunger 25 g
Initial work space 2.35578e-6 m3

Diameter of check valve globe 0.00396875 m
Preload of check valve spring 0.089 N
Stiffness of check valve spring 10 N/m
Oil drain gap 17.5 μ
Preload of keeping-springs 60 N
Stiffness of keeping-springs 1,375 N/m
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impulse force is 280 N. In addition, the maximum 
mesh out impulse force is 140 N. When the chain 
contacts movable guides, the contact force is about 
25 N and hydraulic tensioner works properly. When 
the chain contacts the camshaft sprocket, the maxi-
mum impulse force is 270 N.

Figure 10 shows the normal forces of the mov-
able guide, and that the vibration situation and 
hydraulic tensioner working condition can be 
obtained when the chain moves to the movable 
guide. It can be seen that the movable guide forces 
fluctuate at about 200 N, and the maximum mov-
able guide force is 500 N.

The target engine is a four-stroke engine, whose 
base frequency fb is calculated as:

f
n

bff =
60

 (7)

The ignition excitation f is:

f
nz

=
2
60τ

 (8)

where n is the engine speed, Z is the cylinder 
number, and τ  is the stroke number. When engine 
operates at 6,000 rpm, the base frequency is 
100 Hz. The crankshaft sprocket meshing order is 
23; therefore, the camshaft sprocket meshing order 
is 46. Figure 11 shows the frequency spectrogram 
of the movable guide force. It seems that the mov-
able guide is mainly influenced by the second-order 

Figure 6. Crankshaft sprocket angular velocity 
fluctuation.

Figure 7. Speed fluctuation frequency spectrum of 
crankshaft sprocket.

Figure 8. Chain unit angular velocity.

Figure 9. Contact forces between chain unit and other 
parts.

Figure 10. Normal forces of the movable guide.

Figure 11. Frequency spectrogram of the movable 
guide force.

contacts the fixed guides, the contact force becomes 
higher than 0, which indicates good operating con-
dition of the chain. When the chain geared with the 
crankshaft sprocket, the meshing instantaneous 
impulse forces are very large, and the maximum 
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ignition excitation (200 Hz) and crankshaft sprocket 
meshing order excitation (2300 Hz).

4 TIMING CHAIN DYNAMIC TENSION 
FORCE EXPERIMENT

The timing chain dynamic tension force is a very 
important evaluation indicator of the timing drive 
system on dynamic performance. If  the dynamic 
tension force of the timing chain is tested directly 
at the engine work condition, the method becomes 
very complicated and requires expensive experi-
mental equipment. Therefore, as the alternative 
method, the relationship between chain stain and 
tension force should be calibrated first. Then, 
the relationship between the movable guide stain 
and loose side chain together with the relation-
ship between fixed guide stain and tight side chain 
should also be calibrated. Then, the relationship 
among chain tension force, movable guide, and 
fixed guide should be deduced. Finally, test was 
conducted and the stain of movable guide and 
fixed guide was obtained in engine bench. This 
produces the chain tension force according to the 
corresponding relationship among chain tension 
force, movable guide, and fixed guide.

In order to study the variation tendency of 
engine timing chain tension force in detail, the 
whole chain has been divided into four key cross-
sections, as shown in Figure 12. These four cross-
sections are crankshaft sprocket meshing out 
section (A-A), intake camshaft sprocket mesh-
ing in section (B-B), exhaust camshaft sprocket 

Figure 12. Schematic diagram of the timing chain 
cross-sections.

Figure 13. Experimental setup of the engine bench 
test.

Figure 14. Comparison of chain tension force between 
experiment and simulation.
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meshing out section (C-C), and crankshaft sprocket 
meshing in section (D-D).

In engine bench test, the strain gauge was placed 
on movable and fixed guides and the strain guide lines 
should be arranged in parallel in order to reduce the 
deformation of guide lines in assembly time. Thus, 
it can prevent the impact on strain test results. Fur-
thermore, the guide lines in the timing cover cannot 
be intervened with chain sprocket. The engine bench 
experimental setup is shown in Figure 13. In this 
experiment, the strain gauge should be connected with 
the 1/4 bridge, and the sample frequency is 6,400 Hz. 
During the test process, the signals of the strain gauge 
will generate a large drift. In order to guarantee the 
measurement accuracy, the strain gauge should be 
calibrated before each measurement.

Figure 14 shows the comparison of chain tension 
force between experiment and simulation in four dif-
ferent positions from 2,500 to 4,500 rpm of engine 
speed. In this engine speed range, although the varia-
tion tendency of the experimental results is the same, 
the experimental tension force is smaller than that 
of the simulated data. This is because, in the simula-
tion process, the components of timing drive system 
should be considered as rigid body, which will lead to 
the large shock between hydraulic tensioner and mov-
able guide, thereby increasing the chain tension force.

5 THE IMPACT OF HYDRAULIC 
TENSIONER PRELOAD ON THE 
DYNAMIC PERFORMANCE OF THE 
TIMING DRIVE SYSTEM

In order to study the impact of tensioner preload 
on the dynamic parameters of timing drive sys-
tem, the tensioner preload is set at 55, 60, 65, and 
70 N, individually. The changing rules of tensioner 
plunger force, movable guide force, contact force 
between chain unit and sprockets, angle speed fluc-
tuation of camshaft sprocket, and the maximum 
tension force of each section were studied at the 
engine speed range of 1,000–6,000 rpm.

Figure 15 shows the tensioner plunger force 
changing situation under different engine speeds 

Figure 15. Hydraulic tensioner plunge force.

Figure 16. Movable guide forces.

Figure 17. Chain tension force.
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and hydraulic tensioner preload. As shown in the 
figure, the tensioner plunger force increased with 
the increase of engine speed and hydraulic ten-
sioner preload. The previous analysis of hydrau-
lic tensioner plunger force and plunge vibration 
response (equation (4)) showed that the inner 
spring force and oil pressure increased with the 
increase of hydraulic tensioner preload, thereby 
increasing the hydraulic tensioner plunge force.

Figure 16 shows the maximum force chang-
ing situation of movable guide under different 
engine speeds and hydraulic tensioner preload. As 
shown in the figure, the maximum force changing 
situation of the movable guide increased with the 
increase of engine speed and hydraulic tensioner 
preload. The previous analysis of movable guide 
maximum force situation and vibration response 
(equation (2)) showed that the top of movable 
guide pin roll bears the counter-force of engine 
block, and the bottom of movable guide bears the 
force from hydraulic tensioner, together with the 
chain force on the right-hand side. Thus, the mov-
able guide force increased with the increase of ten-
sioner preload.

Figure 17 shows the maximum force changing 
situation of each cross-section under different 
engine speeds and hydraulic tensioner preload. As 
shown in the figure, the maximum force changing 
situation of each cross-section increased with the 
increase of engine speed and hydraulic tensioner 
preload. It is evident from equation (5) that the 
chain tension force increased with the increase of 
hydraulic tensioner preload.

6 CONCLUSIONS

1. The angular velocity of chain has a large shock 
at the engine speed of 6,000 rpm when meshing 
in and out of sprocket. And when the chain unit 
is meshing in the crankshaft sprocket, the shock 
is much larger. The movable guide forces were 
influenced by engine ignition excitation in low 

frequency and crankshaft meshing excitation in 
high frequency.

2. The chain tension forces obtained from the 
simulation agreed well with that obtained from 
the experiment. This indicates that the simula-
tion model has a good accuracy in predicting 
the timing drive dynamic characteristics.

3. The hydraulic tensioner preload has a signifi-
cant impact on the dynamic characteristics of 
the timing drive system. With the increase of 
the hydraulic tensioner preload, the tensioner 
plunge force, movable guide force, and each 
cross-section force increased.
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ABSTRACT: In order to reduce the dynamic load of the cutting transmission system and maintain 
the coal mining productivity as much as possible when a sudden change in load happens, two speed-
adjustable control strategies are proposed based on the study of how the hauling speed and drum speed 
affect the drum load and the coal mining productivity. To validate the proposed strategies, a test bench 
is developed. A feedforward control method combined with Fuzzy-PI has been proposed for the loading 
control system to achieve more accurate dynamic load emulation; the results show that the improved load-
ing system can meet the testing requirements. By using the two proposed shearer speed control strategies 
and the improved test bench, the electromechanical characteristics of the cutting transmission system are 
investigated. The results show that both the control strategies can reduce the dynamic load effectively 
when a sudden change load happens.

Keywords: long-wall shearer, cutting transmission system, electromechanical dynamic characteristics, 
experimental research

speed and the cutting speed on shearer’s load and 
productivity in different point of views by theoreti-
cal methods. Those researches focus only on how 
to reduce the drum load. They did not take the 
problem of how to reduce the cutting transmission 
system’s dynamic load into consideration which is 
directly related to the improvement of the cutting 
unit’s reliability, and did not have any verification 
experiment to the control strategies.

Hence, based on the analysis of the shearer’s 
drum load and influencing factors of productivity, 
two ways have been proposed in this study includ-
ing ‘drum rotating speed control’ and ‘hauling 
speed-drum rotating speed combined control’ to 
reduce the dynamic load of the cutting drive sys-
tem and ensure shearer’s productivity as much as 
possible when the cutting resistance of coal sud-
denly changes. In order to narrate conveniently in 
the following, these two ways are defined as ‘speed 
control strategy one’ and ‘speed control strat-
egy two’, respectively. The model of the cutting 
transmission system is developed and the simula-
tion is done first to verify the effectiveness about 
the two kinds of speed control strategies. Then, a 
test bench of shearer is designed and developed 
to verify the two kinds of speed control strategies 
and the simulation model through experiment. To 
reduce the disturbance of the test bench’s inertia 
torque which is found in the speed variable process 
of the experiment, the test bench is improved.

1 INTRODUCTION

The shearer has been one of the key coal mining 
machines for decades. It is mainly composed of the 
cutting unit, the middle unit, and the haulage unit. 
The cutting unit and the haulage unit are the main 
working parts of the shearer when cutting coals. 
The shearer’s load has the characteristics of strong 
randomness, big fluctuation, and strong concussion 
when the coal seam’s properties change. Moreover, 
the existing shearer’s drum rotating speed cannot 
be adjusted, so the existing shearers have shortages 
of high failure rate and limited adaptive capacity. 
It is an important trend in future mining systems 
to enhance the reliability and adaptivity to kinds 
of coal seam for the unmanned long-wall shearer, 
so it is necessary to make researches on how to 
reduce the cutting transmission system’s load and 
improve its reliability and adaptive capacity.

Aiming at these problems, many scholars have 
carried out researches on the influencing fac-
tors of the drum load using theoretical methods, 
and they put forward the corresponding method 
to reduce the load of the drum. References[1][2]
[3][4] point out that adjusting hauling speed and 
cutting speed can adjust the drum load. Based on 
research on the productivity of the shearer, many 
scholars point out that adjusting the hauling speed 
can adjust shearer’s productivity [5][6][7][8]. The above 
literatures analyzed the influence of the hauling 
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2 ANALYSIS OF INFLUENCING FACTORS 
OF THE CUTTING TRANSMISSION 
SYSTEM’S LOAD AND PRODUCTIVITY 
AND THE SPEED CONTROL 
STRATEGIES

The cutting unit is an important working part of 
the shearer, which mainly consists of a cutting driv-
ing motor, a rocker gear reducer, and a drum (as 
shown in Figs. 1 and 2). The rocker gear reducer is 
a long transmission chain and it consists of the par-
allel-axis idler gears, which are linked to the output 
shaft of the driving motor, and the planetary gear 
set, which is linked to rocker arm’s end.

The existing shearer usually lowers the haul-
ing speed to reduce the drum load when it meets a 
hard rock, which will decrease shearer’s productiv-
ity and make its adaptivity poor. Hence, in order to 
effectively reduce the dynamic load of the cutting 
transmission system after suddenly changing coal 
cutting resistance and ensure the productivity of 
the shearer, the influencing factors of the load of 
the cutting transmission system and the productiv-
ity of the shearer should be analyzed first.

The load of the drum which has the largest 
influence on the cutting transmission system is the 
cutting resistance torque; it follows the circumfer-
ential direction of the drum. Therefore, the fol-
lowing is an analysis about the main influencing 
factors of the drum load.

The equation of the single pick cutting resist-
ance Zm is[9]:

Z V A S
b

k k k k k
k

m qZ VV p jA S p

d p q b

y mk k f pk k
×

1000
0 35 0b + 3

1

. .p35 0bpb +
( tn mb Vd pmb qVV an )

co

φbb

α

φ ss β
 (1)

where Ap is the average cutting resistance of coal, 
N⋅mm-1; Vq is the shearer hauling speed, m/min; nd 
is the drum rotating speed, r/min; Sj is the nodal 
increment of picks, mm; m is the number of the 
picks on every stub of the drum; ky is the expan-
sion coefficient of coal; km is the coal exposed 
coefficient; kα is the influence coefficient of cham-
fering; kf is the influence coefficient of cutting 
front edge; kp is the coefficient of cutting tooth 
configuration; kφ is the influence coefficient of 
crack angle; bp is the picks calculative width; β is 
the nominal installation angle, rad; and φb is the 
coal debris avalanche angle, rad.

The average load Mdm of  the drum is the super-
position of the average load of each pick in the 
cutting, from equation (1), Mdm can be calculated 
as follows (2),

MdmM mi i ci
i

NclN

=
∑ ( /Z D NmiZ i cD N i )

1

2  (2)

where Zmi is the average cutting load of the picks 
on the ith line (i = 1,2,... 12, as Fig. 1 shown), Di is 
the turning diameter of the picks’ gear on the ith 
line, and Nci is the number of picks in the cutting 
on the ith line.

Equations (1) and (2) show that excluding the 
physical properties of coal rock and configuration 
of the drum picks, the cutting resistance is mainly 
affected by the shearer hauling speed and drum 
rotating speed of the cutting unit, as shown below:

The productivity of the shearer is defined as the 
mass of the coal that is cut off  per unit time, which 
is an important index to measure the working and 
economic efficiency of the shearer. The research 

Figure 1. Appearance of the shearer.

Figure 2. Diagram of the cutting transmission system.

Figure 3. Distribution of the picks (a) and variation 
trend of the mean drum load with the drum rotating 
speed (n) and hauling speed (vq) (b).
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shows that the real productivity can be calculated 
(t/min) as follows:

Q kBLVqVV ρ  (3)

where k is the actual continuous working factor, 
whose value is 0.8; B is the average cutting depth of 
the drum, mm; L is the cutting mechanism width, 
mm; Vq is the shearer hauling speed, m/min; and ρ 
is the average density of coal, kg/m3.

From the above analysis, we can find that the 
drum load is mainly affected by three major fac-
tors: the first one is the physical properties of coal 
rock, which cannot be changed; the second one is 
the related configuration parameters of the shearer 
picks, which is unchangeable during the coal min-
ing process; and the last one is the shearer’s haulage 
unit and cutting movement parameters, which can 
be controlled and changed. The greater the hauling 
speed is, the greater the cutting resistance is, while 
the higher the drum speed is, the smaller the cut-
ting resistance is. Therefore, in terms of reducing 
the cutting transmission system’s dynamic load, 
it should reduce the hauling speed or the rotating 
speed of the drum. The existing shearer reduces the 
drum load by reducing the drum rotating speed. 
However, the productivity of the shearer is only 
related to the hauling speed and highly affected 
by it. Therefore, the way that the existing shearer 
reduces the drum load will affect productivity 
when the load suddenly changes[10]. Therefore, in 
order to reduce the load of the cutting transmis-
sion system effectively under the premise and guar-
antee the productivity of the shearer, the following 
two ways are put forward to achieve it.

Way one: when the driving motor of the cutting 
unit can overcome the cutting resistance torque 
after cutting resistance increased, maintaining the 
current hauling speed constant and increase the 
drum speed (driving motor speed).

Way two: when the driving motor in the cut-
ting unit cannot overcome the cutting resistance 
torque after cutting resistance increased, lower the 
hauling speed to the target value, then increase the 
drum speed, and finally return the hauling speed 
to its initial value.

3 MODELING AND SIMULATION 
ABOUT THE SHEARER CUTTING 
TRANSMISSION SYSTEM

3.1 Modeling about the shearer cutting 
transmission system

To research the effectiveness of the two speed control 
strategies, a simplified model of the cutting trans-
mission system is developed first, which consists of 

the direct torque control motor model, the rocker 
arm transmission system model, and the drum load 
model. As the excessive meshing force is the main 
factor leading to gear’s failure, it is the focus of our 
research. Besides, there are usually 8 to 9 parallel 
axis gears in the arm, too many degrees of freedom 
and making it high computational-complexity; 
therefore, this paper uses the idler input torque 
to reflect the idler load to research how the pro-
posed speed control strategies influence the motor, 
the gear transmission system, and the drum load. 
Based on these, the parallel shaft gear’s part has 
been properly simplified as the model shows. In 
this model, each gear’s generalized coordinates are 
its generalized angular displacement and fixed stiff-
ness and damping are used. The detailed cutting 
transmission system model and the coupling rela-
tionship among its sub-models are shown in Fig. 4 
and Fig. 5, respectively.

A pure torsional dynamic model of the cutting 
transmission system is built based on the above 
analysis, which is shown below as equations (4):
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 (4)

In equations (4), all the variables take the inter-
national standard unit. In the equations, Mm and 
Md are the cutting unit driving motor electromag-
netic torque and drum load torque, respectively, 
Nm. c1, cmp, cpd, are torsional damping between 
the motor and the primary idler shaft, the primary 
idler gear and the subsequent transmission system, 

Figure 4. Dynamic model of the cutting transmission 
system.
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the planetary gear output shaft and drum, respec-
tively, N•m•s/rad; k1, kmp, kpd, are the corresponding 
torsional stiffness, N•m/rad. cm1, km1, are meshing 
damping and meshing stiffness between the pri-
mary idler master-slave gear, N•s/m, N/m. rb1, rb2, 
rbs, rc, rbr, rbp are the base circle radii of primary idler 
wheel, primary idler-driven wheel, the sun wheel, 
planet carrier, gear ring, the planets wheel, respec-
tively, m. Tr is the force between rocker arm casing 
and ring gear, Nm.

F K C r
F K
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where rbS, rbPn, and rbR are the base circle radii of 
sungear, planetgear, and ring gear, respectively, m. 
KSP and CSP are the meshing damping and mesh-
ing stiffness between sungear and the planet gear, 
N•m/rad and N•m•s/rad. KPR and CPR are the 
meshing damping and meshing stiffness between 
planet gear and ring gear, respectively, N•m/rad 
and N•m•s/rad.

3.2 Simulation analysis of the shearer cutting 
transmission system

1. Based on the model, the dynamic characteristics 
are simulated if  the hauling speed and cutting 
speed are invariable when the cutting resistance 
suddenly changes. The initial parameters are as 
follows: the cutting transmission system driv-
ing motor speed is 1200 r/min, hauling speed is 
4 m/min, initial coal seam cutting resistance is 
200 N/mm, the value after sudden changing of 
the cutting resistance is 300 N/mm in 3 s.
As shown in Fig. 6, before the cutting resist-

ance suddenly changes, the electromagnetic torque 
of cutting motor and the output shaft torque are 
1770 Nm and 1743 Nm, respectively. If  the haul-
ing speed and the drum rotating speed are not 
adjusted, the drum load will suddenly increase 
while the cutting resistance increases in 3 s. The 
cutting unit driving motor electromagnetic torque 
and the output shaft torque momentary value will 
be up to 2900 Nm and 3150 Nm. Under the new 
cutting resistance, the cutting unit driving motor 

electromagnetic torque and the output shaft torque 
will be 2710 Nm and 2670 Nm, respectively.
2. Simulation analysis based on speed control 

strategy one. The simulation initial parameters 
are: the cutting transmission system driving 
motor rotating speed is 1200 r/min, hauling 
speed is 4 m/min, initial coal seam cutting resist-
ance is 200 N/mm, the sudden change in the 
cutting resistance is 300 N/mm in 3 s, and the 
driving motor rotating speed begins to increase 
to 1400 r/min in 3.5 s.
As shown in Fig. 7(c) and (d), at the beginning 

of the adjustment of flywheel rotating speed, the 
cutting unit driving motor electromagnetic torque 
and the output shaft torque are up to 3443 Nm 
and 3169 Nm, respectively. They are higher than 
the torque value of no flywheel speed adjusting 
at the same moment. However, with the driv-
ing motor’s rotating speed increasing, the driving 
motor electromagnetic torque and the output shaft 
torque finally decrease to 2410 Nm and 2390 Nm, 
respectively which are lower than 2710 Nm and 
2670 Nm.
3. Simulation analysis based on speed control strat-

egy two. The simulation initial parameters are: 
the cutting transmission system driving motor 
rotating speed is 1200 r/min, hauling speed is 
4 m/min, initial coal seam cutting resistance is 
200 N/mm, and sudden change in the cutting 
resistance is 300 N/mm in 3 s. First, decrease the 
hauling speed to 3 m/min within 0.5 s in 3.2 s, 
then increase the driving motor rotating speed 
to 1400 r/min, and finally return the hauling 
speed to 4 m/min.
As shown in Fig. 8(c) and (d), when the hauling 

speed decreases, drum load, driving motor’s elec-
tromagnetic torque, and the output shaft torque 
decline rapidly. After finishing the speed adjust-
ing through speed control strategy two, the driving 
motor electromagnetic torque and the output shaft 
torque finally decrease to 2410 Nm and 2390 Nm, 
respectively. It verifies the effectiveness of the speed 
control strategy two by simulation.

Figure 6. Curve of no speed control.

Figure 5. Submodules’ coupling principle of the cut-
ting transmission system.
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Comparing with speed control strategy one, speed 
control strategy two reduces the cutting transmission 
system’s load faster. Taking the cutting motor elec-
tromagnetic torque as an example, compare the ini-
tial 0.5 s of the two strategies before starting to adjust 
the speed which is equivalent to compare Fig. 9(a) of 
3.5∼4 s and Fig. 9(b) of 3.2∼3.7 s. It can be found that 
when the electromagnetic torque in speed control 
strategy two declines to 2191 Nm, the electromag-
netic torque in speed control strategy one is up to 
3206 Nm due to the increase in the flywheel rotating 
speed. It is beyond the electromagnetic torque that 
does not adjust the speed when the cutting resistance 
suddenly changes. Even though the electromagnetic 
torque in speed control strategy two will increase at 
the follow-up of the drum rotating speed, it is not 
beyond the value that do not adjust the speed when 
the cutting resistance suddenly changes. Therefore, 
speed control strategy two has a better control effect. 
As it effectively avoids the disadvantage of the driv-
ing motor’s electromagnetic torque overshoot will 
happen at the initial rotating speed of the drum 
adjusting in speed control strategy one.

After verifying the effectiveness of the proposed 
speed control strategies by simulation, a test bench 

of the shearer is designed and developed to verify the 
mentioned control methods through experiment.

4 TEST BENCH OF CUTTING 
TRANSMISSION SYSTEM OF THE 
SHEARER AND THE DESIGN AND 
OPTIMIZATION OF EXPERIMENTAL 
CONTROL SYSTEM

4.1 Scheme design of the test bench and the 
preliminary experimental test

The shearer MG300/700 used in the research is so 
large and the power is also so large (300 kW) that 
it is nearly impossible to put the realistic cutting 
transmission on the test bench in our laboratory. 
Therefore, the resemble theory is used to reduce 
the power requirements of the test bench. In the 
experiment, the rated power of the driving motor 
is 15 kW, using the direct torque control. Two-stage 
parallel-axis gear reducer and planetary gear set 
are connected in series to simulate the rocker arm 
cutting transmission system, and the total reduc-
tion ratio is 40.3; the flywheel simulates the drum’s 
inertia; the load loading system consists of an AC 
dynamometer and a hydraulic braking system. The 
hydraulic braking system is mainly used to assist 
the dynamometer to conduct the fluctuation clas-
sification loading in the random load experiment. 
As the maximum speed of the flywheel is 40 r/min, 
there is a speed increasing gearbox between the 
loading system and the flywheel to improve the 
working condition of the dynamometer and 
decrease the loading requirement.

First, the basic characteristics of the test bench are 
tested, and the results show that inherent inertia of 
the test bench generates a large disturbance torque in 
the initial stage of the flywheel speed adjusting dur-
ing the verification experiment, as shown in Fig. 11.

4.2 Optimization of the test bench with the 
consideration of the rotational inertia

In order to solve the problem of additional inertia 
torque caused during the flywheel speed adjusting, 
the feedforward control method combined with 

Figure 7. Curve under speed control strategy one.

Figure 8. Curve under speed control strategy two.

Figure 9. Comparison of the electromagnetic torque 
during the speed variable process between speed control 
strategy one and speed control strategy two.
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Fuzzy-PI is introduced into the sub-control system 
of the test bench control system. The feedforward 
control method is mainly used to compensate the 
inertia torque disturbance caused by the inertia of 
the test bench during the speed variable process, 
and the calculated torque of inertia minus the initial 
target load torque gives a new target load torque. 
After repeated debugging, the ratio coefficient has 
been determined to be KP0 = 15, and the integral 

coefficient is Ki0 = 29. The Fuzzy control table map 
finally formulated, respectively, is shown in Fig. 12.

4.3 Experiment of the first speed-changing 
strategy

Based on the optimized test bench, a verification 
experiment of that two mentioned speed control 
strategies is carried out.

Figure 10. Assembly drawing of the experimental platform of the cutting unit for (a) the long-wall shearer and (b) 
its picture.

Figure 11. (a) Step drum load experiment, (b) speed control strategy one experiment, and (c) speed control strategy 
two experiment.
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1. Experiment of the speed control strategy one. 
In the initial experiment, the speed of the driv-
ing motor is 1200 r/min, and the hauling speed is 
maintained at 3 m/min throughout the flywheel 
speed variable process. The experiment with the 
speed of driving motor rising from 1 to 1300 r/min 
is carried out. The results are shown in Figure 13.
The experimental results from Fig. 13 show that 

the disturbance of the inertia torque is effectively 
reduced in the flywheel speed variable process, and 
hence the experiment verifies the effectiveness of 
the improvement method of the test bench. Sec-
ond, the actual load of flywheel is consistent with 
the change in the target load in the process of driv-
ing motor speed rising, which means that the fly-
wheel load is gradually reduced, with the driving 
motor speed increasing. The simulation is based on 
the actual shearer, and therefore, the value of drum 
load in the simulation is different from the value of 
the load in the experiment. These two reflect the 
same control effect of the strategy one, and there-
fore, the experimental results verify the validity of 
the simulation model and the effectiveness of the 
proposed speed control strategy one.
2. Experiment of the speed control strategy two. In 

the initial experiment, the initial hauling speed is 
3 m/min, and the initial speed of the driving motor 
is 1200 r/min. At the beginning of the experiment, 
the hauling speed reduces from 3 m/min to 2 m/
min within 1 s, in the following second, the speed 
of driving motor increases from 1200 r/min to 
1300 r/min, and finally, the hauling speed returns 
to 3 m/min. The results are shown in Fig. 14.
The experiment results from Fig. 14 show that 

the optimized test bench using the feedforward 
control method combined with Fuzzy-PI can 

reduce the inertia torque generated during the fly-
wheel’s speed changing process, and therefore, the 
effectiveness of the proposed method is verified by 
the experimental results. The actual load change 
in the flywheel is consistent with the change in 
the target load, which is corresponding to adjust-
ing the hauling speed and flywheel speed, in the 
experiment; with the decline of the hauling speed, 
the flywheel load decreases quickly from 4200 Nm 
to 1800 Nm, and then drops to 1600 Nm with the 
motor speeding up. The motor power in the sim-
ulation is larger than that in the test bench, and 
hence, the simulation load is different from the 
experimental value, but these two reflect the same 
control effect of the strategy two. Therefore, the 
experimental results show the validity of the simu-
lation model and the speed control strategy two.

5 CONCLUSION

In this paper, in order to reduce the dynamic load of 
the cutting transmission system and maintain the coal 
mining productivity when a sudden change in load 
occurs, the following work is mainly carried out:

1. Factors that affect the drum load and the coal 
mining productivity were studied, based on 
which, two speed-adjustable control strategies 
are proposed, including increasing the drum 
speed only (strategy one) and adjusting the 
hauling speed and drum speed together (strat-
egy two). To validate the effectiveness of the 
proposed shearer control strategies, simulations 
based on a simplified cutting unit dynamic pure 
torsional model were carried out.

Figure 12. (a) Control table of Kpc and (b) control table 
of Kic.

Figure 13. Test curve of increasing flywheel speed 
within 1 s under speed control strategy one.

Figure 14. Test curve of speed control strategy two with 
the optimized test bench.
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2. The test bench of the cutting transmission 
system and its real time control system based on 
dSPACE are both developed. In order to solve 
the problem of additional inertia torque caused 
during the flywheel’s speed adjusting process, 
the feedforward control method combined with 
Fuzzy-PI is introduced to the test bench control 
system, and the experiments are conducted.

Based on the above study, conclusions can be 
made as follows:

1. The proposed feedforward control method 
combined with Fuzzy-PI for the test bench 
can effectively eliminate the inertia torque that 
happened in the variable speed process of the 
flywheel, validating the effectiveness of the test 
bench model and the proposed test bench con-
trol strategies.

2. The experimental results verify the effectiveness 
of the proposed shearer speed control strate-
gies to reduce the load in the drum and the 
cutting transmission system when the cutting 
resistance of coal suddenly changes. When the 
driving motor of the cutting transmission sys-
tem can overcome the cutting resistance torque 
after suddenly changing the cutting resistance 
of coal, the speed control strategy one is pre-
ferred to reduce the load in the cutting trans-
mission system, for in this case, the production 
efficiency of the machine does not fall. When 
the driving motor cannot drive the drum after 
the sudden change in the cutting load, the speed 
control strategy two should be used to reduce 
the load in the transmission system. Compared 
with the speed control strategy one, the speed 
control strategy two needs a bit more time to 
finish the speed variable process, but it can avoid 
the internal dynamic load of the transmission 

system exceeding that of no speed adjustment, 
hence it can obtain a better control effect of 
load reduction.
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ABSTRACT: To increase the rotational speed of a new large-inertia high-speed cross-spiral roller cam, 
a test bench is designed to study the transmission performances of the cam. Under different input rota-
tional speeds, transmission performances such as driving torque, the rotational speed of the cam, and the 
displacement of the follower are tested and analyzed. The study found that the impact at the intersection 
of the new high-speed cross-spiral roller cam is one of the direct factors affecting the increase of the rota-
tional speed of the cam. This finding can better guide further research.

makes reciprocating linear motion according to the 
designed motion law. The new cross-spiral roller 
cam can transform motion with a small pressure 
angle and has obvious advantages in terms of size, 
weight, and kinematic parameters.

3 TEST DEVICES AND TEST SYSTEM

As shown in Figure 2, the mechanical devices of the 
test bench are mainly composed of servo motor, 
torque sensor, cam, follower, laser displacement 
sensor, and optical encoder. The torque sensor is 
connected to the servo motor and the cam through 
the shaft couplings. The optical encoder located at 
the end of the cam is used to measure the rotational 
angle of the cam. The follower only has the linear 
movement freedom along the axis direction of the 
cam and the laser displacement sensor is applied to 
measure the linear displacement of the follower.

Test system uses the industrial control computer 
as its core, as shown in Figure 3. This computer 
controls the rotational speed of the servo motor 
via motion control card and motor servo driver. 
QuantumX universal data acquisition system, pro-
duced by German HBM company, is used for data 

1 INTRODUCTION

Cam mechanism is important for motion transfor-
mation and power transmission. With simple struc-
ture and reliability in movement, it can achieve 
a variety of complex movements. Therefore, it is 
widely used in internal combustion engine, auto-
matic weapon, agricultural machinery, automatic 
machinery, and other fields. Once cam mechanism 
works in high-speed condition, the inertia force of 
moving objects will increase sharply, which leads 
to load increase, deformation, and vibration.

This paper intends to find why a new high-speed 
cross-spiral roller cam cannot reach the set speed 
(750 rpm) and why there are obvious vibration 
and noise during working. Thus, a test bench to 
study the transmission performances of the cam is 
designed and set up, and the performance param-
eters, such as driving torque, the rotational speed 
of the cam, and the displacement of the follower, 
are studied.

2 CHARACTERISTICS OF THE NEW 
HIGH-SPEED CROSS-SPIRAL ROLLER 
CAM

As shown in Figure 1, the new cross-spiral roller 
cam has a left-hand spiral groove and a right-hand 
spiral groove, and the two spiral grooves cross twice 
and are smoothly connected end to end. The cam 
is implemented to convert the rotational movement 
of the cam to the linear reciprocating movement of 
the follower along the axis direction of the cam. A 
special guider guides the follower to get through 
the intersection. Since the two grooves cross twice, 
the follower completes a reciprocating work cycle 
when the cam rotates 180° (three laps). The fol-
lower, cooperating with the cross-spiral roller cam, Figure 1. New cross-spiral roller cam.
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acquisition. The torque sensor signal, laser dis-
placement sensor signal, and optical encoder signal 
are imported to the QuantumX data acquisition 
system to be recorded and stored during testing 
process. Meanwhile, the collected signals are trans-
mitted in real time to the industrial control compu-
ter for graphic display and digital display.

4 ANALYSIS OF THE TEST RESULTS

In the test, servo motor provides the input rota-
tional speeds of 150, 300, and 420 rpm. Under 
these three different rotational speed conditions, 
the curves of driving torque and the displacement 
of the follower are shown in Figure 4. Since the 
two grooves of the cam cross twice, the follower 
completes a reciprocating work cycle when the cam 
completes three laps rotation. And the follower 
goes through the intersection of the cam four times 
in one cycle. In Figure 4, three cycles are shown, 
which means that the cam rotates nine laps and the 
follower makes reciprocating motion thrice. Since 

the original rotational position of the cam is cali-
brated, the rotational angle of the cam is certain 
when the follower goes through the intersection. 
In Figure 4, the rotational angles of the cam are 
marked when the follower goes through the inter-
section in the first cycle, which are 314.8°, 494.8°, 
854.8°, and 1034.8°.

4.1 Characteristics of the driving torque

Figure 4 shows that driving torque fluctuation 
under different rotational speeds has obvious peri-
odicity and the amplitude of fluctuation is large. 
In the first cycle, the two peaks of driving torque 
occur when the follower goes through the intersec-
tion of the cam for the first time and third time, 
and the latter is larger than the former. Compar-
ing (a), (b), and (c), we know that driving torque 
becomes larger with the increase of rotational 

Figure 2. The test bench for studying the new cross-
spiral roller cam.
1-servo motor; 2-motor flange; 3-coupling; 4-torque 
sensor; 5-coupling; 6-laser displacement sensor; 7-cam 
support; 8-cross-spiral roller cam; 9- follower; 10-optical 
encoder; 11-experiment platform with T-slot; 12-laser 
displacement sensor support; 13-torque sensor support.

Figure 3. Test system block diagram.

Figure 4. The curves of driving torque and the displace-
ment of the follower at different input rotational speeds.
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speed. The strong fluctuation of driving torque 
emphasizes that there are significant impacts when 
the follower goes through the intersection for the 
first time and third time in the first cycle.

4.2 The fluctuation law of the rotational speed of 
the cam

The variation of the rotational speed of the cam 
after studying is shown in Figure 5.

Figure 5 shows that the rotational speed of the 
cam has obvious periodicity and the peaks occur 
when the follower goes through the intersection 
of the cam for the first time and third time in one 
cycle. Thus, the former analysis result that there 
are significant impacts when the follower goes 
through the intersection for the first time and third 
time in one cycle is verified. In the following, we 
study the rotational kinetic energy loss of the cam 
in the impact process.

4.3 The fluctuation law of the kinetic energy of 
the cam

The rotational kinetic energy of the cam about the 
rotation axis:

E I
1
2

2ω 22  (1)

where
E: the kinetic energy of the cam (J);
I: the rotational inertia of the cam (kg⋅m2);
ω: the rotational speed of the cam (rad/s).
The kinetic energy loss of the cam in the impact 

process:

E E E−E0 1EE EEE  (2)

where
ΔE: the kinetic energy loss of the cam (J);

Figure 5. The curves of the rotational speed of the cam 
at different input rotational speeds.

Figure 6. The curves of the rotational kinetic energy of 
the cam at different input rotational speeds.
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E0: the kinetic energy of the cam before impact (J);
E1: the kinetic energy of the cam after impact (J).
The ratio of the kinetic energy loss:

w
E

E
=

Δ

0EE
 (3)

where w is the ratio of the kinetic energy loss.
As shown in Figure 5, the rotational speed of 

the cam has an accelerating period in the first 
cycle. In order to make the analysis data more 
accurate, it is necessary to make the cam reach 
a stable rotational speed. The rotational inertia 
about its axis is 0.058 kg⋅m2. Now the data of the 
third cycle (2016°–3210°) are chosen to analyze the 
kinetic energy loss of the cam. At three different 
rotational speeds, the fluctuation of the rotational 
kinetic energy of the cam is shown in Figure 6.

As shown in Table 1, the rotational kinetic 
energy loss of the cam in the impact process at the 
intersection is very high, and the rotational kinetic 
energy loss in the second impact process is higher 
than that in the first impact process in one cycle. 
When the input rotational speed is 150 rpm, the 
ratios of the kinetic energy loss in the two impact 
processes are 51.9% and 69.8%, which shows that 
more than half  of the kinetic energy is lost in the 
impact process. When the input rotational speed is 
300 rpm, the ratios of the kinetic energy loss in the 
two impact processes are 35.8% and 45.4%. When 
the input rotational speed is 420 rpm, the ratios 
of the kinetic energy loss in the two impact proc-
esses are 30% and 38.5%. Although the ratio of the 
kinetic energy loss in the impact process decreases 
with the increase of the rotational speed, the kinetic 
energy losses are still high for the cam mechanism. 
Therefore, the kinetic energy loss of the cam in 

the impact process at the intersection is the main 
reason for the difficulty to improve the rotational 
speed of the new cross-spiral roller cam.

5 CONCLUSIONS

In this paper, a test bench for a new high-speed 
cross-spiral roller cam is designed and set up. The 
test results under three different input rotational 
speeds illustrate that the impact at the intersec-
tion of the cam is the main factor that restricts the 
increase of the rotational speed of the cam. The 
reason for the difficulty to improve the rotational 
speed of the cam is found, which lays the foun-
dation for the performance improvement of the 
cam.
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Table 1. The kinetic energy loss of the cam under three different rotational speeds.

Input rotational speed (n/rpm) 150 300 420

No. of impact 1 2 1 2 1 2
Kinetic energy of the cam before impact (E0/J) 7.402 7.315 29.08 29.44 58.15 58.93
Kinetic energy of the cam after impact (E1/J) 3.557 2.211 18.67 16.06 40.63 36.23
Ratio of the kinetic energy loss (w) 51.9% 69.8% 35.8% 45.4% 30% 38.5%
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steel equal-speed mechanism
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ABSTRACT: Cross steel equal-speed transmission mechanism is an important part of the small tooth 
number difference planetary gear drive. In this paper, the basic structure and transmission principles of 
cross steel equal-speed mechanism are introduced. The accurate mechanics model of cross steel equal-
speed mechanism is established. The meshing force formulas are deduced based on the moment balance 
principal. The contact stress of cross steel equal-speed mechanism is investigated using Hertz contact 
theory. Finally, the finite element model is established for cross steel equal-speed mechanism with four-
point contact, and the stress distribution state and variation law is analyzed. The results show that the 
meshing force varies with time. The taper grooves along the radial direction undertake most of the load, 
and those perpendicular to the radial direction hardly undertake load.

Keywords: Cross steel equal-speed mechanism; Meshing force; Contract stress; Finite element

output disk, and 4 and 5 are steel balls. A series 
of  taper grooves with corresponding position 
and orthogonal direction are arranged on the 
two end faces of  the cross disk. The input disk 
1 and the output disk 3 are processed with taper 
grooves, which correspond to the taper grooves 
on the left and right end faces of  the cross disk 2, 
respectively.

The working principle of cross steel equal-speed 
mechanism is essentially a rotating guide bar with 
two mobile[6], as shown in Fig. 2. The input disk 1 
and the output 3 disk respectively correspond to 
components 1 and 3 in the diagram, and the cross 
disk corresponds to the cross guide rod 2. The out-
put disk 3 is driven to rotate with a constant veloc-
ity by the cross disk 2 when the input disk 1 rotates 
on a fixed axis.

1 INTRODUCTION

Cross steel equal-speed mechanism is a newly 
developed mechanism[1–2], which is used for the pre-
cision small tooth number difference transmission 
of robot joint. This mechanism has the advantages 
of high precision, high efficiency, strong assem-
bly adaptability, and so on. Therefore, cross steel 
equal-speed mechanism has aroused the attention 
of scholars.

At present, researchers have carried out a series 
of studies on the transmission principle[3–4], mechan-
ical properties[5], and structural innovation[5]. How-
ever, these studies arise some issues such as model 
roughness, conclusion simplicity, lack of verifica-
tion, and so on. To solve the above problems, on 
the basis of the precise mechanical model, time-
varying load analysis, and finite element simula-
tion, the inherent regularity of stress variation is 
revealed, which provide more reliable theoretical 
and technical support for the design and manufac-
ture of cross steel equal-speed mechanism.

2 STRUCTURE AND TRANSMISSION 
PRINCIPLE

Fig. 1 illustrates the cross steel equal-speed mecha-
nism, where 1 is input disk, 2 is cross disk, 3 is 

Figure 1. Structure of cross steel equal-speed 
mechanism.
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3 MESHING FORCE ANALYSIS

For convenience, friction is not considered, and the 
research object is considered as the output disk. 
The structure and meshing force of the output disk 
are shown in Figures 3 and 4, respectively.

Qi(i = 1, 2, …) is the meshing force that each 
of the ball meshes with taper groove, and δi(i = 
1, 2 …) is the deformation of the corresponding 
meshing point. According to Fig. 4, Qi and δi can 
be expressed as:

Q
Q

iQQ ixQQ yx
i

ixyx= =
cos

,
cosγ

δ i

δ i

γ
 (1)

where Qixy is the component of meshing force on 
the end face; δixy is the component of deformation 
on the end face; γ is the half  angle of taper groove.

Steel ball and taper groove is space Hertz con-
tact. The nonlinear physical equations can be 
derived based on the nonlinear contact theory:

Q Ki nQ KQ K iδ i

3
2  (2)

Where Kn is the effective stiffness coefficient of the 
contact between steel ball and taper groove[7].

Under the action of resistance moment Mr, the 
deformation angle Δα of  the output disk is gener-
ated, and the deformation coordination equation 
of the meshing pairs on the end face of the output 
disk is established

δ ϕ α
ϕ

ϕ
δ

δ ϕ α

δ

1 2δ ϕδ α δδ

2δδ

3δδ

2
2

2

2

xy xy

xy

xy

e R e

e

e

⎛
⎝⎝⎝

⎞ϕ
⎠

ϕ⎟
⎞⎞
⎠⎠

=
−

=

cos

cos
Δ

Δϕϕ

RR
e R e

e

e

xy

xy xy

+⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠
⎞⎞
⎠⎠

=
+

⎧

⎨

⎪
⎧⎧

⎪
⎪⎪

2
2

2

2

2

24xy 2

cos
cos

cos
ϕ α⎞⎞

⎠⎠⎟
⎞⎞
⎠⎠

ϕ

ϕ
δ2

δ ϕe
=4xy =

2
cos α δ= 2=

Δ

Δϕ

⎪⎪
⎪⎪⎪⎪

⎪
⎪⎪⎪⎪

⎪
⎪⎪

⎪
⎨⎨

⎪⎪

⎩

⎪
⎨⎨

⎪
⎪⎪

⎪
⎪⎪

⎪
⎪⎪

⎪
⎪⎪

⎪
⎩⎩

⎪⎪

 (3)

Where R is the distribution circle radius of the out-
put disk; ϕ is the angle between the straight lines 
formed by the components 1 and 3 and the cross 
guide rod in the equivalent mechanism of cross 
steel equal-speed mechanism; and e is the vertical 
distance between the input disk axis and output 
disk axis, also known as eccentric distance.

From above formulas, the relationship of the 
component of meshing force on the end face 
between the meshing pairs can be expressed as 
follows:

Figure 2. Kinematic sketch of cross steel equal-speed 
mechanism.

Figure 3. Structure and meshing force on end face.

Figure 4. Structure and force on axial section.

ICPT2016_Book.indb   88ICPT2016_Book.indb   88 9/29/2016   11:02:40 AM9/29/2016   11:02:40 AM



89

Q
R e

e Q

Q Q

Q
R e

e

xy xy

xy xy

xy

1QQ

3
2

2QQ

4 2Q QQ Qxy

3QQ

2

2

2

=
−⎛

⎝

⎜
⎛⎛

⎜
⎜⎜

⎜⎝⎝
⎜⎜

⎞

⎠

⎟
⎞⎞

⎟
⎟⎟

⎟⎠⎠
⎟⎟

=
+

cos

cos

cos

ϕ

ϕ

ϕ

22

3
2

2

cosϕ

⎛

⎝

⎜
⎛⎛

⎜
⎜⎜

⎜⎝⎝
⎜⎜

⎞

⎠

⎟
⎞⎞

⎟
⎟⎟

⎟⎠⎠
⎟⎟

⎧

⎨

⎪
⎧⎧

⎪
⎪⎪

⎪
⎪⎪

⎪
⎪⎪

⎪
⎨⎨

⎪⎪

⎩

⎪
⎨⎨

⎪
⎪⎪

⎪
⎪⎪

⎪
⎪⎪

⎪
⎩⎩

⎪⎪ Q2xy

 (4)

For output disk, according to the moment bal-
ance theory, we can deduce:
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Using formulas (4) and (5), we can derive the 
component of meshing force on the end face as 
follows:
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A variety curve of the component of meshing 
force on the end face Qixy can be drawn by using 
equation (6), as shown in Fig. 5. The param-
eters involved are as follows: resistance moment 
Mr = 10 N.m; eccentric distance e = 1.5 mm; and 
the distribution circle radius of output disk R = 
50 mm. For comparison, the variety curve of Qixy 
in Ref.[5] is also shown in Fig. 5.

According to Fig. 5, the component of mesh-
ing force on the end face Qixy varies with time, and 
the variation period is 2π. Qixy is a constant in Ref.

[5], because the movement of steel ball relative to 
taper groove is not considered. Obviously, the con-
clusion in Ref.[5] ignores the time variability, and 
the calculation result is small. The conclusion of 
this paper is more reliable for the fatigue analysis 
and strength calculation of cross steel equal-speed 
mechanism. It is obvious that the component of 
meshing force on the end face of the taper grooves 
1 and 3 is much larger than the component of 
meshing force on the end face of the taper grooves 
2 and 4. Therefore, multi-taper grooves can be 
arranged on disks along the radial direction to 
improve the bearing capacity of cross steel equal-
speed mechanism.

4 CONTACT STRESS ANALYSIS

To calculate and check the strength of cross steel 
equal-speed mechanism, contact stress must be 
derived based on the formulas of meshing force.

Steel ball and taper grooves are general space 
contact. On the basis of the Hertz formula[8] of  
elastic mechanics, the contact stress of meshing 
pairs can be expressed as:

σ
πHσ i

mn
Qi

E
= ( )ρ1 3

2

2

3 2ππ E
3 ρ

 (7)

Where E is synthesis elasticity coefficient, E = (1 – 
μ1

2/E1 + (1 – μ2
2/E2)); μ1, μ2 are Poisson ratios of 

two contact objects; E1, E2 are elasticity module 
of two contact objects; Σρ is synthesis curvature 

Figure 5. Variety curve of the component of meshing 
force on the end face Qixy.
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radius, Σρ = 1/r + 1/r +1/∞ 1/∞ = 2/r ; m, n are elliptic 
integral constant related to the radius of steel ball, 
1/mn = 1; and r is steel ball radius of cross steel 
equal-speed mechanism.

Using formulas (1) and (6), it is easy to show 
that the meshing force Qi varies with time. Simi-
larly, the contact stress is also time-varying when 
considering formula (7). In addition, the variation 
regularity of meshing force Qi and the component 
of meshing force on the end face Qixy are the same, 
so the meshing force Q1 and Q3 have an equivalent 
maximum value as follows:
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By substituting formula (8) into formula (7), the 
maximum contact stress can be deduced:
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Formula (9) can be used to calculate the strength 
of the cross steel equal-speed mechanism.

5 FINITE ELEMENT NUMERICAL 
SIMULATION

As shown in Fig. 6, the three-dimensional entity 
model of cross steel equal-speed mechanism is 
built using software SolidWorks. From left to right, 
input disk, cross disk, and output disk.

Considering that the meshing pairs of steel ball and 
three disks have same engagement state, the mesh-
ing pairs of steel ball and output disk are selected 
for analysis in this paper. The entity is meshed with 
the standard element Solid186. The elements on the 
contact surfaces of steel ball and taper groove are 
refined. Fig. 7 shows the generated finite element 
model of cross steel equal-speed mechanism.

The contact pair between the steel ball and taper 
groove is constructed by using the soft–soft contact 
model. The side surface of the taper groove is the 
target surface, and the lower surface of the steel 
ball is the contact surface. All DOF constraints 
are applied to the upper surface of the steel ball. 
The radial and axial constraints are applied to the 
surface of the output disk, and the surface nodes 
applied tangential force to the equivalent torque. 

Figure 8. Von Mises stress and contact stress nepho-
gram when steel ball is in 1st position.

Figure 9. Von Mises stress and contact stress nepho-
gram when steel ball is in 3rd position.

Figure 6. Three-dimensional entity model of cross steel 
equal-speed mechanism.

Figrue 7. Finite element model of cross steel equal-
speed mechanism.
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The circumferential force is applied to all the nodes 
on the inner diameter surface of the output disk to 
replace the resistance moment.

To observe the variation regularity of contact 
stress when the steel ball is in different position of 
taper groove, five different positions are selected 
to carry out finite element simulation. The para-
meters involved are as follows: resistance moment 
Mr = 10 N.m; eccentric distance e = 1.5 mm; steel 
ball radius r = 5 mm; half  angle of taper groove 
γ = 45°. The corresponding maximum Von Mises 
stress and maximum contact stress of the five dif-
ferent positions are obtained, as shown in Table 1. 
Meanwhile, Figures 8 and 9 show the stress nepho-
grams when the steel ball is in two typical positions 1 
and 3, respectively.

The simulation results in Figures 8 and 9 show that 
the contact stress changes with the variation of mesh-
ing position in the meshing process. At the same time, 
regardless of the position of the steel ball, the contact 
stress of 1, 3 meshing points is maximum, and the 
contact stress of 2, 4 meshing points is almost 0. Thus, 
the taper grooves along the radial direction undertake 
most of the load, and the taper grooves perpendicu-
lar to the radial direction hardly undertake load, 
which is consistent with the theoretical results. The 
corresponding theoretical maximum value of contact 
stress (2319 MPa) can be calculated according to for-
mula (9), with error less than 7% compared with the 
data in Table 1. Therefore, the mechanical model and 
theoretical calculation results are reliable.

6 CONCLUSIONS

The main results obtained in this paper are sum-
marized as follows:

1. A mechanical model of cross steel equal-speed 
mechanism is established. On the basis of the 
moment balance principal, the meshing force 
function is deduced. Then, the contact stress 
is obtained according to Hertz contact theory. 
Finally, the finite element model is established.

2. Considering the relative movement of steel ball, 
the meshing force is time-varying, and the vari-
ation period is 2π.

3. The taper grooves along the radial direction 
undertake most of the load, and the taper 
grooves perpendicular to the radial direction 
hardly undertake load. Therefore, multi-taper 
grooves can be arranged on disks along the radial 
direction to improve the bearing capacity.

4. The theoretical analysis result of contact stress 
is consistent with the result of finite element 
simulation. The theoretical analysis is reliable, 
so it can be used for strength calculation and 
design.
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ABSTRACT: Tooth damage of a friction plate is a serious problem in high power density transmission 
system, which may result from the torsional vibration impacts. The method to control these impact forces 
is still under development. To solve this problem, a new type of tooth structure design method with a 
damping groove considering different shapes for the friction plate is proposed. In this paper, three differ-
ent damping grooves filled with damping material are designed in the friction plate tooth, which can be 
adjusted to control the stiffness of the tooth structure. On the basis of the potential energy method, the 
composite stiffness of the tooth is calculated, which is applied in the dynamic model for a friction plate 
and its inner hub to investigate the effects of different damping grooves on impact forces. Furthermore, 
an experiment is conducted to verify the tooth structure design method and the corresponding calculation 
method. The results show that the proposed method is effective in controlling the impact forces of the 
friction plate in high power density transmission systems.

method for friction characteristics of the friction 
element with different grooves. Rego [4] studied the 
effect of gear on its surface properties using shot 
peening with a bimodal media size distribution. 
Huseyin[5] and Oguz [6] found the relation between 
wear and tooth profile modification in spur, which 
can be used to reduce the impact and vibrations. 
However, the aforementioned researchers did not 
propose a method to calculate the stiffness of the 
tooth that has a damping groove and did not deter-
mine the tooth stiffness conveniently to control the 
impact forces.

This paper introduces three different damping 
grooves filled with damping material in the friction 
plate tooth; furthermore, the stiffness of the slot-
ted gear are calculated using the potential energy 
method, and the effect of these damping grooves 
on impact response are investigated by an estab-
lished impact dynamic model. According to the 
comparative results of impact response of the the-
oretic calculation and the experiment, the friction 

1 INTRODUCTION

In high power density transmission systems, the 
impact force due to torsional vibration causes 
tooth damage and damages the relevant transmis-
sion components. Controlling the impact of the 
transmission structure is an essential way to reduce 
the tooth damage of these systems. Therefore, it 
is of significance to develop a method to reduce 
the impact of the component of the transmission 
system that mainly includes slotting, modification 
of the tooth profile, and so on.

Scholars have conducted much studies in these 
areas. Wang [1] used finite element method to study 
the effect of slotting on the mechanical properties 
and transmission performance of gear teeth of fil-
tering gear reducers, and found that straight slot 
has very good effect on the mechanical properties 
of the gear tooth. Huang [2] proposed slotting on 
gear method to reduce damage and extend the life 
of gear. Wang[3] proposed a newer speed control test 
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plate with the damping grooves shows a good per-
formance on the impact analysis and can be used 
to control the impact forces of the friction plate in 
high power density transmission systems.

2 THEORETICAL CALCULATION 
OF FRICTION PLATE WITH DAMPING 
GROOVE

Because of the existence of relief  groove, the stiff-
ness of the friction plate is changed, and the total 
stiffness of the friction tooth can be obtained by 
the summation of Hertz contact stiffness and sin-
gle composite stiffness:

K KtotaliK ni glell1 1ni11/ ( / /K 1ni 1+K 1KniK )siKK ngg  (1)

K KtotaliK ni glell2 2ni11/ ( / /K 2ni 1+K 2KniK )singg  (2)

where Kni1/Kni2 is the Hertz contact stiffness of 
the friction plate and its inner hub and Ksingle is 
the composite stiffness of  the single tooth, which 
can be calculated by energy method. The differ-
ent damping grooves filled with damping mate-
rials will result in the change of  the Ksingle, and 
hence it is considered as a key parameter of  this 
paper.

After calculating the composite stiffness, Runge–
Kutta simulation method will be used to solve the 
impact dynamic model, and then the dynamic 
response of the impact force can be derived.

2.1 Calculation of the tooth composite stiffness 
with type(a) and type(b) damping groove

Figures 1 and 2 show that the rectangular damp-
ing grooves with a filling material will change the 
stiffness of the tooth. F is the engaging force, h is 
the half  thickness at the position of force acting 
point, H is the width of the damping groove, L 
is the whole depth of the tooth, S1 is the starting 
position of the damping groove, and S2 is the end-
ing position of the damping groove.

In this situation, the tooth of the friction plate 
cannot be regarded as a rigid body, and Ksingle can 
be expressed as:

KsiK nglii ell
b s a= ∞{1 1 1K +KsK/(11 / /KbK11 1 KKK / )KaK11    slotted tooth

normal tooth
 (3)

where Kb is the bending stiffness of the single 
tooth, Ks is the shear stiffness of the single tooth, 
and Ka is the Axial compressive stiffness of the sin-
gle tooth.

The tooth deformation can be regarded as the 
deformation of the spring under the force acting 
along the meshing direction. Because of the bend-

ing, shearing, and the compression deformation 
in axial direction, the elastic potential energy is 
expressed as[7,8]:

U
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KsU
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While according to the theory of beam defor-
mation in mechanics of materials,[9]
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(5)

where Fb is the component force of F along the 
thickness direction, Fa is the component force of 
F along the direction perpendicular to the tooth 
thickness, and M is the moment of F:

F F F F M F x F hb aF FF b aFF x FFFF F xbFF xFFcoFFFFF s iα F FsF FFFFF αin ,a αa sFFaFF in  (6)

Using Eqs. (4–6), Kb, Ks, and Ka can be calcu-
lated as:

Figure 1. Structure of the frication plate with type (a) 
damping groove.

Figure 2. Structure of the frication plate with type (b) 
damping groove.
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where G is the Shear modulus, v is Poisson’s ratio, 
Ax is the cross-sectional area, and Ix is the inertia 
moment.

2.2 Calculation of the tooth composite stiffness 
with type(c) damping groove

The only difference between type (c) and type (a, b) 
damping grooves is the cross-sectional area Ax and 
the inertia moment Ix, which shows that the compos-
ite stiffness of tooth with type (c) damping groove 
can be calculated only by modifying Eqs. (11) and 
Eqs. (12). The changed forms of Eqs. (11) and (12) 
are expressed as Eqs. (13) and (14):

Table 1. Calculation conditions of the friction plate 
with type (a) damping groove

S1−S2 0.4 0.8 1.2 1.6 2 2.4

H 0.2 0.4 0.6 0.8 1 1.2

Table 2. Calculation conditions of the friction plate 
with type (b) damping groove.

S1−S2 0.2 0.4 0.6 0.8 1

H 0.4 0.8 1.2 1.6 2

Table 3. Calculation conditions of the friction plate 
with type (c) damping groove.

r 0.2 0.4 0.6 0.8 1

where d1 is the central position of the circular damp-
ing groove, r is the radius of the circular damping 
groove, and the definition of the other parameters 
are in accordance with Eqs. (11) and (12).

2.3 Calculation condition table of friction plate 
with damping groove

The calculation condition table of friction plate 
with damping groove is shown in Tables 1–4.
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 (14)

2.4 Analysis of the impact of friction plate with 
damping groove and its inner hub

Calculation conditions are shown in Tables 1–4, 
and the force response at the tooth root can be cal-
culated under a certain excitation condition.

Figure 3. Structure of the frication plate with type (c) 
damping groove.

ICPT2016_Book.indb   95ICPT2016_Book.indb   95 9/29/2016   11:03:20 AM9/29/2016   11:03:20 AM



96

As shown in Fig. 4, RMS value of impact force in 
slotted friction plate is smaller than that of the uns-
lotted friction plate, which indicates that the damping 
groove can be used to control the amplitudes of the 
impact energy. With the increase of damping groove 
area, the RMS value of the tooth with the rectangu-
lar groove type (a) shows an increasing trend, while 
the RMS value of impact force of the rectangular 
groove type (b) shows a decreasing trend. With the 
increase of the size of the damping groove, the RMS 
value of impact force of the circular damping groove 
type (c) increased after an initial decrease.

3 EXPERIMENTAL RESULTS 
OF FRICTION PLATE WITH 
DAMPING GROOVE

3.1 Test bed and the arrangement of measuring 
points and test bed

The friction plates of type (a) damping groove with 
different hollowed out areas are used in the impact 
experiment for the high power density transmission 
systems. Fig. 6 shows the arrangement of measur-
ing points, where C2 is located at the root of the 
friction plate and D1–D2 are located at the flank 
of the friction plate.

3.2 Analysis of the experimental data

The experimental data are analyzed to study the 
influence of the strain of friction plate on tooth 
root and tooth surface both with and without 
damping grooves. The RMS values (reflect the 
impact energy) of the strain signal on C2, D1, and 
D2 have been extracted to study the influence of 
the damping groove.

Figure 4. Relationship between RMS value of impact 
force and damping groove size.

Figure 5. Test bed.

Figure 6. Arrangement of measuring points.

Table 4. Parameters of the friction plate and its inner 
hub.

Fiction plate Inner hub

Module (mm) 3 3
Tooth 122 122
Pressure angle (°) 20 20
Addendum (mm) 1.5 1.5
Dedendum (mm) 3.3 3.3
Outer diameter (mm) φ460 /
Moment of inertia (kg⋅m2) 0.086 0.57
Elasticity modulus (MPa) 196 210
Poisson’s ratio 0.3 0.3

The pointing chart RMS value of the impact 
force is shown in Fig. 4. By fitting these points with 
the quadratic curve, the change regulation between 
the RMS values of impact force and damping 
groove size is investigated.
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Fig.7 shows the relationship between the RMS 
value of the strain of the tooth and the size of the 
damping grooves. The RMS values of the strain on 
the root of the friction plates C2 and D2 decrease 
with the increase of damping groove area. How-
ever, the RMS value of the strain on the root of 
the friction plate D1 increases with the increase of 
damping groove area.

The strain on tooth root and the tangential 
strain on the tooth surface are reduced with the 
increases in the size of the damping grooves; how-
ever, the impact on the axial direction of the tooth 
surface is exacerbated. The regular response of the 
measuring point C2 corresponds to the theoretical 
result discussed in Chapter 2.4.

It is concluded that increase of the damping 
groove’s size protects the root of the tooth from 
huge impacts, but the strength of the tooth sur-
face’s axial direction must be considered.

In summary, using the method of slotting the 
friction plate can control strain amplitude and 
improve the performance of the friction plate.

3.3 Comparison of the experimental and 
theoretical results

In order to validate the theoretical analysis, the 
responses of the impact force of the experimental 
and theoretical methods were compared.

By applying different loads on the tooth of the 
friction plate, which has a damping groove of type 
(a), the empirical formula of the root strain and 
the load on meshing line of the pitch circle are 
obtained by equation (15), which is also called 
static calibration:

F = 4.5541*ε−29.1486 (15)

Figure 7. Relationship between the RMS value of the 
tooth strain and the size of the damping grooves.

Figure 8. Theoretical response of the impact force.

Figure 9. Experimental response of the impact force.

Comparison of Figures 8 and 9 shows the col-
lision tendency and the magnitude of the impact 
force of the experimental and theoretical results 
are similar. The validity of the theoretical algo-
rithm is also verified.

4 CONCLUSION

This paper proposed a new tooth structure design 
method with a damping groove in the friction 
plate tooth, and three different damping groove 
shapes filled with damping materials are taken into 
consideration to control the stiffness of the tooth 
structure. Furthermore, potential energy method is 
applied in this paper to calculate the stiffness of 
the slotted tooth, which is then substituted into the 
impact dynamic model to derive the impact force 
responses. The theoretical and experimental results 
show that with the increase of the size of damp-
ing area in a certain range, the RMS values of the 
impact force and strain decrease, which indicates 
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that the friction plate of the damping groove has 
good mechanical properties, especially for protect-
ing the root of the tooth. In conclusion, the pro-
posed tooth structure design method with a proper 
type of damping groove and a proper size of the 
damping groove can effectively control the ampli-
tudes of the impact forces on the tooth and reduce 
the impact on the friction plate in high power den-
sity transmission systems.

REFERENCES

[1] Wang Jiaxu, Wang Zhengwei, Pu Wei. Effects of 
Tooth Slotting on Mechanical Properties of Filtering 
Reducer, Journal of Sichuan University, 1009-3087
(2014) 05-0168-07.

[2] Huang Lianshun. Slotting on gear is a way to reduce 
damage and improve the life of Gear. World Auto-
motive, 1974(12): 45.

[3] Yanzhong Wang, Bin Wei, Keyan Ning.Friction coef-
ficient speed control experiment of Cu based wet 

 sintered friction material. Journal of Harbin Institute 
of Technology 0367-6234(2014)01.

[4] Rego R.R, Gomes J.O., Barros A.M. The influence 
on gear surface properties using shot peening with a 
bimodal mediasize distribution. Journal of Materials 
Processing Technology. 2013, 213(12): 2152–2162.

[5] Huseyin, Hayrettin Duzcukoglu. Relation between 
wear and tooth width modification in spur gears. 
Journal of Sound and Vibration. 2008.130(12) 1–5.

[6] Oguz Kayabasi. Shape optimization of tooth profile 
of a flex spline for a harmonic drive by finite element 
modelling Materials & Design. 2007. 28(2). 441–447.

[7] D. C. H. Yang, J. Y. Lin. Hertzian damping, tooth 
friction and bending elasticity in gear impact dynam-
ics. Journal of Mechanisms, Transmissions, and 
Automation in Design, 109(2) (1987): 189–196.

[8] X. H. Tian. Dynamic Simulation for system response 
of gearbox including localized gear faults. University 
of Alberta, Edmonton, Alberta, Canada, 2004.

[9] S. Wu, M. J. Zuo, A. Parey. Simulation of spur gear 
dynamics and estimation of fault growth. Journal of 
Sound and Vibration, 317(3–5) (2008): 608–624.

ICPT2016_Book.indb   98ICPT2016_Book.indb   98 9/29/2016   11:03:28 AM9/29/2016   11:03:28 AM



99

Power Transmissions – Qin & Shao (Eds)
© 2017 Taylor & Francis Group, London, ISBN 978-1-138-03267-5
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ABSTRACT: The magnetic noise of a vehicle claw-pole alternator is significant in starting and idling 
conditions, which can reduce passenger comfort and enjoyment. Therefore, to study the NVH problems 
caused by the electromagnetic forces, a coupled electromagnetic-mechanical-acoustic simulation of a 
vehicle claw-pole alternator is necessary, which consists of the simulating calculation of the following 
sections: electromagnetic forces, vibrations, and acoustic noise. First, an electromagnetic finite element 
model of the machine is established to obtain the electromagnetic forces applied on the stator teeth. 
Second, a mechanical finite element model is developed. Based on the electromagnetic forces and the 
mechanical finite element model, the vibrations of the machine are computed. Then, by taking advantage 
of the vibration information of the machine, the acoustic response of the alternator is calculated by the 
Boundary Element Method (BEM). Finally, the experiment is carried out and the results show agreement 
with that of the simulation, which testify the feasibility of the simulation method.

Keywords: claw-pole alternator, multi-physics simulation, electromagnetic force, magnetic noise

research is mainly aimed at traditional motor such 
as induction and synchronous machines, but there 
are less concentrations and studies on claw-pole 
alternator. Different from previous 2D motors, 
the claw-pole alternator demonstrates obvious 
3D characters due to the presence of claw poles. 
For numerical simulation, it would be integrant 
to develop 3D electromagnetic, dynamics, and 
acoustic model. Several authors studied the claw-
pole alternator over the electromagnetic field and 
dynamics vibration [I. Ramesohl et al. 1996, Fan 
Yang et al. 2015, Stoica Constantin et al. 2015], but 
it is not enough to predict the magnetic noise of 
the machine. Therefore, it is necessary to build a 
coupled electromagnetic-dynamics-acoustic multi-
physics simulation to study the electromagnetic 
force, mechanical vibration, and acoustic response 
synthetically. The aim of this paper is to predict 
the acoustic noise radiated from the vehicle claw-
pole alternators by means of multi-physics simula-
tion. The simulation was performed on a claw-pole 
alternator, as a power supply of the automotive elec-
tric system. Finally, the simulation results obtained 
are compared with that of the experiment.

2 SIMULATION METHOD

To predict the magnetic noise of the vehicle 
claw-pole alternator, a multi-physics simula-
tion is carried out which is based on a coupled 

1 INTRODUCTION

The magnetic noise is a growing concern for electri-
cal machines. It is characterized by the emergence 
of high-frequency pure tones that can be annoying 
and badly perceived by future customers.

To predict the magnetic noise of motor, three 
models, namely an electromagnetic model for cal-
culating electromagnetic force, a structural model 
for estimating vibration of the structure, and an 
acoustic model for predicting the magnetic noise, 
respectively, should be developed [Fábio L. M. dos 
Santos et al. 2014]. All three models can be built 
analytically [Timár-P. et al. 1989, D.-H. Cho et al. 
1998]. Using analytic methods, the frequencies of 
the electromagnetic force, vibration, and noise can 
be distinguished easily, but it is difficult to evalu-
ate the magnitudes of these physical quantities 
accurately. With the development of computer 
technology, numerical methods such as the Finite 
Element Method (FEM) and Boundary Element 
Method (BEM) have been widely used in modeling 
the electromagnetic-mechanical-acoustic model. 
Numerical methods can consider the effects of 
the complex structural details fully and predict the 
magnitudes of the electromagnetic force, vibration, 
and noise more accurately [Fábio L. M. dos San-
tos et al. 2014, C. G. C. Neves et al. 2000, Gieras 
et al. 2005, Dupont et al. 2012, Jean-François 
Brudny et al. 2015], which cannot be otherwise 
accomplished by analytical methods. The above 
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electromagnetic-dynamics-acoustic multi-physics 
model. Figure 1 shows the flow path of this simula-
tion method. In the first stage, the electromagnetic 
simulation is conducted. An electromagnetic finite 
element model of the alternator is established to 
obtain the electromagnetic forces applied on the 
stator teeth. The electromagnetic model itself is 
developed using the geometrical characteristics 
and the material data of the investigated alternator, 
while the input to the model represents the operat-
ing conditions [Martin Furlan et al. 2003]. In the 
second stage, the mechanical dynamics simulation 
is carried out. A mechanical finite element model is 
developed by the proper settings of material param-
eters and connect conditions. Based on the electro-
magnetic forces and the mechanical finite element 
model, the vibrations in the alternator are com-
puted through the structural harmonic response 
analysis. Finally, the acoustic simulation is carried 
out. Taking advantage of the vibration information 
gained from the harmonic response analysis, the 
sound pressure level of the alternator is simulated 
by the Boundary Element Method (BEM).

Simulation software is used for the above multi-
physics simulation: Ansoft for the electromagnetic 
simulation, ANSYS for the structural harmonic 

response analysis, and LMS Virtual.Lab for the 
acoustic simulation. The details of the simulation 
are described in the following chapters.

3 MULTI-PHYSICS SIMULATION

3.1 Electromagnetic simulation

In claw-pole alternator, the stator and brackets 
deformation results from electromagnetic force. 
Electromagnetic force appears at the interface 
where there is a magnetic flux passing through. 
The magnetic pressure depends on the air gap flux 
density.

The Maxwell stress tensor is used to calculate 
the radial and tangential components of magnetic 
pressure, acting on the stator teeth of the alterna-
tor. They can be computed as follows:

PrPP = 1
2μ0μ

( )B Br tB2 2B  (1)

P B Bt rP BP tBB
1

0μ00

 (2)

where P is the magnetic pressure, B is the air gap 
magnetic flux density, μ0 is the magnetic perme-
ability of vacuum, and subscripts r and t signify 
radial and tangential components.

Then, electromagnetic force is calculated by inte-
grating the magnetic pressure over the surface of sta-
tor tooth with the aid of FEM. The force is computed 
for each time step, and a time-domain curve of elec-
tromagnetic force can be obatined. Figure 2 shows 
the time-domain curve of the electromagnetic force 
applied on a stator tooth of the machine.

While the force acts on the stator tooth according 
to the frequency in the mechanical dynamics simula-
tion, the electromagnetic force is transferred to the 
frequency domain via FFT as shown in Figure 3.

Figure 1. Simulation method. Figure 2. Electromagnetic force curve along with time.

ICPT2016_Book.indb   100ICPT2016_Book.indb   100 9/29/2016   11:03:30 AM9/29/2016   11:03:30 AM



101

3.2 Mechanical-dynamics simulation

This section describes the dynamics simulation 
from the following two aspects: modal analysis and 
harmonic response analysis.

3.2.1 Modal analysis
It is the foundation of mechanical dynamics simu-
lation to build a structure finite element model of 
the investigated claw-pole alternator. In general, 
modal analysis is used to update and verify the 
FEM model. The basic principle of modal analysis 
can be expressed as follows:

M { } [ ]{ } [ ]{ } { }} + [ } + [ } = {  (3)

where {F} is the force vector, {x} is the displace-
ment vector, and [M], [C], and [K] denote the mass, 
damping, and stiffness matrices, respectively.

As a matter of fact, the modal analysis which 
is to solve equation 3 without {F} and [C] just 
requires the information of mass and stiffness 
matrices. While mass matrices is easy to access, the 
difficulty of the problem is the stiffness matrices.

Usually, the stator is the dominating mechanical 
part of an electrical machine [Dupont et al. 2012, 
Do-Jin Kim et al. 2010]. The stator consists of sta-
tor stack and stator windings. The stator stack is 
made up with an assembly of steel sheets. Obvi-
ously, it is not advisable to model each steel sheet 
of the stack in consideration of simulation effi-
ciency. In this work, the stator stack is modeled as 
a solid structure with an equivalent isotropic mate-
rial and update the Young modulus according to 
the modal experiment until the simulation results 
are in agreement with the experiment. The struc-
ture of stator windings is complex; therefore, it is 
difficult to model directly. Some researchers have 
studied the simplified methods of the stator wind-
ings, and different simplified models [J. -B. Dupont 
et al. 2012, S. Noda et al. 1987] have been built. 
More practically, both the mass and stiffness of the 

windings are accounted for [S. Noda et al. 1987]. 
The stator windings are modeled as separated solid 
copper billet inside the slots. The Young modulus 
of copper billet is updated according to the modal 
experiment as shown in Table 1.

Figure 4 shows the first three modes of vibration 
of stator. Comparing the modal analysis results 
with the experiment, it can be found the error is 
less than 5%. Thus, it proves that the simplified 
model is reasonable and reliable.

As shown in Figure 5, the stator of the vehicle 
claw-pole alternator is stuck in the middle of the 
front and rear caps, which is different from the 
mechanical structure of other electrical machines, 
such as switch reluctance machine and induction 
machine. There exist connections between the sta-
tor and the caps, which increase the stiffness of 
the alternator assembly. Hence, it is necessary to 
set the connect connections reasonably in order to 
obtain the alternator assembly dynamics finite ele-
ment model. The mode shapes and corresponding 
natural frequencies of the assembly are provided in 
Figure 6 and Table 3.

3.2.2 Harmonic response analysis
Based on the electromagnetic forces calculated 
and the dynamics finite element model developed 
before, the vibrations of the alternator assembly 
are computed by means of the mode superposition 
method with the aid of the structural harmonic 
response analysis module of ANSYS.

Figure 3. Frequency distribution of electromagnetic 
force.

Table 1. Material parameter of equivalent stator 
windings.

Density Young’s modulus Poisson’s ratio

9962 kg/m3 1.1e+9 pa 0.31

Figure 4. Mode shapes of stator.

Table 2. Each natural frequency of stator.

Mode Simulation Experiment Error

1 587 Hz 598 Hz 1.84%
2 1539 Hz 1579 Hz 2.53%
3 2939 Hz 2871 Hz 2.37%

ICPT2016_Book.indb   101ICPT2016_Book.indb   101 9/29/2016   11:03:33 AM9/29/2016   11:03:33 AM



102

electromagnetic forces. Thus, the Boundary Element 
Method (BEM) is used for the acoustic simulation.

For the acoustic simulation, it is essential to 
develop a BEM model of the alternator. By extract-
ing the surface mesh of the dynamics finite element 
model, a BEM model is developed as shown in Fig-
ure 8. To simulate the experimental environment 
of the noise test, a sound baffle is located under 
the alternator and a semi-spherical surface with 
1 m diameter is arranged around the alternator, 
as shown in Figure 9. The investigated machine is 
mounted in the center.

Then, the sound pressure p is computed by 
equation 4 [C. Schlensok et al. 2006].

[ ]A [ ]p = [ ]B [ ]v  (4)

where p is the sound pressure, which results from 
the acoustic simulation and v is the velocity vector 
of all nodes of the BEM model.

Figure 10 shows the average sound pressure 
level of the semi-spherical surface resulting from 
simulation and experiment. The main noise peak of 

Figure 5. Model of the alternator.

Figure 6. Mode shapes of alternator.

Table 3. Natural frequency of 
each alternator.

Mode Frequency

1 1012 Hz
2 1239 Hz
3 1863 Hz
4 2360 Hz

Figure 7. Displacement deformation of the alternator.

Figure 8. Mesh of BEM.

Figure 7 shows the displacement deformation 
of the alternator assembly resulting from the 36th 
harmonic.

3.3 Acoustic simulation

Magnetic noise of the vehicle claw-pole alterna-
tor derives from the displacement deformation of 
the surface of the alternator assembly caused by 
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simulation appears at 1770 Hz (corresponding to the 
36th harmonic) with a sound pressure level of 63.13 
dBA. Associated with this, the main noise peak of 
experiment appears at 1688 Hz with a sound pressure 
level of 63.51 dBA. It can be found that simulation 
results show good agreement with the experiment.

Figure 9. Acoustic simulation environment of the 
alternator.

Figure 10. Contrast of simulation and experiment.

Figure 11. Sound pressure level distribution of 36th 
harmonic.

The sound pressure level distribution of 36th 
harmonic on the semi-spherical surface is shown in 
Figure 11. It indicates that the sound pressure level 
is the largest in the direction of rear cap, which 
agrees with Fig. 8 and the experimental results.

4 CONCLUSION

In this paper, a multi-physics simulation method 
for predicting the magnetic noise of a vehicle 
claw-pole alternator is presented. In the simula-
tion, a coupled electromagnetic-dynamics-acous-
tic multi-physics modal is established, which can 
solve the electromagnetic forces, vibration, and 
sound pressure level of the machine step by step. 
Finally, the sound pressure level curve and distri-
bution show good agreement with the experiment, 
which illustrates the efficiency of the multi-physics 
simulation.

REFERENCES

 [1] Fábio L.M. dos Santos et al. 2014. “Multiphysics 
NVH modeling: simulation of a switched reluctance 
motor for an electric vehicle.” Industrial Electronics, 
IEEE Transactions on, Vol. 61. No. 1, pp. 469–476.

 [2] Timár-P. et al. 1989. Noise and vibration of electrical 
machines. North Holland.

 [3] D.-H. Cho et al. 1998. “Modelling of electromagnetic 
excitation forces of small induction motor for vibra-
tion and noise analysis.” Electric Power Applications, 
IEE Proceedings, Vol. 145. No. 3, pp. 199–205.

 [4] C.G.C. Neves et al. 2000. “Calculation of electro-
magnetic-mechanic-acoustic behavior of a switched 
reluctance motor.” Magnetics, IEEE transactions on, 
Vol. 36. No. 4, pp. 1364–1367.

 [5] Gieras et al. 2005. Noise of polyphase electric motors. 
CRC press.

 [6] Dupont et al. 2012. Multiphysics Modelling to Sim-
ulate the Noise of an Automotive Electric Motor. 
SAE Technical Paper, No. 2012-01-1520.

 [7] Jean-François Brudny et al. 2015. “Method for Con-
trolling the PWM Switching: Application to Mag-
netic Noise Reduction.” Industrial Electronics, IEEE 
Transactions, Vol. 62. No. 1, pp. 122–131.

 [8] I. Ramesohl et al. 1996. “Three dimensional calcula-
tion of magnetic forces and displacements of a claw-
pole generator.” Magnetics, IEEE Transactions on, 
Vol. 32. No. 3, pp. 1685–1688.

 [9] Fan Yang et al. 2015. “Study of reducing electro-
magnetic vibration by claw-pole brazing for auto-
mobile claw-pole alternators.” Electrical Machines 
and Systems (ICEMS), 2015 18th International 
Conference on, pp. 184–188.

 [10] Stoica Constantin et al. 2015. “3D numerical mode-
ling with FEM operation under load on the alterna-
tor claw poles.” Electronics, Computers and Artificial 
Intelligence (ECAI), 2015 7th International Confer-
ence on, pp. 75–80.

ICPT2016_Book.indb   103ICPT2016_Book.indb   103 9/29/2016   11:03:41 AM9/29/2016   11:03:41 AM



104

 [11] Martin Furlan et al. 2003. “A coupled electromag-
netic-mechanical-acoustic model of a DC electric 
motor.” COMPEL-The international journal for 
computation and mathematics in electrical and elec-
tronic engineering, Vol. 22, No. 4, pp. 1155–1165.

 [12] Do-Jin Kim et al. 2010. “A study on the reduction of 
noise and vibration of SPM according to reduction 
of Permanent Magnet.” Electrical Machines and 
Systems (ICEMS), 2010 International Conference 
on, pp. 1252–1255.

 [13] J.-B. Dupont et al. 2012. “Vibroacoustic simula-
tion of an electric motor: methodology and focus 

on the structural FEM representativity.” Electrical 
Machines (ICEM), 2012 XXth International Con-
ference on, pp. 3027–3033.

 [14] S. Noda et al. 1987. “Effect of coils on natural fre-
quencies of stator cores in small induction motors.” 
Energy Conversion, IEEE Transactions on, Vol. 
EC-2, No. 1, pp. 93–99.

 [15] C. Schlensok et al. 2006. “Acoustic simulation of 
an induction machine with squirrel-cage rotor.” 
COMPEL-The international journal for computation 
and mathematics in electrical and electronic engineer-
ing, Vol. 25, No. 2, pp. 475–486.

ICPT2016_Book.indb   104ICPT2016_Book.indb   104 9/29/2016   11:03:45 AM9/29/2016   11:03:45 AM



105

Power Transmissions – Qin & Shao (Eds)
© 2017 Taylor & Francis Group, London, ISBN 978-1-138-03267-5

Research on the thrust force reduction effect of balance holes on a 
turbine hub in a hydrodynamic torque converter

Qing-dong Yan
National Key Laboratory of Vehicular Transmission, Beijing Institute of Technology, Beijing, China
Collaborative Innovation Center of Electric Vehicles in Beijing, Beijing, China

Lu Tan
National Key Laboratory of Vehicular Transmission, Beijing Institute of Technology, Beijing, China

Wei Wei
National Key Laboratory of Vehicular Transmission, Beijing Institute of Technology, Beijing, China
Collaborative Innovation Center of Electric Vehicles in Beijing, Beijing, China

ABSTRACT: To reduce the thrust force in a hydrodynamic torque converter, the influence of balance 
holes on the thrust force that is set on a turbine hub was investigated. A full-flow-passage computational 
model was built to analyze the relationship between the thrust force reduction effect and the number of 
balance holes with different design parameters by flow-field analysis and design of experimental tech-
niques. The results indicated that at a low speed ratio, the thrust force of the pump and the turbine 
decreased with a larger distribution radius and a larger hole diameter, and a total of 6 to 10 balance holes 
were set to optimally reduce the thrust force of the pump and the turbine, while at a high speed ratio, 
these parameters affected the thrust force slightly. The parameter sensitivity analysis also showed that the 
distribution radius plays more important roles than the number of balance holes and the hole diameter. 
The reasonable measure to reduce the thrust forces from the viewpoint of balance hole design in a torque 
converter is to increase the distribution radius and hole diameter as much as possible and set the number 
of balance holes in the range of 6 to 10.

Keywords: thrust forces, hydrodynamic torque converter, balance hole

Installation of the annular diaphragm plate is 
not commonly used since it increases the size of a 
hydrodynamic torque converter in the axial direc-
tion. To reduce the thrust force of the torque con-
verter coupling, setting the balance holes of the 
turbine hub (or stator hub) is the most commonly 
used and efficient method.

In this paper, the flow field of the torque con-
verter D420 having balance holes with different 
design parameters was simulated, and its numerical 
results were compared with each other to obtain 
the relationship between the thrust force reduction 
effect and the number of balance holes.

Compared with the numerically simulated 
results of the two models (with and without bal-
ance holes), Huang Jianxun reached the conclu-
sion that setting balance holes on a turbine hub 
can effectively reduce the pressure of the working 
fluid between the converter housing and the tur-
bine. Thus, the thrust force of the pump and the 
turbine can also be reduced.

1 INTRODUCTION

Nowadays, the methods to reduce the thrust force in 
a hydrodynamic torque converter mainly include the 
installation of an annular diaphragm plate and set-
ting balance holes. The setting of a number of bal-
ance holes in the turbine hub is commonly used so 
that the working fluid can flow in the leakage path 
from high pressure to low pressure. It can balance 
the pressure of the two parts of the leakage and 
reduce the thrust force resulting from the leakage. 
To reduce the thrust force, installation of an annu-
lar diaphragm plate on the external surface of the 
pump can reduce the average rotate speed and the 
centrifugal forces of the working fluid on the con-
tiguous leakage, thus reducing the pressure on it.

In addition, a revolving dish structure is set axi-
ally symmetric as much as possible in the structure 
design of the pump and the turbine to balance the 
thrust force on the blades from the working fluid, 
which can also reduce the thrust force.
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Sun Bo conducted a hydraulic coupling flow-
field simulation to gain insight into why the thrust 
force of hydraulic couplers was reduced after setting 
balance holes. He analyzed the results by comparing 
the two models (with and without balance holes).

Guo Cheng researched on the relationship between 
the thrust force of the hydraulic torque converter and 
the working condition by the numerical calculation 
of the hydraulic torque converter flow field, as well as 
analyzed the major influence factors, i.e. the working 
condition, affecting the thrust force of the pump and 
the turbine. Based on the numerical calculation of the 
thrust force of the pump and the turbine when their 
guide vanes have different degrees, he obtained the 
relationship between the quantity of fluid flow and 
the thrust force of the pump and the turbine.

In summary, previous research on the thrust 
force reduction effect of balance holes on a turbine 
hub in a hydrodynamic torque converter focused 
only on comparing the thrust force of the torque 
converter before and after setting balance holes but 
not on the relationship between the thrust force 
reduction effect and the number of balance holes 
with different design parameters.

To understand the impact that balance holes 
with different design parameters have on the per-
formance of a hydrodynamic torque converter to 
provide a theoretical and practical basis for the 
appropriate design of balance holes, this paper 
investigates the influence of balance holes on the 
thrust force using Computational Fluid Dynamics 
(CFD), with balance holes having different distri-
bution radii, hole diameters and numbers.

2 MODEL SIMPLIFICATION AND 
MODELING

As the flow field of the hydraulic torque converter 
is extremely complex, its numerical computation 
model, especially the leakage model, should be 
simplified, as shown in Figure 1.

The fluid field of a hydraulic torque converter 
can be divided into three parts: working wheel 
area, leakage area and clearance area. The work-
ing wheel area is the three working chambers of 
the pump, the turbine and the stator in the circular 
area. The leakage area is the ai, fj, dg, ch area and 
the clearance area is the ab, ef, cd area, as shown 
in Figure 1.

A full-flow-passage computational model in 
which the balance holes were generally designed 
in a circular shape was built on the UG platform. 
In order to analyze the influence regularity of the 
thrust force on the three different factors (hole 
distribution radius, hole diameter and number 
of balance holes), an orthogonal experiment was 

Table 1. Range of variation of the three different 
factors.

Distribution radius
(mm)

Number of 
balance holes

Hole diameter
(mm)

Influence of the distribution radius

65 8 10
70 8 10
75 8 10
80 8 10
85 8 10

Influence of the number of balance holes

75 4 10
75 6 10
75  8 10
75 10 10
75 12 10

Influence of the hole diameter

75 8 6
75 8 8
75 8 10
75 8 12
75 8 14

Table 2. Three factors and three-level orthogonal table.

Level

Distribution 
radius
(mm)

Number of 
balance holes

Hole diameter
(mm)

1 65 4 8
2 65 8 10
3 65 12 12
4 65 4 10
5 75 8 12
6 75 12 8
7 75 4 12
8 85 8 8
9 85 12 10Figure 1. Diagram of a hydraulic torque converter 

calculation.
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conducted to perform the sensitivity analysis. 
In order to analyze the relationship between the 
thrust force reduction effect and the number of 
balance holes with different design parameters, 
experiments on a single variable of one of the three 
factors were also conducted.

The range of variation of the three different fac-
tors was determined. The structure and size of a 
hydraulic torque converter were taken into consid-
eration so that the distribution radius of balance 
holes ranged from 65mm to 85mm, the number 
of balance holes from 4 to 12, and the hole diam-
eter of balance holes from 8mm to 12mm in the 
orthogonal experiment. In this paper, the hole 
distribution radius, the number of balance holes 
and the hole diameter were denoted by the factors 
A, B, and C, respectively. The range of variation of 
those different factors in the single variable factor 
experiment is presented in Table 1.

The orthogonal experiment was designed to 
analyze the parameter sensitivity according to 
the three factors and the three-level orthogonal 
table, as detailed in Table 2. In order to ensure the 
reliability and comparability, the fluid field of a 
hydraulic torque converter that is built according 
to the three factors and the three-level orthogonal 
table has different fluid fields of balance holes but 
the fluid fields of the pump, turbine, stator, and 
leakage are the same, as shown in Figure 2.

3 CFD SIMULATION

The assumptions are described as follows:

1. Grid deformation caused by the fluid–structure 
interaction flow is ignored, and all the compo-
nents of the hydraulic torque converter are con-
sidered to be absolutely rigid.

2. Working medium is considered to be an incom-
pressible viscous fluid and its physical and 

chemical properties such as density and viscos-
ity remain the same in the work process.

3. Working temperature is considered as constant, 
the heat exchange between the working medium 
and the blade of the hydraulic torque converter 
is ignored, and only the research and analysis 
of the velocity field and the pressure field are 
considered.

4. Flow field is considered as a completely closed-
loop flow, the volume loss in the hydraulic 
torque converter is ignored, and the amount 
of the fluid in the arbitrary cross-section of the 
flow channel is considered as equal, which satis-
fies the continuity equation.

5. Mass force acting on the fluid is ignored.

The control of the fluid flow equation can be 
built from the above assumptions as follows:

Continuity equation: 

∇ ⋅ V=0 (1)

Momentum equation:
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where ∇ is the Hamiltonian operator, V is the 
velocity vector, with V = ui + vj + wk, and μ is the 
dynamic viscosity.

In this paper, the flow field of the torque con-
verter was simulated based on the shear-stress 
transport turbulence model that evolves from the 
standard k-ω two-equation model. The transport 
equation in tensor form is described as follows:
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⎪⎪ Γ  (3)

where k is the turbulent kinetic energy caused by 
the average velocity gradient, Gk is the generation 
term of k, ω is the dissipation rate of the turbu-
lent kinetic energy, Gω is the generation term of ω, 
Γk is the diffusion coefficient of k, Γω is the dif-
fusion coefficient of ω, Yk is the dissipation term 
of k caused by the turbulent fluctuation, Yω is 
the dissipation term of ω caused by the turbulent 

Figure 2. Fluid mode of a hydraulic torque converter.
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fluctuation, Dω is the cross-diffusion, and Sk and 
Sω are user-defined source terms.

The structure of the pump and turbine fluid mod-
els was constructed, where the pump fluid model had 
368,945 nodes and 1,941,228 cells and the turbine 
fluid model had 391,423 nodes and 2,033,700 cells.

The number of the cells of the different sta-
tors and leakage fluid model from the orthogo-
nal experiment table was very close, where the 
stator fluid model had about 425,000 nodes and 
2,000,000 cells and the leakage fluid model had 
about 195,000 nodes and 810,000 cells.

The initial conditions of the flow-field numeri-
cal simulation based on CFX are set as follows.

The density and the dynamic viscosity of the 
working fluid were set as 860 kg/m3 and 0.000196 
Pa • s, respectively. The reference pressure of the 
working fluid was 3 atm. The computation of 
the flow field was performed at five speed ratios 
of 0, 0.2, 0.4, 0.6, and 0.8, respectively, as the 
objective working condition (input rotational 
speed NB = 2000 r/min, output rotational speed 
NTs = 0 r/min to NTt = 1600 r/min). The rotational 
speed of leakage was the average rotational speed 
of the pump and the turbine, and the rotational 
speed of the stator was set as constant. A no-slip 
wall boundary condition was applied on all the 
wall boundaries. Four groups of interfaces (pump 
to turbine and leakage, turbine to stator, stator to 
pump, and leakage to stator) were set to ensure the 
correctness of the cyclic boundary condition.

The advection scheme was upwind, the residual 
type was RMS, and the residual target was 1e-5. 
The maximum iteration was set as 300. The itera-
tion was increased if  the residual target could not 
be achieved.

4 ANALYSIS OF SIMULATION RESULTS

For the fluid in the bd area shown in Figure 1, the 
CFD numerical result was analyzed by the follow-
ing equation based on the one-dimensional flow 
theory:

F p R R
R

R

gR

bR

∫R
2 πRRd  (4)

where F is the thrust force, R is the radius, Rb is the 
radius of point b, Rg is the radius of point g, and p 
is the pressure of the point whose radius equals R.

The thrust force of the same hydrodynamic 
torque converter with no balance hole on the tur-
bine hub was numerically simulated to observe the 
original thrust force, as shown in Figure 3.

Equation (4) was used to analyze the results of the 
orthogonal experiment, as shown in Figure 4. The 
parameters K and R can be calculated from the data 

of nine groups, where K is the average of the three 
levels in one factor and R is the difference between 
max K and min K in one factor. The higher the value 
of R, the greater the influence of the factor.

The K and R table is given in Table 3 to reflect 
the influence of the factor on the thrust force.

According to Table 3, the sensitivity analy-
sis shows that the distribution radius plays more 
important roles on thrust force than the number of 
balance holes and the hole diameter, and it is more 
decisive than the other two, although it slightly 
reduces the effect at a high speed ratio. The thrust 
force of the stator increases with a larger hole 
distribution radius since the working fluid with 
high pressure on the ch area flows to the fj area to 
increase the pressure acting on the stator hub.

From Figure 3, it can be seen that the thrust 
force of the three working disks decreases with 
a higher speed ratio. The method used to protect 
the torque convertor effectively reduces the thrust 
force at a low speed ratio.

In this paper, the thrust force of the pump is in 
the opposite direction to that of the turbine and 
the stator, and for convenience, the absolute value 

Figure 3. Thrust force with no balance holes.

Figure 4. Thrust force at the initial condition.
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of the force is used to research on the thrust force 
reduction effect.

The thrust force reduction effect on the stator 
with different hole parameters is insignificant. So, 
in this paper, the thrust force reduction effect on 
the pump and turbine is the research focus instead 
of the stator.

Since the thrust force at a low speed ratio is 
stronger than that at a high speed ratio, the measure 

of extending the torque converter service life is to 
reduce the thrust force at a low speed ratio. The 
level at which the thrust force reduction effect at a 
low speed ratio is best for each factor is compared 
with each other, as shown in Figure 5.

From Figure 5, it can be seen that the thrust 
force reduction effect on the turbine is more favo-
rable than that on the pump, and the distribution 
radius of balance holes can preferably reduce the 
thrust force on the pump and turbine at all work-
ing conditions. Furthermore, at a low speed ratio, 
the reduction effect of the hole diameter of balance 

Table 3. K and R table.

Factor Level
Speed 
ratio Pump Turbine Stator

A 1 0 26,526 19,730 10,675
0.8 14,102 13,654 4168

2 0 25,433 18,473 10,837
0.8 13,650 13,226 4189

3 0 24,327 17,230 10,973
0.8 12,802 12,395 4203

R 0 2199 2499 298
0.8 1300 1259 35

B 1 0 25,635 18,685 10,828
0.8 13,329 12,881 4187

2 0 25,354 18,414 10,817
0.8 14,060 13,736 4183

3 0 25,297 18,332 10,840
0.8 13,166 12,658 4191

R 0 338 353 23
0.8 894 1078 8

C 1 0 25,478 18,562 10,793
0.8 13,206 12,712 4194

2 0 25,465 18,481 10,860
0.8 13,328 12,962 4182

3 0 25,343 18,389 10,832
0.8 14,021 13,648 4186

R 0 134 173 67
0.8 815 887 4

Figure 5. Thrust force reduction effect and speed ratio.

Figure 6. Thrust force and speed ratio.

Figure 7. Pressure of leakage.
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holes follows the reduction effect of the distribu-
tion radius of balance holes. The influence of the 
number of balance holes is smaller than that of the 
hole diameter of balance holes.

According to Figure 6 and Figure 7, the single 
variable experiment shows that the low pressure 
area is larger with a larger distribution radius so 
the pressure acting on the leakage is reduced while 
the number of balance holes and the hole diameter 
are the same.

The single variable experiment which the distri-
bution radius of balance holes is 75 mm and their 
hole diameter is 10 mm with different number (4, 6, 
8, 10, 12) of balance holes is set to obtain the rela-
tionship between the number of balance holes and 
the thrust force is that only an appropriate number 
of balance holes can reduce the thrust force. Thrust 
force could be increased with too many or very few 
balance holes, as shown in Figure 8. The appropri-
ate range of the number of balance holes is 6 to 10. 
Moreover, the CFD numerical simulation results 
indicate that the thrust force of the pump reduces 
from 40 to 45 percent and that of the turbine 
reduces from 50 to 54 percent at a low speed ratio, 

and at a high speed ratio, the respective reductions 
are from 30 to 33 percent and 41 to 46 percent.

At a low speed ratio, the thrust force of the 
pump and turbine is reduced with a larger hole 
diameter, as shown in Figure 9. In contrast, at a 
high speed ratio, the thrust force of the pump and 
turbine is reduced with a smaller hole diameter, 
while the influence of the hole diameter is mark-
edly increased with the increase of speed ratio.

The research on the thrust force of the pump at the 
largest hole diameter of 14mm shows that at a low 
speed ratio, the thrust force reduction effect is opti-
mal but at a high speed ratio, the effect is least. The 
thrust force of the turbine can be reduced from 40 to 
45 percent and 50 one to 55 percent, respectively, at a 
low speed ratio and from 21 to 31 percent and 31 to 
45 percent, respectively, at a high speed ratio.

5 CONCLUSIONS

1. The thrust force at a low speed ratio is stronger 
than that at a high speed ratio, which effectively 
reduces the thrust force of the torque converter 

Figure 8. Effect of the number of balance holes.

Figure 9. Effect of the hole diameter.
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at the initial condition to protect the torque con-
verter. The research indicates that balance holes 
should have a large hole distribution radius, 
large hole diameter and appropriate number of 
balance holes to reduce the thrust force. When it 
is applied to a real engineering project, the work 
efficiency, structural strength, torque ratio, and 
other factors should be considered to limit the 
parameters of balance holes.

2. At a low speed ratio, the thrust force of the 
pump and turbine is reduced with a larger hole 
distribution radius and larger hole diameter, but 
at a high speed ratio, it is reduced with a larger 
hole distribution radius and smaller hole diam-
eter within the range of the distribution radius 
and hole diameter. Balance holes can reduce 
approximately 56.9 percent thrust force of the 
turbine and 46.7 percent thrust force of the 
pump, respectively.

3. When setting balance holes with different 
design parameters in a turbine hub, the thrust 
force reduction effect of the pump and turbine 
is different. The distribution radius of balance 
holes plays the most important role, followed by 
the number of balance holes and then the hole 
diameter.

4. The thrust force reduction effect of the sta-
tor having balance holes with different design 
parameters is not significant. The thrust force 
reduction effect on the turbine is more favorable 
than that on the pump.
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Parametric finite element modeling and transmission error analysis 
of cylindrical gears including profile modification
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ABSTRACT: A parametric finite element modeling method for spur/helical gears including profile 
modification has been proposed. The transmission errors of the gear pairs with different design and mod-
ification parameters have been obtained through the three-dimensional finite element tooth contact anal-
yses based on the generated models. According to the analytical results, the effects of tooth modification 
on the transmission error have been discussed respectively. The proposed method has proven to be a useful 
design tool to verify the modification parameters of spur/helical gears in case of tooth modification.

et al.[9] also employed a finite element approach 
to investigate the influence of profile modifica-
tion shape on transmission error, root stress, and 
contact pressure. Chen and Shao [10] proposed a 
general analytical model for gear mesh stiffness 
calculation, the influence of TPM on the transmis-
sion error was thoroughly investigated.

Whereas there is a large body of literature on 
Tooth modification and TE, only a small number 
of studies have been performed considering three-
dimensional (3D) surface modifications of the 
tooth. The main objective of this paper is develop-
ing a parametric finite element modeling method 
for spur/helical gears, and providing a tool to 
investigate the effect of tooth modifications on 
transmission error and load distribution. First 
of all, an approach to generate the finite element 
model of spur/helical gear including modifications 
is presented, information about the nodes and ele-
ments of the gear is written into a input file via a 
C code. Then, the 3D FE model of the gear is con-
structed directly in ABAQUS using the input file. 
In order to investigate the relationship between the 
shape of gear tooth modification and the Loaded 
Static Transmission Errors (LSTE), several mod-
els with different tooth modification length and 
amount have been compared. According to the 
analytical results, the effects of tooth modifica-
tion on the transmission error have been discussed 
respectively.

2 PROFILE DESCRIPTION

2.1 The rack profile

The tooth profile of a spur/helical gear is generated 
by the rack, the profile of which is constituted by 
a straight line and a circular fillet of given radius. 

1 INTRODUCTION

Cylindrical gears are widely used in industrial 
machinery, automotive and aeronautic applications. 
In order to achieve high load carrying capac-
ity with reduced noise in high speed gear drives, 
gear design on the basis of tooth modifications is 
becoming more essential. Many models and meth-
ods have been developed to acquire appropriate 
tooth modification to compensate the tooth defor-
mation and alleviate the contact stress concentra-
tion [1–2].

As a practicable method, the Finite Element 
(FE) method has been increasingly applied in tooth 
stress and transmission error analysis. Huang et al.
[3] established a comprehensive method for gear 
finite element model construction and applied it 
in the gear root stresses analysis. Marco Barbieri 
et al. [4] developed an adaptive grid-size finite ele-
ment modeling method to investigate the influence 
of profile modifications to the tooth contact stress. 
This kind of parametric modeling method allows 
to automatically perform a Loaded Tooth Contact 
Analysis (LTCA) of the gear pair, which is worth 
further application in gear dynamic analysis.

As a kind of internal cyclic excitation sources of 
gear transmission vibration, the time-varying mesh 
stiffness and the Transmission Error (TE) play 
an important role in gear dynamics [5–6]. Many 
mathematical models of gear pairs including tooth 
profile modifications were developed to study 
the impact of tooth profile modification on gear 
load distribution and transmission error. Li [7–8] 
quantitatively investigated the effects of machining 
errors, assembly errors and tooth modifications on 
loading capacity, load-sharing ratio and transmis-
sion error of a pair of spur gears by using special 
developed finite element method. Tesfahunegn 
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A set of auxiliary reference coordinate systems 
have been defined, which are shown in Figure 1 for 
the transverse cross section of a meshing pair of 
rack and gear, and described as follows:

Sg(xg, yg, zg). This coordinate system is fixed to 
the gear. Its axis xg is oriented along the center line 
of the tooth of the gear.

S1(x1, y1, z1). This coordinate system is fixed 
to the ground. Its origin of coordinates is identi-
cal to Sg.

Sr(xr, yr, zr). This coordinate system is fixed 
to the rack. Its axis xr is oriented along the center 
line of the tooth space of the rack.

S2(x2, y2, z2). This coordinate system is fixed to 
the ground. Its axis y2 is oriented along the axis yr 
of  Sr.

The profile position vector of the rack is repre-
sented in coordinate system Sr as

Rr
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where rp is the pitch radius for gear generation, ϕ is 
the rotation angle for gear generation.

According to the fundamental theorem of  con-
jugate gear-tooth surfaces, the common normals 
to the transverse rack and gear-tooth profiles at 
all points of  contact must pass through the pitch 
point (for uniform transmission of  motion). Tak-
ing the tooth profile shift coefficient (xn) into 
account, the x and y coordinates of  the mesh-
ing point of  the rack and the gear are derived as 
follows:
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in which
r is the distance between the meshing point and 

the gear center point
rpa is the generating distance between the rack 

and the gear, if  there is no lead modification 
rpa = rp + xn ⋅ m.

The gear rotation angle at the corresponding 
position is derived as follows

ϕ α
=

+ + ⋅y x x+ m

r

n

tα

prr
tan  (8)

2.2 The tooth profile

The tooth profile position vector Rg(ϕ) in Sg can be 
obtained by performing a coordinate transforma-
tion matrix from Sr to Sg as

R M Rg gr rR( ) ( ) ( )MgM r ( ) ϕ )⋅)M (  (9)
Figure 1. Coordinate systems of a meshing pair of rack 
and gear.
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where
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2.3 The root fillet curve

The root fillet curve is generated by the tool round 
corner, the center of the tool round corner profile 
Ro is represented as
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in which
rc is the tool corner radius r

c
crr
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=
1 s− in( )ttc is tip clearance c c m⋅c*

The profile parameter which characterizes a 
point on the round corner will be denoted as αc, 
The variation range of αc is α cαα [ ]α π .

The coordinates of a point on the tool round 
corner profile is represented as
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The gear root fillet curve position vector Rf(ϕ) 
can be obtained by performing a coordinate trans-
formation matrix from Sr to Sg as

Rf gr rR c( ) ( ) ( )cMgM r ( ) ⋅)MM (  (17)

The gear transverse section position vector Rt(ϕ) 
is the combination of the gear profile vector Rg(ϕ) 
and the gear root fillet curve vector Rf(ϕ).

3 FINITE ELEMENT MODELING 
OF GEAR WITH MODIFICATIONS

3.1 Profile modifications

The tip and root reliefs are introduced in this 
paper as the transverse profile modifications [11], 
see Figure 2. The positions of the split points are 
determined by the modification length Lca/Lcf 
(a indicates tip relief, f  indicates root relief). The 
relief  amount at the tip or root is determined by 
the maximum modification amount Ca/Cf. The 
curvature of the modification profile is determined 
by the power exponent Ba/Bf.

The modification amount of the point on the 
modified tooth profile is calculated depending on 
the distance Lxa/Lxf from the start point of the tip 
or root profile modification. It is calculated as

C C
L
L

B

xaCC aC xaLL

CaLL

aBB

×CaC
⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

 (18)

in which
Ca is the maximum amount of profile 

modification
LCa is the radial distance between the tooth tip 

circle and the start point of the tip or root profile 
modification

Ba is the index of the modification which deter-
mine the curvature of the modification profile

With a certain modification amount, the pro-
file of modified tooth is obtained by performing a 
coordinate transformation matrix as

Figure 2. Gear tooth profile modification (Tip and root 
relief).
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The profile of the transverse section along the 
lead direction is the same for the spur gear, as to 
the helical gear, the profile of the specified trans-
verse section on the lead direction can be obtained 
by performing a rotation transformation matrix by 
Mt(θ) from the mid-section Rt(ϕ), as

'( ) ( ) ( )ϕt t) ( ) () (t tttRt '( ) ( )) (( )tttt ( )( )  (20)

in which
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θ is the rotation angle from the mid-section to 
the specified transverse section, θ = l

p
xll

lx is the distance between the mid-section and 
the specified transverse section

p is the pitch, p m z= πmm
β

t
2 t⋅ an

β is the helical angle

3.2 Finite element modeling

Following a basic pattern as Figure 3(b), the finite 
element model of the single tooth can be con-
structed by integrating all the nodes on the trans-
verse sections as Figure 3(c). The model of the 
meshing gear with several teeth can be established 
by duplicating the single tooth model rotationally 
and connect the adjacent nodes between the teeth 
as Figure 4.

In order to investigated the effect of profile mod-
ification on both the spur and helical gear pairs, 
several cases of three-dimensional (3D) Finite 
Element (FE) Tooth Contact Analysis (TCA) have 
been analyzed. In this paper, the tip relief  on both 
the pinion and the wheel is adopted as the modifi-
cation method.

3.3 Finite element models and boundary 
conditions

Tooth contact finite element model of four gear 
teeth has been built to investigate the load shar-
ing and the transmission errors under load. The 
boundary condition of the model is defined as 
Fig. 5, the rotation center points of the pinion 
and gear are tied with the inner side of the pinion 
and gear body respectively, and all the six DOFs 
of the center point are restricted except the rota-
tion about the gear axis. The tooth surfaces which 
will be in contact are defined as surface-to-surface 
contact interactions.

The analysis process has two steps. At the first 
step, a small rotation angle is applied at the center 
of the pinion in order to make the gear pair in con-
tact with each other. At the second step, the rota-
tion angle is modified to a larger one in order to 
make the gear pair rotate several teeth, mean while 

Figure 3. Partitions and nodes of the gear tooth trans-
verse section.

Figure 4. A four teeth finite element model of a gear.

Figure 5. The boundary condition definition of the 
meshing gear pair.
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a torque is applied at the gear center to make the 
gear pair bearing a load.

4 EFFECT OF MODIFICATION

4.1 Effect of profile modification on spur 
gear pairs

Design parameters of the analyzed cases of spur 
gear pairs are given in Table 1 and Table 2. The 
effects of profile modification on the transmission 
error and tooth load are showed in Figure 6. The 
single-tooth engagement region becomes wider 
along with the increase of modification amount. 
The TE at the into mesh region is affected by the 
tooth tip modification of the wheel, while the TE 
at the out of mesh region is affected by the tooth 
tip modification of the pinion. By increasing the 
length and the amount of tooth modification, the 
width of single-tooth engagement region increase 
accordingly. The slop of the TE curve at the transi-
tion region between the alternating single- and dou-
ble-tooth engagements increases with the amount 
of profile modification in the case of constant 
modification length. The ratio of double-tooth 
engagement in one mesh cycle is mainly affected by 
the modification length. Large modification length 
combine with small modification amount can get a 
gentle transition between the single- and double-
tooth engagement regions of the TE.

Figure 6. Transmission error and tooth load of the spur 
gear pairs.

Table 3. Case 9: A pair of helical gear.

Pinion Wheel

Number of teeth 18 33
Normal module (mm) 5
Helix angle (Deg) 30
Normal pressure angle (Deg) 20
Tooth width (mm) 36 36
Shift coefficient 0.2750 0.3083
Rotating speed (rpm) 4000
Torque (Nm) 550

Table 1. Tooth profile modification of the spur gear 
pairs in the case of constant modification length.

Pinion Wheel

Ca (μm) LCa (mm) Ba Ca (μm) LCa (mm) Ba

Case1 0 1.5 2 0 1.5 2
Case2 13 1.5 2 21 1.5 2
Case3 21 1.5 2 29 1.5 2
Case4 38 1.5 2 46 1.5 2

Table 2. Tooth profile modification of the spur gear 
pairs in the case of constant modification amount.

Pinion Wheel

Ca (μm) LCa (mm) Ba Ca (μm) LCa (mm) Ba

Case5 21 0 2 29 0 2
Case6 21 0.5 2 29 0.5 2
Case7 21 1.0 2 29 1.0 2
Case8 21 1.5 2 29 1.5 2
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4.2 Effect of profile modification on helical 
gear pairs

Case analyses from case 9 to case 12 are performed 
to investigate the effect of modification amount on 
the transmission error and the tooth load of the 
helical gear pairs. Design parameters of the ana-
lyzed cases are given in Table 4 and Table 5. As 
the line of contact is shortened by profile modi-
fication, the mean value of the TE of the helical 

gear is increased (Figure 7). Because of the overlap 
contact ratio of the helical gear, the fluctuation 
amplitude of the TE curve is much more smaller 
than the spur gear. The profile modification can 
still change the shape of the TE curve at the triple-
tooth engagement region by changing the length of 
contact line. The modification parameters which 
make the length of contact line invariant will get a 
relatively flat TE curve.

5 CONCLUSIONS

A method has been developed to generate 3D finite 
element models of spur/helical gear including pro-
file modification. Based on the models generated 
by the proposed method, the transmission error 
and tooth load of the gear pairs with different pro-
file modification parameters have been obtained 
through the LTCA performed in a finite element 
analysis software.

For the spur gear, large modification length 
combine with small modification amount can get 
a gentle transition of the TE between single- and 
double-tooth engagement regions. For the helical 
gear, minimum fluctuating of the transmission 
error can be achieved by proper selection of tooth 
profile modifications.

The proposed modeling method has proven to 
be a useful design tool to verify the modification 
parameters to compensate the tooth deformation 
and alleviate the excessive load concentration.
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Determination of load distributions on double helical geared 
planetary gear boxes

Tobias Schulze & Konrad Riedel
Drive Concepts GmbH, Dresden, Germany

ABSTRACT: High efficiency by maximum usage of available space, high gear ratios, best possible effi-
ciencies and a wide range of applications due to the possibility of switching operations, superposition- and 
summation gearboxes are known properties of planetary gearboxes. The optimization and effective utiliza-
tion of these gearbox designs requires a detailed consideration of the loads on the gears in the gearbox. 
Therefore, standardized calculation methods, such as ISO 6336, DIN 3990 or AGMA 2001 can be used. To 
benefit from the full potential of the teeth, while the safety of the teeth can be assured at all times, advanced 
analysis of load distribution will be necessary. Because of the need of the universal use of these calculation 
standards these methods use approximations that cannot cover the special characteristics of planetary gear-
boxes and therefore cannot be used to optimize the gears to their full potential. For this reason, computer 
aided calculation method have been developed for planetary gearboxes with spur and helical gears that 
consider the most important influences on the load distribution like housing deformation, bearing deforma-
tion, deformation of the planet carrier, deformation of the wheel bodies and the deformation of the teeth 
themselves. Using this information, a detailed load distribution is possible to reach the maximum capability 
of the gears. It is of vital importance to interpret and use the single calculation results correctly. The different 
results are given by different methods in analytical and numerical calculations. Regarding a complex assem-
bly like planetary gearboxes there is an additional fact to consider by having all results for single elements 
depending on the behavior of other elements in the assembly. An iterative calculation algorithm is inevitable. 
The need of high rotational speeds and torques in gearboxes leads to high axial loads and therefore high 
risks for the additional elements in the assembly for example the bearings. The solution for these axial loads 
can be done by using double helical gears where the axial load components compensate each other. Double 
helical gears, the resulting loads, and the deformation of the wheel bodies with possible influences from one 
gear side on the other cause the assembly to have an entirely different behavior than planetary gear stages 
with spur or helical gears. Detailed load distributions cannot be calculated at the moment, because the 
results of the existing calculation algorithms are not regarding these specific characteristics and approxima-
tions cannot be made at this point due to the lack of experience. The present research project describes the 
algorithm to determine the load distribution of planetary gearboxes with double helical gears. The detailed 
calculation methods offer the possibility to use the actual assembly design for the necessary finite element 
analysis, results have shown that approximated models cannot be used to calculate the load distribution 
accurately. Additionally, analytical calculations for the bearing deformation are presented. As already men-
tioned the process of combining the single information to a final result is of major importance. The inter-
dependent elements of the assembly lead to nontrivial correlations, making multiple calculations inevitable. 
The research project also offers a structured approach for the iterative calculation process that allows to be 
transferred in a computer aided calculation program. This solution enables the possibility of an effective 
and detailed calculation process for planetary gearboxes with double helical gears.

decisive advantages compared to standard spur 
gears as they provide high gear transmission ratios 
with a small need of installation space and weight, 
since the loads are transmitted by multiple tooth 
contacts.

Further benefits of planetary gearboxes, besides 
standard constructions using one torque input 
and output, are summation and distribution gears. 
Wind turbines use these particular features to 

1 INTRODUCTION

The first epicyclical gearings were used in plan-
etariums to demonstrate the orbit of stars. Until 
the end of the 19th century they were used to 
realize complex control tasks. With progressive 
development in terms of material as well as manu-
facturing technology epicyclical gearings function 
as torque converters. Epicyclical gearings offer 
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compensate the irregularity of the power input due 
to the changing wind directions and wind inten-
sity and realize a stable rotational speed at the 
generator. Other design advantages are the coaxial 
arrangement of input and output and a symmetri-
cal design.

MDESIGN LVRplanet [MD] has been developed 
to facilitate the complex calculation of planetary 
gearboxes and give information about the whole 
system with a detailed load distribution along 
the path of contact of the tooth contacts. Calcu-
lations can be made for spur, helical and double 
helical gears in standard, summation and distribu-
tion gearboxes. This research project investigates 
load distribution calculation for double helical 
gearboxes. Double helical gearboxes are used in 
different applications in the industry where high 
rotational speeds as well as high transmission 
ratios are required. Since there are no calculation 
methods for double helical gearboxes the research 
project examines specific characteristics and prob-
lems as high torsional deformations, load distribu-
tion on the parallel working tooth contacts and 
interaction of the left and right gear contact.

2 THE NEED OF FEM AND ANALYTICAL 
CALCULATION METHODS AND THEIR 
INTERCONNECTION

The load distribution is affected by various elastic 
deformations in the system of a planetary gear-
box. Generalized the most important influences 
are caused by:

− Tooth deformation
− Wheel body deformation
− Shaft deformation
− Bearing deformation
− Housing deformation

The variety and complex interaction of these 
deformations and their combined influence to the 
whole system planetary gearbox lead to a time-
consuming task to allow a comprehensive state-
ment about the load and deformation behavior. 
The elements mentioned above can have different 
causes and consequences, for example:

− Bending deformation
− Supporting stiffness between tooth and wheel 

body
− Shear deformation
− Hertzian flattening
− Compression deformation

These effects cannot be determined by analyti-
cal calculations method only. FEM models have 
to be analyzed in terms of deformation and stress 
concentration under load. The disadvantage of 

these procedures are high calculation times or 
cost-intensive high performance computers to 
result in efficient development periods. For this 
reason, there are research projects looking for ana-
lytical calculation methods that reflect the results 
of FEM calculations as precisely as possible. Even 
though the technical standard of computer aided 
calculation rises, finite element analyses and their 
computing times are not efficient for multiple 
calculations as it is needed in a design process or 
even for further researches on specific character-
istics in the system. As an example the calculation 
software MDESIGN LVR [MD] uses the influence 
coefficient method, based on finite element analy-
sis results, to allow real-time calculations of tooth 
contacts resulting in a detailed load distribution 
along the path of contact.

The influence coefficient method is oriented on 
a bending beam with multiple loads. Every load 
results in a deformation of all other positions along 
the beam. The deformations caused by different 
forces on these positions can be linearly superim-
posed. Calculating the load distribution, the tooth 
flanks are separated in several sections for pinion 
and gear resulting in a deformation in the contact. 
Since there cannot be an intrusion or an offset 
under load the determined deformation in the con-
tact and the given load lead to the load distribu-
tion and transmission error in this contact.

Detailed FE calculations provide the possibility 
to establish influence coefficient that cover special 
characteristics of a tooth contact like multiple teeth 
in contact, stiffness of the wheel body, stiffness along 
face width for helical gears as well as stiffness changes 
in profile direction or different tooth widths.

Using these influence coefficients and solving 
the equation system for the deformations in the 
tooth contact leads to a detailed load distribution. 
These results have been validated by several experi-
ments as well as comparisons to running gears and 
their surface damages.

This approach for the tooth contact analysis can 
be used in the calculation of planetary gearboxes 
but there are no equal calculation methods for all 
elements. Because of the possibility of any design 
customized for a specific application analogous 

Figure 1. Contact lines and force application [SCH].
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procedures cannot be made for all parts of the 
planetary gearbox. Therefore, detailed FEM calcu-
lations of wheel body, planet carrier and housing 
deformations are required.

The need of these finite element analyzes causes 
a major complexity in interpreting the system of 
all elements correctly. All elements in the gearbox 
interact with each other in terms of load distri-
bution between the elements and therefore defor-
mation changes. The individual result of a single 
element is an input parameter for the whole system 
of a planetary gearbox combining different parts 
with their specific properties. In order to assure a 
reliable information about planetary gearbox, an 
iterative calculation is required.

3 AUTOMATED FINITE ELEMENT 
ANALYSIS WITH MDESIGN LVRPLANET

The needed FEM calculations have to be as pre-
cise as possible to result in system parameters that 
describe the consequences for the connected parts 

of this element. Therefore, correct tooth curves are 
needed to set the loads and contact lines as accurate 
as possible. The contact angle as well as the contact 
position in profile and width direction have signifi-
cant influence on the resulting deformations.

The involute tooth profile described in x and y 
coordinates is done as follows:

The tooth root profile has to be determined 
iterative under consideration of the manufacturing 
process, tool and its addendum coefficient ρa0. In 
case of manufacturing with a hob or cutting wheel 
the tooth root can be calculated as follows.

The calculated coordinates have to be trans-
formed from the transverse section to create the 
tooth along its width. The accuracy of the FE 
model can be influenced directly, accurate tooth 
curves significantly increase the computation time, 
but offer more precise positioning of the force 
application points of the tooth force. The position 
of the force application points of a pair of wheels 
depends on the direction of rotation of the driving 
wheel and the engaged position. The position of 
contact, which should be used for the creation of 
the FE models, is the position in with the shortest 
total length of the contact lines [BAU].

In addition to the contact radii, the correct con-
tact angles have to be determined. Regarding the 
position of contact, radii of the force application 
point and contact angle every single force has to 
be calculated to result, in addition with the other 
forces of the application points, in the overall tor-
sional moment of the tooth contact.

The force application points, based on tooth 
geometry and tooth force, should reflect the real 
contact line as precise as possible. Deviations in 
position and amount of the loads less than 1% are 
considered sufficient.

Furthermore, two load cases—constant and 
triangular—are calculated for all three gear wheels 
and the planet carrier. The deformation of a gen-
eral trapezoidal load distribution can be assem-
bled from the deformation of the base load cases. 
Because of this it is not necessary to calculate the 
FE model for each step of the load distribution 
iteration.

Since there are more tooth contacts in double 
helical planetary gearboxes the base load cases 
(K; III) are extended by additional combinations 
of load cases between the right and left tooth 
contact.

The FEM calculations lead to deformation 
values of sun gear, planet gear, ring gear and the 
planet carrier. All elements have to be interpreted 
at the points they stay in contact to other elements 
or have influence to their position in the system. 
To get to result of a load distribution all misalign-
ments and deformations have to be converted into 
the field of action of the calculated gear pairs and 

Figure 2. Analytical load distribution on FE mesh 
[MD].

Figure 3. Deformation results for double helical sun 
gear [MD].
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contacts of sun—planet gear and planet—ring 
gear.

4 FEM AND ANALYTICAL METHODS 
IN AN ITERATIVE CALCULATION

All results of the finite element analysis and ana-
lytical calculations have to brought together in a 
calculation process that covers the interactions 
between the elements and checks for changes in 
the system in terms of deformation changes, load 
distribution changes or even load changes. The cal-
culation routine has to be repeated iteratively until 
all criteria are changing less than 1%. This compu-
ter aided algorithm allows multiple calculations in 
a short period of time that can be used to improve 
the design itself  or optimize the gearbox with the 
use of modifications in micro geometry. Especially 
for double helical gears there is a need to separate 
the tooth contacts in terms of modifications since 
the deformations and the influence of the left and 
right tooth contact is significantly different to the 
system. At the point of this research project there 
are no possibilities for an automated load distri-
bution calculation for double helical planetary 
gearboxes given yet. Having this combination of 
qualified time efficient analytical load distribution 
and precise time optimized, automated finite ele-
ment analyzes offers a new possibility for the opti-
mization in design, space and efficiency of double 
helical planetary gearboxes.

Figure 4. Determination of the contact line.

Figure 5. Determination of the contact angle.

Figure 6. FE-model with force application points 
[MD].

Figure 7. Base load cases for FE-calculation [MD].

Figure 8. Additional load cases for double helical 
gears.
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5 OPTIMIZATION

Having the opportunity of multiple automated cal-
culations, the optimization process is more effec-
tive. Parametric FE-models can be used to analyze 
the influence of macro geometry and lead to dif-
ferent design goals in terms of weight, size, mass 
inertia or stiffness to meet the given requirements. 
The optimization process should always focus on 
changes in design and macro geometry. For spe-
cial agreements or fixed conditions of design space 
or manufacturing processes final optimizations 
can be realized by using modified flank geometry. 
Especially the characteristics of double helical 
geared planetary gearboxes require optimizations 
in micro geometry in most cases. The difference 
in deformation amongst the left and right tooth 
side and the changing helix angle could only be 
prevented by using very stiff  components resulting 
in not needed oversized parts of the gearbox. For 
this reason, flank modifications in profile and lead 
direction can be calculated either as preset values 
for crowning, helix angle modifications etc. or as a 
freely defined flank topology.

6 SUMMARY

The present research project describes the algo-
rithm to determine the load distribution of 

planetary gearboxes with double helical gears. 
The detailed calculation methods offer the pos-
sibility to use the actual assembly design for the 
necessary finite element analysis, results have 
shown that approximated models cannot be used 
to calculate the load distribution accurately. Addi-
tionally, analytical calculations for the bearing 
deformation are included. As the project showed 
so far, the process of  combining the single infor-
mation to a final result is of  major importance. 
The interdependent elements of  the assembly lead 
to nontrivial correlations, making multiple calcu-
lations inevitable. The research project also offers 
a structured approach for the iterative calculation 
process that allows to be transferred into a com-
puter aided calculation program. This solution 
enables the possibility of  an effective and detailed 
calculation process for planetary gearboxes with 
double helical gears.
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A new FE contact model of a spur gear set for quasi-static analysis

Huimin Dong, Xiwei Wang, Chu Zhang & Delun Wang
School of Mechanical Engineering, Dalian University of Technology, Dalian, China

ABSTRACT: A new Finite Element (FE) contact model of a spur gear set is proposed in this paper. The 
new model achieves node to node contact through solving the equations of the tooth profiles and line of 
action of mating gears at each instant. With this node to node contact FE model, precise contact char-
acteristics of a pair of gears can be analyzed by means of the static/dynamic/quasi-static FE approach. 
A spur gear set is used as an example to build the node to node contact FE model, at which the tooth 
profile error is embedded by moving nodes along the normal direction of the tooth surface. Meanwhile, 
the quasi-static FE approach is first introduced to investigate the effects of the tooth profile error and 
elasticity of gears on contact and transmission characteristics. Using the FE contact model, the effects of 
the tooth profile error on the contact stress and transmission error can be explored by the quasi-static FE 
approach. The case study illustrates that the new model presented in this paper can realize the precision 
contact analysis and the quasi-static FE method simplified the solving process and ensure convergence. 
This study provides a basis for the accuracy analysis and the design of a precision gear transmission.

With the development of FE technology, many 
researches study on the contact and transmission 
characteristics of gear drives by FE approach 
[12–17]. With static and dynamic model respec-
tively, in which Fan Yang [12] studied the static FE 
ideal model. MacLennan L [13] considered that 
tooth profile errors affect the maximum contact 
stress and meshing stiffness of spur gears, change 
the load distribution and reducing meshing stiff-
ness of gears. Z.H Wang [14] explored the impacts 
of damping properties on the error of transmis-
sion based on static/dynamic contact finite ele-
ment method. Lin T [15] studied the dynamic FE 
ideal model. L.H Chang [16] and Run Fang Li [17] 
assessed the effects of tooth profile errors on the 
noise and vibration of the gears box by analyz-
ing the spur gears meshing performance under the 
effects of specific tooth profile error. Using the 
static FEM has some drawbacks that need to estab-
lish a new contact model at each engaged position, 
which will spend a lot of time and storage space; 
the results are not precise because all of them are 
independent of each other at different contact 
position. The dynamic FEM also has shortcom-
ings, whose biggest disadvantage is that calcula-
tion can hardly be convergent when tooth profiles 
have errors. If  dynamic FEM is used to numeri-
cally estimate the contact stress and the transmis-
sion error of meshing gears pairs, the integration 
time step needs to be smaller, which will spend a 
lot of computing time. The dynamic FEM is also 
sensitive to the normal contact stiffness, penetra-
tion tolerance and other parameters. Currently, the 

1 INTRODUCTION

With wind power, precision radar, astronomical 
instruments, aerospace, machine tools and other 
modern machineries featuring high precision and 
excellent performance, those transmission systems 
of gearing are needed to possess higher loading 
capacity and accuracy of transmission. However, in 
the process of gear cutting, the conditions of conju-
gation will change because of the cyclical machine 
indexing error of worm and errors of manufacture 
and installation, which easily leads to the error of 
tooth profile [1]. The errors of tooth profile have an 
important impact on the contact characteristics of 
gear drives, which deteriorates the loading capacity 
and accuracy of their transmission. Therefore, the 
impacts of errors of tooth profile on contact and 
transmission characteristics have caused the wide-
spread concern among scholars.

The conventional contact stress of gears and 
accuracy of transmission were largely determined 
by theoretical calculations [2–5], but the coeffi-
cients in the formula couldn’t fully and accurately 
reflect the impacts of errors of tooth profile on 
the characteristics of contact in different phases. 
Therefore, some scholars [6–9] studied the errors 
of tooth profile impact on the contact performance 
by direct experiments. The results showed that the 
errors of tooth profile weaken the characteristics 
of the contact stress and accuracy of transmission. 
However, how to quantify different levels of errors 
of tooth profile and load on the gears in experi-
ments is a big problem.
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quasi-static FE method are more and more adopted 
by researchers [18–20] to investigate the character-
istics of gear drives because quasi-static FE method 
will balance the static and dynamic advantage and 
disadvantage. D.S. Hao [18], studied the impacts 
of floating components in planetary gear train on 
contact stress and transmission error, Wang J and 
I. Howard [19] analyzed the influence of the modi-
fication of gears on the accuracy of transmission, 
and J. Zhan [20] studied time-varying load capacity 
and compared the superiority of the quasi-static 
FE element method with the traditional AGMA 
algorithm.

The construction of FE model is important to 
the accuracy of quasi-static FE contact method. 
The quality of mesh determines the accuracy of 
the FE model. A lot of efforts to program the gen-
eration of involute curve gears were conducted 
[20, 21], but the modification design parameter is 
inconvenient and cumbersome for people who do 
not have programming experience.

The motivation of this paper is to establish an 
accurate FE contact model to solve the contact 
and transmission characteristics of a spur gear set 
more precisely with other static, dynamic and qua-
si-static FE methods. A node to node FE contact 
model is presented in this paper, which can real-
ize precise contact and can be applied to solve the 
contact characteristic of gears pair more precisely 
with FE method. The quasi-static FE approach is 
first introduced to investigate the influences of the 
tooth profile error and elasticity of gears on con-
tact stress and transmission error in case study.

2 PRECISE FINITE ELEMENT MODELING

2.1 FE gears contact pair model of node to node

The steps of construction of node to node FE 
model are presented as follows:

1. Getting the node by solving the equations of 
each instant tooth profile and line of action of 
gears pairs by MATLAB programming, and 
then rotating the each node to the tooth initial 
coordinates for generating some of the nodes 
of involutes cure; getting some of the nodes of 
transition curve by solving conjugation equa-
tions of tool and the gears rack type based on 
the principle of Fan Cheng Method.

2. Generating nodes of gears in Ansys14.0 by 
reading the coordinates of nodes gotten in the 
previous step.

3. Generating nodes of addendum circle and 
dedendum circle directly by equation.

4. Constructing a two-dimensional plane tooth 
profile model by the method of connecting 
nodes to form units.

5. Stretching the 2D model into the 3D model, 
and then rotating it as well as copying it to form 
a complete gears model.

We take a pair of contact gears for example, of 
which parameters are shown in Table 1.

The ideal tooth profile finite of element model is 
shown in Fig. 1. The most important advantage of 
this model is that the node at every contact position 
that we defined is one to one (shown in Fig. 2).

2.2 The contact area refining

Based on the Hertz contact theory, the contact 
half-width b is defined as follows [21]:

b
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d d
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1 1−

2 1 1
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1EE
2
2
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1 2d dd d
π LL

μ μ+ −11 22
22
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( )
d d

+1 1  (1)

where P = the pressure on gears pairs, L = tooth 
width, ρi = the radius of curvature at the contact 

Table 1. Parameters and material properties.

Gears parameter Pinion Gears

No. of teeth 19 19
Modulus (mm) 2.5 2.5
Normal angle (degree) 20 20
Face width (mm) 20 20
Modification coefficient 0 0
Headspace coefficient 0.25 0.25
Young’s modulus (Gpa) 206 206
Poisson’s ratio 0.3 0.3
Density (kg/m3) 2770 2770

Figure 1. Finite element contact model of meshing 
pairs and the enlarged engagement.
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pinion and gears, di = the diameter of pitch circle. 
Ei = the Young’s modulus and ui = Poisson’s ratio 
(i = 1,2).

In order to improve computational efficiency 
as well as guarante accuracy, the mesh of invo-
lute gears where tooth profile surface participates 
in contact needs to be refined. The refinement 
and non- refinement region are coupled together 
[21], as shown in Fig. 3. The global-local meshing 
method is efficient.

3 QUASI-STATIC FE METHOD

Quasi-static finite element contact method is in 
the intermediate state between static and dynamic 
finite element contact method. The process devi-
ates from one balanced equilibrium state to 
another balanced equilibrium state with infinite 
small changes of the system at any time. The proc-
ess is easier convergent than dynamic finite ele-
ment method with slow velocity without inertia. 
Besides, it saves nearly half  of the time with only 
one pair of gears model than static finite element, 
and the results can reflect the cumulative effect of 
tooth profile error based on every step calculation. 
Therefore, the results are more reliable.

3.1 Mathematical model of quasi-static method

For the sake of clarity, a three-DOF spur gears pair is 
utilized (show in Fig. 4). The gears pair is in a perfect 
engagement condition without gap and the angular 

velocity is so small that angular acceleration and 
the force of inertia are negligible. The quasi-static 
method is based on the conditions that the shaft and 
bearings are rigid without elastic deformation.

Based on the above conditions and D'Alembert 
principle, the system can be described as following 
equilibrium equation:

T K1 1T KT ϕ1  (2)

T K2 2T KT ϕ2  (3)

where ϕ1 = the angle of pinion, ϕ2 = the angle of 
gears, T1 and T2 = the external torques in the sys-
tem, K = meshing stiffness.

3.2 Pretreatment of quasi-static finite 
element model

In the quasi-static system analysis, initial contact 
is very important to the calculation. The essence 
of meshing is replacing curves with straight line, 
which may lead to initial gaps. Therefore, in order 
to simulate the quasi-static analysis successfully, 
the steps make the initial contact close by reducing 
gap or invasion as follows:

Step 1: The solid element of the model
In this study, the finite element model of gears 

pairs is created by using solid element SOLID45 
because all elements are hexahedral.

Step 2: The definition of contact type
In the whole period of quasi-static contact proc-

ess, the mesh of one-sided tooth profiles partici-
pating in engagement need refine. The nodes near 
contact and target region are defined as one group, 
respectively. One group chooses CONTA 174 and 
another chooses TARGE 170 to establish contact 
pairs (shown in Fig. 5). The penetration tolerance 
value and the contact normal stiffness factor are 
0.1 and 1, respectively.

Figure 2. Finite element contact model of node to 
node.

Figure 3. Refinement and coupling tooth contact.

Figure 4. Mathematical model of gears pair.
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Step 3: The strategy of convergence
• Augmented Lagrange algorithm is selected to 

reduce the sensitivity to the normal contact stiff-
ness in the solving process.

• The interface treatment is defined as “Adjust to 
Touch”.

• Gauss integration points are selected as check-
points, which can reduce the number of itera-
tions and improve the convergence of contact 
analysis.

• The Auto Time Stepping can be activated to 
accelerate the convergence of calculation.

• Inertial effects of gears pairs are deactivated by 
turning off the Time Integration function whereas 
the Large Deflection effect must be turned on.

Step 4: The definition of boundary conditions
• Revolute joints are set up in the center of both 

gears (show in Fig. 6), respectively.
• The joint in the gears has been coupled to the 

rigid surfaces of the gears, forming a rigid group. 
This rigid group has been associated to revolute 
joints. In this way, the rigid group of surfaces 
moves as a rigid body with the six degrees of 
freedom of the revolute joints.

• Hubs pinion and driven gears hubs are con-
nected with Body-Ground Revolute joints. One 
joint runs with a constant rotational velocity 

(0.2 rad/s) while a 260 N.m torque is assigned 
for the driven gears.

Step 5: The results of solution
• The contact stress on tooth surfaces can be 

extracted directly by the process of quasi-static 
calculation.

• Transmission error is the angle deviated from 
the actual value to the theoretical value of the 
pinion, which can be extracted from the revolute 
joint of pinion in ANSYS.

4 THE FE MODEL WITH TOOTH 
PROFILE ERROR

The reasons that will lead to tooth profile errors 
are: the installation eccentric of gears, cyclic error 
of machine tool, shape and installation errors of 
hob and so on. The form of tooth profile error 
shows as the Fig. 7 with various reasons. The con-
cave of error is negative deviation; the convex of 
error is positive deviation. The coordinate of A1 
is (xA1, yA1); The coordinate of B1 is (xB1, yB1). The 
Y-axis of the coordinate is the symmetrical line of 
theoretical tooth thickness (shown in Fig. 9).

The eccentricity of gears is the main effect, 
which is a long periods. Because eccentricity error 
is periodical, tooth profile error also changes peri-
odically. Therefore, it is assumed that the tooth 
profile error distributes along the tooth profile by 
a sine-wave [22] (shown in Fig. 8), which has the 
following function expression:

Δ = +
⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

≤

F
z
i z=

AB A

AB

Ai Bi

αF
θ +AB

θA

ϕ

θ θ≤Ai θB

sin ( )−i ( )− Aθ θA

, , ,1 2

2
0ϕ

…
 (4)

where Fα = the limited deviation of tooth profile 
that can be found in national standards [1]. Δ = the 
value of tooth profile error. θ0 = θA1 = the half  
angle of addendum circle tooth thickness. θB1 = the 
half  angle of working circle of dedendum tooth 
thickness.

Figure 5. Definition of contact pairs and enlargement 
of the local part.

Figure 6. Definition of boundary conditions.

Figure 7. The form of tooth profile error.
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As Fig. 9 show, the ideal coordinate of one 
point of involute is at P yk pPP k py k( ,xpx k )  in the coordi-
nate. The error of this point is Δ along the normal. 
And the real coordinate that needs to be solved 
is at ' ( , ).k p k p k'P ' ( ,k p k p( ,( ,'  Po is a point on the reference 
circle.

∠COP0 = θ0, ∠COPk = θk, ∠PkOY = δ, ∠PkAF = 
∠AOY = φ, ∠AOPk = αk.

where αk = the pressure angle at Pk. θk = the abduc-
tion angle at Pk, θ0 = the abduction angle at P0. 
θ = invα = tanα – a, φ = αk – δ, δ = 2π/4z – (θk – θ0) 
αk = α cos(rb / x2 + y2).

The error model of involute tooth profile cre-
ated in ANSYS.14.0 based on the thought of SDT 
[23] as the following steps:

• Get the value of error that is the value of SDT 
vector from the formula.

• Set up Frenetic Frame (pk, ik, jk) (shown in Fig. 8) 
at the point of involute tooth profile [24]. The jk 
axis is the normal of involute tooth profile.

• Moving the ideal points of tooth profile the dis-
tance of Δ along the jk axis of Frenetic Frame.

5 THE RESULTS OF QUASI-STATIC 
FINITE ELEMENT ANALYSIS

This case study mainly researchers on the effects of 
tooth profile errors on the contact stress and TE by 
quasi-static finite element method.

5.1 The errors of tooth profile impact on the 
contact stress

The theoretical result at pitch point based on theory 
of Hertz contact is 2412.097 Mpa. The maximum 
contact stress of node to node FE model near pitch 
circle = 2360.17 Mpa (show in Fig. 10-1). Error is 
2.152%, and the accuracy is verified correctly [25]. 
The maximum contact stress of not note to note 
FE model near pitch circle = 2200.54 Mpa (show in 
Fig. 10-2). Error is 8.77%, which is more than error 
of node to node gears pair model.

The contact stress near pitch circle is very impor-
tant with two following reasons:

1. The contact stress near pitch circle is standard 
for contact fatigue strength.

2. Pitting is inclined to happen near pitch circle 
because the relative sliding velocity is low and 
the conditions of film formation are poor at the 
tooth pitch line.

The contact stress near pitch circle of ideal 
model and tooth profile error model are shown in 
the following figures:

The Fig. 10-1 shows the maximum contact stress 
of ideal model near pitch circle = 2360.17 Mpa. 
The quasi-static finite element model is Ideal tooth 
profile without tooth profile errors.

The Fig. 10-3 shows the maximum contact 
stress of 1/60 of zθAB where the radius of curvature 
becomes bigger with negative errors of tooth pro-
file = 2335.33 Mpa. The quasi-static finite element 
model is an error model with the negative deviation 
of tooth profile that makes the radius of curvature 
becomes bigger, which makes the VMS become 
lower.

The Fig. 10-4 shows the maximum contact 
stress of 1/8 of zθAB where the radius of curvature 
is the biggest with negative errors of tooth pro-
file = 2323.31 Mpa. The quasi-static finite element 
model is an error model with the biggest negative 
deviation of tooth profile that makes the radius 
of curvature becomes the biggest, which leads the 
VMS to minimum.

The Fig. 10-5 shows the maximum contact stress of 
5/8 of zθAB where the radius of curvature is the smallest 
with positive errors of tooth profile = 2381.78 Mpa. 

Figure 8. The distributed of tooth profile error curve.

Figure 9. The error of tooth profile.
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The quasi-static finite element model is error model 
with the positive deviation of tooth profile that makes 
the radius of curvature becomes lower, which makes 
the VMS become bigger.

5.2 The errors of tooth profile impact 
on Transmission Error

The Transmission Error (TE) in different mesh-
ing point calculated by quasi-static contact finite 
element analysis is shown in Fig. 10. It shows that 
elastic deformation of gears under heavy loads is 
the most important impact on the transmission 
error of ideal gears profile model, and the elastic 
deformation of gears is decided by meshing stiff-
ness. Therefore, the changes of transmission error 
are related to the changes of engagement stiffness.

The curve of transmission error based on the 
8 grade precision of tooth profile error is also 
shown in Fig. 11. It shows that: Tooth profile error 
is added to gears from the addendum to the work-
ing dedendum circle. The value of tooth profile 

error changes as the length of the involute (shown 
in Fig. 8). Both negative deviation and the elas-
tic deformation of gears make the angular error 
bigger. As the negative deviation increases to the 
maximum value at 1/8 of zθAB, the angular error 
also increases to the maximum value. After the 1/8 
of zθAB engagement phase, the negative deviation 
begins to become small, so does the angular error. 
After 3/8 of zθAB engagement phase, tooth profile 
error begins to turn positive deviation and increase, 
which weakens the angular error that caused by the 
elastic deformation of the gears. As the positive 
deviation increases to the maximum value at 5/8 of 
zθAB, the angular error decreases to the minimum 
value. After the 5/8 of zθAB engagement phase, 
the positive deviation begins to become small; the 
curve of angular error begins to rise.

6 CONCLUSION

A new FE method for constructing a tooth profile 
error model of spur gear sets is presented in this 
paper to assess their transmission characteristics 
by quasi-static FE analysis. The conclusion are:

1. The nodes of the target and contact surface at 
the contact position are corresponded to each 
other, which ensure the accuracy of research 
about the tooth profile error on contact stress. 
The quasi-static FE approach introduced sim-
plified the solving process and ensure conver-
gence of FE analysis.

2. At contact position, the negative deviation 
induces smaller the contact stress, while the 
positive deviation induces larger contact stress.

3. Tooth profile error has a significant impact 
on the transmission error. Negative deviation 
makes the transmission error smaller and posi-
tive deviation makes the TE larger than the ideal 
tooth profile model.

Figure 11:8-Grade Precision Gears Transmission error.

Figure 10–1. VMS of 
ideal model.

Figure 10–2. VMS of 
error model.

Figure 10–3. VMS of 
error model.

Figure 10–4. VMS of 
error model.

Figure 10–5. VMS of error model.
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Tooth contact and load distribution analyses of cycloid drives 
with tooth profile modification
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ABSTRACT: The loaded tooth contact analysis of cycloid drives based on the traditional rigid body or 
constant contact stiffness method typically assumes perfect geometries without backlash. This model lacks 
the ability to include tooth profile modification effect accurately. In this study, a quasi-static approach is 
presented for analyzing the load distribution characteristics of the cycloid drive with tooth profile modi-
fication based on the proposed Hertzian contact stiffness method. Firstly, the unloaded tooth contact 
analysis is applied as a preprocessor to determine the positions of contact points, backlash between the 
cycloid gear teeth and rollers, and rotational angle of the cycloid gear within a mesh cycle. The analysis 
yields the unloaded transmission error. Secondly, in the load distribution analysis, the Hertzian contact 
stiffness method implemented by an iterative numerical calculation procedure is proposed. Due to the 
statically indeterminate structure of the multi-tooth contact, a varying nonlinear contact stiffness that 
depends on the load and contact geometry is considered to establish the relationship between the load and 
deformation. The proposed method is also compared with the two traditional methods. Finally, a detailed 
parametric study is presented applying all three methods to demonstrate the influence of the tooth profile 
modifications on the backlash, load distribution, contact stiffness, loaded transmission error and real 
contact ratio of the cycloid drive. This study gives an in-depth understanding of the tooth contact and 
load distribution characteristics of cycloid drives with tooth profile modifications and therefore can be 
employed to assist gear design.

deformations, manufacturing errors and thermal 
influence, to provide better lubrication conditions 
and to accomplish easier assembling and disas-
sembling, backlash between the rollers and cycloid 
gear teeth is needed, which can be obtained by 
the Tooth Profile Modification (TPM) during the 
design process (Gorla et al., 2008, Lin et al., 2014). 
Then, the theoretical tooth contact will change and 
become more complicated due to the backlash. 
Therefore, to accurately predict the load distribu-
tion characteristics of cycloid drives, the backlash 
should be considered as an important factor in the 
loaded Tooth Contact Analysis (TCA).

Loaded TCA plays a significant role in gear drives 
in the evaluation of performances, including the dura-
bility, strength, efficiency, noise and so on. However, 
review of literature reveals that many research works 
focus on the geometrical design (Chen et al., 2008, 
Chen et al., 2012, Litvin and Feng, 1996, Liu et al., 
2012, Shin and Kwon, 2006), kinematic and dynamic 
analysis (Blagojevic et al., 2009, Dawei et al., 2001, 

1 INTRODUCTION

Cycloid drives have been widely used in many indus-
trial areas (Blagojevic et al., 2011, Chen et al., 2012, 
Gorla et al., 2008, Lai, 2006), such as mining, textile 
metallurgy and wind power for power transmission 
due to the excellent characteristics of large reduc-
tion ratio, great load capacity and high transmis-
sion efficiency. Recently, more attentions have been 
paid to the application of cycloid drives in the areas 
of robot, aerospace and machine tool for preci-
sion transmission because of the advantages of low 
backlash, compact size, high transmission accuracy, 
high torsional rigidity and high shock-resistant abil-
ity (Dawei et al., 2001, Kim et al., 2009, Li, 2014).

For cycloid drives, theoretically, all rollers placed 
at equal intervals on the ring gear are in contact with 
the corresponding cycloid gear teeth and half of 
them transfer the torque. However, it is not the case 
in the practical situation (Demenego et al., 2002). 
To accommodate the interferences caused by tooth 
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Hsieh, 2014, Hsieh, 2015, Sensinger, 2010) and lubri-
cation (Bo et al., 2015, Mihailidis et al., 2015, Zhu 
et al., 2015) of cycloid drives, very few reported stud-
ies in the open literature are found to address the 
loaded TCA of cycloid drives considering backlash. 
This is partially due to the difficulty of the back-
lash determination, the complexity of multi-tooth 
contact deformations and the changing magnitudes 
and directions of loads among the tooth pairs with 
different mesh phases over the mesh cycle. Hence, 
an approach to accurately predict load distribution 
characteristics of cycloid drives with considering the 
backlash caused by TPM is desirable. Blanche and 
Yang (1989), Yang and Blanche (1990) developed an 
analytical model of the cycloid drive by using com-
plex vectors and homogeneous transformations to 
investigate the effects of machining tolerances on 
backlash and torque ripples, while the load distribu-
tion was not studied. Lehmann (1979) proposed an 
analytical approach for the load distribution of the 
cycloid drive based on the Hertzian contact theory, 
while the backlash was not considered. Malhotra 
and Parameswaran (1983) presented a procedure 
to calculate the load distribution among tooth with 
the assumption of perfect geometries and rigid bod-
ies. Similarly, Gorla et al. (2008) developed a sim-
plified procedure to calculate the load distribution 
on the elements of an innovative cycloid drive and 
conducted an experiment to validate the theoretical 
analysis results. Ishida et al. (1996) firstly analyzed 
tooth load distribution of a new type of cycloid gear 
speed reducer by using the Finite Element Method 
(FEM). Li (2014) developed a FEM software to 
make it possible to analyze the load distribution of 
the cycloid drive more quickly and to consider the 
effects of the machining tolerances and TPM. Kim 
et al. (2009) performed contact force and torsional 
rigidity analyses of a cycloid drive considering finite 
bearing and nonlinear Hertzian contact stiffness 
based on the FEM, while the backlash was not con-
sidered. However, the FEM is limited to its compu-
tational efficiency, since a time consuming 3D FEM 
model is required before conducting the analyses.

Accordingly, this paper aims at developing a 
computationally efficient and accurate quasi-static-
analytical approach based on the Hertzian contact 
stiffness method for the tooth contact and load dis-
tribution analyses of the cycloid drive with TPM.

2 UNLOADED TOOTH CONTACT 
ANALYSIS

2.1 Tooth Profile Modification

In practical situations, the Tooth Profile Modifi-
cation (TPM) of the cycloid gear is mainly con-
sidered to obtain the backlash to compensate for 

the assembly and manufacturing errors, which are 
inevitable due to the precision of machines.

There are three coordinate systems being 
defined in order for tooth profile modification use, 
as shown in Figure 1. Two movable coordinate sys-
tems S1, S2 and a fixed coordinate system Sf are 
rigidly connected to the roller, the cycloid gear and 
the frame, respectively. The eccentricity e is the 
distance between o1 and o2. The radius of roller 
position a is the distance between the center of a 
roller and o1. The radius of rollers is ρ. The angu-
lar parameter at contact point M is θ. The rotation 
angles φ2 and φ1 have the relationship φ2/φ1 = n1/n2. 
The numbers of rollers and cycloid gear teeth are 
n1 and n2. Their tooth number difference is one.

The generation of the cycloid gear tooth profile 
is based on the enveloping method as studied by 
many researchers (Chen et al., 2008, Chen et al., 
2012, Hwang and Hsieh, 2007). The profile equa-
tion and dimensionless equation of meshing can 
be represented as follows:
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Figure 1. Coordinate systems for the TPM of the 
cycloid gear.
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There are four feasible types of TPM being 
widely used by modifying two modification 
parameters, a and ρ of  the profile equation of the 
cycloid gear, to guarantee the reasonable backlash. 
According to (Lin et al., 2014), their general profile 
equation and the angular parameter can be rewrit-
ten as follows:
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Once the basic design parameters a, ρ, e, n1, n2 
and modification amounts Δa and Δρ are given, 
the equations above can be used in the unloaded 
TCA model.

2.2 Unloaded TCA model

A pair of cycloid gear and rollers is shown in Fig-
ure 2, where S1 and S2 are rigidly connected with 
rollers and the cycloid gear, and the fixed coor-
dinate system Sf coinciding with S1 is fixed to the 
frame. In the mesh process, the cycloid gear drove 
by the input crankshaft performs rotation about its 
center and an eccentric and cycloid motion with 
respect to the fixed coordinate system Sf. There-
fore, the position vector rf rr i

( ) ( )rir  and normal vector 

n f ri
( ) ( )rir  of  all the roller profiles can be represented 

directly in Sf:
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where i stands for the roller number. The angle 
parameter of the contact point on the roller profile 
is θri, and ψr = 2π/n1 is the angle between the two 
adjacent rollers.

According to Equations (4–5), the position vec-
tor r2rr m ci

( )2 ( )cic  and its unit normal vector n2m ci
( )2 ( )cic  

can be rewritten in S2:
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where θci is the angle parameter of contact point 
on the cycloid tooth profile. Then, the position 
vector rf cr i ci inii

( ) ( , )iniφci c,ci i  and its unit normal vector 
n f ci ci

( ) ( )φci c,ci  can be represented in Sf by the follow-
ing coordinate transformations,

r Mf cr i ci in fii ci in m ci
( ) ( )( ) ( ()) ( )2 2ci in,ciφci c,ci Min fMiini (2 ( c θm cφ ) (r m
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where φci is the rotational angle of the cycloid gear 
tooth, and the coordinate transformation matrixes 
are represented as:
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Figure 2. Unloaded TCA model.
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Two contact conditions should be satisfied for 
performing the unloaded TCA (Demenego et al., 
2002, Litvin and Fuentes, 2004). The first condi-
tion is the coincidence of position vectors of the 
modified cycloid tooth and roller profiles at the 
contact points in two dimensional plane. The sec-
ond condition is the collinearity of the normal 
vectors of the both profiles at the contact points. 
Thus, we obtain:

n f ri f ci ci
( ) ( )

ri ( ,ci )) (( ) n fn( )
ri ( cn() φc  (14)

rf rr i f ci ci in
( ) ( )

ri ( ,ci , )in
) (( ) rfr( )
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The above vector equations yield a system of 
three independent nonlinear equations in four 
unknowns θri, θci, φci and φin, since the normal 
vectors n nf fn( ) ( ) .n) ( 1=n fn( )  For any positions cor-
responding to the given input crankshaft angle 
φin in a complete mesh cycle, the remaining three 
unknowns θri, θci and φci can be solved from the 
nonlinear equations system.

Note that the solution of this system of equations 
is very sensitive to the initial guesses, and it will be 
subject to several numerical instabilities. Thus, as 
shown in Figure 2, the initial guesses of angular 
parameters θr0i, θc0i and the rotational angle φc0i are 
determined based on their geometrical and kinetic 
relationships, which are represented as follows:
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By using the above initial guesses, the param-
eters θpi, θci and φci can be solved in the unloaded 
TCA such that the positions of contact points, 
backlash between the cycloid gear teeth and roll-
ers, and rotational angle of the cycloid gear within 
a mesh cycle can be determined.

2.3 Backlash and unloaded transmission error

The backlash of cycloid drives due to the TPM is 
the amount of mesh clearance between tooth pairs, 
and it is defined as the angle difference between the 
actual rotational angle φc of  the cycloid gear and 
the calculated rotational angle φci of  the cycloid 
gear tooth. The unloaded TE is defined as a differ-
ence between the actual rotational angle φc of  the 
cycloid gear and its theoretical rotational angle φt:

φ φ φblφφ i cφ ciφ−φ  (19)

ε φ φu cε φε tφ−φ  (20)

where φc = max(φci), φt = φin/n2, and the rotational 
direction of the cycloid gear is opposite again that 
of the input crankshaft.

3 LOAD DISTRIBUTION ANALYSIS

3.1 Analytical methods

After the mesh information at every instant in 
a mesh cycle is known in the unloaded TCA, in 
this section the load distribution analysis is per-
formed and explained based on the proposed 
Hertzian contact stiffness method. The two 
traditional methods, rigid body and constant 
contact stiffness methods, are also applied for 
comparison.

3.1.1 Rigid body method
The first traditional analytical method is based on 
the assumptions as follows (Blagojevic et al., 2011, 
Gorla et al., 2008, Malhotra and Parameswaran, 
1983): (1) the cycloid gear and rollers are rigid bod-
ies; (2) The friction between the tooth profiles are 
negligible; (3) the loads are proportional to their 
respective arm of force. Therefore, the load and 
moment equilibrium condition can be represented 
as:

T F li iFF ll∑  (21)

C F li iFF ll/  (22)

where C is a constant ratio between loads and 
their corresponding arm of force. The arm of force 
li equals to the distance from the center o2 of the 
cycloid gear to the line of action. The equations of 
lines of action from the centers of the rollers to the 
pitch point P(e cos φin, e sin φin) can be represented 
geometrically in Sf as:

− + =tan iθ ψ+ s+ i θ ψriθθ f f r r+ ta θθ i rψcos− ψψsi a tanθ ψψcostan ψcos 0  (23)

thus
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3.1.2 Constant contact stiffness method
The second traditional analytical method is based 
on the assumptions as follows (Ishida et al., 1996, 
Kim et al., 2009): (1) The cycloid gear and rollers 
are elastic bodies with constant contact stiffness; 
(2) The total elastic deformation is the sum of 
various components of  elastic deformations; (3) 
The elastic deformations are very small compared 
to the size of  teeth and rollers; (4) Effect of  any 
friction between engaged tooth pairs is negligi-
ble. With these assumptions, all the tooth pairs 
that are possible to share the total load during a 
mesh cycle are taken into consideration with their 
respective backlash and deformation. Each con-
tact point is considered as a small linear spring 
associated with a constant contact stiffness along 
the line of  action to establish the relationship 
between the load and deformation of  the tooth 
pair, as shown in Figure 3. The number of  springs 
is equal to the number of  tooth pairs in contact. 
Once the torque is applied to the cycloid gear, 
elastic deformations will occur at the contacting 
tooth pairs. Then, these deformation will cause 
further angular displacement of  the cycloid gear, 
and thus the small backlash between some tooth 
pairs will disappear and the number of  teeth pairs 
in contact will increase to share the load, as shown 
in Figure 4.

According to (Kim et al., 2009), the load and 
the constant contact stiffness Kn can be repre-
sented as:

F Ki nF KF i tiδ t  (25)

K
BE

nK =
− −

−π BB
ν

ν
ν1 12ν

1( l10 n )−
ν2

1
 (26)

where δci = αili is the approximate total deformation 
along the line of action, and αi is a small angular 
displacement. In order to determine the number of 
tooth pairs in contact, the deformation compat-
ibility conditions must be satisfied:

in contact : ,Δ Δφ α φΔ φc bφ φφ li i cα φα Δ blφ i, −  (27)

out of contact: Δφ φc bφ φφ li iφbφ li , 0α i =α iα  (28)

where Δφc is the variation of the rotational angle 
of the cycloid gear. Substituting Equations (25–28) 
to Equation (21), the applied torque can be rewrit-
ten as:

T K lniK i ill∑ α i
2  (29)

The unknowns li, φbli can be calculated once 
the contact points are determined under a certain 
input crankshaft angle φin in the unloaded TCA. 
Therefore, Δφc can be solved from Equation (29) 
with a given torque.

3.1.3 Hertzian contact stiffness method
In this study, to accurately estimate the loads on 
teeth, the varying nonlinear Hertzian contact Figure 3. Load distribution analysis model.

Figure 4. Deformation compatibility condition.
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stiffness that depends on the load and contact 
geometry is considered instead of  the constant 
contact stiffness. Except for the contact stiffness, 
the major assumptions of  this analytical method 
is the same with the second method mentioned 
above.

The Hertzian contact stiffness Kn is defined as 
the applied normal load F divided by the total 
deformation δ. Based on the nonlinear Hertzian 
contact theory (Johnson and Johnson, 1987), a 
contact pair of  a cycloid tooth and roller can be 
approximated by the contact of  two parallel cyl-
inders with equivalent radius of  curvature of the 
tooth pair at the contact point. The contact width 
and total deformation are represented as:

b
F
BE

=
4 ρ
π BB

*

*
 (30)

δ

π
ν ρ ν ρ

=
−

− + −⎛
⎝
⎛⎛⎛⎛
⎝⎝
⎛⎛⎛⎛ ⎞

⎠
⎞⎞
⎠⎠

⎛
⎝
⎛⎛⎛⎛
⎝⎝
⎛⎛⎛⎛ ⎞

⎠
⎞⎞⎞⎞
⎠⎠
⎞⎞⎞⎞⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦

2 1⎡ 1ρ 1 4ν− ⎛ 1
2

2 2νν ⎛ ⎞4 1ρ 1 νν
B Eπ ⎣⎣⎣ b E⎠⎠⎠2 b

c

c

c r+⎞⎞⎞
r

rln ln  (31)

where E* is the equivalent elasticity modulus, ρ* is 
the equivalent radius of curvature, B is the width 
of the cycloid gear. Then, E* and ρ* are determined 
by the following equations:
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where E, ν and ρ are the modulus of elasticity, 
Poisson’s ratio and radius of curvature at the con-
tact point, respectively. Subscripts r and c refer to 
the roller and the cycloid gear. Based on the theory 
of gearing (Litvin and Fuentes, 2004), the radius 
of curvature of the cycloid gear with TPM can be 
represented as:
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where ρc can be positive for a convex profile and 
negative for a concave profile, while ρr = ρ is always 
a positive constant value. Hence, the Hertzian con-
tact stiffness is represented as:

K
F B

E b E b

n

c

c

c r

r

r

= =
+− −⎛

⎝
⎛⎛⎛⎛
⎝⎝
⎛⎛⎛⎛ ⎞

⎠
⎞⎞
⎠⎠

⎛
⎝
⎛⎛⎛⎛
⎝⎝
⎛⎛⎛⎛ ⎞

⎠
⎞⎞⎞⎞
⎠⎠
⎞⎞⎞⎞⎡

⎣
⎢
⎡⎡
⎣⎣

⎤δ
π BB

ν ρc ⎛⎛⎛ ν ρr ⎛⎛⎛2
1 − ν ⎛⎛⎛ 1

2
1 − 4⎛ν ⎛⎛⎛ 1

2

2 2⎛ ⎞ρ4⎛νν ⎛ 1 1 νν
ln ln

⎦⎦
⎥
⎤⎤
⎦⎦⎦⎦

  (35)

Note that the Hertzian contact stiffness is a 
nonlinear function of load, material properties 
and contact geometry, which depends on poten-
tial contact point pairs that are actually in contact, 
indicating that the stiffness may vary as the load 
distribution changes. For accurate load distribu-
tion analysis, an iteration procedure is proposed, 
as shown in Figure 5. Firstly, using initial con-
stant contact stiffness according to Equation (26) 
determines the initial load and angular displace-
ment. Then, contact stiffness is calculated from 
load with respect to the contact point according 
to Equation (35). After several iterations, load and 
angular displacement changes will converge within 
1%. Finally, the accurate load distribution among 
tooth pairs, loaded TE, Hertzian contact stiffness 
along the tooth profile and real contact ratio can 
be obtained.

3.2 Loaded transmission error

In this study, the loaded TE of the cycloid drive 
is defined as a difference between the theoretical 
rotational angle and the actual rotational angle of 
the cycloid gear. It consists of the unloaded TE 
due to the TPM and of the additional transmis-
sion error which is the angular displacement of the 
cycloid gear caused by the deformation of all tooth 
pairs. Therefore, the loaded TE is expressed as:

ε φ φ ε φl cε φε t cφ φφ u cε φε−φφ Δ Δφ εcφ εε=φ  (36)

where the loaded TE εl is a negative value since the 
actual rotational angle is less than the theoretical 
rotational angle of the cycloid gear.

Figure 5. Flowchart for load distribution analysis.
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4 PARAMETRIC STUDIES

In this study, a pair of cycloid gear and rollers is taken 
as an example for tooth contact and load distribu-
tion analyses based on the proposed approach. For 
brevity, Method 1, 2 and 3 stand for the rigid body, 
constant contact stiffness and Hertzian contact stiff-
ness methods, respectively. The design parameters of 
the cycloid drive are shown in Table 1.

4.1 Backlash

Figures 6 (a, b) show the comparison of the back-
lash between tooth pairs without TPM and with 
TPM during the whole mesh cycle. Under theoreti-
cal condition without TPM, as shown in Figure 6 
(a), no backlash is observed, as expected. For the 
case with TPM, as shown in Figure 6 (b), there is 
a periodic change of backlash within a mesh cycle 
and the maximum value is 0.27 deg. The graph 
curves of the backlash change are equal for all 
tooth pairs, but they are also phased. The phase 
angle is equal to the angle between two adjacent 
rollers where ψr = 2π/n1 = 36 deg.

4.2 Load distribution and contact stiffness

Based on three methods in the load distribution 
analysis, the comparison of load distribution 
among tooth pairs without TPM and with TPM at 
60° and 120° crankshaft angle is shown in Figure 7. 
The different crankshaft angles stand for different 
mesh phases of the gear pair. From Figure 7 (a, b), 
it can be seen that without TPM, results obtained 
by the three methods are almost the same for differ-
ent crankshaft angles. The maximum load is about 
375.4 N and there are 4–5 tooth pairs sharing the 
load. However, for the case with TPM which is 
accord closer with the practical situation, as shown 
in Figure 7 (c, d), large discrepancies are observed 

between Method 1 and Method 2 & 3. For Method 
1, the load concentrates on one tooth pair and the 
maximum value is much larger then that predicted 
by Method 2 and 3 in which the tooth deformation 
occurs. Therefore, Method 1 may not be reliable 
for load calculation when the TPM is present. The 
maximum loads obtained by Method 3 are smaller 
than that obtained by Method 2. By comparing 
Figure 7 (a, b) and (c, d), it can be concluded that 
the maximum load will increase when the TPM 
is present, due to the reduction of the number of 
tooth pairs sharing the load when there is a back-
lash. The mesh phase also has significant influence 
on the load distribution among tooth pairs.

Figure 8 (a) and (b) show the comparison of 
the contact stiffness along the tooth profile with-
out TPM and with TPM. It is observed that the 
constant contact stiffness is almost four times 
as high as the maximum Hertzian contact stiff-
ness. This is because the contact stiffness used in 
Method 2 does not consider the load and contact 
geometry and tends to overestimate the stiffness. 
Therefore, it is less reliable than Method 3 for load 
distribution analysis. Without TPM, the range of 
the crankshaft angle from 0° to 180° stands for the 
half  tooth profile of a single tooth taking into con-
tact, as shown in Figure 8 (a). For the case with 

Table 1. Design parameters of the cycloid drive.

Number of cycloid gear teeth   9
Number of rollers  10
Radius of roller position (mm)  28
Radius of rollers (mm)   3
Eccentricity (mm)  1.2
Width of cycloid gear (mm)  12
Elasticity modulus (GPa) 206
Poisson’s ratio  0.3
Torque (Nm)  10

Without TPM Δa (μm)   0
Δρ (μm)   0

With TPM Δa (μm)  –4
Δρ (μm)  –2

Figure 6. Backlash between tooth pairs, (a) Without 
TPM, (b) With TPM.
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TPM, as shown in Figure 8 (b), the tooth profile 
taking into contact decreases almost 57%, but the 
maximum contact stiffness keeps almost the same.

4.3 Loaded transmission error and contact ratio

The unload TE is mainly due to the geometric 
error by the TPM, and it can be represented by the 
loaded TE obtained by Method 1. While the loaded 
TE obtained by Method 2 and 3 includes both geo-
metric error and elastic deflection of the gear tooth 
during the loading mesh process. Figure 9 shows 
the comparison of the loaded TE obtained by the 
three methods without TPM and with TPM dur-
ing the whole mesh cycle. It is observed that with-
out TPM, the loaded TE obtained by Method 1 
is 0 arc second, as expected. For Method 2 and 3, 
loaded TE curves are continuous quasi-sinusoid 
and parabolic curves. Due to the tooth deforma-
tion, their mean values and magnitudes increase to 
−5.395 and -24.555 arc second, and 0.1 and 2.29 
arc second, respectively. For the case with TPM, 
loaded TE curves obtained by Method 1 and 2 are 
continuous parabolic curves with mean values of 
-31.99 and -41.99 arc second, and with magnitudes 
of about 2.14 and 2.28 arc second, respectively. 
For Method 3, the loaded TE curve is irregular 

Figure 7. Load distribution among tooth pairs, (a, b) 
Without TPM, (c, d) With TPM.

Figure 8. Contact stiffness along the tooth profile, (a) 
Without TPM, (b) With TPM.
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lytical methods alternates between 4 and 5 with the 
period of 36° crankshaft angle and the CR is 4.5. 
While with TPM, for Method 1, there is only one 
tooth pair in contact, since the tooth deformation 
do not occur under the assumption of rigid body. 
For Method 2 and 3, the CR is 3.5 due to the tooth 
deformation. It can be concluded that in practical 
situation, the tooth deformation will increase the 
CR, which is of benefit to reduce the maximum 
load, as shown in Figure 7.

Figure 9. Loaded transmission error.
Figure 10. Number of tooth pairs in contact.

with periodical peaks and shows larger than that 
obtained by Method 2. It can be concluded that 
due to the TPM, both the mean value and mag-
nitude of loaded TE increase, compared with the 
theoretical condition.

The load distribution among tooth pairs is very 
sensitive to the Contact Ratio (CR) which is the 
average value of the number of tooth pairs in con-
tact during the whole mesh cycle as shown in Fig-
ure 10. From Figure 10, without TPM, the number 
of tooth pairs in contact obtained by the three ana-
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5 CONCLUSIONS

In this study, a quasi-static approach is presented 
for analyzing the load distribution characteris-
tics of the cycloid drive with TPM. The proposed 
approach applies the unloaded TCA involving the 
TPM to determine the mesh information within a 
mesh cycle. Then, in the load distribution analy-
sis an iterative numerical calculation procedure is 
proposed based on the Hertzian contact stiffness 
method, where a varying nonlinear contact stiffness 
that depends on the load and contact geometry is 
considered to establish the relationship between the 
load and deformation. The proposed approach is 
verified to be more reliable than the rigid body and 
constant contact stiffness methods. The approach 
implemented by the computer program is then used 
to perform a detailed parametric study. Obtained 
results show the necessity of the consideration of 
TPM in the design and analysis of the cycloid drive. 
The TPM was observed to significantly influence 
the backlash, load distribution, contact stiffness, 
loaded TE and real CR of the cycloid drive.
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Effect of oil film stiffness and the tooth friction force on time-varying 
meshing stiffness of a spur gear pair

Z. Li, C. Zhu, H. Liu, C. Song & Y. Zhang
The State Key Laboratory of Mechanical Transmissions, Chongqing University, Chongqing, China

ABSTRACT: Time-Varying Meshing Stiffness (TVMS) is one of the major parameters in the research 
of gear dynamics. Deformations including tooth bending and shear et al. deformation have already been 
considered in existing studies of gear meshing stiffness, while the effect of oil film and tooth friction still 
remain neglected. In this paper, an analytical TVMS model is developed taking into account the elastic 
deformation and tooth surface friction and the oil film, and formulae are derived for the elastic defor-
mation and tooth surface friction and the oil film stiffness, the influences of which on the TVMS of the 
gear pair are discussed under different working conditions. The analysis results indicate that the oil film 
stiffness and the tooth surface friction have influence on TVMS, and especially, under a working case with 
high speed and light load such influence is more pronounced.

Elasto-Hydrodynamic Lubrication (EHL) is con-
sidering, gear meshing stiffness depends not only 
on the elastic deformation of teeth but also on the 
deformation of oil transient squeezing. This paper 
establishes an analytical model of TVMS that takes 
the effect the oil film stiffness and tooth surface 
friction on TVMS into consideration.

2 TVMS MODEL INCLUDING OIL FILM 
STIFFNESS AND FRICTION

Not only the elastic deformation of gear tooth 
but also the oil squeezing deformation will change 
along the LOA direction because the number 
of teeth in contact and radius of meshing point 
change, the relationship of lubrication film and 
tooth surface is shown as Figure 1. As shown in 
Figure 2, when the lubrication film exists in two 
tooth surfaces, the equivalent deformation of 

1 INTRODUCTION

Gear meshing stiffness refers to the load that pro-
duces unit deformation on unit tooth width when 
single tooth pair or multiple tooth pairs are in 
engagement. It is an important parameter excita-
tion and plays a significant role in gear dynamic 
responses. At present, many researchers always 
have proposed their analytical models to calculate 
TVMS of gear pairs. Yang and Sun (1985) proposed 
a Hertzian stiffness by the Hertzian contact theory, 
and Sun and Yang (1987) is further extended to 
calculate TVMS by the potential energy method 
by considering bending stiffness, axial compressive 
stiffness and Hertzian simultaneously. Tian (2004) 
and Zhu (2013) divided the total potential energy 
into four parts by considering shear deformation. 
Based on the theory of Muskhelishvili applied to 
circular elastic rings, Sainsot (2004) proposed an 
analytical formula to calculate the fillet foundation 
deformation of gears. Chaari (2009) and Chen 
(2013) developed a model to calculate TVMS by 
considering the fillet foundation stiffness by using 
potential energy method. Ma (2014) developed an 
analytical model for calculating TVMS by con-
sidering the misalignment of base circle and root 
circle and accurate transition curve. Saxena (2015) 
proposed a computer simulation based approach 
to discuss the effect friction and shaft misalign-
ment on TVMS of a spur gear pair.

Investigation of gear meshing stiffness has been 
extensively by the potential energy method, but 
there is less work that studies the effect the lubri-
cation contact conditions on the TVMS. When 

Figure 1. Mesh relationship of lubrication film and 
tooth surface.
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single-tooth-pair includes the elastic deformation 
of gear tooth and the deformation of oil film, the 
formula is given by:

1 1 1
K w w

w
w K KeK

e S L Sw L

S LK K
= =e = = +

δ δe S δL  (1)

where Ke is the equivalent stiffness of single-tooth-
pair at lubrication contact conditions, KS is the 
equivalent stiffness of single-tooth-pair at dry con-
tact conditions, KL is the oil film stiffness, w is the 
acting force on the contact width; δ δ δe Sδ δδ Lδ,Sδ  are the 
equivalent deformation, the elastic deformation of 
single-tooth-pair and oil deformation, respectively.

Consequently, the total meshing stiffness of a 
spur gear pair with the contact ratio between 1 and 
2 can be expressed as follows:

K K jt eK KK i
i

j

=K j
=
∑

1

1, ( , )2  (2)

where Kt is the total TVMS of the gear pair in a 
mesh cycle, i denotes the ith pair of meshing teeth, 
j represents the number of meshing tooth pair at 
the same time.

2.1 Tooth stiffness calculations

Tooth profile curve can be divided into four parts, 
addendum curve AB, involute curve BC, transition 
curve CD and dedendum curve DE, as shown in 
Figure 3 (Ma et al. 2014). Equations of involute 
curve are written as follows:

x r
y r

irr

irr
⎧
⎨
⎧⎧

⎩
⎨⎨

sin
cos

ϕ
ϕ

 (3)

ϕ π
= −

2N i( )α αinv iα iαααα  (4)

where ri brr i c i a≤c= rbrr ≤/cos ( );ccα ii α αi a≤  αa = (rb/ra); 

αc = (rb/rc); rcr b( )brr( )r arbrr +h ;rbrr) +))ah mah m− ))2 2  invαi = 
tan α – αi; invα = tan α – α; αi is the pressure angle 

of the arbitrary point in involute curve BC, αa, αc 
are the pressure angle of the addendum circle and 
involute starting point C, respectively; rc is the 
radius of involute starting point C, invα is involute 
function; N is the number of teeth, m is the mod-
ule, α is the pressure angle of gear pitch circle, hah*  
is the addendum coefficient.

Transition curve is cut out by the cutter tip. 
From the machining process of  a gear tooth, no 
matter how many teeth the gear has, the transi-
tion curve always exists between the involute 
starting point and root circle. The equations of 
transition curve are expressed as follows (Guo 
et al. 2010):

x r r
y r r

= ×r +
= ×r +

sin( ) ( / i ) c× os( )
cos( ) ( / i ) s× i

φ γaa) () − /si γ φ))−
φ γaa) () − /si
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1

1 n(nn ) ( / )γ φ)) γ //
⎧
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⎩
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 (5)

where φ = (a1/tan γ + b1)/r; rρ = c * m /(1 − sin α); 
a1 = (ha

* + c*) × m − rρ; b1 = π m/4 + ha
*m tan α + rρ 

cos α; r is the radius of pitch circle, c* is the tip 
clearance coefficient.

Normal force F and tooth surface friction f 
simultaneously act on tooth surface. In spur gears, 
the load carried changes along Line of Action 
(LOA) because the number of teeth in contact and 
radius of meshing point change. This is assumed 
(Wang 2004) that the load carried by a single gear 
pair varies from 1/3 to 2/3 of the load per unit 
width when two tooth pairs are simultaneously 
engaged and the load carried by a single gear pair 
stays 1 of the load per unit width when only one 
gear pair is engaged. This shows that sudden load 
changes exist at the Lowest Point of Single Tooth 
Contact (LPSTC) and Highest Point of Single 
Tooth Contact (HPSTC).

Figure 2. The relationship between oil film stiffness and 
tooth stiffness at single or double contact region.

Figure 3. Geometric model of the gear profile.
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When oil film existed between two contact sur-
faces, EHL model (He et al. 2008) is applied to 
calculate friction coefficient, the formulation is 
expressed as follows:

μ ηη( )μμ ( ) ( )( ( ) ( ) )) P SR ( V ( Rf ( t( P ( S
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 (6)

where SRiR ( )t  is the dimensionless slide-to-roll 
ratio, PhiPP ( )t  is the maximum Hertzian pressure 
(GPa) for the ith meshing tooth pair, ηM is the 
dynamic viscosity of the oil, Savg is the averaged 
surface roughness, Vei(t) is oil entraining velocity, 
Ri(t) is the equivalent contact radius.

When oil film didn’t exist between two contact 
surfaces, Coulomb model is applied to calculate 
friction coefficient, the formula is expressed as:

μ μ λ λ( )μμ d( , )λλ ( )rμ) d( t,λ Lλav pod(od(g sgsg bpr APLrmod( t,λmod( bprrμ sgnsgn λ⎡⎣ ⎤⎦⎤⎤Ω  (7)

where μavg is the average friction coefficient, with 
the aim of comparing the Coulomb friction with 
EHL friction on TVMS, a value of μavg = 0.1 has 
been chosen.

The value of friction force f is equal to the prod-
uct of friction coefficient and normal load, i.e.

f t Fμ )t  (8)

According to elastic mechanics, the relation-
ships between axial compressive stiffness ka, bend-
ing stiffness kb, shear stiffness ks, fillet foundation 
stiffness kf, Hertzian contact stiffness and axial 
compressive energy Ua, bending energy Ub, shear 
energy Us, fillet foundation energy Uf, Hertzian 
energy Uh are obtained, which are given as:
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Consequently, the summation of total energy 
stored in a single-tooth-pair at dry contact condi-
tions is given as:
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where U is the total energy, subscripts 1 and 2 
denote pinion and gear, respectively.

In Figure 3, tooth friction changes the value of 
the tangential force and radial force, so the axial 
compressive stiffness, bending stiffness, shear stiff-
ness and fillet foundation stiffness will change. But 
Hertzian contact stiffness will remain unchanged 
due to which it only relates to normal load. Based 
on reference Ma (2014) and Saxena (2015), with 
the effect normal load and friction force, the axial 
compressive stiffness, bending stiffness, shear stiff-
ness, fillet foundation stiffness and Hertzian con-
tact stiffness are derived respectively, i.e.
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1 4 2

k ELhk
=

( )1 2v−
π EE  (15)

where E is the Young’s modulus, L is the tooth 
width, v is the Poisson’s ratio.

2.2 Oil film stiffness calculations

When the lubrication film existed between two 
meshing tooth surfaces, time-varying oil film 
stiffness is determined by the related physical 
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parameters of gear pair, including the lubrication 
properties between the two meshing tooth sur-
faces, contact radius of curvature, sliding velocity 
and static tooth force.

The oil film thickness h in an infinite EHL line 
contact under the compression load per unit length 
w is show in Figure 4. If  there is an increment of 
load Δw, the resulted compression increment of 
the oil film thickness is ΔδL.

According to the definition of stiffness (Huang 
et al. 2010), the formula is written as:

K
w dwdd

dhLK
LL

== −
→

lim
Δ

Δ
ΔδLL δL

0
 (16)

where h is the oil film thickness.
Many tribology researchers proposed some 

empirical formulae to obtain the minimum or 
center film thickness at EHL contact. For instance, 
Dowson-Higginson proposed a minimum oil film 
thickness formula as follows:

h G U W Rmihh n
. U .0 5. 4 0UU 7 0W − 13  (17)

where W U G EE R
u

E R=U ′′UR , ,E R′U E RR ,η αEE0ηη  W, U, G are the 
load parameter, speed parameter and material 
parameter, respectively; R is the equivalent contact 
radius, u is entrainment velocity, E′ is the equivalent 
elastic modulus, η0 is the initial dynamic viscosity, 
α is the pressure-viscosity coefficient.

Oil film stiffness is derived based on the rela-
tionship between normal load and film thickness 
as follows:

K hLK ′ −7 2 0 7 0 54 7R 69 8 69. (′69LE R′ . )U G R65 0 7 0 54RG 0
mihh n

.  (18)

3 TVMS CALCULATION INCLUDING OIL 
FILM STIFFNESS AND FRICTION

A spur gear pair of FZG test rig is selected to sim-
ulate the time-varying meshing stiffness and their 
parameters are listed in Table 1.

Based on the EHL model and Coulomb model, 
time-varying friction coefficient is obtained 
at averaged surface roughness Savg = 0.7 μm, 
Tp = 20 Nm, np = 3000 rpm, as shown in Figure 5. 
It compares EHL model, Coulomb model and 
frictionless model, which shows that the Coulomb 
friction coefficient always maintain constant, but 
the direction of friction changes at pitch point. It 
is observed that EHL friction coefficient doesn’t 
maintain constant with the angular position and 

Figure 4. The relationship of normal load and oil film 
thickness.

Table 1. Parameters of a spur gear pair.

Parameters Pinion Gear

Number of teeth, Z 16 24
Pressure angle, α (°) 20 20
Module, M(mm) 4.5 4.5
Addendum coefficient, ha

* 1 1
Tip clearance coefficient, c* 0.25 0.25
Tooth width, L/mm 20 20
Young’s modulus, E/Gpa 210 210
Poisson’s ratio, v 0.3 0.3

Figure 5. Time-varying friction coefficient.

Figure 6. Effect of oil film and tooth friction on TVMS 
at Tp = 20 Nm, Np = 3000 rpm.
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it is zero at pitch point because there is no slid-
ing. And friction coefficient has a sudden change 
at LPSTC and HPSTC.

According to the equation (2), total meshing 
stiffness is acquired. Figure 6 shows the compari-
son of TVMS for oilless and frictionless, oilless 
and Coulomb friction, oil and EHL friction. It is 
observed that total meshing stiffness always changes 
along the LOA direction due to the change of posi-
tion of meshing point and the number of meshing 
tooth pair, and the value of meshing stiffness has 
a sudden jump at LPSTC and HPSTC. The effect 
of friction on TVMS is slight in the double tooth 
region because first tooth pair contact recess proc-

ess takes place whereas second tooth pair contact 
approach process takes place. But the effect of 
friction on TVMS is obvious in the single tooth 
region. However, the effect of oil film stiffness and 
friction on TVMS is observed in the double tooth 
region whereas it is slight in the single tooth region 
because the static tooth force changes.

4 THE EFFECT OF WORKING 
CONDITIONS ON TOTAL TVMS

In order to discuss the effect oil film stiffness and 
tooth friction on TVMS at various input torques 
or rotational speeds, several working conditions 
are selected to analyze the TVMS. Three different 
input torques are chosen to explain the effect the 
oil film stiffness and tooth friction on TVMS, for 
example, 20 Nm, 60 Nm, 100 Nm. Figure 7 shows 
clearly effect of input torque on the stiffness. As 
the input torque increases, the stiffness of single-
tooth-pair has a slight change under the effect of 
tooth friction, and stiffness increases before the 
pitch point but drops after the pitch point. With the 
increase of torque, the oil film stiffness increases 
clearly from the magnitude of 109 N/m to the mag-
nitude of 1010 N/m, and the total TVMS is also on 
the increase. Three different rotational speeds are 
chosen here to explain the effect the oil film stiff-
ness and tooth friction on TVMS, for example, the 
low (1000 rpm), the medium (3000 rpm) and high 
(5000 rpm) speeds. Figure 8 shows clearly the effect 
of rotational speed on the stiffness. As the rota-
tional speed increases, the stiffness of single-tooth-
pair has a slight change, and the oil film stiffness 
decreases clearly from the magnitude of 1010 N/m 
to the magnitude of 109 N/m. With the increase of 
rotational speed, the total TVMS reduces clearly.

In order to better describe the change of TVMS 
due to tooth friction force and oil film stiffness, the 
total TVMS KtKTM  based on Traditional Method 
(TM) (Ma et al. 2014) doesn’t consider the effect of 
tooth friction force and oil film stiffness. A param-
eter of change percentage in total effective mesh 
stiffness is introduced and given as:

Δ = ×
K K−

K
t tK KK KTM

tKKTMmax( )
%100  (19)

Referring to Figures 7, 8 and equation (19), 
the percentage changes in total TVMS at various 
working conditions are obtained while consider-
ing effect of lubricant film and tooth friction on 
TVMS, as shown in Figure 9 and Table 2. It is clear 
that the mean percentage change in total TVMS 
along the actual line of action is on the decrease 
when the input torque increases. In the double 

Figure 7. Effect oil film and tooth friction on stiffness 
at Np = 3000 rpm and various input torques.
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tooth meshing region, the percentage change in 
total TVMS is on the decrease when the input 
torque increases or the rotational speed decreases, 
because the oil film thickness decreases and the 
friction forces offset each other due to opposite 
direction. And the maximum absolute values 
of percentage change are 5.8217% and 7.9307% 

Figure 9. Percentage change in TVMS due to various 
working conditions.

Table 2. Percentage change in total effective mesh stiffness under various working conditions.

Working conditions

Percentage change in TVMS (%)

Effect of tooth 
friction

Effect of oil film 
stiffness

Effect of oil film 
stiffness and tooth 
friction

Max Min Max Min Max Min

np = 3000 rpm Tp = 20 Nm 2.2121 −1.7867 −1.4975 −5.5502  0.5933 −5.8217
Tp = 60 Nm 2.3997 −2.1995 −0.4413 −1.6781  1.9192 −2.6498
Tp = 100 Nm 2.3785 −2.2927 −0.2486 −0.9500  2.0988 −2.5456

Tp = 20 Nm np = 1000 rpm 2.4727 −1.9927 −0.7044 −2.6611  1.7039 −3.0571

np = 3000 rpm 2.2121 −1.7867 −1.4975 −5.5502  0.5933 −5.8217

np = 5000 rpm 2.1005 −1.6982 −2.1165 −7.7303 −0.1776 −7.9307

Figure 8. Effect oil film and tooth friction on stiffness 
at Tp = 20 Nm and various rotational speeds.
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above mentioned conditions, respectively. In the 
single tooth region, the percentage change in total 
TVMS is on the decrease when the input torque 
increases or the rotational speed decreases, because 
the oil film thickness decreases and the friction 
acts on the tooth surface. It is observed that per-
centage change in TVMS is negative during double 
tooth pair region while is both positive and nega-
tive during single tooth pair region. When percent-
age change is positive, it shows that friction play an 
important role due to friction offsets the effect oil 
film stiffness on TVMS.

5 CONCLUSION

Considering the effect of elastic deformation of 
gear tooth, oil film stiffness and tooth surface 
friction on TVMS, an improved meshing stiffness 
model for a spur gear pair is established and the 
relative formulae are derived. The results indicate 
that the oil film stiffness and tooth surface friction 
affect the TVMS clearly at various working con-
ditions. Tooth friction plays a main role while the 
influence of oil film stiffness on TVMS is slight at 
conditions with low rotational speeds or high input 
torque. However, the influence of oil film stiffness 
on TVMS plays a dominant role at conditions with 
high rotational speeds or low input torques.
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Contact analysis of a cycloidal-pin gear drive mechanism with turning 
arm cylindrical roller bearings
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ABSTRACT: An approach for contact analysis of a cycloidal-pin gear drive mechanism was proposed 
considering the influences of the turning-arm cylindrical roller bearings. By using the method, models of 
the cycloidal-pin gear mechanism was established within the framework of multibody dynamic theory. 
The contact load between the cycloid gear and the pin wheel was computed based on Hertz elastic contact 
theory. In addition, this method was applied to construct a rotary dynamic model of a cylindrical roller 
bearing with multi-point contact using the non-linear contact force system. Finally, the cycloidal-pin gear 
drive mechanisms in planetary cycloidal-pin gear speed reducer and industrial robot RV speed reducer 
were analyzed respectively by this approach.

Keywords: cycloidal-pin gear drive mechanism, contact dynamics, multibody dynamics, bearing

tooth modifications. This cycloidal drive returned 
outstanding performance in its compact structure, 
high speed reduction ratio, and high-accuracy 
speed reduction. Hsieh [7] proposed a new trans-
mission design for an eccentric speed reducer that 
used the internal gear as its fixed part: transmission 
between the external gear and output shaft occurs 
via pins connected to a drive plate. Subsequently, 
the same author [8] investigated the dynamic con-
tact and collision conditions of the transmission 
components in cycloid drives with pinwheel and 
non-pinwheel components. Thube [9] investigated 
the load and stress distributions on a cycloid disc 
using 3-dimensional finite element analysis.

In this paper, an approach for contact analysis 
of a cycloidal-pin gear drive mechanism was pre-
sented considering the influences of the turning-
arm cylindrical roller bearings. Models of the 
cycloidal-pin gear mechanism were established 
within the framework of multibody dynamic the-
ory. The contact load between the cycloid gear 
and the pin wheel was computed based on Hertz 
elastic contact theory. In addition, this method 
was applied to construct a rotary dynamic model 
of a cylindrical roller bearing with multi-point 
contact using the non-linear contact force system. 
Finally, the cycloidal-pin gear drive mechanisms 
in planetary cycloidal-pin gear speed reducer and 
industrial robot RV speed reducer were analyzed 
respectively by this approach.

1 INTRODUCTION

Due to the advantages of high transmission ratio, 
high torsional rigidity, high transmission precision 
and high transmission efficiency, the cycloidal-
pin gear transmission mechanism has been widely 
applied in industrial robot joints and precision 
machine tools. Recently, Gorla [1] presented a the-
oretical and experimental investigation of an inno-
vative cycloidal speed reducer. This reducer has 
an external ring gear and engages with the planet 
wheel by means of cylindrical rollers. Sensinger [2] 
presented a unified set of equations to optimise the 
design of cycloid gears considering the effects of 
profile reduction, backlash, torque ripple, and max-
imum gear-ratio. Chen [3] presented a new design 
of cycloid drive with double contact lines between 
one tooth pair by applying double-enveloping 
gear theory. Theoretical and experimental analysis 
results both verified that double-enveloping theory 
can be applied for the design of cycloid drives. 
Ivanović [4] developed a comprehensive model 
of trochoidal gearing with clearances which can 
be applied for gerotor pumps and cyclo-reducers. 
With the help of AutoCAD software and finite 
element analysis software, Li [5] investigated the 
geometric design of trochoidal gear reducers and 
analysed the loads and contact stresses distributed 
on trochoidal gear teeth. Lin [6] presented a design 
for a new two-stage cycloidal speed reducer with 
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2 MODELING CONTACT BETWEEN THE 
PIN GEAR AND CYCLOID GEAR

Figure 1 shows the geometric contact between the 
cycloid gear and the pin teeth. The continuous 
geometric profile of the cycloid gear is dispersed 
as a series of discrete points pj. At any moment, the 
position vector di and the velocity vector vp of  any 
discrete point on the tooth profile of the cycloid 
gear relative to that of the geometric centre of the 
pin tooth are cyclically computed using the follow-
ing formulae:

d r ri jr p −r p
prr  (1)

v r rp
p

prr−rp� �p
jr  (2)

The position vector rjr p  of  any point in the gen-
eralized coordinate system xOy is

r a rjr p
jr p= +a A  (3)

where, rjr p is the position vector of any discrete point 
pj in the local coordinate system of the cycloid gear 
and A represents the transformation matrix used 
to locate the position of cycloid gear profile dis-
crete point in the generalized coordinate system.

When the relative distance di between the discrete 
point on the geometric tooth profile of the cycloid 
gear and the geometric centre of the pin tooth 

satisfy Eq. (4), below, an area is generated where 
the discrete points on the teeth of the cycloid gear 
make contact with the surface of the pin teeth.

d ridd ≤rrprrr 0  (4)

In the contact area, the maximum contact depth 
hihhmax is

h d ri ih dh d −d⎡⎣ ⎤⎦⎤⎤rprr  (5)

Then, the unit normal vector n in the direction 
of the maximum contact depth is represented by

n d di idmax md ax  (6)

where, d i
max is the relative position vector between 

the discrete point on the tooth profile of the 
cycloid gear corresponding to the direction of the 
maximum contact depth and the geometric centre 
of the ith pin tooth. After the maximum contact 
depth between the tooth profile of the cycloid gear 
and the pin tooth is determined, the normal contact 
load is calculated using the following formulae:

F K h C viFF K hhp ph CCihhK hh p
 (7)

vp p= v np ⋅  (8)

where, Kp represents the contact position-varying 
meshing stiffness between the cycloid gear and the 
pin wheel, and Cp is the contact damping.

If  the relative distance di between a discrete 
point on the tooth profile of the cycloid gear and 
the geometric centre of the pin tooth does not sat-
isfy formula (4), then the cycloid gear is not in con-
tact with the pin wheel, therefore

FiFF n = 0  (9)

In the generalized coordinate system xOy, the 
contact force FiFF n can be decomposed to two forces, 
namely, F and FixFF n

iyFF n , along the coordinate axes. The 
torque generated by the FixFF n and FiyFF n on the cycloid 
gear is

T d F d FiTT iydd ixFF ixdd iyFF nd F  (10)

Under the action of the contact load FiFF n between 
the cycloid gear and the pin teeth and the torque 
TiTT n, the generalized forces acting on the cycloid 
gear are given by

F Fx iF FF Fxii
n

i

N

=
∑

1

 (11)

F Fy iF FF FyiFF n

i

N

=
∑

1

 (12)
Figure 1. Contact detection.
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T TiTT n

i

N

=
∑

1

 (13)

where, N refers to the number of the pin teeth.

3 MODELING A TURNING ARM 
CYLINDRICAL ROLLER BEARING 
BETWEEN THE CYCLOIDAL GEAR 
AND CRANKSHAFT

The contact dynamics model of the turning-arm 
cylindrical roller bearing is established by applying 
the centre hole of the cycloid gear and the cylindri-
cal surface of the crankshaft as the outer raceway 
and the inner raceway of the bearing, respectively.

When the influence of the elastic contact defor-
mation between the rolling element and the race-
ways of the bearing is considered, the inner and 
outer centres of the bearing are expected to shift. 
The eccentricity vector and the relatively eccentric 
velocity vector are

e r r−rjr P
irr P  (14)

ϑϑϑϑ = � �r r−jr P
irr P  (15)

The position vectors of the centres Pi and Pj of  
the inner ring and the outer ring of the turning-
arm bearing in the generalized coordinate system 
is

r A szrr P
z zA z

P= +rzrr ( )z i j,(z i  (16)

The velocity vector of the centres Pi and Pj of  
the inner and outer rings of the bearing in the gen-
eralized coordinate system is obtained.

� � �r A szrr P PA s+rr ( )z zA+rr z =,(  (17)

where, rzrr  represents the position vector of the 
original point of the body-fixed coordinate system 
which connects two rigid bodies with the bearing 
in the generalized coordinate system xOy, and sz

P 
is the position vector of the centres Pi and Pj of  
the inner and the outer rings of the bearing in the 
body-fixed coordinate system. Besides, AzA  is the 
transformation matrix used to locate the position 
of bearing raceway centres in the generalized coor-
dinate system.

Then the amplitude of the eccentricity vector is

e = e eT  (18)

Additionally, the unit normal vector in the 
eccentric direction is

n ee e/  (19)

As shown in Figure 2, suppose that the eccentric 
extension line is connected with the outer raceway 
and the inner raceway of the bearing at Qi and Qj. 
Then the contact points Qi and Qj are the positions 
of action of the equivalent constraint force, with 
the position vector expressed as

r A szrr Q
z zA P

z enR= +rzrr n+ z enRzz ( )z =,(  (20)

Where Rz is the radius of the outer raceway or 
the inner raceway of the bearing.

The contact force between the rolling element 
and the inner and outer raceways of the bearing is

F K C vn
r bFF r bCC r+K n

bKK rδ n
r
n
r  (21)

Where Kb and Cb are the total stiffness and 
damping of the contact between the rolling ele-
ment and the inner and outer raceways, and δr and 
vr represent the radial offset and the relative eccen-
tric velocity of the rolling element in the direction 
with a position angle. As n is 10/9 for cylindrical 
roller bearings.

The following formula can be applied to calcu-
late the radial offset of the rolling element in the 
direction with a position angle of φr:

δ φ φrδδ r dφφsin 1
2

+φφ −φrφ Pdx yrφφrφφrφφrφ  (22)

where, ex and ey are the components of the eccen-
tricity vector e in the x—and y-directions respec-
tively and Pd represents the radial clearance of the 
bearing. When δr is smaller or equal than zero, 
the rolling element is not in the load region, and 

Figure 2. Dynamic modeling of a turning arm cylindri-
cal roller bearing.
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the contact force Fr is set to zero. If  δr is greater 
than zero, then the rolling element is loaded giving 
rise to a contact force Fr. That is to say, the contact 
force arise only when there is contact deformation, 
otherwise the separation between roller and race-
ways takes place and then the contact force is set 
to zero.

The relative eccentric velocity in the direction 
with a position angle is

v x yr vx r= vvx iφ φy r+ svyv+r in  (23)

where, vx and vy are the components of the rela-
tive velocity vector v in the x- and y-directions, 
respectively.

In the generalized coordinate system, the equiv-
alent constraint force of the revolute pair of the 
turning-arm bearing can be computed based on 
the elastic contact forces acting on each rolling ele-
ment and is expressed as
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The force exerted on the cycloid gear and the 
moment of that force about the centre of rotation 
of the cycloid gear are
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Likewise, the force imposed on the crankshaft 
and its moment on the rotation centre of the 
crankshaft are
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where, x x y yi
Q

i iyQ
iyx anandd  are the distances from 

the contact point Qi to the centre of rotation of 
the cycloid gear in the x- and y-directions, while 
x x y yj

Q
j jyQ

jyx anandd  represent the distances between 
the contact point Qj and the centre of rota-
tion of the crankshaft in the x- and y-directions, 
respectively.

4 NUMERICAL EXAMPLE

4.1 Dynamic analysis of a cycloidal-pin gear drive 
mechanism in planetary cycloidal-pin gear 
speed reducer

In this simulation, the model comprised an input 
shaft, a cycloid gear, and a pin wheel, which 
contained 12 uniformly-distributed pin teeth. 

Therefore, the system contained 14 rigid bodies. 
Driven by the crankshaft, the cycloid gear was 
meshed with each pin tooth successively, accom-
panied by revolution and rotation. with consid-
ering the influence of  the turning-arm bearing, 
the crankshaft and the cycloid gear was linked 
with the constraints of  contact force, which con-
tributed to 12 contact constraints (reliant on 
the number of  rolling elements of  the bearing) 
between the crankshaft and the cycloid gear. In 
addition, there were still 12 contact constraints 
between the cycloid gear and the pin wheel. 
Therefore, there were a total of  24 contact pairs 
in the cycloidal-pin wheel transmission system. 
Table 1 lists the design parameters of  the geo-
metric structure of  the cycloidal-pin wheel trans-
mission system.

Figure 3 gives the forced state in the meshing of 
the cycloid gear and each pin tooth with the angu-
lar variation of the crankshaft. At this moment, six 
pin teeth, namely, half  of the pin teeth in the pin 
wheel, were involved in force transmission. Among 
which, the 8th pin tooth bore the maximum load. 
Figure 4 shows the distribution of the contact 
force amplitude in the meshing. In this process, the 
amplitudes of the contact forces of each roller in 
bearing are as shown in Figure 5.

Table 1. Parameters for the cycloid-pin gear mechanism.

Parameter Value

Radius of pin tooth distribution circle 150 mm
Radius of pin tooth 15 mm
Tooth number of pin wheel 12
Tooth number of cycloid gear 11
Eccentric distance of input shaft 8.75 mm
Short width coefficient 0.7

Figure 3. Force variation characteristics in contacts.
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4.2 Dynamic analysis of a cycloidal-pin gear drive 
mechanism in RV speed reducer

In this model, there are 5 rigid bodies including 
three crankshafts, a cycloid gear, and an output 
disc, which contained 16 uniformly-distributed pin 
teeth. Therefore, the system contained 21 rigid bod-
ies. Driven by the crankshaft, the cycloid gear was 
meshed with each pin tooth successively, accom-
panied by revolution and rotation. with consider-
ing the influence of the turning-arm bearings, the 
crankshaft and the cycloid gear was linked with the 
constraints of contact force, which contributed to 

Figure 4. Amplitude of the contact force on pin gear 
teeth.

Figure 5. Amplitude of the contact force on bearing 
rollers.

Table 2. Parameters for the cycloid-pin gear mechanism 
in RV speed reducer.

Parameter Value

Radius of pin tooth distribution circle 114.5 mm
Radius of pin tooth 15 mm
Tooth number of pin wheel 16
Tooth number of cycloid gear 15
Eccentric distance of input shaft 5.5 mm
Short width coefficient 0.77

3 × 14 contact constraints between the crankshafts 
and the cycloid gear. In addition, there were still 16 
contact constraints between the cycloid gear and 
the pin wheel. Therefore, there were a total of 58 
contact pairs in this simulation model. Table 2 lists 
the design parameters of the geometric structure 
of the cycloidal-pin wheel transmission system in 
RV speed reducer.

Figure 6 gives the contact load distribution in 
the meshing of the cycloid gear and each pin tooth 
at some moment. Additionally, it is found that the 
variations of the contact force in each bearing are 
different.

5 CONCLUSIONS

In this paper, the multi-point contacts between 
the cycloid gear and the pin wheel were modeled, 
as well as that between the rolling elements and 
the inner and outer raceways of the bearing. The 
authors analyzed the contact characteristics of the 
multi-tooth meshing of the cycloidal-pin wheel 

Figure 6. Force variation characteristics in contacts.
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transmission and the distribution of the contact 
load on the one hand. On the other hand, the 
distribution and amplitude variation of the load 
borne by each rolling element in the turning-arm 
bearing were analyzed.
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ABSTRACT: This study demonstrates two different calculation methods for the tooth mesh stiffness 
in gear pairs. The first is a common approach from the literature that calculates the mesh stiffness by 
dividing the total mesh force by the total mesh deflection. The use of this mesh stiffness is valid for static 
analyses only. The second approach, which is appropriate for dynamic analyses but not static analyses, cal-
culates the local slope of the force-deflection curve about a nominal deflection. The two approaches result 
in meaningfully different mesh stiffness predictions. These differences persist for wide ranges of applied 
torque and for gear teeth with tooth surface modifications. Even though the mesh stiffnesses in this work 
are calculated using a finite element/contact mechanics approach, the local slope approach is equally valid 
for conventional finite element methods, analytical models, and experiments.

2007, Bahk & Parker 2011, Bahk & Parker 2013). 
Chung et al. (Chang, Liu, & Wu 2015) calculated 
gear tooth mesh stiffnesses for varying design 
parameters using a finite element approach. Ana-
lytical models to calculate tooth mesh stiffness have 
been proposed in Refs. (Lin, Huston, & Coy 1988, 
Wu, Zuo, & Parey 2008, Chang, Liu, & Wu 2015). 
It is possible to determine mesh stiffness from 
experiments by measuring angular gear deflections 
with high precision encoders.

This study compares two methods to calculate the 
tooth mesh stiffness and discusses the appropriate 
uses of each method for static and dynamic analy-
ses. One method, called the local slope method, rep-
resents the tooth stiffness by the local slope of the 
usually nonlinear mesh force versus mesh deflec-
tion (or torque versus rotation) curve at a nominal 
tooth load. The second method, called the average 
slope method, is the commonly used method where 
the mesh stiffness is the total mesh force divided 
by the mesh deflection. Results are given for high 
and low applied torques, and for gears with and 
without tooth surface modifications. Differences 
between the methods are substantial.

We show that the average slope method is appro-
priate for static analyses (where the local slope 
method is incorrect), and the local slope method is 
appropriate for dynamic analyses of gears vibrating 
about a nominal static deflection (where the aver-
age slope method is inappropriate). Furthermore, 
it is not only a question of which mesh stiffness to 

1 INTRODUCTION

Tooth mesh stiffness waveforms are used as inputs 
to analytical models for gear vibrations in Refs. 
(Gregory, Harris, & Munro 1963, Benton & Seireg 
1981, Kubo 1978, Kasuba & Evans 1981, Parker, 
Vijayakar, & Imajo 2000, Eritenel & Parker 2013, 
Tamminana, Kahraman, & Vijayakar 2007) for 
gear pairs, Refs. (Tordion & Gauvin 1977, Lin & 
Parker 2002a, Kahraman 1994a, Liu & Parker 
2008a, Liu & Parker 2008b) for idler gears, 
and Refs. (Kahraman 1994b, Velex & Flamand 
1996, Lin & Parker 2002b, Ambarisha & Parker 
2007, Parker & Wu 2012, Bahk & Parker 2011, 
Bahk & Parker 2013) for planetary gears, for 
example. The accuracy of these models largely 
depends on the accuracy of the tooth mesh stiff-
ness representation.

Not all dynamic models for gear systems use 
pre-specified fluctuating mesh stiffnesses as inputs. 
Analytical gear vibration models in Refs. (Velex & 
Maatar 1996, Gu & Velex 2013, Gu & Velex 2012, 
Eritenel & Parker 2012b, Eritenel & Parker 2012a), 
for example, calculate the instantaneous tooth 
mesh stiffness at each time step as the gears rotate 
kinematically and vibrate.

Tooth mesh stiffnesses are usually calculated 
using computational models. A finite element/
contact mechanics approach has been used to deter-
mine mesh stiffness fluctuations in Refs. (Parker, 
Vijayakar, & Imajo 2000, Ambarisha & Parker 
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use; the vibration model itself  changes based on 
the choice of mesh stiffness. One can not simply 
exchange the average slope stiffness for local slope 
stiffness or vice versa in a given dynamic model. 
Example simulations demonstrate the findings.

2 MESH STIFFNESS CALCULATION

Throughout this paper we demonstrate the mesh 
stiffness calculations using a spur gear pair from Refs. 
(Kahraman & Blankenship 1999a, Kahraman & 
Blankenship 1999b). The gears have 50 teeth, 3 mm 
module, 20 deg pressure angle, 4.64 mm tooth thick-
ness, 140 mm root diameter, and 20 mm facewidth. 
The outer diameters are 154.41 mm for the pinion 
and 154.71 mm for the gear so that the (theoretical) 
involute contact ratio for the pair is 1.37.

For multi-mesh systems, like idler and planetary 
gears, the mesh stiffness for each pair of gears in 
mesh (e.g., the sun and a planet gear) would be cal-
culated separately using a model of only that gear 
pair. When these mesh stiffnesses are assembled 
into a system model, the phase of each mesh must 
be properly included (Kahraman 1994a, Parker & 
Lin 2004, Guo & Parker 2011).

The force-deflection curve for gear teeth is 
nonlinear because of elastic contact between the 
mating gear teeth. An example force-deflection 
curve is shown in Fig. 1 for the spur gear pair 
(defined above) with two tooth pairs in contact. 
Figure 1 represents a single point in the mesh 
cycle. The force-deflection behavior will vary at 
each point of the mesh cycle, with the most dra-
matic change occurring when the number of teeth 

in contact changes. Nevertheless, the character 
of the force-deflection relationship at each point 
will be similar to Fig. 1. The gear teeth have small 
deflection for vanishing applied torque (i.e., unloaded 
transmission error) because of profile modifica-
tion. The curve exhibits classical hardening behav-
ior associated with the growth of the contact area 
as applied load increases. The stiffness of the gear 
teeth is calculated from curves like these using the 
two approaches described below.

The aim of this work is to accurately represent 
the elastic behavior of the contacting gear teeth 
shown in Fig. 1 using discrete stiffness elements. 
The calculated discrete stiffnesses can be applied 
to lumped-parameter models with rotations and 
translations, continuous models, and finite element 
models where the contacting gear teeth are repre-
sented as discrete stiffnesses.

2.1 Average slope approach

The tooth mesh stiffness has been calculated by 
dividing the mesh force by the mesh deflection 
in Refs. (Kubo 1978, Kasuba & Evans 1981, Lin, 
Huston, & Coy 1988, Parker, Vijayakar, & Imajo 
2000, Tamminana, Kahraman, & Vijayakar 2007, 
Ambarisha & Parker 2007, Chen & Shao 2013a, 
Chen, Shao, & Su 2013, Chang, Liu, & Wu 2015, 
Palermo, Mundo, Hadjit, & Desmet 2013, Chen & 
Shao 2013c, Chen & Shao 2013b), for example. We 
refer to this as the average slope approach. The gears 
are analyzed statically for a number of different gear 
configurations over one mesh cycle to capture the 
effects caused by changing contact conditions. The 
mesh stiffness at each point in the mesh cycle is

k F
qak mFF

m

= ,m  (1)

where the mesh deflection q rm brr b brr b= rbrr ,1 1 1 2b,θ θrbrr+1 ε  
are the gear base radii, θ1,2 are the absolute 
gear rotational deflections measured relative 
to the perfectly conjugate gear motion, and 
F T r T rm bFF rr brr/TT = /T1brrTT 2 2rbrr/TT  is the tooth mesh force. The rota-
tional deflections could be directly measured by 
encoders in experiments. For finite element mod-
els of  elastically deformable gears these rotations 
could be calculated by circumferentially averaging 
the tangential deflections of points at a specified 
radius around the gear. The quantity rb brr 2 2θ θrbrr 2 2  
is commonly called the loaded transmission error. 
The unloaded transmission error ε is from tooth 
surface modifications. For unmodified gear teeth 
ε vanishes. For vanishing applied load the static 
transmission error becomes the unloaded trans-
mission error, i.e., rb brr 2 2θ θb2 2 ε→2θrbrr 2 2 ,  so that the 
mesh deflection qm vanishes. The stiffness from this 
approach is illustrated by the dashed (blue) line in 

Figure 1. Finite element calculation of the force-deflection 
curve for the gear mesh. Both gears have modified teeth 
with 10 μm of linear tip relief  that starts at 20.9 deg roll 
angle (i.e., the pitch point) and ends at the tooth tip, and 
20 μm of symmetric lead crown.
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Fig. 1. Thus, at each point of  the mesh cycle stiff-
ness from the average slope approach is the slope 
of a line extending from the deflection ε at zero 
mesh force to the point on the curve correspond-
ing to the force and deflection values for the given 
torque; this is the average stiffness over the deflec-
tion range beginning from zero torque to the final 
deflection for the given torque.

Figure 2 illustrates the differences between the 
loaded transmission error, unloaded transmission 
error, and mesh deflection for the example gear pair 
with 10 μm of linear tip relief starting at 20.9 deg 
roll angle (which corresponds to the pitch point) 
and ending at the tip of the tooth. The loaded static 
transmission error (solid line) has small fluctuations 
over the mesh cycle, so these modifications may be 
a good choice for reducing vibration. The unloaded 
transmission error (dashed line) vanishes at the 
beginning of the mesh cycle, which corresponds 
to pitch point contact. The unloaded transmission 
error increases linearly up to 0.5 mesh cycle because 
linear tip relief is applied starting at the pitch point. 
Above 0.5 mesh cycle the unloaded transmission 
error decreases back to zero as the contact location 
approaches the pitch point on the next tooth. The 
deflection in the mesh (dotted line) is the difference 
between the loaded and unloaded transmission 
error. This is the quantity used to calculate mesh 
stiffness using the average slope approach.

2.2 Local slope approach

In this approach the tooth stiffness is the local 
slope of the force-deflection curve at some nomi-
nal deflection qm (red, dotted line in Fig. 1). The 
local slope of this curve using first-order finite dif-
ference approximation gives the mesh stiffness

k
F F

qlk m mFF m mFF m m

m

=
F

Δ
,

( )q qmq + Δ ( )q qm mqq Δ
2

 (2)

where the parentheses indicate the deflec-
tion values where the force is calculated (rather 
than multiplication of the force and deflection 
quantities), Δqm is a specified small change in mesh 
deflection, and Fm is calculated from the model. 
This process yields the stiffness as the slope of 
the red, dotted line in Fig. 1 representing the local 
slope of the force versus deflection curve for a 
given force or given deflection. This approach was 
used to calculate the stiffnesses of rolling element 
bearings in Ref. (Guo & Parker 2012).

It is convenient to instead calculate the 
mesh compliance c k F Fl lk m mFF mFF=klk + Δ −−1 [ (q )  
qm m m m( )F FmFF mFF ,F] mFFΔ2 as opposed to directly calculat-
ing stiffness. Here, ΔFm is mesh force step size. In this 
way the input torque (i.e., the mesh force) of the gears 
is specified and the gear deflections are calculated.

The displacement (Δqm) or mesh force (ΔFm) step 
size for the finite difference calculation must be care-
fully chosen. Excellent convergence was obtained 
using a step size of 1% of the nominal torque for the 
gear pair analyzed in this study. Higher-order finite 
difference expressions yield no additional accuracy 
for stiffness calculations using the finite element/
contact mechanics method (Guo & Parker 2012).

To calculate the mesh stiffness using the average 
slope approach for unmodified gears one simula-
tion at the operating torque is necessary. For teeth 
with modifications an additional simulation at very 
low torque is necessary to calculate the unloaded 
transmission error ε. Calculation of mesh stiffness 
using the local slope approach in Eq. (2) requires 
two simulations: one above the nominal deflection 
or load, and another below it. In terms of compu-
tation time, the local slope approach is no differ-
ent than the average slope approach when the gear 
teeth have modifications.

3 RESULTS

We illustrate the differences between the two mesh 
stiffness calculation approaches using a finite ele-
ment/contact mechanics model (Vijayakar 1991). 
This formulation calculates the tooth contact at 
each configuration within a mesh cycle due to the 
precise tooth surface geometry (which is modeled 
with negligible geometric error using an extremely 
large number of points in a geometric mesh that 
is distinct from the finite element node points) 
and elastic deformations. There are no a priori 
assumptions or specifications of the tooth contact 
distribution. The finite element/contact mechan-
ics formulation has been shown to accurately pre-
dict the dynamic response of gear pairs in Refs. 
(Parker, Vijayakar, & Imajo 2000, Tamminana, 

Figure 2. Finite element calculation of loaded static 
transmission error (solid), unloaded transmission error 
(dashed), and mesh deflection (dotted) over one mesh cycle. 
The gear teeth have 10 μm of linear tip relief  that starts at 20.9 
deg roll angle (i.e., the pitch point) and ends at the tooth tip.
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Kahraman, & Vijayakar 2007, Cooley, Parker, & 
Vijayakar 2011), the dynamic tooth root strains 
of  gear pairs in Ref. (Dai, Cooley, & Parker 
2016), and the tooth root strains in the ring gears 
of  planetary gears in Ref. (Singh, Kahraman, & 
Ligata 2008). Similar differences between the mesh 
stiffness calculations are expected using other 
finite element approaches, analytical models, and 
experiments. The finite element/contact mechan-
ics model of  the gear pair is shown in upper left 
of  Fig. 1. The model consists of  the teeth and 
blanks for each gear. A torque is applied to the 
pinion (the input drive gear), and its rotation is 
calculated. The driven gear is constrained to have 
no rotation.

Figure 3 compares the two mesh stiffness calcu-
lations over one tooth mesh cycle and their spectra 
for an applied torque of  300 Nm and unmodified 
tooth surfaces. The tooth cycle is divided into 
regions where one pair of  teeth is in contact and 
two pairs of  teeth are in contact. The vertical lines 
in Fig. 3 that separate these regions are found from 
the finite element/contact mechanics model. The 
high stiffness region extends over a range of  the 
mesh cycle that is larger than expected for this 1.37 
contact ratio gear pair due to the large applied load 
causing premature corner contact in the absence 
of  profile modifications. The stiffness is meaning-
fully larger when two pairs of  teeth are in con-
tact, an expected feature that is captured in both 
approaches. This fluctuation in stiffness excites 
vibration in spur gear systems (Gregory, Harris, & 
Munro 1963, Benton & Seireg 1981). Within each 
region (but away from 0.2 and 0.8 mesh cycle) 
both approaches predict only small changes in 
stiffness due to changing contact conditions (but 
not changes in the number of  teeth in contact). 
The local slope approach results in larger stiffness 
predictions than the average slope approach over 
the entire mesh cycle. This difference is due to 
the nonlinear hardening behavior associated with 
elastic contact. It is consistent with the differences 
expected from the force-deflection curve in Fig. 1. 
The mean mesh stiffnesses over a complete mesh 
cycle for the average and local slope approaches 
are 238.4 N/μm and 252.3 N/μm, respectively. 
This corresponds to a 5.6% difference.

The two approaches differ greatly near 0.2 
and 0.8, where the number of gear tooth pairs 
in contact changes. These regions are where, in 
the absence of profile modifications, premature 
corner tooth contact occurs due to elastic tooth 
defections. The average slope approach has sloped 
ramp-like regions that connect the low stiffness to 
the high stiffness. In the local slope approach, how-
ever, there are sharp jumps in stiffness near 0.17 
and 0.80. The local slope approach predicts the 
gear mesh has large stiffness for the entire range of 
double tooth contact, even if  some of that contact 

is corner tooth contact. This makes sense physi-
cally; the unintended premature corner contact 
creates a second pair of contacting teeth that adds 
substantial mesh stiffness. These sharp differences 
are responsible for the differences in the spectra 
(Fig. 3(b)). The local slope approach generally 
leads to larger amplitudes for the higher harmon-
ics. In gear dynamic models that use mesh stiff-
ness fluctuations like Refs. (Benton & Seireg 1981, 
Lin & Parker 2002a, Kahraman 1994a, Liu & 
Parker 2008a, Velex & Flamand 1996, Lin & Parker 
2002b, Parker & Wu 2012), these two approaches 
may lead to meaningfully different dynamic 
response and parametric instability regions.

The two mesh stiffness calculations are shown 
in Fig. 4 for gear teeth with 10 μm of linear tip 
relief  starting at 20.9 deg roll angle and ending 
at the tooth tip and varying amounts of  lead 
crown. For gears without lead crown, the local 
slope approach (solid, black line) has similar 
shape and amplitude as for the unmodified gears 
in Fig. 3. The duration of  the larger amplitude 
stiffness region, where two tooth pairs are in con-
tact, is smaller than for unmodified teeth (Fig. 3) 

Figure 3. Finite element calculation of tooth mesh 
stiffness over one tooth mesh cycle for 300 Nm applied 
torque and unmodified teeth. The dashed (blue) and 
solid (black) lines denote the average and local slope 
approaches, respectively. Regions where a single pair 
(two pairs) of teeth are in contact are denoted by “STC” 
(“DTC”) as determined by the finite element model.
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due to the removal of  some premature tooth con-
tact by the profile modifications. The average 
slope approach for teeth without crown is shown 
by the dashed black line in Fig. 4. This curve is 
drastically different than that for unmodified 
teeth (dashed, blue line in Fig. 3). Between 0.2 to 
0.8 mesh cycle in Fig. 4 (when two pairs of  teeth 
are in contact) large differences occur between 
the two approaches. When only one pair of 
teeth is in contact (below 0.2 and above 0.8 mesh 
cycle), which corresponds to regions where the 
tooth modifications are small, the average slope 
approach has similar relative behavior with the 
local slope approach as for unmodified gears in 
Fig. 3. The differences described above result 
in mesh stiffnesses with meaningfully different 
shape and spectra. Gear teeth with lead crown 
have decreased stiffness amplitudes compared 
to unmodified teeth because of  the decreased 
contact area across the facewidth. The jumps 
between one and two tooth pairs in contact for 
the local slope approach are sharp but not discon-
tinuous as they are without lead crown modifica-
tions. The local slope amplitude has substantially 
larger mean stiffness amplitudes than the average 
slope with the addition of  lead crown, in agree-
ment with expectations from the force-deflection 
behavior shown in Fig. 1.

4 CONCLUSIONS

Spur gear tooth mesh stiffnesses calculated from 
the average slope approach differ substantially 
from those calculated by the local slope approach 

in both amplitude and shape for a wide range of 
applied torques. The differences between the two 
approaches are even greater when the gear teeth 
have tooth surface modifications. Local slope 
calculations of  mesh stiffness show that pro-
file modifications do not meaningfully change 
the stiffness amplitudes, although they alter the 
durations when one and two pairs of  gear teeth 
are in contact. The average slope approach, how-
ever, predicts substantial mesh stiffness differ-
ences for gear teeth with profile modifications.

For models that calculate mean gear deflec-
tions relative to an undeflected state such as static 
windup, load sharing, and bearing forces under 
static conditions, the average slope approach 
stiffnesses should be used; the local slope 
method is incorrect. The local slope approach 
is preferred for dynamic gear models where the 
gears vibrate about a nominal static deflection. 
The question is more than just which stiffness 
to use in a particular vibration model, however; 
the vibration model itself  differs based on which 
mesh stiffness representation one chooses. The 
physics/mechanics are incorrect if  one simply 
exchanges the average slope stiffness for the local 
slope stiffness or vice versa in a given model. To 
use the recommended local slope stiffness appro-
priately for dynamic analyses, one must use the 
corresponding local slope gear vibration model. 
This model accurately represents the gear force-
deflection behavior about a nominal load.
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ABSTRACT: Detailed studies of gear transmissions, such as NVH (Noise Vibration and Harshness) or 
durability analyses, require an accurate description of the contact forces, acting on meshing gear teeth. 
In order to properly model the contact force between two bodies, an accurate prediction of the contact 
locations and corresponding penetrations is required, before contact loads can be calculated. This paper 
proposes a numerically efficient and accurate contact model to calculate the contact locations and penetra-
tions between mating gear flanks by making use of the ease-off  concept. The proposed approach exploits 
the fact that mating gear flanks are designed to be close-to-conjugate and can account for possible micro-
modifications and relative motion between the meshing gear flanks. Furthermore, this paper proposes an 
extension to the ease-off  based contact modeling which enables accounting for misalignments without the 
need to recalculate the ease-off  topography for each new misaligned configuration. In a preprocessing step 
to the actual contact detection algorithm, the surface of roll angles and ease-off  topography for a given 
gear pair under a given kinematic configuration are calculated, starting from a cloud-of-point represen-
tation of the different gears. The use of a cloud-of-point representation, combined with the knowledge 
of the surface normal vectors, allows for the analysis of different types of gears, without the need of a 
detailed knowledge of the manufacturing process. Therefore, the created algorithm can account for differ-
ent gear geometries, ranging from cylindrical gears to bevel and hypoid gears.

Keywords: Contact detection, gear flank penetration, misalignments, spiral bevel gears

for transmissions continue to become more chal-
lenging due to the desire for increased efficiency, 
power density and durability, combined with lower 
noise and vibration emissions. This paper proposes 
a methodology that allows an efficient contact 
detection and accurate contact force calculation 
for hypoid and spiral bevel gears. The proposed 
model is suitable for integration into a commercial 
multibody software package, such as LMS Vir-
tual.Lab, allowing for the system-analysis of these 
components.

1 INTRODUCTION

Due to the complexity of the different phenomena 
at play during operation of mechanical transmis-
sions, a lot of attention has gone into the study, 
analysis and optimization of the different transmis-
sion components. These efforts have often resulted 
in methodologies to obtain an optimized design 
for the individual components. Although, their 
actual behavior in the complete system still remains 
to be tested. Next to this the design requirements 
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To obtain an accurate description of the contact 
forces between the meshing gear teeth, an accu-
rate detection of the contact location is first of all 
required. For spiral bevel and hypoid gear pairs the 
tooth contact analysis is complicated by the complex 
shape of the gear teeth, required to ensure close-
to-conjugate motion between the tooth flanks for 
respectively intersecting or crossing rotational axes.

As the concept of plane of action, which simpli-
fies the contact detection for spur and helical gears, is 
replaced by a surface of action, the contact lines will 
no longer be straight lines but become curved. There-
fore, the design phase of bevel and hypoid gears typi-
cally starts from the simulation of the manufacturing 
process to obtain an accurate description of the gear 
teeth surfaces, followed by Tooth Contact Analysis 
(TCA) under unloaded and loaded conditions. Dur-
ing this process the tooth profile modifications of 
the gear flanks are typically optimized to have a pre-
scribed (and ideal) transmission error curve and con-
tact pattern (Argyris, Fuentes, & Litvin 2002, Litvin, 
Fuentes, & Hayasaka 2006, Shih 2010).

Classic models for tooth contact analysis identi-
fied the contact locations for a given rotation of the 
gear and pinion, based on the coincidence of position 
vectors and the collinearity of the surface normals in 
the coincident points (Litvin & Fuentes 2004). How-
ever, the contact detection remained rather computa-
tionally demanding, without the implementation of 
specific logic. Thus, newer and more efficient meth-
odologies for tooth contact analysis have been pro-
posed by, for example, Bär (Bär & Liebschner 1991), 
Hemmelmann (Hemmelmann 2007) and Kolivand 
(Kolivand 2009, Kolivand & Kahraman 2009). Some 
of these new methods are based on the concept of 
ease-off topography, originally introduced by gear 
designers to describe the deviation between the theo-
retical conjugate tooth flank and the tooth flank, cre-
ated during the manufacturing process (Fan 2016).

The contact detection model, presented in this 
paper, is similar to the one that has been proposed by 
Kolivand in (Kolivand 2009), though slightly adapted 
to support a cloud-of-point representation of the 
gear pair element. In a preprocessing step to the 
actual contact algorithm the ease-off topography for 
the gear element is calculated, together with a set of 
rotational angles that indicate how much each point 
on the pinion needs to be rotated to make contact 
with a theoretical surface, to which it’s by definition 
conjugate. By combining both elements a computa-
tionally efficient method for contact detection, under 
the assumption of rigid body motion, is created.

The choice to start from a cloud of point repre-
sentation of the gear elements, was made to develop 
a very general contact algorithm that only requires 
surface point coordinates, surface normals and 
knowledge about the kinematic configuration. The 
proposed methodology proved already useful in 
the validation of a novel method for the creation of 

fully conjugate spiral bevel gear pairs, described in 
(Dooner, Vivet, & Mundo 2016), without any prior 
knowledge of the actual manufacturing process.

2 CLOUD OF POINT REPRESENTATION 
OF A SPIRAL GEAR PAIR

To make the contact model as universal as possible, 
the choice was made to start from a cloud of points 
representation of the spiral bevel gear pair. As a result, 
only the spatial coordinates, the normal vectors of the 
surface points and the (nominal) kinematic configu-
ration are required as input for the model. The most 
important steps of the methodology are presented 
by means of a spiral bevel gear pair of which the 
manufacturing process and tooth contact analysis 
was described by Argyris (Argyris, Fuentes, & Litvin 
2002). An overview of the blank data for the stud-
ied bevel gear pair is shown in Table 1. The choice to 
study a model, described in literature, was made to 
provide a reference for the correctness of the model. 
The manufacturing process of the face-milled spiral 
bevel gear pair is simulated to obtain a regular distri-
bution of the surface points and the surface normal 
vectors of the gear teeth. The model, used to simulate 
the face-milling process, is described in the works of 
Argyris and Litvin, (Argyris, Fuentes, & Litvin 2002, 
Litvin & Fuentes 2004). The resulting cloud of point 
data for one tooth of the pinion and gear element, is 
shown in Fig. 1(a) and 1(b), respectively. An assem-
bled view of the gear pair is given in Fig. 2.

3 CONJUGATE SURFACES

The presented contact detection model builds on 
the theory of conjugate surfaces. Two surfaces are 
said to be conjugate when for every considered roll 
angle perfect motion transfer can be maintained. 
It is possible to determine the conjugate surface to 

Table 1. Blank Data of the studied bevel gear pair, as 
found in (Argyris, Fuentes, & Litvin 2002).

Blank Data Pinion Gear

Number of teeth 20 43
Diametral pitch [1/mm] 0.1676
Shaft angle [deg.] 90.0000
Mean spiral angle [deg.] 32.0000
Face width [mm] 41.0000
Mean cone distance [mm] 120.9400
Pitch angle [deg.] 24.9439 65.0561
Root angle [deg.] 23.1666 61.8166
Face angle [deg.] 28.1833 66.8333
Addendum [mm] 6.8900  3.2500
Dedendum [mm] 4.3700  8.0100
Hand of spiral [deg.] RH LH
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meshing, as given by Eq. 1, states the condition of 
perfect meshing between the reference surface S1 
and its conjugate surface Sc

2SS . For this to be valid, 
the relative velocity vector v(12) between a point P 
on S1 and its coincident point on Sc

2SS  should be per-
pendicular to the surface normal vector N(1) of the 
point P. This relation should hold for all points on 
pinion and conjugate surface. Solving the equation 
of meshing for each point on the surface, results in 
a set of roll angles η1 that indicate how much every 
point needs to be rotated about the pinion rotational 
axis to make contact with the conjugate gear flank. 
This set of rotational angles is named the surface 
of roll angles. Note also that the reference frame, 
in which the equation of meshing is written, of no 
importance is. It can be the reference frame of the 
pinion, the gear or a third frame, located in space 
and used to orient the gear bodies relatively from 
each other. The latter approach was used in the 
second part of (Dooner, Vivet, & Mundo 2016), to 
which the reader is referred to for more information 
about the underlying mathematical formulation.

4 EASE-OFF BASED CONTACT 
DETECTION

In case of bevel or hypoid gear pairs, contact needs 
to be detected between the meshing pinion and gear 
flanks. An ease-off based algorithm for contact 
detection identifies contact between the pinion flank 
and a theoretical gear flank, which is fully conjugate 
to the pinion flank. The methodology builds on the 
fact that differences between the conjugate gear and 
the actual gear flank are small. Something that can 
be defended by the fact that during the design proc-
ess both the pinion and gear flanks are optimized to 
be nearly conjugate to each other. The differences 

Figure 1. Gear flanks represented by points and surface 
normals.

Figure 2. Representation of the gear pair, as given by 
Argyris in (Argyris, Fuentes, & Litvin 2002).

a given reference by calculating the envelope to the 
family of surfaces, which are created by the relative 
motion of the reference body with respect to a sec-
ond. In gear literature, this process is also known 
as the solution of equation of meshing (Litvin & 
Fuentes 2004, Litvin, Fuentes, & Hayasaka 2006).

N v( ) ( )v) ( 0=v( )v(  (1)

Consider the reference surface S1 to be that 
of the given pinion tooth flank. The equation of 
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between the conjugate gear and actual gear flank 
are taken into account by use of the ease-off topog-
raphy. The ease-off topography can be offset to have 
a region where it reaches zero, indicating contact 
between the (actual) pinion flank and the (actual) 
gear flank. This offset corresponds to an appropri-
ate rotation of the gear flank.

4.1 The projection plane

The construction of the ease-off topography requires 
a point-to-point comparison between the real gear 
flank and the actual gear flank. To help with the book-
keeping, the points of both gear flanks are projected 
onto a common plane, named the projection plane. 
A circular arc projection about the common gear axis 
is used to reach this plane. Using the parametrization 
of Eq. 2, it’s possible to express every gear flank point 
with coordinates (x2, y2, z2), as a point on the projec-
tion lane with coordinates (Rproj, Zproj). The projection 
angle θ* represents the rotation that each point on the 
gear flank (θgear) or conjugate flank (θconj) needs to 
undergo to reach the projection plane.
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z Z
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2
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Because the pinion and gear flank are represented 
as cloud of point data, a point-to-point comparison 
of the two flanks is difficult to obtain without the 
use of interpolation or surface fitting techniques. 
Consider also that the points of the conjugate gear 
flank are obtained by solving the equation of mesh-
ing. They therefore resemble the movement of the 
pinion as it moves with respect to the gear, and might 
not always have a regular distribution, as illustrated 
in Fig. 3. To overcome this, the presented method 
first identifies the boundaries of the region where 
contact can occur. This area is bounded by the over-
lap of the real gear and conjugate gear points on the 
projection plane. A new regular grid is then applied 
to the bounded region and the necessary data is 
calculated for each point (Rproj, Zproj) of this new 
projection plane grid. To calculate the data an inter-
polation scheme, based on second order shape func-
tions, is implemented. It’s designed to tackle gridded 
data, irregularly distributed in space.

4.2 An interpolation method for data, irregularly 
oriented in space

Both the data of the conjugate gear and the gear 
flank can be considered to be gridded data, which 
makes the design of an interpolation method eas-
ier. The problem in this case is that both grids are 
only partially overlapping in the projections plane. 
Therefore it’s difficult to find a direct link between 

both grids. Moreover the number of data points 
on both grids usually differs. The area where both 
grids overlap in the projection plane, indicated 
in red on Fig. 3 and 4, is determined and a new 
data grid is introduced. For each of these new grid 
points all the characteristic values of both the gear, 
conjugate gear and pinion need to be interpolated. 
Examples of these characteristic values are:

• The surface data (points and surface normals) 
of the considered flanks (gear or conjugate gear 
and pinion).

• The projection angles, found by projecting the 
flank onto the projection plane.

• The pinion roll angles, stored onto the data grid 
of the conjugate gear.

• Additional information used in later steps of the 
contact algorithm.

The resulting set of interpolated data, is created 
based on a subset of the data, stored on the gear 
and conjugate gear grid. It’s sometimes referred 
to as the projection plane data. Since both sets of 
gridded data can only be linked to one another 
through their location on the projection plane, 
the data needs to be interpolated onto the newly 
defined grid, using following strategy.

• Define the projection plane grid. This is the new 
grid, created onto the bounded region of the 
projection plane.

• For each point of the projection plane grid, iden-
tify the closed gear (or conjugate gear) point on 
the projection plane. In Fig. 4 this step is illus-
trated for a point on the new data grid, marked 
as the target point by *. The closest point on the 
(conjugate) gear data grid is identified as the 
center point (P9) of the to-be-applied stencil.

• The 9-point stencil, shown in Figures 4 and 5, 
is applied to find the other 8 points of the 

Figure 3. Construction of the projection plane, using a 
circular projection. The distribution of the gear and conj. 
gear points on the projection plane are shown together 
with the identified contact area.
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(conjugate) gear data grid. The 9-points are 
combined with the corresponding 9 bi-quadratic 
shape functions, given by Eq. 3, to construct the 
interpolation function.

• Using the created interpolating function, the 
natural coordinates (ξi, ζi) that result in the pro-
jection plane coordinates of the provided target 
point, are calculated. For this step a Newton-
iteration scheme is used.

• After obtaining all the natural coordinates (ξi, ζi), 
belonging to the new grid points, the characteristic 
values of the respective gear flanks are interpolated.

• Finally the interpolated conjugate gear data and 
the interpolated gear data can be combined to 
completely define the projection plane data.
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4.3 Creation of the ease-off topography

The creation of the ease-off topography can done 
by performing a point-to-point comparison between 
the projection angles of the gear and conjugate gear. 

The projection angles indicate how much every point 
on the respective gear flank needs to be rotated to 
reach the projection plane. The difference between 
the gear projection angle θgear and the conjugate 
gear projection angle θconj of the same point, shows 
directly how much the gear flank deviates from the 
conjugate gear flank. Eq.4: therefore directly defines 
the ease-off topography, expressed in radians.

EOraO d gear conj= θ θgear c− .  (4)

When expressed in radians, ease-off represents the 
amount of rotation the pinion still needs to undergo 
for a given value of pinion roll angle η1 to come 
into contact with the gear flank. This corresponds 
directly with the definition of Unloaded Transmis-
sion Error (UTE), as explained in section 5.1. To for-
mulate the ease-off topography in a unit of distance 
(e.g. μm), each value of ease-off has to be multiplied 
with the corresponding radius of the point in the 
projection plane. The resulting ease-off topography 
for the studied gear pair is shown, in Fig. 6.

Figure 4. Schematic representation of the interpola-
tion strategy, used to create the data for the projection 
plane. A stencil is applied to find the required data points 
around a given point (target).

Figure 5. Natural coordinates (ξ, ζ) used to define the 
bi-quadratic shape functions. The corresponding points 
of the stencil are indicated.

Figure 6. Calculated ease-off  topography for the con-
cave gear tooth of the studied gear pair.
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5 CONTACT DETECTION FOR MULTIPLE 
TOOTH FLANKS

So far the presented methodology is based on the 
analysis of one single tooth pair in contact. In 
absence of manufacturing errors each tooth of a 
gear element can be considered identical. Translat-
ing all the single flank information (e.g. surface of 
roll angles and ease-off  topography) to the other 
gear teeth, is required to detect contact over multi-
ple teeth at the same time.

5.1 Unloaded transmission error

Transmission error can be defined as the difference 
between the actual rotation of the gear and the rota-
tion of the gear under conditions of perfect motion 
transfer. The latter would require the flanks to be 
conjugate and rigid. Assuming no manufacturing 
errors, the roll surface of each neighboring tooth 
differs only by the tooth indexing angle, given as 
φ π

tootφ h Z= 2 , with Z the number of gear teeth. To 
find out whether multiple teeth are in contact at 
the same time for given values of roll angles η1, one 
needs to know at any moment which teeth are in 
contact and combine it with the roll surfaces of the 
corresponding teeth. The unloaded transmission 
error, shown in Fig. 7, was constructed by keeping 
track of the minimum value of ease-off  on each 
considered flank for a certain roll angle. Note that 
the peak-to-peak value of the UTE curve of Fig. 7, 
corresponds with the peak-to-peak value that was 
mentioned in (Argyris, Fuentes, & Litvin 2002).

5.1.1 Gap calculation
With the aim to include the model into a contact 
code for multibody system analysis, the assump-
tion of rigid body contact is made. Bodies that 
make contact are assumed to remain rigid and have 
zero or a negative gap value (‘penetrating’). The gap 
function can be defined, starting from the nominal 

configuration for which the ease-off analysis was 
performed, combined with the the linearized motion 
of one bodies with respect to the other body. The 
resulting translation is projected onto the surface 
normal vector to obtain an expression for gap.

6 CONCLUSIONS

A numerically efficient contact detection model 
is presented, which only requires a set of surface 
points, surface normals and the kinematic configu-
ration between two bodies, to determine contact. 
The equation of meshing is used to calculate the 
conjugate flank to the considered pinion flank. 
No manufacturing information of the bodies is 
needed. The contact detection is based on the com-
bination of the surface of roll angles to determine 
the contact lines and the ease-off  topography to 
determine contact. The point-to-point compari-
son between points on the conjugate flank and the 
gear flank, located on overlapping but irregularly 
oriented in space, is obtained, using the proposed 
interpolation strategy. The ease-off  topography 
of a single gear flank has been presented. All of 
this information is then used to develop a contact 
model that considers contact over multiple flanks 
at the same time. All the required information is 
calculated in a preprocessing phase, making the 
actual contact detection algorithm both accurate 
and numerically efficient. Considering unloaded 
conditions, the transmission error curve was cal-
culated and presented. With the aim to include the 
model into a multibody solver, a process to cal-
culate gap, based on the relative motion between 
bodies and starting from a nominal configuration, 
has been explained.
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ABSTRACT: In this paper, it is aimed to study the influence of element size on the spatial contact 
behavior of a cylinder and plate with different curvatures. A finite element simulation of a revolving cyl-
inder depressed by using a flat plate was conducted and the calculated contact force was compared with 
theoretical values. Different element sizes were used to observe the influence of element size on the contact 
force at different rotational speeds and some conclusions are drawn. The main conclusions of this work 
can be further applied to a gear transmission FE analysis.

2 ROTATION OF A CYLINDER UNDER 
PRESSURE FROM A FLAT PLATE

As the engagement and sliding of the contact sur-
face in the gear mesh can be regarded as contact 
and sliding behavior between cylinders with differ-
ent radii, the study can be simplified as the rota-
tion of a cylinder under pressure from a flat plate. 
In the following section, the cylinder is meshed 
with different sizes to study the effect of mesh size 
on simulation results.

Figure 1 shows the three dimensional contact 
model of a cylinder with a radius of R = 100 mm, 
a width of 40 mm, and a flat plate with a size of 
60*200*4 mm. The gap between the cylinder and 
flat plate is 0.1 mm. The material of the cylinder 

1 INTRODUCTION

It is difficult to simulate dynamic gear engage-
ment via Finite Element Analysis (FEA), as the 
two contacting surfaces are curved surfaces. Large 
amounts of elements will be generated if  a small 
element size is used, which will result in particu-
larly small time steps and enormous computation 
efforts in FE transient analysis of gear meshing. 
All these make gear transmission designing and 
analysis using FE tools with high efficiency and 
low economy cost impossible.

However, it is equivalent to using a polyhedral 
and multi-edge face replacing the real surface itself, 
which will cause inaccuracy of simulations, if  the 
mesh size of surfaces is larger. Meshing impact and 
vibration will occur during simulation due to being 
in contact with and sliding between these polyhe-
dral and multi-edge surfaces.

The main purpose of this paper is to study the 
influence of mesh size on gear engagement using 
FEA. The FEA of a cylinder rolling on a flat plate 
was carried out and friction forces between the 
cylinder and plate were calculated by both FEA 
and theories. The results manifest that they are in 
good agreement with each other. The influence of 
different mesh sizes on the contact characteristics 
between the cylinder and flat plate was further 
studied at a certain rotatational velocity. Based on 
previous studies, a reasonable mesh size was main-
tained with cylinder rotating in different speeds in 
order to study the influence of speed on shock and 
vibration.

Figure 1. Schematic of a three dimensional contact 
model of the cylinder rotator and flat plate.
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rotator and flat plate are the same and linear elastic 
in nature (Poisson’s ratio υ = 0.3, elasticity modu-
lus E = 210000 Pa).

The cylinder rotates on a fixed axis at a speed of 
5000r/min and on the flat plate, a load of 2480 N is 
applied. Deformation will occur when the flat plate 
and cylinder come in contact with each other. The 
friction coefficient between contact surfaces is 0.1.

2.1 Theoretical calculation

When the flat plate is subjected to an external 
force, it will come in contact with the cylinder and 
the deformation of the flat plate can be calculated 
by using the following equation:[1].

δ
π π

= × +
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Where, δ is the deformation and v1 and v2 are 
Poisson’s ratios of the flat plate and cylinder, 
respectively; E1 and E2 are elasticity modulus of 
the flat plate and cylinder, respectively; Fr is the 
radical force; and L is the length of contact line 
between the plate and cylinder.

According to Equation (1), the deformation of 
the plate is determined to be 0.0045 mm.

The friction force between the flat plate and 
cylinder is determined by the following equation: 
Ff = μFn = 0.1*2480 = 248 N.

2.2 Effects of different mesh sizes on contact 
behavior

The cylinder is meshed into finite element grids 
with different edge sizes, as shown in Figure 2, and 
ratios of the mesh size to the cylinder radius are 
R/50, R/75, R/100, and R/125, respectively.

The deformation and vibration acceleration 
of the flat plate, contact friction, and stress dis-
tribution in contact surfaces are used to estimate 
the influence of mesh sizes on simulation results. 
Figure 3 shows the deformation curves of the flat 
plate when it is pressed onto the running cylinder. 
From Figure 3, the deformation vs mesh size are 
drawn in a column diagram as shown in Figure 4. 
It is obviously seen that the deformation curves 
vary greatly with time, and the finer the mesh, the 
closer the deformation is to the theoretical value. 
When the mesh size is 2 mm, the relative error is 
the greatest. Meanwhile, the fluctuation of the 
curves varies with mesh size, and increases with 
the mesh size due to the edge effect of the cylin-
der mesh. The wave range of curves is smaller than 
the theoretical deformation value of the flat plate 
when the mesh size is 0.8 mm and 0.1 mm, the rest 
of which are larger than the theoretical value. In 
terms of fluctuation ranges, all mesh sizes are very 
big and need to be refined.

Figure 2. Picture showing the different mesh sizes.

Figure 3. Graph showing the deformation curves of the 
flat plate.

Figure 4. Graph showing deformation columns of the 
flat plate.
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Friction is another parameter that is used to 
evaluate simulation results. Figure 5 shows the 
contact friction force curves between the flat plate 
and cylinder and the statistical results of friction 
force vs mesh size is shown in Figure 6. The aver-
age friction forces experienced with different mesh 
sizes of the cylinder, but 2 mm, are all very close to 
the theoretical value. In addition, the fluctuation 
of friction force is rather small which indicates that 
the influence of mesh size on the friction force is 
negligible.

The acceleration-time curves of the contact 
model with different mesh sizes are shown in 
Figure 7. The statistical results of acceleration vs 
mesh size are drawn in Figure 8. It is shown that 
great vibrations are caused by mesh edge effects. 
Theoretically, vibrations should not exist if  the flat 
plate and cylinder are in smooth contact with each 
other and therefore, it is the discrete edges of the 
cylinder mesh that lead to vibrations. The simula-
tion results also show that the flat plate vibrates 

irrespective of the mesh size and the smaller the 
size, the smaller the vibration. But even if  the mesh 
size is small for example, 0.8 mm, the vibration 
acceleration is near 20 g, which can be concluded 
that vibration is very sensitive to the mesh size of 
the cylinder surface under a rotational speed of 
5000 r/min. Therefore, we can arrive at the con-
clusion that the cylinder should be meshed into 
smaller grids to avoid shock in simulation.

Stress distributions of the contact model with 
four different mesh sizes are shown in Figure 9. 
These figures show that the stress distributions are 
reasonable when mesh sizes are 0.8 mm and 1 mm, 
where stress is small and distributed in a line which 
is in agreement with the theoretical result. By con-
trast, when the mesh size is 1.33 mm and 2 mm 
grids, large and unreasonable stress occurs.

From the finite element simulation results, it can 
be concluded that both deformation and vibration 
of the flat plate are sensitive to mesh size, or in 
other words, they are largely affected by mesh size; 

Figure 5. Graphs showing curves of the contact friction 
force of the flat plate.

Figure 6. Graph showing the friction column of the flat 
plate.

Figure 7. Graphs showing acceleration curves of the 
flat plate.

Figure 8. Graph showing acceleration fluctuations 
obtained for the corresponding mesh sizes.
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friction force is comparatively the least sensitive to 
mesh size, which means it is least affected by mesh 
size. Specifically,

1. The relative error between simulation and 
theoretical results is within 5.0% in terms of 
deformation, when the mesh size is 0.8 mm 
with a rotating speed of  5000 r/min. When 
the mesh size is 1.0 mm (1/100 of  cylinder 
radius), it results in an error within 10% with 
regard to flat plate deformation. Bigger mesh 
sizes lead to more deviation from the theoreti-
cal value.

2. The calculation error is within 1.0% in terms of 
friction force irrespective of whether the mesh 
size is 1.33 mm, 1.0 mm, or 0.8 mm.

3. Vibration is fairly sensitive to mesh size. In 
other words, vibration is affected greatly by 
surfaces that are in contact with bulges and 
mutual sliding. And therefore, surfaces should 
be meshed by using refined grids to avoid shock 
in simulation.

3 INFLUENCE OF DIFFERENT 
ROTATIONAL SPEEDS ON 
SIMULATIONS OF CONTACT 
BEHAVIOR

In order to study the influence of  rotational 
speeds on simulations including contact behav-
ior of  surfaces contact, we carried out more 
simulations with the cylinder meshed with 
1 mm (R/100) grids and different rotational 
speeds (2500 r/min, 5000 r/min, 10000 r/min, 
and 20000 r/min) were taken into consideration 
in the simulations.

The deformation curves of the flat plate when 
the cylinder rotates at different speeds are shown in 
Figure 10; Figure 11 is the corresponding column 
chart. These figures show that the lower the rota-
tion speed is, the closer the simulation deformation 
value will be to the theoretical result. When the 
rotation speed is lower than 5000 r/min, the calcu-
lation results are reasonably close to the theoretical 
solution. However, the error of calculation results 
is large when the speed of rotation is higher than 
10000 r/min.

Figure 9. Picture showing the stress distribution of the 
flat plate.

Figure 10. Graph showing the deformation curve of 
the flat plate.

Figure 11. Column chart showing the deformation cor-
responding to different rotational speeds.

Figure 12. Graph showing the friction curve of the flat 
plate.
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Friction curves obtained for different speeds 
are shown in Figure 12 and Figure 13 shows the 
corresponding column chart. These results indi-
cate that the average value of friction is close to the 
theoretical solution with relative error less than 2% 
and fluctuation is small at all speeds. From these 
results, it can be concluded that friction is not sen-
sitive to mesh size.

Acceleration curves obtained at different speeds 
are shown in Figure 14 and Figure 15 shows the 
corresponding column chart. In theory, surfaces 
of  the flat plate and cylinder are smooth; and 
therefore, harsh vibrations will not be gener-
ated. However, fluctuations occurred in simula-
tion because of the discrete edges of  the cylinder 
model. Figure 15 and Figure 16 show that the flat 
plate had experienced vibrations at all rotation 
speeds. Vibrations increase with an increase in the 
rotational speed.

The stress distribution obtained at four speeds 
is shown in Figure 16. From Figure 16, it can 

be observed that the stress is normally distrib-
uted at 2500 r/min. However, the stress is higher 
and scattered throughout the whole flat plate at 
20000 r/min. It illustrates that the rotational speed 
influences the contact stress significantly.

According to the comparison made between the 
finite element simulation and theoretical results as 
shown in Figures 14 and 15, the following conclu-
sions can be drawn:

1. In terms of deformation, the relative error 
between the simulation and theoretical results 
is less than 5% at 2500 r/min, less than 10% at 
5000 r/min, and within 35% at 10000 r/min with 
an element size of R/100.

2. The simulation results of friction under all 
speeds are feasible; the error is less than 2%.

3. Vibrations increase with an increase in the rota-
tional speed.

4 SUMMARY

In this paper, the influence of mesh size on the con-
tact behavior between a cylinder and a flat plate by 
using the finite element method is studied. Charac-
teristics include deformation average, fluctuation, 
friction, the vibration of the flat plate, etc. This 
research yielded the following results:

1. The friction between the cylinder and flat plate 
is not sensitive to element size. While the mesh 
size is R/100, the relative error between simula-
tion and theoretical results was observed to be 
less than 2% at four different rotational speeds. 

Figure 13. Column chart showing the values of friction 
corresponding to different rotational speeds.

Figure 15. Column chart showing the acceleration val-
ues obtained for different rotational speeds.

Figure 14. Graphs showing the acceleration fluctuation 
of the flat plate.

Figure 16. Picture showing the stress cloud of the flat 
plate.
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If the rotational speed is lower, the grid size will 
increase.

2. The deformation of the flat plate is sensitive to 
the mesh size and rotational speed. When the 
cylinder speed is 5000 r/min and element sizes 
are R/125 and R/100, the deformation errors 
are 4.4% and 8.8%, respectively.

3. The vibration of the flat plate is very sensitive 
to the element size of the cylinder. In this paper, 
when the speed of the cylinder is 10000 r/min 
and the element size is R/100, vibrations are 

still relatively intense. It is necessary to continue 
studying the influence of the discrete grid size 
on the contact vibration in future.
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ABSTRACT: A finite element method is used to model elasto-plastic contact problems in the planetary 
roller screw mechanism and the effects of the profile radius of the roller thread on contact characteristics 
are investigated. Three different loads and twelve profile radii are chosen and the results show that the 
contact stresses and contact deformations decrease with an increase in the profile radius. It is interest-
ing to note that the contact deformation of the roller thread is about twice the deformation of the screw 
thread. Furthermore, the relative errors of the maximum stresses are analyzed and the load distributions 
among threads display a more non-uniform trend with an increase in the applied load. Under a high 
applied load, the maximum contact stresses of the screw threads occur on the second threads, which 
indicates the failure of first threads. The simulation processes in this work can be used to predict the rated 
load of the planetary roller screw mechanism.

and nut. Besides, they found that Hertz contact 
and shaft section deformations played the main 
role in the axial elastic deformation of  a PRS. The 
results of  Velinsky et al. [6] showed that a lower 
helix angle and higher contact angle led the PRS 
to receiving a higher load capacity. When com-
pared with a BS, the presence of  a higher number 
of  contact points of  PRS resulted in higher load 
capacity. Based on the curved profile of  the roller 
thread, contact properties of  a PRS were inves-
tigated in literature [7]. The lower contact angle 
of  the screw would induce lower contact pressure 
and lower deformation and the higher profile 
radius of  the roller thread could achieve a lower 
contact angle of  the screw. To obtain lead accu-
racy, the contact points must be kept stable. If  
the profile of  the thread was a plane, the contact 
points would be varied. Therefore, the profile of 
the thread of  the screw or the roller should be a 
curved profile [8]. And so, studies on contact char-
acteristics of  a PRS will contribute to improving 
the pitch match.

In view of these, the profile radius of the roller 
thread will influence the positions of contact points 
and will affect contact stresses and load capac-
ity further. Therefore, a three dimensional model 
of a PRS is presented and the roller threads are 
designed as rounded profiles. Utilizing ABAQUS 
software, the points of contact between a roller 
and a screw are investigated and the effects of the 
profile radius of the roller thread are analyzed in 
this paper.

1 INTRODUCTION

A Planetary Roller Screw Mechanism (PRSM) is 
a device which can exchange rotary motion and 
linear motion through the mesh of  the threads 
[1]. Recently, PRSs are widely used in aircrafts, 
machine tools, energy industry, medical equip-
ments, etc. For the screws with the same radius, 
the rated load of  a PRS is 6 times higher than 
that of  Ball Screw Mechanism (BSM), and the 
static stiffness of  a PRS is 50% higher than 
that of  a BSM [2]. The reason why the above-
mentioned phenomena occur is that there are 
more contact points in the PRS due to the pres-
ence of  simultaneous meshes between the threads 
of  all the rollers and screws. Therefore, it is 
important to investigate the contact characteris-
tics of  the PRS.

Many investigations were carried out to study 
the PRS. Jones et al. [3] developed a kinematic 
model of  the PRS and the axial migration of  the 
rollers relative to the nut was investigated. The 
results showed that axial migration was mainly 
caused by a pitch mismatch between the spur-ring 
gear and the effective nut-roller helical gear pairs. 
Gao et al. [4] investigated the load characteristics 
of  a PRS under overload conditions and they 
pointed out that a PRS could continue to work 
at the initial stage when the plastic deformation 
occurred. Zhang et al. [5] analyzed load distribu-
tions of  a PRS and they found that non-uniform 
load distributions occurred on the screw, rollers, 
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2 MODEL DESCRIPTION

The main elements of the PRS are the screw, rollers, 
and nut, as shown in Figure 1. The screw and nut 
are multistart threads and the rollers are single-start 
threads. Spur gears are designed at both ends of 
each roller and ring gears are installed at both ends 
of the nut. The parameters of the screw and the 
roller used in this paper are listed in Table 1, where 
D0 is the pitch diameter, D1 is the major diameter, D2 
is the minor diameter, and P is the pitch.

By using the finite element method, a contact 
model between a screw and a roller is presented and 
only five pairs of threads are selected to remain in 
contact with each other to reduce the cost of CPU, 
which is shown in Figure 2. The screw and the 
roller are fixed in the radial direction and the left 
end face of the screw is also fixed. Constant loads 
of 5000 N, 8000 N, and 10000 N are applied on the 
left end face of the roller, respectively. The material 
properties of the screw and the roller are shown in 
Figure 3, which are obtained from literature [9].

Traditionally, the profile of the roller thread is 
designed as an equivalent circle whose radius is R, 
as shown in Figure 4, and the profile radius of the 
roller thread R is determined according to the fol-
lowing formula:

R
D

= rD
2sin( / )2α  (1)

where, Dr is the pitch diameter of the roller and 
α is the vertex of the roller thread. For a classical 

design, α = 90° and R = 11.3137 mm. Besides, 
R = 9.0 mm, 9.5 mm, 10.0 mm, 10.5 mm, 11.0 mm, 
11.5 mm, 12.0 mm, 12.5 mm, 13.0 mm, 13.5 mm, 
and 14 mm are also chosen to investigate the effects 
of the profile radius of the roller thread.

3 RESULTS AND DISCUSSION

When the applied load is F = 5000 N, the von 
Mises stresses distributions of the contact model 
obtained for different cases are shown in Figure 5. 
The maximum stresses on each thread decrease 

Figure 1. Schematic of a PRS.

Table 1. Parameters of a screw and roller.

D0/mm D1/mm D2/mm P/mm starts

Screw 48 49.43 45.38 5 5
Roller 16 17.6 14 5 1

Figure 2. Schematic of a simplified contact model of 
a PRS.

Figure 3. Graph showing the stress-strain curve.

Figure 4. Schematic showing an equivalent circle.
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with an increase in the thread number (named 
in Figure 2), and the maximum stresses occur on 
thread I for the different cases. This phenomenon 
is caused by the combination of contact deforma-
tion and shaft section deformation. The deforma-
tions accumulate on the left of the model to induce 
higher stresses. Besides, for a specific pair of 
threads, the maximum stress on the screw is higher 
than that of the roller. In a PRS, the radius of the 
roller is the smallest and the roller is considered to 

Figure 5. Pictures depicting von Mises stress distribu-
tions for different cases.

Figure 5. (Continued)
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be unreliable. As a result, it is beneficial to achieve 
a high load capacity when the maximum stresses 
occur on the screw.

To study the influence of the profile radius, the 
maximum contact stresses of the roller threads with 
different profile radii are listed in Table 2. There 
is a tendency that the maximum contact stresses 
decrease with an increase in the profile radius, while 
the variation amplitude is small. From the view of 
Hertz contact, when a ball comes in contact with a 
plane, the increase of the radius will decrease the 
contact stresses, from which the effectiveness of 
the model in this paper is verified. For a specific 
roller, the relative error between its maximum con-
tact stress and minimum contact stress of the five 
threads is also calculated and given in Table 2. All 
the relative errors are less than 5%, which indicates 
that the load distributions among the five threads 
are uniform. Moreover, the effects of the profile 
radius are minimal. The contact stresses are slightly 
higher when the profile radius is smaller, which can 
be testified by using the Hertz contact theory. In 
addition, the contact areas are larger if  the profile 
radii are higher, which may result in higher fric-
tional forces. Therefore, combined with relative 
errors and load distributions, the profile radius 
R = 11.3137 mm would be a compromise choice.

Table 3 gives the axial contact deformations of 
the rollers and the screw threads for the case of 
F = 5000 N. With an increase in profile radii, the 
axial contact deformations decrease gradually and 
the deformations of screw threads are less than that 
of the roller threads. It is interesting to note that, the 
deformation of a specific screw thread is about half  
of that of the corresponding roller thread, which is 
in accordance with Palmgren’s conclusions [10].

Similar to the case of F = 5000 N, the maximum 
stresses of the screw and the roller occur on thread I 
under an applied load of F = 8000 N and the maxi-
mum stresses of the screw are also higher than those 
of the roller. Table 4 gives the maximum contact 
stresses of the roller threads with different profile 
radii and the relative errors are also listed. The rela-
tive errors are all less than 7%, which indicates that 
the load distribution is uniform. When compared 
with the case of F = 5000 N, the relative errors are a 
little higher, which may be a sign that an applied load 
will influence the uniformity of the load distributions, 
while the effects of the profile radius is minimal.

Table 5 shows the maximum contact stresses of 
the rollers when the applied load is F = 10000 N. 
For all the profile radii, the relative errors are less 
than 10%. Unlike the cases of F = 5000 N, the load 
distributions are not so uniform. Table 6 gives the 
maximum contact stresses of the screw threads, 
which are produced on thread II and the maximum 
contact stresses are all higher than 695 MPa; there-
fore, the material used in this work will produce 

Table 2. Maximum contact stresses of rollers 
(F = 5000 N).

Radius/
mm

Maximum/
MPa

Minimum/
MPa

Relative 
error

 9 517.3 499.1 3.52%
 9.5 508.8 500.1 1.71%
10 518.2 497.6 3.98%
10.5 512.4 497.1 2.99%
11 514.9 491.9 4.47%
11.3137 511.5 491.0 4.01%
11.5 511.9 491.4 4.00%
12 500.4 493.6 1.36%
12.5 501.8 482.4 3.87%
13 508.3 486.2 4.35%
13.5 499.0 486.4 2.53%
14 495.3 481.0 2.89%

Table 4. Maximum contact stresses of rollers 
(F = 8000 N).

Radius/
mm

Maximum/
MPa

Minimum/
MPa

Relative 
error

 9 556.6 531.0 4.60%
 9.5 554.4 529.6 4.47%
10 556.2 526.4 5.36%
10.5 547.5 527.0 3.74%
11 546.7 521.1 4.68%
11.3137 555.3 517.8 6.75%
11.5 558.4 522.8 6.38%
12 548.9 516.7 5.87%
12.5 548.1 517.7 5.55%
13 548.6 519.4 5.32%
13.5 547.1 514.7 5.92%
14 543.1 514.8 5.21%

Table 3. Axial contact deformations (F = 5000 N).

Radius/mm

Thread I Thread II

Screw Roller Screw Roller

9 0.0189 0.0381 0.0158 0.0354
9.5 0.0187 0.0375 0.0156 0.0350
10 0.0183 0.0371 0.0156 0.0345
10.5 0.0180 0.0359 0.0150 0.0335
11 0.0179 0.0358 0.0149 0.0333
11.3137 0.0177 0.0357 0.0147 0.0332
11.5 0.0176 0.0356 0.0146 0.0331
12 0.0177 0.0352 0.0145 0.0327
12.5 0.0172 0.0348 0.0142 0.0323
13 0.0169 0.0344 0.0139 0.0321
13.5 0.0169 0.0342 0.0137 0.0316
14 0.0168 0.0338 0.0136 0.0315

high plastic strain. Meantime, the plastic strain will 
increase sharply then, while the contact stresses 
will increase slowly, as shown in Figure 3, which 
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indicates that the material may undergo failure 
now. Therefore, under a high applied load, failure 
of thread I can be witnessed at first and thread II 
will bear a high load then due to its high contact 
stresses given in Table 6. As a result, failure of 
thread II might be observed soon under the high 
load. In this section, according to the applied load 
F = 10000 N on the five threads, the equivalent total 
load of the PRS is 440 kN which is higher than its 
rated load. By using the method elaborated in this 
paper, one can calculate the contact stresses and 
thereby determine the rated load of the PRS.

Comparing Tables 2, 4, and 5, one can find that 
the profile radius of the roller thread has minimal 
influence on contact stresses, while the applied load 
has an obvious influence on contact stresses. With 
an increase in applied loads, there is an increase in 
maximum contact stresses and the load distribu-
tions display an increasingly non-uniform trend.

4 CONCLUSIONS

Elasto-plastic contact problems of the PRS are 
investigated by using the finite element method in 
this paper. Three different applied loads and twelve 

profile radii of the roller thread are chosen and 
their effects on the contact stresses and axial defor-
mations are analyzed. Furthermore, the relative 
errors between maximum stresses are also com-
pared. Under the initial conditions in this paper, 
the following conclusions are drawn:

1. The maximum contact stresses occur on the 
threads I under a low applied load.

2. The contact stresses decrease with an increase 
in the thread number and the stresses of the 
screw threads are always higher than those of 
the roller threads for each matching threads.

3. The maximum contact deformations also occur 
on threads I under a low applied load, and they 
decrease with an increase in the thread number.

4. It is interesting to note that the contact defor-
mation of the roller thread is about twice the 
deformation of the screw thread.

5. The load distribution among threads exhibits an 
increasingly non-uniform trend with an increase 
in the applied load.

6. Under a high applied load, the maximum 
contact stresses of the screw threads occur on 
threads II, which indicates the failure of threads 
I. The simulation processes in this work can be 
used to predict the rated load of the PRS.
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Contact stress analysis of aeronautic gear based on rough tooth surface

S.W. Yang
China Aviation Powerplant Research Institute, Zhuzhou, China

ABSTRACT: Under oil spilling of the helicopter transmission system, tooth surfaces are in dry run-
ning condition. The stress of tooth surface and subsurface has effect on the life of gear. At present, tooth 
surface contact analysis is based on the Hertz theory of smooth surface. However, the actual tooth surface 
is rough. For getting the stress of tooth surface, utilizing the contact theory of rough surface, the contact 
model of actual tooth surface is established. The stress of tooth surface is calculated. The results show that 
stress of rough tooth surface is different from Hertz. The roughness of tooth surface reduces its contact 
stress. This article provides the method which calculates the contact stress of the actual tooth surface.

tic sphere asperity of radius β is pressed under a 
load P, and the relationship between the load P 
and the displacement δ of  its tip, and contact half-
width a are given by[3]

PiPP ( )4a E (∗3 ))  (1)

δ β  (2)

P EiPP ( ) ∗1 2δ β3 2  (3)

where 1 1 2E E2( )1( )1 21 21 + ( )1 2
211E1)11

22 + 2
22−11 ,  E1 and E2 

are Young’s modulus, and v1, v2 are Poisson’s ratios 
of the two gears in contacts, respectively.

The contact between teeth of the gears can 
approximately be considered as the contact between 
two parallel cylinders. The contact between two par-
allel rough cylinders can also be considered as the 
contact between a smooth elastic cylinder and a rigid 
rough flat. Therefore, the contact between rough 
tooth surfaces can approximately be considered as 
the contact between a smooth elastic cylinder and a 
rigid rough flat. Figure 1 is the equivalent model.

The separation between the cylindrical surface 
and the flat at radius r is h r( )r  (see Figure 1). 
When the surface are compressed, a large number 
of asperities contact with the rigid rough flat. It is 
presented in Figure 1 that when height z h( )r ,  
asperities are compressed. All asperities of height 
z h( )r  are in contact with a deformation 
δ = z h− ( )r .  Hence, according to the GW model, 
the expected contact force PiPP  for individual asper-
ity is

P ziPP
h

( )( )z h− ( )z
∞

∫h

3 2 β ϕE ∗1 2 d  (4)

1 INTRODUCTION

Predominance of the air force has a critical role in 
the modern war. Under attacking and lubrication 
system fault case of the helicopter transmission 
system, the transmission system will quickly enter 
into the dry running condition. Thus, the transmis-
sion system must have an ability to resist dry run-
ning, so that the helicopter is given time to land. 
Gears, which transmit the engine power to the 
rotor system, are the most important parts of the 
helicopter transmission system. The capacity of 
the gear of the transmission system has important 
influence on dry running time. In dry running con-
dition, the tooth surface is free of oil. The stress 
of tooth surface is in effect on the life of gear. The 
tooth surface roughness, which affects the tooth 
surface stress, is one of the important factors. At 
present, tooth surface contact stress analysis is 
based on the Hertz theory of smooth surface. For 
obtaining the stress of tooth surface utilizing the 
contact theory of rough surface, the contact model 
of roughness tooth surface is established.

Therefore, in this work, we have analyzed con-
tact stress of the roughness surface of tooth using 
the Hertz model for individual asperity contact 
and following Gelinck and Schipper[1] rough line 
contacts analysis.

2 CONTACT MODEL

The classical GW[2] model assumes that the height 
of asperities follows the normal Gaussian distri-
bution and all asperities summits are spherical, all 
with the same radius, and that all asperities deform 
elastically according to the law of the Hertz model. 
According to the Hertz model, a smooth and elas-
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where ϕ σ π σeσ π z( ) (( )⎡
⎣

⎤
⎦

−1 2σσ( 2 2σσ2 .  We follow the 
assumption by Greenwood and Williamson that 
σ  is approximately considered as the surface 
roughness.

Let η  be the density of asperities, and assume 
the nominal contact width to be 2 0a  and the length 
of the gears to be l. Then, the expected load among 
the surfaces will be

P b l E z
h

( )( ) ( )z∗
∞

∫h∫b l0bbbb 3 2 1 2η β
h

( )( )z h−∫h∫
3 2 ϕ d  (5)

The separation of the nominal surface at radius 
r  is (see Figure 1)

h h r
R

w( )r = +h + ( )r0hhhh
2

2
 (6)

where h0  is the separation of the nominal surface 
at r R0,  is the radius of the cylinder, and w(r) is 
the elastic deformation of the surfaces. From the 
semi-infinite elastic theory, the elastic deformation 
is given by[4]

w
E

p r s s w( )r = − ( )s − +s s
∗ −∞

∞

∫−

2
0π EE

ln d  (7)

where w0  is a constant. Combining Equations (6) 
and (7) gives

h h r
R E

p r s s( )r = +h − ( )s
∗ −∞

∞

∫−00hhhh
2

2
2

π EE
ln d  (8)

where h00  is a combination of h0  and w 0.  The 
effective pressure at radius r  is found to be

p
P
b l

z
h

( )r

( ) ( )⎡⎣ ⎤⎦ ( )
( )r∫h∫

=
2

= dE ( )z
0bb

3 2 1 2 *η β
h

( ) ( )⎡⎣⎡⎡ ⎤⎦⎤⎤( )∫h∫ (∫∫ z h( )r) ⎡⎡⎡ ⎤⎤⎤
3 2

ϕ
∞

 
(9)

In addition, the force balance equation must be 
satisfied by

P l p r= ( )r
−∞

∞

∫−
d  (10)

Equations can be expressed in the dimensionless 
form as follows:

h h

S S

*
00
* 2

3 2 *

h*

1 2 l d
ρh00hh 22+h00h

ρpπ 3 23 ln
( )ρ

− ( ) ( )SS −
−∫−∞

∞  (11)

p

z h e z
h

∗h
( )

∞
− ∗zz

( ) ( )
( )⎡⎣⎡⎡ ⎤⎦⎤⎤∗

∗∫h

) ( ) η βRR

))
)

8 2 3 1 2

3 2
22 d

 (12)

P l E p= E d* 1 2 * ρd( )8⎡
⎣

⎤
⎦ ( )ρ

−∫−∞

∞
 (13)

where p E ∗∗ E( ) ( ) ( )RR ( ) ,ρ πpp( )rr ( RRRR ))4 1 2 1 2  z z∗ σ ,
h h( ) ( ) σh) ( )r ,  ρ ( )σ( 1 2 ,  δ δ σδδ .

3 SOLVING EQUATIONS

Equations (11) and (12) can be discretized as 
follows

f p

z h e

i if pf

ih
h

z

ih

( )i ( )
( )i⎡⎣⎡⎡ ⎤⎦⎤⎤ =

∗

( )i

∞
−

∗

∗∫h

σ)i − ( ) η βRRσσ

i
ii

8 2 3

0

1 2

3 2
22*

 
(14)

h h K pihh i iKK j jpi
j

n
∗h ∗

=
( )i +∗h − ∑ρih)i +h∗h

π00hhhh 2ρρ
3 2π 1

1
2

 (15)

where i n1 2, , , ,n  KijK  can be written as[5]

KijK i j

i j

= +( )( )i j −

− −( )( )i j −

ρ ρi j− ρρ )( j

ρ ρi j− ρρ )( j

Δρρ

Δρρ

2)( i − +i +j)()(
i −i j −2)()()(  (16)

Equation (13) can be written as

f l p

E
P

n iff p
i

n

n
∗

=

−
∗

∗

( ) +pip∗p
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⎞
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⎞⎞
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⎣
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2

1
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⎝⎜
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⎝⎝

pp)
⎝⎝⎝

8 0π
σ

 
(17)

In Equations (14), (15), and (17), n+1 unknown 
are to be determined, using the modified 
Newton-Raphson iteration. The iteration steps are 
as follows:

 Input initial values of pi
∗  and h0hh∗ , namely 

x0 = [ ]1
*

2
* *

0
*p p1 p h*
00n… ,  error limits ε  and 

ξ , iterations m of  the inner loop.
 k iterations have been conducted hypothetically, 
and hence xk and f(xk) have been calculated.

Figure 1. The contact between the smooth cylinder sur-
face and the rough flat.
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 Calculate Jacobian Matrix J(xk).

J ( )xk =
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∂
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∂
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 i iteration time has been conducted hypo-
thetically in the inner loop. Solve linear 
equation J x fkx ,ik( )xk ( )k,i( )

pp
Δ = ,f ( )xk i  then order 

x xk,i kx ,ik k,i= +xkx ikΔ  and calculate f( )x .k,i +1

 If  i m,  then i i +i 1,  x xk,i kx ,ik= +1,  and 
f f( )x ( )x ,k,i kf) (x ,ik= +1  and iteration turns to , 
otherwise iteration turns to .

 If  || ( )||f( k,m ≤ ε  or ||Δ ξ||k,m  then x = xk,m, 
iteration is to end, otherwise iteration turns 
to , order +k 1  and x xk kx= 1+ , .m

The iteration procedure is drawn in the flowchart 
shown in Figure 2.

4 RESULTS AND DISCUSSION

Although these equations are transformed into 
dimensionless form, some parameters which are 
taken as examples listed in Table 1 are introduced 
to solve the above equations.

Figure 3 shows the meshing process of gears. 
N1N2 is the meshing line of the teeth. B1 is the 
meshing start point. B2 is the meshing end point. 
The regions B1E1 and E2B2 are the double mesh-
ing area of the teeth. The region E1E2 is the single 
meshing area of the teeth. P is the pitch point of 
the teeth. For simplification analysis of the mesh-
ing, this paper assumes that the factor of the load 
distribution between teeth is 0.5. Therefore, the 
load of the two meshing teeth in the regions B1E1 
and E2B2 is equal to each other.

Figure 4 shows the computed dimensionless 
effective stress distribution of the tooth surface 
contrasting with the Hertz model at the pitch point 
P. The stress of the contact center of the rough 
model is less than the value calculated by the Hertz 
model. However, the contact width of the rough 
model is greater than the value calculated by the 
Hertz model. These results indicate that the rough-
ness of the tooth surface and the asperities reduce 
the contact stress, but increase the contact width. 

Figure 2. Iteration procedure. Figure 3. Gear tooth contact and meshing process.

Table 1. Calculation parameters of the gears.

m α/°C l/mm z T/Nm

Gear 
parameters

Z1 3 20 35 23 10
Z2 32

Material 
parameters

v E/GPa η/mm–2 σ ≈ Ra/μm β/μm ηβσ

0.3 200 500 0.4 200 0.04
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From Figure 4, we also conclude that the contact 
stress of the rough model gradually reduces to zero 
at the edge of the contact region.

Figure 5 shows the computed dimensionless effec-
tive stress contrasting with the Hertz model at the 
point B1. Figure 5 also indicates that the asperities 
reduce the contact stress of the tooth surface. The 
load and radius of the teeth of point B1 are different 
from the value of pitch point P. The stress of contact 
center of point B1 is less than the value of point P.

Under oil-out condition of the transmission sys-
tem, the temperature of the tooth surface is much 
greater than the normal level. In this case, the mechan-
ical energy of the material of teeth is reducing. When 
the tooth surfaces are out of lubricating oil, the stress 
of surface is less than the value calculated by the 
Hertz model. This work provides a method to accu-
rately calculate the stress of the teeth. At the same 
time, the rough model can also accurately predict the 
time of dry running time of the transmission system.

Figure 6 shows the dimensionless stress p0
*  of 

the contact center of the teeth at different mesh-
ing lines. The contact stress of the point E1 is the 
largest point. The principal radius of curvature of 

the point E1 is the smallest point. In the double 
meshing area B1E1 and single meshing area E1E2, 
the contact stress gradually decreases.

5 CONCLUSION

In this analysis, a contact model to obtain the con-
tact stress of the rough tooth surfaces has been 
proposed and the dimensionless effective stress of 
the tooth surface has been obtained. From the the-
oretical analyses, the following conclusions have 
been acquired.

1. The contact stress distribution calculated by the 
rough model is different from the Hertz solu-
tion. At the center of contact region of the 
teeth, the stress is less than the value calculated 
by the Hertz model.

2. These results indicate that the roughness of the 
tooth surface reduces the contact stress, but 
increases the contact width.

3. Based on accurately calculating the stress of 
tooth surfaces, the proper parameters of the 
gears are chosen to prolong the time of dry run-
ning of the helicopter transmission system.
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Figure 4. Dimensionless stress distribution curves of 
surfaces for different models at pitch point.

Figure 5. Dimensionless stress distribution curves of 
surfaces for different models.

Figure 6. Dimensionless center stress p0
*  of surface in 

the meshing line.
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Effects of friction on the time-varying mesh stiffness of helical gears

Lin Han, Lixin Xu, Ying Liu & Houjun Qi
Tianjin Key Laboratory of High Speed Cutting and Precision Machining, Tianjin University of Technology 
and Education, Tianjin, China

ABSTRACT: Time-varying mesh stiffness is considered as the primary excitation that generates 
vibration and extra dynamic loads. To reveal special influences on gear dynamics, an improved time-varying 
mesh stiffness model incorporating friction is proposed for helical gears. The characteristics of friction 
during meshing of helical gear pairs are studied firstly and then a potential energy method is employed 
to obtain the mesh stiffness of each sliced piece of meshing gears, through which a discretized integral 
strategy is adopted to obtain the total mesh stiffness of meshing teeth. Furthermore, a parametric study is 
conducted. The results show clearly that friction affects the time-varying mesh stiffness of gear pairs. This 
work provides an essential tool for dynamics analysis of helical gears with both healthy and faulty tooth.

2 MODELING

Figure 1 shows contact lines of a pair of helical 
gears in the mesh. In contrary to spur gears, the 
contact lines in helical gears are not parallel to 
the axis of the base cylinder but are inclined to a 
base helix angle. Moreover, relative sliding between 
mating teeth is more significant than those in spur 
gears. And also, directions of friction forces vary 
along the same contact line, depending on which 
side lies on the pitch line.

To obtain the mesh stiffness of helical gear pairs, 
the potential energy method usually employed in 
the spur gears’ case is introduced firstly. A tooth 
could be regarded as a cantilever with varying sec-
tions, as shown in Figure 2.

According to material mechanics and elastic 
mechanics, bending energy Ub, shearing energy Us 
and axial compressing energy Ua stored in a tooth 
can be expressed by the following equation:

U F
k

d x
EI

dxbU
bk

b ad x

xI
d

= = − x∫
2 2F d xd

∫2 2kbk ∫0∫∫
[FbFFF ]F haFFF h  (1a)

U
F
k

F
GA

dxsU
sk

bFF

xA
d

= = ∫
2 2Fd

∫0∫∫2
1 2
2
.

 (1b)

U
F
k

F
EA

dxaU
ak

aFF

xA
d

= = ∫
2 2Fd

∫2 2kak ∫0∫∫  (1c)

Where, F denotes the normal force applied to 
the tooth surface and Fa and Fb are components 
of F.

1 INTRODUCTION

Time-varying mesh stiffness is regarded as one of 
primary sources of vibration in geared transmis-
sions. Many investigations on calculating mesh 
stiffness are available. A potential energy method 
proposed by Yang, D. and Lin, J. (1987) is widely 
employed to calculate mesh stiffness conveniently 
and effectively. By using the same method, effects 
of crack path on mesh stiffness with different 
contact ratios, fillet radii etc. were studied previ-
ously (Pandya, Y. & Parey, A. 2013a, b, Saxena, 
A. Parey, A. & Chouksey, M. 2015) and later, the 
effects of shaft misalignment and friction force on 
the time-varying mesh stiffness of spur gears were 
revealed. Liang, X., Zuo M. and Pandey, M. (2014) 
studied effects of root crack on the mesh stiffness 
of a planetary set by using the potential energy 
method. Ma, H. et al. (2016) presented another 
analytical method for mesh stiffness calculation. 
Wan, Z. et al. (2015) proposed an accumulated 
integral potential energy method to calculate the 
mesh stiffness of helical gears. Other methods like 
FEM, analytical-FEM and experimental methods 
were also developed to obtain the mesh stiffness of 
gear pairs (Fernández, A. et al. 2013, Raghuwanshi, 
N.K. & Parey, A. 2015, Xue, S. et al. 2016).

Most of the previous work focuses on spur gear 
pairs and studies on the mesh stiffness of helical 
gears are not sufficient, which has led to this work. 
A model incorporating effects of friction between 
meshing teeth is developed to calculate the mesh 
stiffness of helical gear pairs and a parametric 
study is also conducted.
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Similarly, the Hertzian contact energy Uh is 
given by the following equation:

U
F
khU

hk
=

2

2
 (2)

Where, d, x and h are shown in Figure 2; ka, ks, 
kb and kh represent axial compressing stiffness, 
shearing stiffness, bending stiffness and Hertzian 
contact stiffness, respectively. Parameters E and 
G denote the modulus of elasticity and shearing, 
respectively. Ax denotes the area at the section of 
distance x from the tooth root.

From the above expressions, each stiffness term 
can be derived and details can be obtained from 
literature (Liang, X. Zuo M. & Pandey, M. 2014). 
Moreover, the deflection of a tooth contributed by 
fillet-foundation deflection is further incorporated 
(Sainsot, P. Velex, P. & Duverger O. 2004).

Then, the total mesh stiffness of spur gears 
could be obtained from the following equations:

1. Single-tooth-pair in the mesh

k
k k k k kh bk k i sk i fk i ak i

= + + + +∑1 1∑ 1 1 12

, ,i s , ,i a

 (3a)

2. Double-tooth-pair in the mesh

k

k k k k kh jk b ik j sk i j f ik j ak i ji

j

=
++ + +

=

= ∑∑
∑ 1

1 1∑ 1 1 1
1

2
1

2

,j bi 1 , ,j s j f , ,j a

 (3b)

Based on the method employed in spur gears, 
a sliced-piece method is proposed to calculate the 
mesh stiffness between meshing teeth of the helical 
gear. A tooth of the helical gear is sliced into many 
pieces along its axis and each piece could be taken 
as a tooth on the spur gear with small width, as 
shown in Figure 3.

Figure 4 indicates the forces applied to a sliced-
piece, where F is the transmitted normal force and 
Ff represents the friction force between meshing 
teeth. Components Ff,a and Ff,b of  friction force Ff 
could be obtained from the figure by using the fol-
lowing equations:

F FfFF μ  (4a)

F Ff aFF fFF cos ( )⋅FfF 1 y  (4b)

Figure 1. Mesh characteristics of helical gears based on 
(a) plane of action and (b) contact lines.

Figure 2. Model of a spur gear tooth.

Figure 3. Schematic showing a sliced piece of a helical 
gear.
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F Ff bFF fFF sin ( )⋅FfF 1 y  (4c)

Where, μ represents the coefficient of friction 
and α1(y) is depicted in Figure 3.

As the direction of relative sliding velocity 
changes when the meshing point passes through 
pitch line, the direction of friction force also 
changes. Figure 4(a) shows the direction of friction 
force of pinion when the meshing point lies below 
the pitch line while Figure 4(b) indicates the case 
when the meshing point lies above the pitch line. 
The directions are reverse in the wheel’s case.

For the case shown in Figure 4(a), the bending 
energy of each piece is expressed by the following 
equation:

dU
F
dk EdId

dxbU
b xk EdIdd

d y
= = ∫

2
2

2

2 2dkbk ∫0∫∫
[ (M ) (M ) ]2)y b b1MM 1 y(M 2MMM  (5a)

Where, bending moments Mb1 and Mb2 are given 
as follows:

M F y d y xbMM 1 1 1( )y ( cFFF os ( ) i ( )) )y ;FF −α μFF1( )y −)y

M F y h ybMM 2 1 1( )y (F i ( ) ( )) )y .+sFFF in ( ) μFF1( )y +( )y

The above equation could be simplified into the 
following equation:
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Where, Num1 = {1 + cosα1((α2 – α1)sinα – cosα)}; 
Num2 = {α1 + α2 + sinα1{(α2 – α1)sinα – cosα}}; 
Num3 = (α2 – α)cosα . α1 = α1 + (ϕ – α)(i/N), N is 
the number of sliced pieces, i denotes the ith sliced 
piece and Δy is the width of each piece.

For the meshing point that lies above the pitch 
line, the expression for bending stiffness can be 
derived as follows:
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For simplification purposes, let
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Similarly, shearing stiffness and axial compress-
ing stiffness are derived as follows:
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Where, Num4 1 1
2

2= ′ ′[cos i ]′ ( )2 − s ;α μ α α1 1
2′′ − sin ]1′′ ( 2 α))cos ;; 

Num5 1 1
2

2= ′ ′[cos sin ]1′ ( )2 −α μ1′′ − 2]1′′ ( 2 α)) cos  and v 
denotes Poisson’s ratio.
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Where, Num6 1 1
2

2= ′(sin cos )1′ ( )2 −α μ1′′ − 2)1′′ ( 2 α))cos  
and Num7 1 1

2
2= ′ +(sin cos )1′ ( )2 − .α μ1′′ + 2)1′′ ( 2 α))cos ..

The plane of action is shown in Figure 5. The 
instant shown in the figure is taken as the start 

Figure 4. Schematic of forces applied to a sliced piece 
of pinion that lies (a) below the pitch point and (b) above 
the pitch point.

Figure 5. Schematic showing the plane of action.
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point of meshing. The length of the contact line 
varies with rotation of pinion and the number of 
sliced pieces depends on the specific length.

Then, the bending stiffness considering the effect 
of friction is obtained by the following expression:

k
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Where, lBP, lBD, lBE and lBF represent distances 
between points shown in Figure 5. Ni (i = 1,2,…,6.) 
stands for the number of sliced pieces of one con-
tact line lc(t) and is obtained as follows:
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Other stiffness terms could also be derived by 
using a similar procedure and the specific expres-
sions are not presented here due to limitation of 
pages.

3 SIMULATION AND DISCUSSION

Parameters used in simulation are given in 
Table 1.

3.1 Effects of friction force

Two cases are considered here: frictionless and 
considering friction, as shown in Figure 6, where 
T stands for one period when a pair of teeth trav-

els along the plane of action by a transverse base 
pitch (pbt). From the instant that a single tooth-pair 
comes into contact, the contact line increases grad-
ually and the single mesh stiffness become lesser 
while considering friction, as shown in Figure 6(a). 
However, at the instant that one part of the con-
tact line comes across the pitch line, the direction 
of friction in the part changes and the resultant 
stiffness value is greater than those without fric-
tion. When about half  of the contact line passes 
through the pitch line, the stiffness value becomes 
lesser again and at the end of meshing, the influ-
ence introduced by friction is not obvious.

The influence of friction force on total mesh stiff-
ness is shown in Figure 6(b). A change in the stiff-
ness value is observed when friction is considered. 
At the beginning, three pairs of teeth are in contact 
and directions of friction on the first and the third 
contact lines are opposite, resulting in the stiffness 
value being a little greater than the case without 
friction. As the pinion rotates further, the contact 

Table 1. Parameters of helical gears.

Parameters Value

Teeth number of pinion 35
Teeth number of gear 35
Normal module (mm) 4
Normal pressure angle (°) 20
Helix angle (°) 15
Width (mm) 25
Modulus of elasticity (MPa) 2.06 × 105

Poisson ratio 0.3
Angular speed of pinion (rad/s) π/4

Figure 6. Graphs showing effects of friction on 
(a) single mesh stiffness and (b) total mesh stiffness.
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line of the first tooth-pair increases and the third 
tooth-pair exits from contact, the resultant stiffness 
value becomes smaller than those without friction. 
The difference becomes most obvious at halfway of 
travel along the plane of action. At the end of two 
tooth-pairs that are in contact, the length of the 
contact line above the pitch line is longer than the 
one below and the stiffness value considering fric-
tion is a little greater than the case without friction.

3.2 Effects of gear parameters

Influences of helix angle and normal module com-
bined with friction on total stiffness are also inves-
tigated in this section and are shown in Figure 7.

Figure 7. Effects of gear parameters based on 
(a) normal module and (b) helix angle.

It can be seen from Figure 7(a) that the total 
mesh stiffness increases with greater normal mod-
ule. Moreover, the difference of stiffness values 
between the case considering friction and the other 
without friction increases as the normal module of 
helical gears increases.

However, in the helix angle’s case, the stiff-
ness value decreases and the stiffness difference 
becomes smaller with an increase in the helix angle, 
as shown in Figure 7(b).

4 CONCLUSIONS

The potential energy method combined with the 
sliced method is employed in this work to investi-
gate the effects of friction on the mesh stiffness of 
helical gears. Simulation results indicate that the 
influence of friction on total mesh stiffness at the 
beginning and end of meshing is not obvious when 
compared with other mesh stages, where the stiff-
ness value decreases with consideration of friction.

In addition, effects of helix angle and normal 
module are also revealed. A bigger normal mod-
ule and smaller helix angle will increase both total 
mesh stiffness and the difference between two cases 
with and without friction.

It should be noted that with different relation-
ships between transverse and axial contact ratios 
of helical gear pairs, the profile of the contact line 
differs. Our future work includes inclusion of the 
effects of contact ratio.
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A rough surfaces contact pressure analysis between meshing 
gears based on a GW model
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ABSTRACT: The problem of contact between the rough surfaces of gears is studied through a mesh 
point equivalent cylinder in this paper. The rough cylinders contact model was deduced from the GW 
model. By using an iteration method to solve the pressure distribution equations, the formulae of 
maximum contact pressure p*(0), contact load P, contact area A, and asperities contact number N of  two 
rough cylinders were deduced. The contact formulae of two rough cylinders were applied to solve the 
problem of contact between rough cylindrical gears. The varying rules of the average contact pressure 
and the half  contact width in the process of gear meshing were obtained. These results obtained for rough 
surface gears were compared with those obtained through the Hertz theory for smooth surface gears. 
Finally, the relationship between the density of asperities, the radius of the tips of an asperity and the spur 
gear contact stress was also studied.

asperities with identical radii. Besides, the height 
distribution of the asperities is Gauss distribution 
and the deformation of each individual asperity 
was assumed to abide by the Hertz contact theory. 
Because the GW model treats contact problems 
based on statistics, it is universal and can be used 
to study various micro-contact problems. With 
continuous efforts, researchers have expanded the 
study of the simplistic assumptions based on the 
GW model [4–8] and many new methods have been 
proposed (such as fractal theory, numerical method 
and so on) [9,10]; but there are many researchers 
who still use the most original GW model in the 
study of rough surface contact [11–13].

Based on the widespread recognition of the GW 
model, this model was applied to the research of 
cylindrical gear contact in this paper. It is obvious 
that the cylindrical gear contact can be simplified 
as the contact between cylinders with different radii 
of curvature during the meshing process. Therefore, 
first of all, the contact between rough cylinders was 
studied based on the GW model in this paper. What 
is more, the results of the study were applied to solve 
the problem of the contact between rough cylindri-
cal gears. The varying rules of the average contact 
pressure and the half contact width in the process 
of gear meshing were obtained. The relationship 
between the density of asperities, radius of the tips 
of an asperity, and the spur gear contact stress was 
also studied. Finally, the results obtained for rough 
surface gears were compared with those obtained 
through the Hertz theory for smooth surface gears.

1 INTRODUCTION

Gear contact stress calculation is the basis of gear 
design and analysis problems and the contact 
stress parameters in the process of gear meshing 
were studied by many researchers. Furui Qiao [1] 
studied the tooth profile error on the gear contact 
stress and mesh stiffness based on the finite ele-
ment method and arrived at the conclusion that 
the tooth profile error would affect the distribution 
of the contact stress of the gear. Chuankuan Gao 
[2] and others studied the influence of tooth sur-
face friction on gear contact stress by testing, and 
provided the relevant basis for theoretical analysis.

However, these researchers did not consider the 
influence of the micro morphology on gear con-
tact. In fact, mechanical parts’ surfaces are uneven 
at the micro scale, characterized by a series of con-
tact areas with discrete distributions and the real 
contact area is the only part of the smooth nomi-
nal contact area. Therefore, contact pressure is 
obviously higher and it is unfavorable for surface 
contact and fatigue damage. For this reason, con-
sidering the effects of a microstructure of a rough 
surface has a very vital significance to understand 
and solve the gear fatigue failure, wear, and tear as 
well as safety and reliability problems.

According to the research on rough surface con-
tact, Greenwood and Williamson [3] presented the 
first elastic micro-contact model of rough surfaces 
(the GW model). In this model, a rough surface 
was characterized by a series of isolated spherical 
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2 DERIVATION OF CALCULATION 
FORMULA OF ROUGH CYLINDER 
CONTACT PARAMETERS

As we know, the contact area and contact load 
between smooth surfaces are calculated by using 
the following Hertz contact theory: Ai = πβω, 
Pi = (4/3)E * β 0.5ω 1.5 where, β is the radius of the 
sphere, ω is the maximum relative deformation, 
and E* is the equivalent elastic modulus. Accord-
ing to the GW model, when the distance between 
the surfaces is u, the height distribution function 
φ(z) is the Gauss distribution function, the average 
contact area, and the average load.

A dz
u
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Let η be the density of asperities, the cylinder 
is the unit length, then the load at r can be deter-
mined by using the following equation:
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Equivalent pressure distribution at r is as 
follows:
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From Figure 1, it can be shown that the nominal 
distance between two cylinders at r is as follows:
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The pressure distribution can be obtained by 
solving the equation (4) and the equation (6). How-
ever, the analytical solution of the pressure distri-
bution equation (4) cannot be obtained, and then 
the equation (6) cannot be solved. In this paper, a 
method proposed by LO C. C. is used [17].

Assume that the pressure distribution is as 
follows:
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where, c is the half  contact width and p(0) is the 
maximum contact pressure.

From the formula (4), (5), it can be observed 
that when u = d, the pressure is p(0). In order 
to reduce the independent parameters in equa-
tions (4), (6), and (7), we substitute the following 
expressions: h u= σ , ρ = r

R2 σ
, d d∗ = σ , p p R

E
∗ = 8 /R

*
σ

πEE
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δ β ησ
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= 8
3
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By substituting equation (10) in equation (8), 
the following expression is obtained:

h d +d ∗ +
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By substituting h = d* in equation (9), we can 
find out p*(0). In order to solve the c* value, 
from equation (10), it can be observed that when 
p*(ρ) = 0.5 p*(0), ρ = 0.541c*. And from equa-
tion (9), we can also find the value of h such that 
p*(ρ) = 0.5 p*(0). By substituting the values of h 
and ρ in equation (11), for the value of c* can be 
determined.

By obtaining the maximum contact pressure of 
p*(ρ) and c*, the contact load P, contact area A, 
and the number of asperities in contact N can be 
determined.

Figure 1. Schematic diagram of a rough cylinder 
contact.
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3 CALCULATION AND ANALYSIS 
OF CONTACT PARAMETERS 
OF THE GEAR MESHING PROCESS

The interval of gear meshing transmission is lim-
ited; therefore, in order to ensure that the gear can 
be continuously driven, the coincidence degree 
must be greater than 1. Figure 2 shows the sche-
matic diagram of the gear meshing process. As 
shown in Figure 2, C is a point on the meshing 
line; as the gear rotates, the curvature radius of 
the gear is constantly changing, which leads to the 
continuous change in the relative radius of cur-
vature. Therefore, the contact parameters of the 
teeth in the meshing process also undergo constant 
change.

According to the geometric relations in shown 
Figure 2, The following relations can be obtained:

R RI cR R −R [ ]d dI Id2 [ d dId  (15)

R d d R2 1RR 2 1RR0 5+d s1dd1dd i iα d20 5+ . d2dd5  (16)

In equation (15), Rc is the distance between C 
and the center of the driving wheel, R1 and R2 are 
the radii of curvature of the driving wheel and the 
driven wheel, respectively, d1 and d2 are the pitch 
circle diameters of the driving wheel and the driven 
wheel respectively, and α is the pressure angle.

The relevant parameters of a pair of meshing 
gears are shown in Table 1.

With an increase in the radial dimension of the 
tooth profile of the driving wheel, the value of the 
relative radius of curvature R increases first and 
then decreases.

R
R R

R R
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1 2R RR R
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From equations (12), (13), and (14), the change of 
contact parameters of gears during the whole mesh-
ing process can be obtained. The unit length load 
can be obtained by using the following formula:

P
K T

l r
=

∗r1rrrr cosα
 (18)

Among them, r1 is the base circle radius, the T 
is the load torque, and the K is the load distribu-
tion coefficient. In this paper, the variation of the 
load distribution coefficient is shown in Figure 3.

Figure 2. Schematic showing the meshing process of a 
gear.

Table 1. Relevant parameters of meshing gears.

Name Value

Modulus 3 mm
The teeth number of the driving gear 33
The teeth number of the driven gear 25
Tooth width 28 mm
Young’s modulus 209 Gpa
Poisson’s ratio 0.29
Pressure angle 25°
Contact ratio 1.4667

Figure 3. Graph showing the load distribution coefficient.
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From Figures 2 and Figure 3, it can be seen that 
B1E1 and E2B2 are double teeth meshing areas and 
E1E2 is a single tooth meshing area. In the double 
teeth meshing areas, the load distribution coeffi-
cient is linear.

3.1 Analysis of the results of contact parameters

In order to determine contact parameters, such as 
contact area, the load torque T, density of asperities 
η, and radius of the tips of an asperity, the value of 
β should be given. In this paper: T = 151.8 N ⋅ m, 
η = 1.01 × 107/cm2, and β = 3.4 × 10−2 cm. 
Figure 4 shows the variation of the half width of 
the contact in the gear meshing process. It can be 
seen from the figure that the tendency of change of 
the half contact width of the rough surface is the 
same as that predicted by the smooth Hertz contact 
theory. But, the half contact width of the rough sur-
face is relatively large. In other words, the presence 
of roughness allows surface contact to occur in a 
larger area. Figure 5 shows a schematic diagram of 
the change of the contact pressure in the process of 
gear meshing; it can be seen from the figure that the 
average contact pressure of the rough surface under 
the influence of micro topography is much larger 
than the maximum contact pressure of the Hertz 
contact. Despite the fact that the roughness of the 
surface makes the gears come in contact with a 
larger area, since the area of contact is discrete, the 
total area of contact is still smaller than the Hertz 
contact area. The contact load is increased from the 
double teeth meshing to the single tooth meshing; 
but in Figure 5, it can be seen that the average con-
tact pressure of the rough surface instead decreases 
from the double teeth meshing to the single tooth 
meshing (B1, B2). This is because, when the contact 
load is increased, the contact area of the surface is 

increased too, but the increase of contact area is 
larger than that of the contact load.

In order to verify whether the average contact 
pressure is altered when there is a change in the 
values of input parameters, another set of input 
parameters are taken in this paper: T = 45.5 N ⋅ m, 
η = 3 × 104/mm2, and β = 9.5 × 10−1 mm. Figure 6 
also shows a schematic diagram of the change of 
the contact pressure in the process of gear mesh-
ing; it can be seen that the average contact pressure 
of the rough surface has increased from the double 
teeth meshing to the single tooth meshing. It shows 
that parameters such as the load and the density 
of asperities have an influence on the distribution 
of the average contact pressure, the relationship 
between the average contact pressure and the load 
does not change monotonously. When considering 
the influence of the rough surface morphology, the 
variation of average contact pressure in the process 
of gear meshing is smaller than that predicted by 
the Hertz contact theory.

The density of asperities and radius of the tips 
of an asperity is the two micro morphological 
characterization parameters of the contact. Let 
β = 3.4 × 10−1 mm and T = 45.5N⋅m. In the meshing 
process, the effect of the density of asperities on 
the half  contact width is shown in Figure 7. The 
effect of the density of asperities on the average 
contact pressure is shown in Figure 8. As it can 
be seen from the chart, the half  contact width 
and average contact pressure is decreased with an 
increase in the density of asperities. Although the 
increase in the density of asperities makes the teeth 
come in contact with the narrower width, there 
is also an increase in the contact area due to the 
increase in the number of asperities.

In the meshing process, the influence of the 
radius of the tips of an asperity on the half  

Figure 4. Graph showing the change of the half  contact 
width in the process of gear meshing.

Figure 5. Graph showing the change of average contact 
pressure in the process of gear meshing (T = 151.8 N ⋅ m).
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contact width is shown in Figure 9. The influence 
of the radius of the tips of an asperity on the aver-
age contact pressure is shown in Figure 10. Let 
η = 5 × 104/mm2 and T = 45.5 N ⋅ m. As we can see 
from the figure, the half  contact width and average 
contact pressure also decrease with an increase in 
the radius of the tips of an asperity.

4 CONCLUSIONS

Based on the GW model and considering the 
impact of the morphology, the contact between 
rough spur gears was studied in this paper. The 
varying rules of the average contact pressure and 
the half  contact width in the process of gear mesh-
ing were obtained.

The results obtained from the GW model were 
compared with the results obtained from the Hertz 
contact theory; it is concluded that under the influ-
ence of micro topography, the average contact 

Figure 6. Graph showing the change of average contact 
pressure in the process of gear meshing (T = 45.5 N ⋅ m).

Figure 7. Graph showing the effect of the density of 
asperities on the half  contact width (β = 3.4 × 10−1 mm, 
T = 45.5 N ⋅ m).

Figure 8. Graph showing the effect of the den-
sity of asperities on the average contact pressure 
(β = 3.4 × 10−1 mm, T = 45.5 N ⋅ m).

Figure 9. Graph showing the effect of the radius of 
the tips of an asperity on the half  contact width (η = 5 × 
104/mm2, T = 45.5 N ⋅ m).

Figure 10. Graph showing the effect of the radius of 
the tips of an asperity on the average contact pressure 
(η = 5 × 104/mm2, T = 45.5 N ⋅ m).
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pressure and the half  contact width are larger 
than those obtained by the Hertz contact theory, 
but the variation of the average contact pressure 
is smaller.

The contact load was increased from the dou-
ble teeth meshing to the single tooth meshing, but 
the average contact pressure would not necessar-
ily increase. The relationship between the average 
contact pressure and contact load is not a monot-
onic change process, which is related to the value 
of contact load and the density of asperities.

The half  contact width and average contact 
pressure decrease with an increase in the den-
sity of  asperities and the radius of  the tips of  an 
asperity.

NOMENCLATURE

A = total contact area of the cylinder
A  =  expected contact area between an asperity 

and a plane
c  =  half  the width of the surface of contact
d  =  distance between the surfaces at the 

contact center
d1,2 =  the pitch circle diameter of the driving 

wheel and the driven wheel, respectively
E* =  equivalent Young’s modulus
K =  load distribution coefficient
N =  number of asperities in contact
P =  contact load of the cylinder
P  =  expected contact load between an asperity 

and a plane
p(r) =  equivalent pressure distribution at r
R =  relative radius of curvature
Rc =  distance between the C point and the 

center of the driving wheel
R1,2 =  radius of curvature of the driving wheel 

and the driven wheel, respectively
r or x =  horizontal co-ordinates
T =  load torque
u(r) =  separation distance of nominal surfaces 

at r
ω(r) =  elastic deformation of the nominal surface 

at r
η =  density of asperities
β =  radius of the tips of an asperity
σ =  standard deviation of Φ(z)
Φ(z) =  height distribution function

h
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Effects of model complexity on torsional dynamic responses of NREL 
750 kw wind turbine drivetrain
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ABSTRACT: Purely torsional multibody dynamic models with different levels of complexity have 
been developed to simulate the 750 kW Wind Turbine (WT) drivetrain, designed by National Renewable 
Energy Laboratory (NREL). The developed models use a combined mathematical approach and Sim-
scape in MATLAB/Simulink, by which the fixed-speed and variable-speed generator models are tested. 
The required parameters for building the multistage gearbox dynamic models are obtained by using 3D 
CAD models. Eigenfrequency analysis of the WT drivetrain is performed. The natural frequencies and 
corresponding mode shapes are determined for the two generator models respectively. It has found that 
increasing the model complexity enables the prediction of more complex mode shapes and an accurate 
description of the torsional vibration of the drivetrain. It has also found that increasing the gear mesh 
stiffness results in a wider frequency range and increases frequencies of the gearbox components but has 
no impact on lowest natural frequencies of the WT drivetrain.

in this study include the turbine rotor, the gearbox 
components and the generator, using both fixed 
speed and variable speed generator models. These 
models capture more details of drivetrain dynamic 
behaviour, such as the torsional deformations and 
dynamic responses of key components of the WT 
drivetrain, than the widely used two mass or five 
mass models. The required parameters for building 
multistage gearbox dynamic models are obtained 
by using CAD models and these parameters are 
validated with available data published in litera-
ture. Eigenfrequency and mode shape analysis of 
the WT drivetrain are performed by using the Low 
Speed Shaft (LSS) torque as the input and the 
corresponding angular velocity of the generator 
as the output. The resulting eigenfrequencies are 
compared with that determined from torque meas-
urements under different transient load conditions 
published by NREL. The influences of different 
levels of modelling complexity on the eigenfre-
quencies of the WT drivetrain and how that affects 
the dominant frequencies of drivetrain during two 
WT operating conditions, normal operation and 
shutdown, are discussed in detail.

2 DYNAMIC SYSTEM MODELLING

Several studies related to the dynamic modelling 
of the WT drivetrain have been reported. Some 
of these studies are focused on analysing the load-
ing on bearings within the WT gearbox under 

1 INTRODUCTION

The wind power industry has seen a rapid devel-
opment in the last decade, especially in Europe 
(Smolders et al. 2010) and the United State 
(Daniels et al. 2004). At the end of 2003, about 
35,000 MW of wind energy capacity had been 
installed globally (Daniels et al. 2004) and around 
11 GW of capacity had been installed in Europe 
alone by the end of 2013. However, the wind indus-
try faces serious challenges of premature failures 
of WT gearboxes occurring much earlier than 
the designed life. The gear and bearing failures 
in WT gearboxes may be attributed to the exces-
sive loads under various operating conditions 
(Grujicic et al. 2014). Gearbox failures result in 
significant component replacements which subse-
quently increase the cost for wind energy (Grujicic 
et al. 2014). Replacing WT gearboxes needs heavy 
duty equipment such as cranes, which is generally 
expensive to hire and almost impossible to oper-
ate in adverse weather conditions for offshore wind 
farms (Tavner et al. 2008). A good understanding 
of how and why WT gearboxes are failing prema-
turely will improve the gearbox component design 
and reduce the overall maintenance cost. It is 
important to understand the dynamic behaviour 
of WT drivetrain under various operational condi-
tions and how the flexible movement of gearbox 
components, such as planetary carrier and floating 
sun shaft, within a WT gearbox, reacts to transient 
loads. The multibody dynamic models developed 
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various operation conditions, such as normal 
operation and shutdown. However, these stud-
ies ignored the dynamic behaviour of some key 
gearbox components (Bruce et al. 2015) (Scott 
et al. 2012). Three types of modelling approaches 
have been examined by Peeters (Peeters et al. 
2005). The first is the purely torsional multibody 
model where the gears are modelled as rigid bod-
ies, each with a single Degree Of Freedom (DOF) 
in the torsional axis, connected to each other by 
linear springs. Such models are able to investigate 
torsional loads, loads on gears and bearings, and 
eigenfrequencies (Girsang et al. 2014) (Mandic 
et al. 2012) (Shi et al. 2013). The second approach 
is the 6-DOF rigid multibody modelling with dis-
crete component flexibilities, which produces a 
more accurate model; however, the complexity of 
the gearbox modelling has been increased. These 
models take into account of individual gear stages 
of the gearbox and the influence of bearings stiff-
ness. The component flexibility is represented by 
spring-damper systems. Such models facilitate a 
more detailed description of gear mesh and bear-
ing stiffness. The third approach is the fully flexible 
multibody model which increases the modelling 
accuracy of gearbox component flexibilities from 
the second approach by using finite element mod-
elling. The third approach allows the visualisation 
of the influence of different subcomponent flex-
ibilities, however it is computationally expensive. 
Increasing flexibility does not always result in 
more accurate modelling results. The addition of 
flexible components to the WT drivetrain model 
increases the model complexity and affects slightly 
on eigenfrequencies however much more on the 
corresponding mode shapes (Peeters et al. 2005). 
LaCava et al. (LaCava et al. 2013) observed that the 
influence of increasing the level of gearbox com-
ponent flexibilities on the bearing and gear loads 
using seven models of various levels of complexity. 
Their results concluded that the flexibility of gear-
box sub-components, such as housing, carrier and 
the main shaft, has noticeable influences on the 
loading of the plant bearings. It has been reported 
that using a flexible coupling with reasonable stiff-
ness can reduce the torque amplitude of the high 
speed shaft (Peeters et al. 2006). Increasing model 
complexity only has a small effect on modelling 
accuracy while resulting in higher computational 
costs (LaCava et al. 2012). The different levels of 
modelling complexity help gearbox designers to 
improve designs and assess the dynamic behaviour 
of chosen designs under specific loading condi-
tions (Oyague et al. 2008). The torsional dynamic 
model for WT gearboxes is one of the common 
modelling approaches because of its fast solution 
time with low computational costs. The purely 
torsional multibody dynamic models developed in 

this paper are computationally effective to capture 
the torsional loads and dynamic responses of key 
WT drivetrain components during free and forced 
vibrations.

3 DEVELOPMENT OF DYMANIC MODELS

3.1 Drivetrain modelling

In this study, a multistage gearbox designed by 
NREL, for use within the complete drivetrain of 
a 750 kW WT, is modelled and studied with vari-
ous levels of modelling complexity. The gearbox 
design consists of a planetary stage with a fixed 
ring gear and three planet gears; this is followed by 
two parallel gear stages. The overall gearbox ratio 
is 1:81.49 (Oyague 2009). A simplified schematic 
of the WT drivetrain is shown in Figure 1. Purely 
torsional dynamic models with lumped masses, 
using 2, 5, 9 and 11 DOFs respectively, are devel-
oped to represent this drivetrain with a fixed or 
variable speed generator model. All gearbox com-
ponents, including planet carrier, gears and shafts 
as well as the generator and the rotor are modelled, 
using one torsional DOF for each component in 
the rotational direction. 

The rotor assembly includes three blades and 
the rotor hub, which is connected to the gearbox 
through the Low Speed Shaft (LSS). The mass and 
inertia of the blades (Mb, Jb) can be calculated by 
the following formulas (Rodríguez et al. 2007):

M Lb bM L2 95 2 1LL 3.  (1)

J M L nb bJ M bL0 212 2LL  (2)

where Lb is the length of the blade and n is the 
total number of blades. The total amount of polar 
moment of inertia of the rotor assembly as one 

Figure 1. Simplified schematic of wind turbine 
drivetrain.
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lumped mass (Jrotor) can be calculated from the 
summation of the blades inertia and the inertia of 
the hub (Jh) (Oyague 2009):

J J JroJJ tor bJ hJ+JbJ  (3)

In some studies, all the shafts of the WT driv-
etrain are assumed to have constant cross-section 
area and therefore the complex geometry of the dif-
ferent shafts is simplified to solid or hollow cylinders 
(Shi et al. 2013) (Shi et al. 2014). In this paper, the 
complex geometry of all WT drivetrain shafts has 
been considered and the values of polar moment of 
inertia of the main shaft and all gearbox shafts are 
calculated from the CAD models. The generator 
resistance torque, which acts as a reactive loading 
to the drivetrain at the generator side, affects the 
WT drivetrain system when the generator engages 
or disengages with the electrical grid. In this study, 
the generator’s electrical resistance torque is rep-
resented by a torsional spring. For a 750 kW WT, 
the value of the electrical torsional spring stiffness 
between the generator armature winding and mag-
netic field of the generator is Kgen = 28100 N.m/rad. 
This value is taken from (Mandic et al. 2012), which 
has been calculated and validated experimentally 
for different operation conditions. The shafts stiff-
ness values and the electrical stiffness value used 
in the developed drivetrain model are shown in 
Table 1. A CAD model for the NREL 750 kW WT 
gearbox has been created as shown in Figure 2. All 
the required parameters such as the mass and polar 
moment inertia for all gearbox components have 
been calculated as shown in Table 2.

The calculated parameters have been validated 
with available data published in literature (Girsang 
et al. 2014) (Mandic et al. 2012) (Oyague 2009). 
Figure 3 shows the complete 750 kW WT drive-
train representation of eleven lumped masses of 11 
DOFs with consideration of gear mesh stiffness for 
all gear stages. The gear ratios for each stage of the 
WT gearbox are shown in Table 3. For the purely 
torsional model, the gear mesh stiffness is modelled 
as a linear spring (Peeters et al. 2005). The develop-

ment of mathematical dynamic model of the driv-
etrain using five lumped masses is detailed in this 
paper. The results of eigenfrequencies and modal 
shapes of the WT drivetrain using two, five, nine 
and eleven lumped masses are produced, compared 
and analysed in detail. The influence of damping is 
neglected in this study.

3.2 Mathematical models of wind turbine 
drivetrain

To illustrate the lumped mass modelling, the five-
mass model of 5 DOFs of the WT drivetrain is 
shown in Figure 4. Each gear stage is combined 
as one effective mass. The gear mesh stiffness is 
ignored in the mathematical models. The five effec-
tive mass inertias, with respect to the LSS of the 
drivetrain, are calculated as follows:

J JroJJ tor1JJ  (4)

J J N Jpc sJ2 1J JJ NNpcJ 2+JJpcJ  (5)

J N J JG GJ J3 1J NJ 2 2
2N JJ1NN 2 ( )N NN1NNN NNN  (6)

Figure 2. CAD model of the NREL multistage 
gearbox.

Table 1. Stiffness calculations of the shafts (N.m/rad).

KLSS Low speed shaft stiffness 3.69e+07
KIS1 Stiffness of the shaft connecting 

the sun gear to the 1st parallel gear 
stage

2.45e+07

KIS2 Stiffness of the shaft connecting 
the 1st parallel gear stage to 2nd 
parallel gear

2.70e+08

KHSS High speed shaft stiffness 2.08e+06
Kgen Electrical torsional stiffness 2.81e+04

Table 2. Inertia calculations of the lumped masses 
(kg.m2).

Jrotor Inertia of the rotor 998138
JPC Inertia of planetary carrier 65.2
JP Inertia of planet gear 3.2
JS Inertia of sun gear 1.02
JG1 Inertia of gear in 1st parallel stage 31.72
JG2 Inertia of pinion in 1st parallel stage 0.4
JG3 Inertia of gear in 2nd parallel stage 3.42
JG4 Inertia of pinion in 2nd parallel stage 0.08
Jgen Inertia of the generator 24
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J J JG GJJ J4J 2
3

2
4( )N N1NN 2NN + ( )N N NNNNN 2N NNN NN  (7)

J JgeJ n5JJ 2( )N N N1NN 2 3N NN N  (8)

The stiffnesses of the LSS, all gearbox shafts and 
the generator resistance torque for a fixed speed 
generator model are calculated as follows:

K KLSK S1KK  (9)

K N KISK2 1K NK N 2
1  (10)

K KISK3KK 2
2( )N N1NN 2NN  (11)

K KHSK S4K 2( )N N N1NN 2 3N NN N  (12)

K KgeK n5KK 2( )N N N1NN 2 3N NN N  (13)

Lagrange’s equation is used to form the equa-
tions of motion. For free torsional vibration, the 
equation of motion of five mass model can be 
shown in matrix form as follows:

[ ]J { } [ ]{ } =} [ ]K { }} 0  (14)

θ θ θ θ θ θ⎡⎣ ⎤⎦⎤⎤1 2θθ θθ 3 4θθ θθ 5θθ
T

 (15)
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 (17)

For free force vibration, the eigenmodes and 
eigenfrequencies of the WT drivetrain system can 
be calculated using:

ω 2ωω = ( )1eig(i  (18)

Where J, K and θ are the inertia matrix, the stiff-
ness matrix, and the rotational displacement vector 
respectively. θ1, θ2, θ3, θ4 and θ5 are the torsional 
displacement of the rotor, three gear stages and the 
generator respectively. By applying the same mod-
elling method, the drivetrain dynamic models of 
two, nine and eleven masses can also be developed. 
The comparison analysis of the calculated eigenfre-
quencies for different drivetrain models, using both 
fixed and variable generator speed models, is sum-
marized in Table 4. The results of the natural eigen-
frequencies are compared with those available in 
published literature (Girsang et al. 2014) (Mandic 
et al. 2012) and show good agreements. Exciting the 
drivetrain system at any of these eigenfrequencies 
will lead to amplified loads in the WT drivetrain. 
To validate the models of this study, the experimen-
tally measured values of the 1st and 2nd natural 
frequencies of two mass model of the 750 kW WT 
drivetrain are listed in Table 4 (Mandic et al. 2012) 
(Girsang et al. 2014). The analytical results from 
this study are close to those values.

3.3 Modelling of wind turbine drivetrain by using 
MATLAB/Simulink

The WT drivetrain modelled mathematically in the 
previous section with various levels of complexity 
is also modelled by using Simscape in MATLAB/
Simulink. The configuration of the Simulink model 
is shown in Figure 5. For the eleven mass model of 
11 DOFs, the mesh stiffness between the gears is 
included, while it is ignored in the previous models 
developed. The mesh stiffness is assumed to be a 

Table 3. Wind turbine gearbox ratios.

N1 Gear ratio of planetary stage 5.714
N2 Gear ratio of 1st parallel stage 3.565
N3 Gear ratio of 2nd parallel stage 4.00

Figure 4. Five mass model representation of the WT 
drivetrain.

Figure 3. Representation of 750 kW WT drivetrain 
with eleven masses of 11 DOFs.
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Figure 5. Configuration of MATLAB/Simulink of 
eleven mass model of the drivetrain.

Table 5. Different mesh stiffness values used for plan-
etary stage of 750 kW WT gearbox.

Source

Mesh stiffness value

UnitsPlanet-sun Planet-ring

Guo et al. (2012) 16.9 × 109 19.2 × 109 N/m
Link et al. (2011) − 4.35 × 1012 Nm/rad
Hong et al. (2014) 5 × 108 − N/m
Bruce et al. (2015) 13.1 × 109 13.1 × 109 N/m2 *

*per unit face width

Table 4. Comparison of frequency values of different lumped mass models of the drivetrain (Hz).

Mode

Experimental data 2-mass model 5-mass model 11-mass model

Constant 
speed*

Variable 
speed**

Constant 
speed

Variable 
speed

Constant 
speed

Variable 
speed

Constant 
speed

Variable 
speed

1 0.806 0 0.864 0 0.864 0 0.841 0
2 / 1.76 5.888 2.524 5.889 2.524 5.859 2.44
3 / / / / 312 312 154 154
4 / / / / 402 402 307 307
5 / / / / 1974 1974 353 353
6 / / / / / / 748 748
7 / / / / / / 1020 1020
8 / / / / / / 1530 1530
9 / / / / / / 4398 4397

* Mandic et al. (2012)
**Girsang et al. (2014)

linear spring positioned in the plane of the action 
and acting at the centre of the gear widths and 
calculated according to ISO6336–1:2006. The cal-
culations of Frequency Response Function (FRF) 
of different lamped mass models of 2, 5, 9 and 11 
DOFs have been performed, using a fixed and vari-
able speed generator model respectively. The calcu-
lated eigenfrequencies by mathematical models are 
compared with that of the Simulink models, show-
ing an excellent agreement. For the variable speed 
generator, a simple induction generator model is 
used (Bruce et al. 2015). The generator model is 
capable of providing generator resistance and con-
trols the rotor speed for two different operational 
conditions: normal operation and shutdown. The 
effects of these two operating conditions on the 
dynamic responses of the drivetrain system are 
investigated in this paper.

Based on data available in published literature, 
there are four different values have been used for 
gear mesh stiffness of the planetary gear stage of 
the 750 kW WT gearbox. These values are sum-
marized in Table 5. In the following section, the 
effects of different gear mesh stiffness values on 
the dynamic responses of the WT drivetrain are 
compared. Numerical analysis of the torque load 
calculated from the MATLAB/Simulink models of 
the drivetrain is also performed by using Fast Fou-
rier Transform (FFT).

4 RESULTS AND DISCUSSION

The result comparison of the different models 
with various DOFs indicates important differ-
ences of  the dynamic behaviour of the gearbox 
components during different operational condi-
tions. Figure 6 illustrates the mode shapes of the 
eleven-mass model using the variable speed gen-
erator model. Increasing the model DOF enables 
the prediction of more complex mode shapes of 
the drivetrain components and a wider frequency 
range thus more accurate descriptions of the 
torsional vibration of the transmission chain. It 
is impossible to predict the frequencies and the 
related mode shapes of the WT gearbox by using 
the two mass model. Figure 7 shows the influ-
ence of different gear mesh stiffness values (given 
in Table 5) on eigenfrequencies, using the MAT-
LAB/Simulink model of  eleven mass with the 
fixed speed generator model. Increasing the gear 
mesh stiffness value results in a wider frequency 
range and increases the frequencies of  the gearbox 
components but has no impact on lowest natural 
frequencies of  the drivetrain components, i.e. the 
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LSS, the generator and the HSS. However, when 
variable speed generator model is used, the order 
of  the LSS and generator frequencies is changed, 
thus the first three lowest frequencies represent 
the responses of  the generator, LSS and the HSS 
respectively. The remaining modes represent the 
gearbox frequencies. Figures 8–11 illustrate the 
simulation results in time domain and the FFT 
analysis in frequency domain of the HSS torque 
during normal operation and shutdown, respec-
tively. In normal operation, the frequency spec-
trum shows the dominated frequency is 0.84 Hz 
which is close to the estimated natural frequency 
of the LSS thus may cause the system resonance 

Figure 6. Mode shapes of eleven mass model of driv-
etrain with variable speed generator model.

Figure 8. HSS torque—normal operation.

Figure 9. FFT analysis of HSS torque—normal 
operation.

Figure 7. FRF of the drivetrain using fixed speed generator model and variable gear mesh stiffness values.
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and load amplification. During shutdown the most 
dominated frequency is 2.61 Hz which is very close 
to the estimated natural frequency of the genera-
tor (i.e. 2.44 Hz) which may also contribute to the 
resonance of the drivetrain system.

5 CONCLUSIONS

The WT drivetrain models with different levels of 
complexity influence eigenfrequencies and eigen-
modes of the WT gearbox, LSS, HSS and the gen-
erator. The eleven lumped mass drivetrain model 
developed by using MATLAB/Simulink captures 
the torsional loading on all stages of the gearbox. 
FFT analysis highlights the importance of devel-
oping detailed WT drivetrain model. It has found 
that the increasing gear mesh stiffness value results 
in a wider frequency range, raises the gearbox fre-
quencies but has no impact on 1st, 2nd and 3rd 
lowest frequencies of the drivetrain. Moreover, 
it has no influence on two lowest and dominant 

frequencies of the drivetrain (i.e. 0.84 and 2.44 Hz) 
during normal operation and shutdown.
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ABSTRACT: Vibration characteristics of the machinery could be affected by the support stiffness of 
rotors in rotor-roller bearing systems. Understanding the effect of the support stiffness of rotor on the 
vibration characteristics of a rotor-roller bearing system is very useful for the design and vibration control 
of the machinery. In this study, a nonlinear dynamic finite element model for a rotor-roller bearing system 
is presented using an explicit dynamic finite element software package. The effect of the support stiffness 
of rotor on the vibration characteristics and contact forces for the rotor-roller bearing system is discussed. 
The simulation results show that the deliberate use of specific support stiffness of the rotor is constructive 
in reducing the vibration level of the rotor-roller bearing systems in the industrial transmission machin-
ery. Also, it seems that the explicit dynamic finite element method can be applied to study the vibration 
characteristics of the rotor-roller bearing systems.

element model for a ball bearing system to discuss 
the defect frequencies of the bearing system caused 
by a localized defect in the races. Arakere et al. 
(2010) and Branch et al. (2010) given a static finite 
element model for a ball bearing system to analyze 
stress distributions at the localized defect edge. 
They discussed the plastic deformations at the 
defect edges due to the impact forces between the 
ball and the defect edges. Ding et al. (2015) devel-
oped a finite element rigid bearing model to study 
vibration characteristics of a ball bearing system 
with a localized defect on the out race. However, 
the effect of the support stiffness of rotor of the 
rotor-roller bearing system did not discussed in 
the above research works in the literature, which is 
the purpose of this study.

In this study, a two dimensional (2D) dynamic 
finite element model for a rotor-roller bearing 
system is presented. The finite element model is 
established using an explicit dynamics finite ele-
ment software package (Hallquist, 2006). To 
obtain accurate simulation results, all components 
for the rotor-roller bearing system is considered 
as elastic bodies in the presented finite element 
model. The effect of the support stiffness of rotor 
on the time—and frequency-domain vibration 
characteristics of the rotor-roller bearing system is 
investigated, as well as the contact forces between 
the roller and the race, which did not study in the 
previous research works in the literature. Here, 

1 INTRODUCTION

Rotor-roller bearing systems are wildly used 
in various industrial transmission machinery. 
Vibration characteristics of the machinery could 
be affected by the support stiffness of rotors of the 
rotor-roller bearing systems. Understanding the 
effect of the support stiffness of rotor on the vibra-
tion characteristics of a rotor-roller bearing system 
is very useful for the design and vibration control 
of the machinery. Therefore, this study will be 
focused on the numerical formulation for the effect 
of the support stiffness of rotor on the vibration 
characteristics of the rotor-roller bearing system.

Many numerical research works have been pre-
sented to investigate the vibration characteristics 
of the rotor-roller bearing systems (EI-Thalji and 
Jantunen, 2015.). As one of accurate numerical 
methods, the finite element method has been wildly 
used to simulate the vibration characteristics of the 
bearing systems (Singh et al., 2014). For instance, 
Singh et al. (2014) presented a dynamic finite ele-
ment model for a roller bearing system with a rec-
tangular defect in the outer race to study contact 
forces between the rollers and the defective races. 
Liu et al. (2013 and 2015) established a dynamic 
finite element model for a ball bearing system to 
study vibration characteristics of the bearing sys-
tem caused by a localized defect with different 
shapes. Utpat (2013) developed a dynamic finite 
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in-depth analyses of the vibration characteristics 
of the rotor-roller bearing system with different 
support stiffness are discussed.

2 FINITE ELEMENT MODEL

In this study, a roller bearing is studied and its 
dimensions are listed in Table 1. The explicit 
dynamic finite element method is used to obtain 
the vibration characteristics and contact forces for 
the rotor-roller bearing system.

A 2D dynamic finite element model for a rotor-
roller bearing system is developed using an explicit 
dynamics finite element software package, which 
is shown in Fig. 1. To obtain accurate simulation 
results, all components in the rotor-roller bearing 
system is considered as elastic bodies in the pre-
sented finite element model; the elements with small 
sizes and square shape are used in the contact areas 
between the roller and the races for the finite ele-
ment model. As shown in Fig. 1, the angular veloc-
ity of 1800rpm is applied at the rotor in a clockwise 
direction. A uniform radial load of 1000N is 
applied on the tope edge of the adapter along the 
negative Y-direction. The rotor is supported by the 
elastic spring elements in the X- and Y-directions. 
The fixed end of the elastic springs is fixed rigidly 
at point O. A friction coefficient of 0.005 is used for 
the contact interfaces in the finite element model. 
The components of the roller bearing system are 
formulated using the linear elastic material proper-
ties of steel. The Young’s modulus is 200GPa, the 
density is 7850kg/m3, and the Poisson’s ratio is 0.3.

3 SIMULATION RESULTS AND 
DISCUSSION

In this study, the effect of the support stiffness of 
rotor on the vibration characteristics of the rotor-
roller bearing system is analysed. The support stiff-
ness of the rotor is assumed to be K, 1.2 K, 1.4 K, 
1.6 K, 1.8 K, and 2 K, respectively. The value of K 
is assumed to be 1 × 107 N/m.

3.1 Effect of the support stiffness on vibrations

Figure 2 shows the effect of the support stiffness 
of rotor on the time-domain accelerations of the 
rotor-roller bearing system. As shown in Fig. 2, 
the amplitude of the time-domain accelerations 
from the measured point (point P in Fig. 2) on 
the surface of the outer race of the roller bearing 
increases with the support stiffness of rotor; and 
the waveforms of the accelerations from the finite 
element models with different support stiffness are 
similar. The results show that the time-domain 
accelerations of the rotor-roller bearing system can 
be significantly affected by the support stiffness of 
rotor.

Figure 3 plots the effect of the support stiffness 
of rotor on root mean square (RMS) values of the 
corresponding time-domain accelerations of the 
rotor-roller bearing system in Fig. 2. As shown in 
Fig. 3, the RMS values increase with the support 

Table 1. Dimensions of a roller bearing N306.

Parameters Value

Inner race diameter (di, mm) 40.5
Outer race diameter (do, mm) 62.5
Pitch diameter (D, mm) 51.5
Roller diameter (d, mm) 11
Effective contact length of roller (Le, mm) 11.4
Number of rollers 12
Radial clearance (Cr, μm)  1

Figure 1. A finite element model for a rotor-roller bear-
ing system.
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stiffness of rotor too. The simulation results show 
that the vibration level of the bearing system can 
be significantly by the support stiffness of rotor.

Figure 4 depicts the effect of the support stiffness 
of rotor on the spectra of the corresponding time-
domain accelerations of the rotor-roller bearing 
system in Fig. 2. As shown in Fig. 4, the amplitudes 

of the peaks of the spectra in the studied frequency 
range of 0 Hz to 5000 Hz increase with the support 
stiffness of rotor of the bearing system; and the 
peak frequencies in the spectra are similar for dif-
ferent support stiffness cases.

3.2 Effect of the support stiffness of contact 
forces

Figure 5 gives the effect of the support stiffness of 
rotor on the time-domain contact forces between 
the first roller and the inner race of the rotor-roller 
bearing system. As given in Fig. 5, the maximum 
amplitudes for the contact forces between the first 
roller and the inner race of the rotor-roller bear-
ing system with different support stiffness cases are 
807.4 N, 758.2 N, 837.9 N, 833.9 N, and 804.7 N, 
respectively. It seems that the maximum amplitude 
of the time-domain contact forces between the 
first roller and the inner race of the rotor-roller 
bearing system can be affected by the support 
stiffness of rotor. Moreover, the waveforms of the 
contact forces from the finite element models with 
different support stiffness are different. The results 

Figure 2. Effect of the support stiffness of the rotor on 
the time-domain accelerations of the bearing system.

Figure 3. Effect of the support stiffness of the rotor on 
the RMS values of accelerations of the bearing system.

Figure 4. Effect of the support stiffness of the rotor on 
the spectra of accelerations of the bearing system.
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show that the time-domain contact forces between 
the roller and the races of the rotor-roller bearing 
system can be significantly affected by the support 
stiffness of rotor.

4 CONCLUSIONS

This study presented a dynamic finite element 
model for a rotor-roller bearing system using an 

explicit dynamic finite element software package. 
The effect of the support stiffness of rotor on 
vibration characteristics of the rotor-roller bearing 
system is investigated. The simulation results show 
that the time—and frequency-domain vibrations 
of the bearing can be significantly affected by the 
support stiffness of the rotor, as well as the contact 
forces between the roller and races. It seems that 
the deliberate use of specific support stiffness of 
rotor is constructive in reducing the vibration level 
of the rotor-roller bearing systems in the industrial 
transmission machinery.
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ABSTRACT: As the primary structure-borne path, bearings play a critical role in gearbox vibration 
and sound radiation. To analyze the contact between rolling elements and races, and predict the bearing 
stiffness more accurately, detailed models of rotor-bearing systems are required. In this study, a system 
level finite element/contact mechanics model of the axle system is proposed, which includes the detailed 
geometry of hypoid gear pair, shafts, tapered roller bearings and axle housing. A numerical method is 
applied to calculate the tapered roller bearing stiffness matrix. The proposed method is then compared 
against the traditional analytical method. A series of parametric studies are also performed to investigate 
the effects of bearing preloads on the transmission error, bearing stiffness, and bearing contact pattern. 
The proposed approach demonstrates the capability to calculate fully populated bearing stiffness matrix 
and time-dependent contact characteristics between rollers and raceways, and thus can be employed in the 
axle system design and further dynamic analysis.

stiffness, shaft stiffness and housing stiffness. This 
paradox is explained by Razpotnik et al. (2015). To 
solve the bearing stiffness for a statically undeter-
mined system, there are usually two methods. The 
first method is to make an initial guess for bearing 
load vector and use an iterative process to find the 
equilibrium between the two quantities by apply-
ing the analytical model. The second method is 
to use finite element model which considers the 
precise bearing geometry and the contact between 
the rolling elements and the raceways. Recently, 
a Finite Element/Contact Mechanics (FE/CM) 
model of ball bearing is proposed by Guo and 
Parker (2012) for bearing stiffness calculation. The 
FE/CM model was compared against the exist-
ing analytical models in the literature as well as 
the experimental results. The same method is also 
implemented in a parallel axis gearbox to predict 
the vibration response and sound radiation of the 
gearbox (Guo et al., 2014).

Thus far, the studies on bearing models have 
been focusing on the bearing itself  or parallel axis 
rotor-bearing system. Very few studies addressed 
the tapered roller bearing modeling and its effect 
on the right-angled geared system. The bearing 
stiffness matrices are usually calculated based 

1 INTRODUCTION

Bearing stiffness is an important contributor to the 
transmission of vibration from the rotating shaft 
to the housing. The investigation on the transmis-
sion of vibrations through bearings started decades 
ago, and many bearing models have been pro-
posed. The early models describe bearings as ideal 
boundary conditions for the shafts, or as purely 
translational stiffness elements. Later, more precise 
bearing models have been proposed based on the 
work of Lim and Singh (1990), which includes all 
possible rigid-body degrees of freedom of a bear-
ing system. Liew and Lim (2005) extended the 
aforementioned rolling element bearing stiffness 
formulation to include the time-variation effect of 
raceway rotation. Sheng et al. (2014) studied the 
effect of speed on bearing stiffness and the dynam-
ics of ball bearing-support rotor system.

To obtain such bearing stiffness, the bearing 
load vector need to be a known input for above 
bearing analytical models. This limits the applica-
tion to statically determined system in which the 
static equilibrium equations are sufficient to deter-
mine the support reaction forces. However, the 
bearing load vector is usually a function of bearing 
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on analytical model, and the effect of system 
component flexibility is neglected (Hua et al., 2011, 
Hua et al., 2012, Wang et al., 2016). Mohammad-
pour et al. (2015) considered the integrated lubri-
cated tapered roller bearing and gear contacts in a 
tribo-dynamic analysis. Some researchers studied 
the effect of bearing preload on the contact load 
distribution and proposed optimal designs for 
tapered roller bearing for automotive application 
(Hayashi et al., 2001, Bercea et al., 2000).

The goal of this study is therefore to investi-
gate the tapered roller bearing contact condition 
and stiffness determination in the context of axle 
system modeling. Bearing preload is also consid-
ered and its effect on the bearing stiffness, contact 
load distribution and gear transmission error is 
studied.

2 FINITE ELEMENT/CONTACT 
MECHANICS

2.1 Axle system model

Figure 1 illustrates the vehicle rear axle system 
considered. The model includes pinion shaft, ring 
gear with the carrier, four tapered roller bearings 
and axle housing. For simplification purpose the 
bevel gears in the differential are neglected.

The FE/CM model takes account of the macro- 
and micro- geometry of the gear tooth profile, 
bearing rollers and raceway. Its efficiency and accu-
racy has been proven in the previous studies (Guo 
et al., 2014, Ericson and Parker, 2014). A com-
bined surface integral and finite element method 
is used to compute relative displacements in the 
near-field contact area and far-field elastic defor-
mation (Vijayakar, 1991). The algorithm is imple-
mented in a computational program (Vijayakar, 
2015). The output of the FE/CM model is the 
gear transmission error, tooth load distribution, 

bearing deflections and loads. Based on these out-
put results, the mesh parameters and bearing stiff-
ness can be calculated.

2.2 Bearing model

The bearing model includes the important design 
details which are absent in most of the previous ana-
lytic models, such as the roller and raceway crown-
ing, clearance, roller length, bearing width. The 
discrepancy due to neglecting these details has been 
shown in previous study (Guo and Parker, 2012).

The deflections of the bearings calculated from 
quasi-static analysis of the axle system are used for 
the determination of bearing stiffness. Small pertur-
bation is added on the bearing deflection vector for 
each direction at a time. The forces due to the per-
turbed deflection vector are calculated. The bear-
ing stiffness matrix is calculated based on the forces 
and displacements and the calculation method will 
be introduced later in the next section.

3 BEARING STIFFNESS CALCULATION

The stiffness matrix of rolling element bearings is
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where x and y denote the bearing in-plane axes and 
z denotes the axial direction. The symbols θ θx yθ θθ  are 
the out-of-plane angular deflections about the x 
and y axes, respectively.
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Figure 1. Axle system model (Vijayakar 2015).
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The stiffness matrix is calculated numerically 
through second order finite difference method by

F
q2

( )q0 q+ ( )q0qFF)qq F( q qqq
δ q

. (3)

where q0 is the calculated bearing deflection vector 
at given load F0 about which the stiffness matrix 
is desired and δ qδδ { }δ δ δ δ δθ θδδ δδ δ δδ δθ θθδδδδ θδδ  is the 
specified small disturbance vector at q0.

4 NUMERICAL SIMULATION

In this section, a practical design of axle system 
with hypoid gear pair and tapered roller bearings is 
taken as an example for numerical simulation. The 
dimensional parameters and clearance of tapered 
roller bearing are shown in Figure 3–4. The hypoid 
design parameters are shown in Table 1. The design 
parameters of pinion bearings and gear bearings 
are shown in Table 2 and Table 3, respectively. The 
quasi-static analysis is performed for one mesh 
cycle and the number of total time steps is 21. Two 
cases with no axial clearance and −0.01 mm axial 
clearance are compared to investigate the influence 
of preload on the roller-race contact stress and 
bearing stiffness.

4.1 Comparison against analytical method

The proposed bearing stiffness determination 
method is compared with a program based on 
Herzian contact theory (Lim and Singh 1990). 
The differences of the diagonal terms of calcu-
lated bearing stiffness matrix are highlighted in 

Figure 3. Dimensional parameters of tapered roller 
bearing.

Figure 4. Clearance between rolling elements and 
raceway.

Figure 2. Pinion head bearing model.

Table 4. In general, the stiffness terms predicted 
by current FE/CM model are lower than those 
predicted by analytical model. This is due to the 
different assumptions between these two methods. 
While Herzian contact theory assumes unrealisti-
cally thick and wide bearing races, the combined 
surface integral and finite element approach does 
not require assumptions about bearing dimen-
sions. Also, it assumes the bearing inner ring and 
outer ring are rigid for the analytical model. Nev-
ertheless, the FE/CM model includes the elasticity 
of the bearing inner ring and shaft.
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Table 2. Design parameters of pinion bearings.

Parameters
Pinion 
head

Pinion 
tail

Number of rollers 16 24
Roller length [mm] 19 17.1
Roller large end diameter [mm] 16.67 7.84
Cup angle [degree] 15 12.86
Bearing width [mm] 22 18.2
Outer raceway diameter [mm] 110 80
Inner raceway diameter [mm] 50 50
Cup inner diameter [mm] 90.36 67.9
Distance of thrust center [mm] 27 17

Table 4. Diagonal terms of bearing stiffness matrices predicted by current model and Lim/Singh’s model.

kxx 
(N/mm) 

kyy 
(N/mm)

kzz 
(N/mm)

kθxθx kθyθy

(Nmm/rad)

Current 1.36 × 106 1.36 × 106 1.95 × 105 4.21 × 107 4.96 × 107

Lim/Singh 2.17 × 106 2.01 × 106 3.00 × 105 9.71 × 107 1.11 × 108

Table 5. Diagonal terms of bearing stiffness matrices with different dimensional preloads.

Axial clearance
kyy 
(N/mm)

kzz 
(N/mm)

kyy 
(N/mm)

kθxθx kθyθy

(Nmm/rad)

0 1.36 × 106 1.36 × 106 1.95 × 105 4.21 × 107 4.96 × 107

−0.01 mm 1.52 × 106 1.52 × 106 2.19 × 105 4.58 × 107 5.31 × 107

Table 3. Design parameters of gear bearings.

Parameters Wheel bearings

Number of rollers 28
Roller length 23.3
Roller large end diameter 13.23
Cup angle [m] 23.31
Bearing width [mm] 26.3
Outer raceway diameter [mm] 145
Inner raceway diameter [mm] 95
Cup inner diameter [mm] 124.93
Distance of thrust center [mm] 33.11

Table 1. Hypoid gear design parameters.

Parameters Pinion Gear

Number of teeth 10 43
Spiral angle [rad] 0.803 0.591
Pitch angle [rad] 0.295 1.269
Pitch aadius [m] 0.048 0.168
Face width [m] 0.0522 0.0478
Type Left hand Right hand
Loaded side Concave Convex
Offset [m] 0.0318
Torque load [Nm] 320

4.2 Bearing stiffness

The bearing preload can have significant influ-
ence on the bearing stiffness. The effect of bear-
ing preloads, represented by the negative internal 
clearance, are studied in this section. Table 5 shows 
the comparison of diagonal terms of the bearing 
matrix. When the preload is present, the bearing 
stiffness generally increase as expected, due to the 
enlarged contact area.

4.3 Contact pattern

The preload will also affect the contact load dis-
tribution between rolling elements and bear-
ing races. Since the tapered roller bearings are 
designed to handle the combination of radial load 
and axial load, the contact stress will concentrate 
on the roller end. The Von Mises stress distribu-
tion on the roller and maximum stress are shown 
in Figure 5–6. The maximum stress is marginally 
reduced for the preloaded case. The discrepancy 
is minimal for the dimensional preload considered 
in this study.

4.4 Transmission error

The bearing preload will affect the supporting 
stiffness of pinion and influence the gear Trans-
mission Error (TE) as a result. It can be shown in 
Figure 7 that the absolute value of transmission 
error is reduced for the case with negative axial 
clearance, due to the stiffening effect when the 
bearing preload is present. The bearing preload 
also reduces the first order harmonic of transmis-
sion error, as shown in Figure 8. The peak-to-peak 
value of transmission error is a major excitation 
source for the vibration of geared system and the 
reduction indicates improvement in the dynamic 
performance of axle system when proper bearing 
preload is present.
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Figure 5. Von Mises stress distribution on the roller 
surface. Figure 7. Gear transmission error in one mesh cycle.

Figure 6. Maximum Von Mises stress on the roller 
surface.

5 CONCLUSIONS

In this study, a finite element/contact mechanics 
model of an axle system with tapered roller bear-
ings are proposed based on realistic axle design 
parameters. The bearing stiffness under operating 
bearing load, including the bearing preload, is cal-
culated applying the proposed model and stiffness 
determination method. The results are compared 
with the diagonal terms of bearing stiffness matrix 
predicted by analytical method. The effect of bear-
ing dimensional preload on the bearing stiffness, 
roller-race contact stress distribution and gear 
transmission error is investigated. The simulation 
results show that proper bearing preload is needed 
for the purpose of system rigidity and bearing 
fatigue life. As a next step, more detailed para-
metric study should be conducted and the effect 
on dynamic responses of the axle system will be 
investigated.

Figure 8. Gear TE harmonics (Δz = 0 mm: no preload; 
Δz = -0.01 mm: with preload).
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ABSTRACT: To get a fast and stable performance of the hydraulic system in automatic transmission, 
proper notches are designed and selected on the valve spool, to reduce the stationary axial momentum 
forces of the oil flow through a valve. Solid model and flow field model with different notches are estab-
lished by CAD software. Dynamic and static characters during the opening process of the valve spool 
with kinds of notches are analyzed based on CFD flow fields, including the distribution of the velocity 
field, the distribution of the pressure field, the flow characters and the flow forces. A dynamic model is 
developed based on the CFD result to simulate the dynamic opening process of valves with and without 
notches on the spool. The simulation result reveals that the valve spool with notches can generate less flow 
force and need less response time during the opening process, which indicates the valve spool with notches 
presented in this paper provides a practical and effective method to improve the performance of hydraulic 
system in automatic transmission.

Keywords: spool valve, notch, dynamic response character, CFD

the flow Coefficient (Cd) of throttle orifice with 
rectangular notches in spool valve based on the 
experiment of flow-pressure drop characteris-
tic and orifice area calculation [4]. Marko Simic 
optimized the spool and housing geometry in a 
small hydraulic seat valve to reduce the axial flow 
forces to a minimum value using commercial simu-
lation tool, ANSYS CFX [5]. ZHU Yu obtained 
the effects of three kinds of notches on the flow 
field and dynamic response characteristic of the 
pilot operated directional valve based on CFD 
and MATLAB Simulink simulation [6]. Herakovič 
N presented an analysis and compensation of the 
flow forces through an appropriate construction of 
a hydraulic piston valve [7]. Giuseppe Del Vescovo 
analyzed the flow conditions in hydraulic direc-
tional control valves with Fluent, which confirmed 
previous experimental results [8]. Riccardo Ami-
rante proposed an effective methodology for the 
fluid-dynamic design optimization of the sliding 

1 INTRODUCTION

Pilot operated spool valve is an important com-
ponent of the complex electro-hydraulic system in 
automotive automatic transmission, for its ability 
to operate high pressure and flow rate hydraulic 
fluid [1]. A fast and smooth shifting process requests 
the spool valve should open as soon as possible. 
During the opening process, steady state flow force 
is a key resistance, which is mainly caused by the 
oil momentum change [2]. Large flow force during 
the working state of spool valve is usually the main 
cause for many problems related to response time, 
and energy consumption. Multiple researches have 
been done to overcome these limitations to gain a 
better response effect thorough experimental and 
numerical analysis of spool valves.

Xin FU have conducted an experimental inves-
tigations on the noise characteristics in spool 
valve with v-notches [3]. JI Hong investigated 
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spool of a hydraulic proportional directional valve 
to minimize the flow force at a certain flow rate 
using Fluent [9].

Therefore, the structure of the notch on the 
shift valve spool will be designed to explore. As 
the spool with U notches can improve the response 
and stability of the system, the research selects the 
U-shaped orifice representatives of the non-whole 
periphery notch of the spool. After that, the effects 
of the spool without notch, with chamfer and with 
U notches will be compared.

In addition, the analysis method proposed in 
these paper can only analyse the dynamic char-
acter of  valve opening in certain operating condi-
tions such as opening speed and pressure drop. To 
make the analysis suitable for the whole opening 
process of  spool valve, This paper presented an 
analysis of  dynamic characters of  pilot operated 
spool valve with notches based on CFD analy-
sis and software AMESim. Dynamic parameters 
such as equivalent flow coefficient Cd and flow 
forces corresponding to different valve opening 
and pressure drop between inlet and outlet port 
are calculated. Dynamic model of  valve is con-
ducted based on the calculated parameters. Flow 
forces and response time of valve spool with and 
without notches are compared using the proposed 
method.

2 MATHEMATICAL MODEL

2.1 Mathematical model of the system

The schematic diagram of the system studied in this 
paper is shown in Figure 1. The system consists of 
ECU/TCU control unit, pilot solenoid valves, shift 
spool valves and clutch/brake actuators and some 
other elements. To analyze the effects of parame-
ters on the dynamics, dynamic model of the system 
was developed.

Referring to Figure 1, the equation of the shift 
spool valve motion is a balance of hydrostatic 
pressure, spring force and flow force, which can be 
written as:

∑ ∑ ∑+F∑∑ F M= xspringii flowFF valvM e vx alve��  (1)

where Mvalve represents the mass of the valve spool, 
xvalve is the position of valve spool.

The hydraulic pressure force is consist of the 
control pressure acting on the left end of the spool 
and the feedback pressure acting on the right end 
of the spool:

∑F P= A P− ApressureFF c cPP A fbPP fbA  (2)

where Ac and Afb are the effective area of the left 
and right end on the spool. The spring force acting 
on the valve spool is expressed as:

∑ −F F= − K xspriFF ngii valve0 1FF KK  (3)

where F0 represent the constant preload spring 
force, K1 is the spring rate. The flow force acting on 
the spool can be expressed as:

∑ ∑ ∑+F∑∑ Fstatic dynamiFF c  (4)

where the static flow force can be calculated by:

∑ × × ( )−F c= − os C A× −stFF atic d × (C A×θ
ρ
2  (5)

where Cd is the flow coefficient, A is the flow area 
of valve port:

A
d lapll lapavalvdd e in ilapllii n mlapaii ax

=
( )l p

<
⎧
⎨
⎧⎧

⎩
⎨⎨

0 (lapa ≤,
)πdd

 (6)

The dynamic flow force is:

∑ ( ) ×F C= dL − xdynamicFF d (C valveπ ρdLddL 2 �  (7)

As the small flowrate of the valve, FdynamicFF  is usu-
ally ignored.

Figure 1. System working principle.
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The flowrate of valve can be calculated by:

∑ ∑ + +Q∑∑ Q Q+
V

PoutQQ fbQ CLQQ outPP1VV
β

�  (8)

where the input flowrate can be calculated by:

Q C d lapl P P signi

lap la apll x

inQQ d iC d lapll n iPPii niiP outPP

in val

C d lapll PdC d lapll ( )P PinPP outPP

+

CCC
ρva veddd
2

0 vevv in maxlap lina apll, ( )0 < lapina
 (9)

The output flowrate is:

Q C d lapll PoutQQ dC out inPPC ddCCC
ρvalvedddd
2  (10)

The input flowrate and pressure of feedback 
chamber is:

Q C r P P signfbQ d oC r ri inPP outPP−r PrCdC sign( )P PinPP outPP−PiPPπ rrr
ρ1

2 2  (11)

�P Q A x�
VfbPP fbQ fbA valve

fbVV
+QfbQ(( ) β  (12)

The input flowrate and pressure of clutch piston 
chamber can be expressed as:

Q C r P P signCLQQ dC outPP CLPP−r PCdC sign( )P PoutPP CLPP−PoutPπ rrr
ρorrr i2

2 2  (13)

V
P

CLVV CLPP( )Q A xCLQQ CLA ×ACLA × = �β  (14)

The motion of the clutch piston can be expressed 
as:

∑ ∑ =F∑∑ M xspriFF ngii pistonM piston�
\
 (15)

2.2 Mathematical model of valve spool 
with chamfer

The structure of the spool valve with chamfer is 
shown as Figure 2, the chamfer on the spool can 
change the flow area and inject angle of hydraulic 
flow. The flow area of valve spool with chamfer 
can be expressed as:

A
x
d

−⎛
⎝
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

π δddxsdd indxsd in 1
2

2sin δ⎞⎞
⎠

 (16)

where x is valve opening, δ is the angle of chamfer 
edge.

The flow area of the valve spool with chamfer cor-
responding to different valve openings and chamfer 
angles can be calculated numerically as Figure 3.

2.3 Mathematical model of valve spool with U 
notches

Valve spool with U notches is shown as Fig. 4, the 
notches on the spool can affect the flow area and 

Figure 2. Model of valve spool with chamfer.

Figure 3. Flow area of valve spool with chamfer.

Figure 4. Model of valve spool with U notches.
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inject angle of hydraulic flow. The flow area of 
valve spool with chamfer can be expressed as:

A
n

A AaxA raA

=

( )underlap Lin < −

⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

+
⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

0

1 1⎞ ⎛
2 2

⎛ ⎞
( )L underlapin− ≤L ≤ 00

⎧

⎨

⎪
⎧⎧

⎪
⎨⎨

⎪⎪

⎩

⎪
⎨⎨

⎪
⎩⎩

⎪⎪
 (17)

The flow area of valve spool with chamfer cor-
responding to different valve opening and different 
radius of notches can be calculated numerically as 
Figure 4.

3 CFD ANALYSIS OF FLOW 
COEFFICIENT AND FLOW FORCE

3.1 Simulation setting

A full 3D CFD simulation of the flow domain in 
the valve is necessary to obtain an accurate flow 
solution. As for the complicated internal flow field, 
unstructured tetrahedral meshes are used. Figure 
6 shows how the valve internal flow domain is 
modelled and meshed.

The grids were generated in ICEM CFD with an 
optimized number of cells approximately equal to 
500,000 for all valve openings. Besides, incompress-
ible fluid is supposed, and standard k-ε is chosen 
to model turbulence.

As the inlet of the spool valve connect the pres-
sure relief  valve, so the pressure of the inlet can 
be regarded as a constant pressure source simplis-
tically. Choose the pressure difference of the inlet 
and outlet as ΔP. Starting from the initial position 
and pressure difference, x = 0 mm and ΔP = 0 bar, 
increase the spool displacement with a constant 
step of 0.2 mm and 1bar, to the maximum x and 
maximum ΔP.

3.2 Simulation results

To obtain the physical properties of the flow field, 
especially the flow rate and flow force during the 
opening process of spool valve, under different 
pressure and different spool displacement. Flu-
ent, a CFD software, is usually to complete the 
calculation of flow field. Through the calculation, 
pressure contours, velocity vectors and streamlines 
of the valve flow field can be obtained by Fluent 
calculation.

As shown from the Figure 7 and Figure 8, the 
fluid flow into the valve flow field circumferentially, 
so it is applicable of the flow equation, which is:

q C A pdC
2
ρ

pp  (18)

However, the flow area will change with the 
spool valve displacement increment, which is not an 
annular region and turn very complicated as Fig-
ure 9 and Figure 10. Therefore the equations which 

Figure 5. Flow area of valve spool with U notches.

Figure 6. The flow field of the valve.

Figure 7. Pressure contour of 0.5 mm displacement.
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include the flow area A dxddπdd  is not accurate any 
more. So the calculation of the flow rate, steady flow 
force and dynamic flow force will be very difficult.

In addition to observing the changes of the 
pressure and flow rate in the flow field directly, 
flow force can also be obtained by integrating the 
pressure of the wall of the valve at a certain spool 
displacement and pressure difference between the 
inlet and outlet with the CFD software.

4 DYNAMIC SIMULATION BASED 
ON AMESim

To compare the dynamic response of differ-
ent valve spools, the dynamic simulation models 
should be developed. The dynamic models were 

Figure 8. Streamline of 0.5 displacement.

Figure 9. Pressure contour of maximum displacement.

Figure 10. Streamline of maximum displacement.

Figure 11. Equivalent flow coefficient of valve without 
notch.

Figure 12. Flow force of valve without notch.

Figure 13. Equivalent flow coefficient of valve with 
chamfer.
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Figure 14. Flow force of valve with chamfer.

Figure 15. Equivalent flow coefficient of valve with U 
notch.

Figure 16. Flow force of valve with U notch.

Figure 17. Dynamic model in software AMEsim.

Figure 18. Pressure response of different valve spools.

Figure 19. Flow forces acting on different valve spools.

developed on software AMESim, shown as Figure 
17, among which the equivalent flow coefficient Cd 
and flow force are based on the CFD software Flu-
ent analysis results.

Dynamic responses of different valve spools 
respect to a step pilot operating pressure are com-
pared in Fig. 18. The spool with u notches need 
the least response time and spool with chamfer 
need less response time than nominal spool with-
out notch. Besides, flow force acting on different 
valve spool during the filling process of system are 
compared in Fig. 19.
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5 CONCLUSION

It is essential for structural optimization design of 
the valve spool to improve the shift quality. As it is 
difficult to calculate the flow coefficient and flow 
force of the valve spool directly, this paper pre-
sented to combine the CFD analysis and AMESim 
to research the influence of the different notches 
on the spool. It is concluded that the spool with 
U notches can reduce the delay time of 10 ms, and 
it indicates it is possible to improve the hydraulic 
system response speed by rational design of the 
notches of the shifting valve spool in automatic 
transmission.
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Comparative system dynamic modeling of a conventional and hybrid 
electric powertrain
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ABSTRACT: Hybrid Electric Vehicles (HEVs) provide many known benefits over conventional 
vehicles, including reduced emissions, increased fuel economy, and performance. The high cost of HEVs 
has somewhat limited their widespread adoption, especially in developing countries. Conversely, it is these 
countries that would benefit most from the environmental benefits of HEV technology. As part of our 
ongoing project to develop a cost-effective and viable mild HEV for these markets, dynamic simulations 
are required to ensure that the proposed designs are to achieve their desired targets. In this paper, math-
ematical models of the powertrain are used to analyze and compare the dynamics of both a conventional 
power train and one with the addition of components required for the Mild Hybrid system. Using Matlab 
and Simulink, simulations of both powertrains under particular driving conditions are performed to 
observe the advantages of the MHEV over conventional drivetrains. These benefits include torque-hole 
filling between gear changes, increased fuel efficiency and performance.

powertrain states for the purpose of investigating 
transient vibration. The major powertrain com-
ponents (engine, flywheel, transmission, and dif-
ferential) are lumped as inertia elements which are 
interconnected with torsional stiffness and damp-
ing elements to represent a multi-degree of freedom 
model of the powertrain (Crowther and Zhang, 
2005, Crowther et al., 2007). By modeling the pow-
ertrain, possible improvements can be identified 
when using the electric drive unit. A comparison 
between the mild hybrid powertrain with a tradi-
tional manual transmission driveline is made, with 
a focused analysis on the lower gears. This is done 
because in the lower gears the torque transferred to 
the drive shaft is greater, along with the deflection 
in the shaft. This means the shaft torsion is higher 
at lower gear ratios, resulting in larger oscillations. 
This paper will conclude with the role of integrated 
powertrain control of both the engine and motor 
in minimizing torque-hole. High-quality shift con-
trol is critical to the reduction of torque-hole and 
vibration of the powertrain.

1.1 Shift process analysis

For the MT shift quality control, the shift process 
analysis proves essential. This involves the dis-
engagement and engagement of a single clutch 
connecting the transmission to the power source. 
Three phases encompass the shift process. The first 
phase involves the disengagement of the clutch 
and is characterized by a rapid reduction in torque 

1 INTRODUCTION

Driving comfort, shifting quality and improved 
driveability with low manufacturing costs have 
become strongly aligned with mild hybrid electric 
powertrains, which allow for a good opportunity 
for improvement (Kuo, 2011). We discuss a low-
power electric motor mounted on the transmission 
output shaft coupled to a controlled power source, 
allowing for increased functionality of the pow-
ertrain along with a reduction in the torque hole 
during gear changes. This configuration allows for 
improved driving performance (Sun and Hebbale, 
2005). Primary input signals to the motor control-
ler are; clutch position, ICE load (calculated from 
speed and throttle angle), and selected gear. The 
electric machine’s function is to eliminate or reduce 
the torque hole during gear changes by providing 
a tractive force when the clutch is disengaged. In 
addition to this, it can provide damping for torque 
oscillation, particularly during gear changes and 
take-off  (anti-jerk). The electric motor may also 
act as a generator under certain driving situations 
(Wagner, 2001).

This paper seeks to research the dynamics of a 
front wheel drive mild hybrid electric powertrain. 
A detailed analysis of the system with numerous 
degrees of freedom is suggested. The resulting 
equations of motion are written in an indexed 
form, making it easily implemented into a vehicle 
model. Lumped stiffness-inertia torsional models 
of the powertrain will be developed for different 
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transmission to zero. The second phase, also 
known as the gear selection phase, is characterized 
by a fully disengaged clutch and torque-hole, as 
well as minor torque oscillation from the synchro-
nization of the selected gear. The final phase is the 
inertia phase, characterized by a large torque oscil-
lation as the clutch slips during re-engagement. 
At the attainment of a constant speed ratio, the 
speed of the powertrain is equal to the speed of the 
vehicle, and the clutch is fully engaged (Galvagno 
et al., 2009). Factors that influence the shift proc-
ess include the magnitude of transmitted torque 
before and after the gear change and the speed of 
clutch disengagement and engagement. Figure 1 
represents an example of measured vehicle data 
for half-shaft torque (with torque fill during shifts) 
(Baraszu and Cikanek, 2003).

2 POWERTRAIN MODELLING

The model developed uses a simple empirical engine 
element utilizing a three-dimensional lookup table. 
This element is inserted into two powertrain models 
which are both presented. This section shows the 
mathematical models of each configuration using 
eight degrees of freedom for the mild HEV power-
train, compared to seven degrees of freedom for a 
conventional powertrain.

2.1 Powertrain equipped with motor

Figure 2 is representative of a basic mild hybrid 
transmission powertrain. The powertrain requires 
a single dry-plate clutch interfacing between the 
engine and transmission. In a conventional manual 
transmission, the clutch must be released before 
synchronization to isolate the synchronizer from 
engine inertia. Figure 2 also shows the remain-
der of the powertrain. This includes the Electric 
Propulsion System (EPS) which is permanently 
coupled to the transmission output shaft. The 
EPS can directly drive the wheels in this configu-
ration, which provides a post-transmission parallel 

type hybrid vehicle powertrain. As the motor is 
downstream of the transmission, it ultimately has 
a fixed constant speed ratio to the wheels via the 
final drive. As the intended profile for use involves 
short pulses of high power for torque-filling, the 
peak mechanical power figure is just as signifi-
cant as the continuous output to consider. Brush-
less motor drive is widely used for EV and HEV 
applications (Zeraoulia et al., 2006, Sharma and 
Kumar, 2013, Chang, 1994). A 10 kW electric 
machine satisfied most requirements for torque fill 
in during gear change. It also provided sufficient 
power for use in improving vehicle efficiencies 
under high demand or low engine efficiency condi-
tions (Wagner and Wagner, 2005). The noticeable 
limitation of this vehicle configuration is that there 
was no potential to isolate the EM from the wheels, 
resulting in incidental losses while the motor was 
freewheeling. Standard synchronizers that are pop-
ular in manual transmissions were used to achieve 
speed synchronization during gear shifting. These 
synchronizers have low cost and high reliability. 
Material savings may be found by removal of the 
synchronizers and replaced by usage of electronic 
throttle control to accomplish speed synchroniza-
tion, due to the nature of the mild HEV system 
proposed. In saying this, these savings presume 
that speed synchronization may be accomplished 
with a very high degree of accuracy. The inclusion 
of synchronizers, however, means that the accu-
racy of the speed synchronization may be reduced 
thus improving system response. In addition to 
this, the savings do not necessarily eventuate into 
reduced cost due to the current economies of 
scale. For these reasons, this option is not followed 
through. The powertrain is essentially a basic post-
transmission parallel hybrid configuration. It uses 
a low-powered four-cylinder engine coupled to a 
five-speed manual transmission through a roboti-
cally actuated clutch. A motor is connected to the 

Figure 1. Actual Half-shaft torque with Fill-in.

Figure 2. Generalized powertrain layout with 
hybridization.
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transmission output shaft, before the final drive. 
The literature includes some similar architectures 
to that proposed (Baraszu and Cikanek, 2002, 
Rahman et al., 2000, Aoki et al., 2000). Of these, 
Baraszu (Baraszu and Cikanek, 2002) most closely 
resembles the architecture that is suggested. How-
ever, the architecture outlined in this paper is sim-
pler by the omission of the motor clutch.

It is necessary to extend the research to consider 
the vibration of the powertrain as well as control 
of clutch and motor, in order to ensure a complete 
study of system response. The powertrain model is 
divided into the following subsections; the engine 
model, motor model, powertrain inertia model, 
and vehicle resistance torques model. These mod-
els are discussed below.

2.2 Powertrain lumped model formulation

The powertrain is modeled using torsional lumped 
parameters to capture the shift characteristics of 
the system. Inertia elements represent the major 
components of the powertrain, such as engine, fly-
wheel, clutch drum, clutch plate, synchronizer with 
final drive gears, shafts, differential, electric motor, 
wheels and vehicle inertia. These are exposed to 
various loads, including rolling resistance and air 
drag. Torsional shaft stiffness is represented by 
spring elements connecting major components 
and losses are represented as damping elements. 
Figure 3 shows the model layout of a motor 
mounted on a front wheel vehicle. The application 
of assumptions can help to minimize the complex-
ity of the powertrain. The first step is to lump iner-
tia of idling gears in the transmission, and primary 
gear and synchronizer inertias. By doing this, it 
removes erroneous transmission components. An 
assumption is made that there is no backlash in 
the gears or engaged synchronizers, eliminating 
high stiffness elements in the model. Further based 
on this assumption, there is a reduction in compu-
tational demand. Finally, symmetry in the wheels 

and axle eventuates in the ability to group these 
inertias together as a single element. Further losses 
in transmission and differential are modeled with 
grounded damping elements.

Using the procedures defined by Rao (Rao, 2011) 
for torsional multi-body systems in equation (1), 
the lumped parameter model is then constructed. 
Free vibration and forced vibration analysis can 
be conducted using the equation of motion. Idling 
gears are lumped as additional inertia on gears tar-
geted for shifting. Backlash in gears is overlooked 
as frequencies excited in lash are generally signifi-
cantly higher than the main powertrain natural 
frequencies of 3 to 100 Hz. It is unlikely that there 
will be an impact on synchronizer engagement (De 
la Cruz et al., 2010). The generalized equation of 
motion is:

I C K T�� �θ θC θ−θC  (1)

Where I is the inertia matrix in kg-m2, C is the 
damping matrix in Nm-s/rad, K is the stiffness 
matrix in Nm/rad, T is the torque vector in Nm, 
and θ is the rotational displacement in rad, �θ  is 
the angular velocity in rad/s and ��θ  is the angular 
acceleration in rad/s2. Gear ratios are represented 
as γ for the transmission reduction pairs, and final 
drive pairs. Equations of motion for each element 
are:

I Te eI e eTT��θ Ke eKK ( )eθ θe−θ =θθ  (2)
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Figure 3. Lumped parameter model for a mild HEV 
equipped powertrain.
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I C TWWII W d dC WTT��θ KW dKdKdK ( )dWWθ γ θd−WθW +CC ( )W d
� �γWdγ θγ d dγ θd  (9)

I Tm mmI m m d mTT��θ Km m CCKKmK ( )dmmθ θd−mθm C ( )d m
� �θmdCdC) dd  (10)

If  the clutch is engaged, equations (4) and (5) are 
unified and the inertias of the clutch members com-
bine. Equation (11) is the eventuating equation of 
motion. With the clutch engaged, the total number 
of degrees of freedom of the system decreases. If  
the clutch is disengaged, then the system has eight 
degrees of freedoms, while if  the clutch is engaged, 
there are only 7 degrees of freedom.

( )
K C

C F

isKK is

C C1C

CisCC
) ( )F ( )C F−C

− K ( )g cc C

��θ KC KKKKK+C CFC)F CFC ( C( C F

g c ( )g1g
� �θ θ1g − ccθ = 0

 (11)

When looking at a mild hybrid powertrain, 
equation (10) is introduced along with equation 
(8), which is used instead of equation (7), which is 
used when analyzing a conventional powertrain.

2.3 Free vibration analysis

Vehicle modes, damping ratios, and natural fre-
quencies are used in determining damped free 
vibration analysis. This requires the representation 
of the model in state-space form. The externally 
applied torques are assigned a zero value for free 
vibration. The equations are then presented in 
matrix form, as:

[ ]I { } [ ]{ } + [ ]K { } = { }} [ ]{} [ ]C { }} }}  (12)

Damped free vibration analysis is performed 
using the system matrix taken from equation (12). 
The application of the eigenvalue problem can be 
used to determine natural frequencies and damp-
ing ratio. The system matrix is as represented as:

A
I

I C I K
=

⎡

⎣
⎢
⎡⎡

⎣⎣

⎤
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1 1C IC I
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where A is the system matrix, and I  is the identity 
matrix. The natural frequencies and damping ratios 
are tabulated in Table 1. With the clutch open there 
are two rigid body modes as the two separate power 
train halves are effectively not coupled. In addi-
tion to this, each of the open natural frequencies is 
associated with the two separate bodies; the higher 
frequency for the engine and clutch disc with low 
stiffness and high inertia, and the lower frequency 
for the transmission and vehicle body. However, 
with the clutch closed the damping ratios are fun-
damentally identical and the natural frequencies 
are reasonably close. This remains constant with 

the change in effective inertia experienced by the 
locked drum and transmission inertias coupled via 
reduction gear pairs. The damped free vibration of 
the powertrain is accomplished using state-space 
methods. Matrices for I, C, K are developed and 
merged into the system matrix and the eigenvalue 
problem is solved for the damped natural frequen-
cies of the system. The un-damped natural fre-
quency and damping ratio are identified using real 
and imaginary components.

Free vibration analysis is used in this paper to 
compare powertrain models with and without a 
motor. Damped free vibration analysis is applied 
to both models, with a presentation of natural 
frequencies and damping ratios for both models. 
The relationships of natural frequencies to the 
model are identified using modal shapes. Impor-
tant characteristics of the powertrain are derived 
from the damped free vibration results. Damp-
ing ratio results demonstrate the lightly damped 
nature of the powertrain, where no damping ratio 
exceeds 10% (as represented in Table 2). Light 
damping provides more sources of excitation in 
the powertrain resulting from nonlinearities, which 
can contribute to the initiation of high-frequency 
vibration in the propeller shaft. This eventuates in 
one rigid body mode of the powertrain and seven 
natural frequencies with corresponding damping 
ratios. Solutions to the eigenvalue problem resulted 
in 7 paired solutions with real and imaginary com-
ponents. For each of these proposed solutions, the 
real component of the eigenvalue was negative, 
which indicates a mathematically stable system. 
For the purposes of clarity, zeros are omitted from 
matrices. The natural frequency of the Rigid Body 
Mode (RBM) included a small imaginary compo-
nent as a result of the use of grounded damping 
elements, however this does not have a bearing on 
the stability of the system. For the open clutch 
model, two RBM are present, whereas for each of 
the closed clutch models one RBM is present.

Compared with the original drivetrain, the 
design system has one more degree of freedom so 
there is one more state of natural frequency; the 
high-frequency response is higher than the origi-
nal drivetrain, yet for lower frequency response, 
there is negligible difference. Based on this, it can 
be concluded that inserting an electric motor with 
additional inertia does not have a significant effect 
on low-frequency response.

2.4 Single dry clutch model

The preferred model describes the system in a 
piece-wise manner, with one equation describ-
ing the slipping phase and another describing the 
sticking phase of the clutch. Equation (14) repre-
sents the torque through the clutch while slipping. 
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The sticking of the clutch is sustained as long as 
the torque transmitted through clutch (Tc) remains 
below the maximally transmittable torque TcTmax,  
which is given by equation (15) (Serrarens et al., 
2004, Heijden et al., 2007, BĂŢĂUŞ et al., 2011),

T F R ic nT FT F a ( )e c−μR sR ignaR sign(  (14)

T F R signcTT n sFF tick aR sign( )TcTTμ  (15)

R r r
r raR o ir rr

o ir rr
=

⎛
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⎠⎠

2
3

3 3r
2 2r
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where μ is the dynamic friction coefficient, the rota-
tional speed of the clutch disc and transmission 
input shaft are presented by ωe, ωc, respectively; Ra 
is active radius of the clutch plates, and Fn is the 
pressure load on the clutch. μstick = 2.μ. Further-
more, the term sign (Tc) is non-positive in the case 
of vehicle (engine) braking and positive in all other 
cases; ro is external diameter of clutch friction plate 
and ri is inner diameter of clutch friction plate.

2.5 Vehicle torque model

The vehicle resistance torque is distinguished from 
a combination of road grade, rolling resistance 
of the vehicle, and aerodynamic drag interactions 
with weight and gradeability factors as follows:

T M g AV rv vTT v Dg v vAVAV wrr
⎛
⎝
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

μ ∅M gvMM gvM ∅ ρC AADCM gvM g i 1
2

2  (17)

where Tv is vehicle torque, Vv, m, Av are the speed, 
mass and frontal area of the vehicle respectively; rw 
is the wheel radius, μ is the rolling resistance (fric-
tion) coefficient, CD and ρ are the drag coefficient 
and air density respectively, ∅ is the road grade 
and g is gravitational acceleration (Borhan et al., 
2009, Hartani et al., 2010).

2.6 Motor and engine model

The Simscape environment was used to establish 
the physical simulation models of the engine and 
its control. As the engine model only plays a 
role in providing torque output and speed for a 
given throttle command, the simple engine model 
“Generic Engine” in the SimDriveline package 
is chosen directly, as used in (Zhou et al., 2015, 
Mahapatra et al., 2008). The physical simulation 
models of the EPS (motor and control) were also 
established in the MathWorks’ Simscape environ-
ment. Look-up tables were used to directly find the 
output torque based on a set of directed throttle 
commands and motor speed. The look-up table 
utilized in the model presented is acquired from 

ADVISOR on the basis of the Unique Mobility 
10 kW Brushless motor. Figure 4 shows the 
SIMULINK implementation of motor (Johri and 
Filipi, 2010, Lin et al., 2003).

3 SIMULATION

The Simscape simulation was performed using the 
ODE23t element from the ODE suite with a maxi-
mum time step of 10–1 for the powertrain model, 
and relative tolerance set to 10–3. State flow event 
functions were used to ascertain lockup conditions 
and move between powertrain models. The pri-
mary focus of results are on the electric drive mode 
part and an evaluation of the transient response of 
both drivetrains. For initial data comparison with 
between models, a single cycle of the Rural Driving 
Cycle (RDC) was used. Its simplicity and utilization 
of five up-shifts over its duration was the basis of its 
selection. The speed of the input shaft (i.e. engine 
speed) differs according to the different gear ratios 
of initial and target gear and the throttle angle dur-
ing the gear change. Results show the difference in 
magnitude of the torque hole between the conven-
tional and torque-fill powertrains. There is a focus 
on the variation in shaft speed due to different gear 
ratios and comparison on the transient response. 
Figure 5 shows the velocity of the vehicle during 
an acceleration event 0–100 km/h. A fixed throttle 
angle profile results in a reduced acceleration time 
by approximately 1.5 seconds using the torque-fill 
drivetrain, with a marked reduction in deceleration 
at each gear shift.

A representation of the output shaft torque of the 
conventional and mild HEV drivetrain when upshift-
ing sequentially from 2nd to 5th gear is seen in Fig-
ure 6. Three discrete torque oscillation responses are 
in each upshift event. The first torque excitation is 
caused by disengaging the clutch. When the clutch is 
decoupled, the engine and flywheel inertia are decou-
pled from the transmission. This sudden change 
in inertia results in excitation of torque response. 

Figure 4. Brushless motor Model in SIMULINK.
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Synchronizing gears causes a second, smaller excita-
tion. As the previous gear is desynchronized and the 
next gear is locked to the output shaft, there is a vari-
ation in layshaft speed due to the energy absorbed 
by the synchronizer along with windage and bearing 
losses. When the clutch is re-engaged, the third spike 
occurs. A torque overshoot can occur due to differ-
ent rotational speeds between the flywheel and clutch 
disc (Fredriksson and Egardt, 2000). The torque 
excitations on the output shaft are clearly illustrated 
in Figure 6. The torque profiles of the original driv-
etrain and the torque-fill drivetrain are contrasted. 
When the system is operating in torque fill-in mode, 
it is apparent that the torque hole is reduced, along 
with a marked reduction in the oscillatory peak by 
approximately 175 Nm.

4 CONCLUSION

This paper has introduced a mild hybrid power-
train for a manual transmission vehicle, integrat-
ing an electric machine to provide drivability and 
comfort by reducing torque holes during gear 
shifts. The adoption of the motor has required 
the development of vehicle control strategies for 
shifting to compensate for lower powertrain system 
damping than what is present in a conventional 
powertrain and the resulting transient vibration 

during and after gearshift. This paper has presented 
a strategy for up-shifting that employs the increased 
electric motor functionality to decrease the torque 
hole. The torque-fill drivetrain can be used equally 
successfully with automated manual, and traditional 
manual gearboxes, and the limited motor power and 
duty cycle limit the size and cost of other system 
components, such as batteries and converters. Due 
to the intermittent operation, it is also possible to 
safely operate the components beyond their rated 
continuous output and yield greater benefit.

Figure 5. Speed profile in ICE and Mild HEV models.

Figure 6. Torque profile.

Definitions/Abbreviations

ICE Internal Combustion Engine
MHEV Mild Hybrid Electric Vehicles
MT Manual Transmission
EPS Electric Propulsion System
RBM The Rigid Body Mode

Model parameters

Name Symbol Units

Torque T Nm
Equivalent Inertia I Kg m2

Speed ω rad/s
Displacement θ rad
Torsional stiffness K Nm/rad
Friction Coefficient C Nms/rad

Component Symbol

Engine e

Flywheel F

Clutch drum C1

Clutch hub C2

Input Shaft is

Gearbox g

Output shaft os

Differential d

Motor m

Vehicle with tyre W

Parameter
Damping
(Nm/rad) Parameter

Stiffness
(Nm/rad)

CF 2 Ke 95000
Cc 0.049 KF  2000
Cis 0.0044 Kis  5600
Cos 0.1 Kos  4700
Cd 0.1 Km  9500
Cm 0.0045 Kd 65000

APPENDIX

1. Parameters
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2. Results
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ABSTRACT: This study uses a finite element/contact mechanics formulation to investigate rolling 
element bearing stiffnesses for the purpose of accurately modeling planetary gears. One bearing model 
uses a detailed contact model for all rolling element/race contacts. In another model, the elements of the 
planet bearing stiffness matrix are first calculated numerically from the local slope of the bearing force-
deflection curve using finite differences. These stiffnesses vary substantially over a ball-passperiod due 
to changes in the instantaneous contact conditions and the number of rolling elements in contact from 
kinematic bearing motion. Applied load and clearance substantially affect bearing stiffnesses. The stiff-
ness matrices are integrated into a finite element/contact mechanics model of a complete planetary gear. 
Central member quasi-static response and planet load sharing are investigated for both models.

In this work, an isolated bearing model is cre-
ated to analyze rolling element contact and cal-
culate the bearing stiffness matrix. This bearing 
model implements rolling elements, bearings race, 
and the time-varying contact between them using 
the Finite Element/Contact Mechanics (FE/CM) 
approach. A two-dimensional (2-D) planetary gear 
FE/CM model is then created to study the system 
when using stiffness matrix bearings compared 
to full contact bearings. Quasi-static analyses are 
conducted to study central member (sun, carrier, 
and ring) responses and planet load sharing using 
both of these bearing models in the planetary gear 
system model.

2 MODELING AND ANALYSIS OF THE 
ROLLING ELEMENT BEARING

This section investigates bearing stiffness using the 
isolated FE/CM bearing model for varying bear-
ing clearances and loads. The FE/CM approach, 
developed by Vijayakar (1991), solves local defor-
mations near the contact region analytically 
using the geometric definition of the contacting 

1 INTRODUCTION

Planetary gear been extensively studied using 
analyti cal and experimental approaches in Refs. 
(Velex & Flamand 1996, Lin & Parker 1999, Parker 
2000, Ericson & Parker 2013) for dynamics, and 
in Refs. (Kahraman 1999, Ligata, Kahraman, & 
Singh 2009, Singh 2010, Gu & Velex 2012) for 
planet load sharing, for example. In Most pub-
lished planetary gear models, bearings are approx-
imated as isotropic lumped stiffnesses. Recent 
research has shown that rolling element bearings 
have nonlinear, anisotropic, and time-varying 
stiffness. All stiffness matrix representations of 
the rolling element bearings represent approxima-
tions of  the system behavior. While most research 
recognize there are limitations in stiffness matrix 
bearing models, the extent of  these limitations has 
not been well explored. Ericson & Parker (2014) 
identified that using anisotropic planet bearings 
stiffness gives better prediction in modal behavior 
than using isotropic bearing stiffness. Cheon & 
Parker (2004) confirmed the impact from mag-
nitude change in isotropic bearing stiffness on 
planet load sharing.
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surfaces, regardless of the fineness of the local 
finite element mesh and change of contact point 
caused by kinematic motion of the contacting 
surfaces. The FE/CM approach has been exten-
sively used to calculate gear mesh contact (Parker, 
Agashe, & Vijayakar 2000, Bodas & Kahraman 
2004, Ambarisha & Parker 2007, Montestruc 2010, 
Dai, Cooley, & Parker 2016) and produced accurate 
results compared to experiments.

2.1 Description of the bearing model

Figure 1 shows the FE/CM isolated bearing model 
with cylindrical rollers. The bearing’s parameters 
are based on those from the OH-58 helicopter plan-
etary gear with modest changes useful for research 
purposes. The outer surface of the outer shaft is 
rigidly constrained. The bearing load is applied at 
the inner surface of the inner shaft.

2.2 Bearing stiffness calculation

The bearing model is analyzed quasi-statically 
for 40 equally-spaced locations over one ball pass 
cycle. At each step, the planar bearing stiffness 
matrix is calculated as

K = ,
⎡

⎣

⎢
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⎢
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⎢
⎣⎣
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where subscripts r and t denote radial and tangen-
tial directions in the carrier’s reference frame. The 
bearing is loaded in the tangential direction. Using 
the method developed by Guo & Parker (2012), 
each stiffness term can be calculated as

kijkk dF
du u u

F
u

iFF

j j ju
iFF
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where F is the nominal bearing load ΔF is a small 
perturbation in the bearing load, and u+ (u−) is the 
bearing deflection after ΔF is added to (subtracted 
from) F. The value of ΔF is determined by decreas-
ing a large initial guess until the calculated stiff-
nesses converge. Typical values of ΔF/F used in this 
work are of the order of 1 × 10−4.

A nominal bearing load of 9540 N and 100 μm 
bearing clearance are used for stiffness calculation. 
The calculated tangential (ktt) and radial (krr) stiff-
nesses are shown in Figure 2. Both stiffness compo-
nents vary periodically within the ball pass cycle due 
to changes in the roller/race contact conditions that 
repeat with each passing roller. Off-diagonal terms 
in Equation 1 (not shown) are insignificant com-
pared to ktt and krr and are therefore neglected.

The bearing contact conditions at four typical 
steps (A, B, C, and D) are shown in Figure 3. At 
time steps A and B, there are three rollers in con-
tact, resulting in higher bearing stiffness. At time 
steps C and D, bearing stiffnesses are lower because 
only two rollers are in contact. At time step B roller 
2 carries less load than rollers 3 and 4 (Fig. 3b), so 
it contributes less significant tangential stiffness to 
the whole bearing. The overall tangential bearing 
stiffness at time step B is lower than that at time 
step A. A similar explanation applies to stiffnesses 
at time steps C and D. It is clear that kinematic 
motion of the rollers causes different contact con-
ditions and therefore different bearing stiffnesses. 
The radial stiffness is much smaller than the tan-
gential stiffness at all time steps because roller–race 
contact forces are more aligned to the tangential 
direction than the radial direction, so loaded roll-
ers contribute more to the tangential stiffness than 
to the radial stiffness.

2.3 Parametric studies on bearing clearance and 
bearing load

The isolated bearing model is analyzed for vary-
ing bearing clearances (10–200 μm range with a 
10 step) and bearing loads (20–300% of the nomi-
nal load with a 20% step size).

Figure 1. Finite element model for the bearing with 
parameters in Table 1. The contours show maximum 
principle stress. The bearing has 100 μm of radial clear-
ance. The load is 9540 N.

Table 1. Bearing parameters.

Number of rollers 11
Pitch diameter (mm) 55
Roller diameter (mm) 13
Bore diameter (mm) 30
Outer diameter (mm) 76
Face width (mm) 25.4
Young’s modulus (kPa) 202
Poisson’s ratio 0.3
Density (kg/m3) 7850
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Figure 4a shows the mean number of rollers in 
contact over one ball pass cycle ( cn ) for each clear-
ance studied. In general, cn  decreases as the clear-
ance increases. This behavior is expected because 
higher clearance requires greater displacement of the 
inner bearing race before contact occurs between the 
rollers and races. Beyond 180 μm clearance, cn  satu-
rates to 2, which is the minimal number of rollers in 
contact for stable static equilibrium. At 40 μm clear-
ance, cn  reaches an integer, that is, 3, that creates a 
boundary about which cn  changes at different rates. 
The change in cn  leads to corresponding change in 
mean bearing tangential and radial stiffnesses over 
the ball pass cycle (Fig. 4b). The slope changes in 
mean stiffnesses at 40 μm and 180 μm clearances 
also correspond to integer values of cn . For vary-
ing bearing load, similar behavior is observed for cn  
and mean bearing stiffnesses, as shown in Figure 5.

In addition to the changes in mean stiffness, the 
frequency content of the bearing stiffnesses over 
a bearing cycle also changes at different bearing 
clearances and loads. Figure 6 shows bearing stiff-
nesses and their frequency content in the case with 
40 μm clearance and the nominal load. In com-
parison it to the case with 100 μm clearance and 
the nominal load (Fig. 7), it is clear that bearing 
stiffnesses have different frequency content due to 
distinct contact conditions. Similarly, distinct stiff-
ness frequency content is observed in the case with 
100 μm clearance and 280% load (Fig. 7).

3 PLANAR PLANETARY GEAR MODELS

A 2-D planetary gear model is created based on 
the OH-58 planetary gear described by Krantz 
(1992). The number of teeth are changed slightly 
such that the ratio of mesh frequency (fm) to ball 
pass frequency (fbp) is five. In this manner a mini-
mal number of mesh cycles is required to obtain 
clean spectra without leakage. The planetary gear 
parameters are given in Table 2.

Two types of bearing models are used for the 
planet gears. The first is the full contact bearing 
described in Section 2; the second is its approxima-
tion as

K =
⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦
,rr

tt

k
k

0
0

 (2)

where rrk  and ttk  are mean radial and tangen-
tial stiffnesses over one ball pass cycle calculated 
in Section 2.3. In the planetary gear model, inter-
faces between planet gear rims and outer bearing 
races are rigidly constrained (Fig. ??a) so that the 
planet bearings in this model have similar bound-
ary conditions to that in the isolated bearing model 
discussed in Section 2.

3.1 Central member response

Figure 8 shows carrier rotation in systems with the 
two different bearing models. In both models, the 5th, 

Figure 2. Bearing stiffnesses calculated from the 
isolated bearing model with 9540 N load and 100 μm 
clearance. (a) Time histories of tangential and radial 
bearing stiffnesses. (b) Spectra of fluctuating component 
in tangential and radial bearing stiffnesses. The bearing 
parameters are given in Table 1.

Figure 3. Instantaneous stress distribution in the iso-
lated bearing model at selected instants from one ball pass 
cycle. Figure (a), (b), (c), and (d) correspond to points 
A, B, C, and D in Figure 2, respectively. The bearing has 
100  μm of radial clearance. The bearing load is 9540 N.

Figure 4. Mean number of rollers in contact and mean 
bearing stiffness vs. bearing clearance in the isolated 
bearing model. The bearing load is 9540 N.

ICPT2016_Book.indb   241ICPT2016_Book.indb   241 9/29/2016   11:17:13 AM9/29/2016   11:17:13 AM



242

10th, and 15th harmonics of fm are excited. This can 
be explained by the analytical approach by Parker 
(2000). In the model with full contact bearings, sig-
nificant low frequency content occurs at harmonics 
of the ball pass frequency (fbp). This low frequency 
content is only observed in carrier rotation, but not 
in any other Degrees of Freedom (DoF) of the cen-
tral members, because carrier rotation is directly 
coupled with bearing deflection (and therefore bear-
ing stiffness) in the tangential direction.

In addition to the extra low frequency content, 
carrier rotation shows substantial differences in 
mean values. Similar differences occur in the rota-
tional DoF of the sun and ring gears (not shown). 
The difference in the mean is caused by the defi-
nition of bearing stiffness matrix using the finite 
difference method. As Figure 9 shows, due to the 
nonlinearity in contact stiffness inside a bear-
ing (Section 2.3), using k = dF / du evaluated at a 
nominal bearing load or deflection, e.g., u2, as the 
bearing stiffness leads to an underestimated deflec-
tion u1 under the same load F. This error in total 
static deflection affects all DoF that have nonzero 
means, including rotational DoF of all central 
members. All translational DoF of central mem-
bers are unaffected because they have zero means 
due to cyclic symmetry of the planetary gear. The 
finite difference approximation (k = dF / du) is 
intended for calculating small deflections about an 
operating load, so the fluctuating components in 
all DoF are accurately calculated. This is evident 

in fm and its harmonics, as shown in Figure 8. Car-
rier translation has almost identical harmonics of 
fm in its frequency content when using the different 
bearing models (not shown).

The magnitudes of the harmonics of fbp under 
the varying bearing clearances and loads described 
in Section 2.3 are comparable to the mesh fre-
quency excited response, i.e., the 5th harmonic of 
fm. Though sensitive to changes in clearance and 
load (planetary gear input torque), some harmon-
ics of fbp still have comparable strength to that from 
mesh frequency excitation, and therefore these ball 
pass frequency components are potentially impor-
tant excitation sources. In the current system, for 
example, the 2nd harmonic of fbp has substantial 
response and its frequency is close to a rotational 
mode natural frequency of the planetary gear; it 
could cause resonance.

3.2 Planet load sharing

The Load Sharing Factor (LSF) assesses planet 
load sharing in a planetary gear. For a planetary 

Figure 5. Mean number of rollers in contact and mean 
bearing stiffness vs. radial bearing load in the isolated 
bearing model. The bearing clearance is 100 μm.

Figure 7. Bearing stiffnesses calculated from the 
isolated bearing model with 26712 N load and 100 μm 
clearance. (a) Time histories of tangential and radial 
bearing stiffnesses. (b) Spectra of fluctuating component 
in tangential and radial bearing stiffnesses. The bearing 
parameters are given in Table 1.

Table 2. Planetary gear parameters.

Sun Planet Ring

Center distance (mm) 93.2
Number of planets – 5 –
Number of teeth 31 34 99
Module (mm) 2.868 2.868 2.868
Pressure angle (deg) 24.6 24.6 24.6
Tooth thickness (mm) 4.47 4.14 4.30
Facewidth (mm) 25.4 25.4 25.4
Hob tip radius (mm) 1.041 0.457 –
Fillet radius (mm) – – 1.473
Outer diameter (mm) 94 102 305
Root diameter (mm) 82 89 290
Inner diameter (mm) 70 76 280
Young’s Modulus (kPa) 202.12 202.12 202.12
Poisson’s ratio 0.3 0.3 0.3
Density (kg/m3) 7850 7850 7850

Figure 6. Bearing stiffnesses calculated from the 
isolated bearing model with 9540 N load and 40 μm 
clearance. (a) Time histories of tangential and radial 
bearing stiffnesses. (b) Spectra of fluctuating component 
in tangential and radial bearing stiffnesses. The bearing 
parameters are given in Table 1.
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gear with Np planet gears, the LSF for the ith 
planet gear is defined as

LSFSS
F

F N
iFF b iFF

j

N
b jFF pNpN=

/
.,

=∑ 1

 (3)

where Fb,i is the bearing load of the ith planet. This 
definition normalize LSF to unity for equal load 
sharing, giving a result that is independent of the 
number of planet gears.

The LSF provides information on the instan-
taneous load sharing condition. While the mean 
of load sharing factor over a given time interval 
(LSFmean) measures the overall load sharing con-
dition, the maximal load sharing factor (LSFmax) 
provides information on the worst possible instan-
taneous load sharing condition in the system and 
is usually used as a criterion of potential failure.

Figure 11 shows the LSF of all five planet gears 
in the planetary gear model with 100 bearing clear-
ance and the nominal load. Due to cyclic symmetry, 
all LSF curves share the same shape and periodic-
ity. Load sharing factor curves for different planet 
gears have different amounts of phase shift, which 
are caused by differences in mesh phase between 
the sun–planet meshes. In this model, for any given 
planetary gear, in most of the time, double tooth 
contact in the sun-planet mesh occurs while single 
tooth contact occurs in the ring-planet mesh and 
vice versa. Because the number of teeth in contact 
is the dominant factor determining mesh stiffness 
Parker (2000).in this model the stiffnesses of the 
sun–planet and ring–planet meshes for any given 
planet gear have complementary peaks and valleys, 
which explains the weak 1st and strong 2nd har-
monics of fm in Figure 11.

Figure 12 shows the LSF and their spectra in 
systems with the two different bearing models. 
Harmonics of fm agree between the two models. 
The LSF is slightly modulated at fbp in the model 
with full contact bearings, showing the impact on 
LSF from fluctuating bearing stiffness. The modu-
lation on LSF increases LSFmax, which is an impor-
tant quantity in applications. The model with full 
contact bearings gives more realistic planet load 
sharing, but in this particular case the difference 
in LSFmax for the different bearing models is small. 
This difference remains small for all bearing clear-
ances and loads studied in Section 2.3. This mean 
considerable computational savings are possible 
using the stiffness matrix bearing model.

Figure 8. Comparison of carrier rotation in 2-D plan-
etary gear models with (a, c) stiffness matrix bearings and 
(b, d) full contact bearings. Bearing clearance is 100 μm. 
Input torque is 4445 Nm. Spectra (c, d) are for the fluctu-
ating component only. The gear and bearing parameters 
are given in Table 1−2.

Figure 9. Miscalculated deflection when using deriva-
tive of load-deflection function as bearing stiffness.

Figure 10. Magnitude of major frequency components 
in carrier rotation under varying bearing clearances and 
nominal torque. The horizontal line denotes magnitude 
of 5th harmonic of fm.

Figure 11. Load sharing factors in the 2-D planetary 
gear model with stiffness matrix bearings. (a) Time 
histories of LSFs of  all planets; one planet gear is high-
lighted with thick blue line. (b) Spectrum of LSF of  the 
highlighted planet gear. Input torque is 4445 Nm. Planet 
bearing tangential stiffness: 1.17 × 106 N/mm; radial stiff-
ness: 0.201 × 106 N/mm. The planetary gear parameters 
are given in Table 2.
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4 CONCLUSIONS

Bearing stiffnesses fluctuate within a ball pass cycles 
due to changing contact conditions as the bearing 
rotates kinematically. Mean bearing stiffnesses over 
a ball pass cycle are positively (negatively) correlated 
with bearing load (clearance). Planetary gear with 
full contact rolling element planet bearings have 
significant low frequency component in carrier rota-
tion. Their magnitudes vary with different bearing 
clearances and loads. In certain cases this component 
has comparable magnitude to harmonics of mesh 
frequency. The planet bearing loads in planetary 
gears with full contact bearings are modulated. The 
maximum planet bearing load is therefore increased.

Planetary gear models with stiffness matrix bear-
ings accurately predicts the mesh frequency com-
ponents of the central members translations and 
rotations. Due to the nonlinear relation between 
bearing stiffness and bearing load, this approach 
provides poor approximation for nonzero mean 
component of central members in all DoF.
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FEM with different dimensions for vibration analysis 
of a transmission system
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ABSTRACT: A finite element method with different dimensions for the vibration analysis of a heli-
copter transmission system was developed in this paper. Three- or two-dimensional elements were used 
to model detailed components in the transmission chain. Through the static and dynamic equivalence, 
the detailed model was transformed into a one-dimensional element in order to carry out the vibration 
analysis of the transmission system efficiently. The method developed was applied to the vibration analy-
sis of the helicopter transmission system. The results compared with the experimental ones showed good 
agreement.

generated. Therefore, a finite element method with 
different dimensions for the vibration analysis of 
a helicopter transmission system was developed in 
order to shorten the computing period.

2 BEAM ELEMENT

The finite element method with different dimen-
sions is reflected in two aspects: first, the element 
consists of two types, namely the scalar spring 
element and the beam element; second, a two-or 
three-dimensional element model is transferred to 
the beam element model.

The beam element is more widely used. In this 
paper, a two-node beam element with cylindri-
cal and rectangular cross-sections is used for the 
vibration analysis of the transmission system. 
As shown in Figure 1, each node has 6 degrees of 
freedoms [ ]u v w α β θ , which are translational 
displacements of x, y, z directions and rotational 
displacements of x, y, z directions, respectively. 

1 INTRODUCTION

Transmission system is one of the three key com-
ponents of a helicopter. Vibration is one of the 
most common and difficult problems in the devel-
opment and use of a helicopter transmission sys-
tem. The vibration problem has become one of the 
most important issues, which has been investigated 
academically by a lot of researchers. August (1986) 
studied torsional vibration and dynamic loads in 
a basic planetary gear system. Parker (2000) ana-
lyzed the dynamic response of a planetary gear 
system by using a finite element/contact mechanic 
model. Jian (1999) carried out the analytical char-
acterization of the unique properties of planetary 
gear free vibration. By using the torsional model, 
Kahraman (1994) analyzed the natural modes of 
planetary gear transmission. Choy (1994) carried 
out the analytical and experimental vibration anal-
ysis of a faulty gear system. McFadden (1991) dis-
cussed a technique for calculating the time domain 
averages of the vibration of individual planetary 
gears and sun gears in an epicyclic gearbox.

A transmission system normally consists of 
many components such as gears, shafts, planet car-
rier, bearings, and even cases. In the above stud-
ies, the models used are mainly the spring–mass 
model or the 3D finite element model. A spring–
mass model consumes much less computational 
time than a 3D finite element model, but it lacks 
commonality. For a specific vibration problem, 
partial differential equations should be derived 
and transferred to an eigen equation system, which 
will significantly increase the workload and mod-
eling time. In contrast, a 3D finite element model 
is accurate but complex, and it is difficult to be 

Figure 1. Two-node beam element with a cylindrical 
cross-section.
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The corresponding internal forces are the axial 
force Nx, the shear force in the y direction Qy, the 
shear force in the z direction Qz, the axial torque Tx, 
the bending moment in the y direction My, and the 
bending moment in the z direction Mz, expressed 
in the matrix N Q Q T M Mx y zQ Q x y zTT M M⎡⎣⎡⎡ ⎤⎦⎤⎤.

When the spring–mass model was used to analyze 
the vibration of the transmission system, only the 
torsional mode results could be obtained. However, 
the bending modes of the transmission system are 
frequently needed. Each node of the beam element 
described above has 6 degrees of freedom. By using 
this kind of beam element model, both the torsional 
mode and the bending mode can be obtained. How-
ever, it is not necessary to derive the partial differen-
tial equations used by the spring–mass model. It is 
required to set the geometric location of the nodes 
and assign the element properties correctly, which 
can reduce the workload and the computation time. 
The beam element described above can be used in 
three-dimensional space, which is suitable for the 
three-dimensional distribution characteristics of 
the helicopter transmission chain.

3 ELEMENT DIMENSION 
TRANSFORMATION

Three- or two-dimensional elements are used to 
model the detailed components in the transmis-
sion chain. Through the static and dynamic equiv-
alence, the detailed model was transformed into 
a one-dimensional beam element or scalar spring 
element in order to carry out the vibration analysis 
of the transmission system efficiently.

3.1 Gear wheel body

Figure 2 shows a bevel gear wheel body element 
mesh whose torsional stiffness and mass parame-
ters should be considered in a transmission system 
vibration model. A gear without eccentric holes 
can be reduced to the axial symmetry problem and 

can be modeled by ring elements. The torsional 
stiffness coefficient kT of  a gear can be obtained by 
fixing A and applying a unit torque to B. By car-
rying out the static analysis and according to the 
static equivalence principle, the reciprocal displace-
ment WT obtained at B will be equal to kT, that is:

k WT Tk Wk W  (1)

The mass M and moment of inertia Io and Id can 
be computed by using the following equations:

M d
i

Ne

=
∑∫

1

ρdd∫∫ Ω  (2)

Io
i

Ne

r d=
=
∑∫

1

2ρrr∫∫ Ω
 (3)

Id
i

Ne

y d=
=
∑∫

1

2ρyy∫∫ Ω
 

(4)

where Ne is the number of elements; ρ is the 
material density; R is the radius; Ω is the element 
domain.

By adjusting the section radius and the density 
of the beam, the stiffness and mass parameters of 
the beam are made equal to those of the 2D or 3D 
model.

For gears with eccentric holes, as shown in Fig-
ure 3, the three-dimensional element model should 
be used and the computations of the torsional 
stiffness and mass parameters are similar to those 
of the ring element model.

3.2 Tooth

The tooth bending stiffness is computed by fixing 
the tooth root and applying the force to C, and the 

Figure 2. Bevel gear wheel body element mesh. Figure 3. Gear with eccentric holes.
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sional element is used to model the structure. The 
bolt holes A1, A2, A3 are fixed and axial forces are 
applied to B1, B2, B3 so that the equivalent bend-
ing moment is equal to 1. The equations similar to 
Eqn. (1)–Eqn. (4) are used to calculate the stiffness 
and mass parameters.

3.4.1 Rigid beam element
A rigid beam element has large stiffness but very 
small density, which is used to connect between 
other elements and load transfer, thereby simplify-
ing the modeling process remarkably.

3.4.2 Bearing
A bearing is modeled by a scalar spring element 
that has only one node. Each node has three trans-
lational degrees of freedom in x, y, z directions.

3.4.3 Other complex structures
Some components in the helicopter transmission 
system such as cases and planet carriers, as shown in 
Figure 7, are complex, whose transmission processes 
are similar to those described above. When more than 
one order of modal is expected to be transformed into 

Figure 4. Tooth mesh.

Figure 5. A tooth modeled by two beams.

Figure 6. A non-uniform shaft.

Figure 7. A diaphragm coupling.

displacement measured at D from the static analysis 
results is the flexible coefficient, which is the recip-
rocal of stiffness. As shown in Figure 5, a tooth is 
approximately modeled by two rectangular cross-
sectional beam elements. By adjusting the section 
sizes and the densities of the beams, the stiffness 
and mass parameters of the beams are made equal 
to those of the model, as shown in Figure 4.

3.3 Shaft

A shaft with a uniform section can be modeled 
directly by one or more beam elements. When a 
non-uniform shaft, as shown in Figure 6, is mod-
eled by one or two beam elements, both the stiffness 
torsional stiffness and bending stiffness should be 
transformed from the ring element model and the 
Fourier element model. The process is similar to 
that of the gear model.

3.4 Diaphragm coupling

Figure 7 shows a diaphragm coupling whose bend-
ing stiffness should be transformed. A three-dimen-

Figure 8. A planet carrier.
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beam elements, the modal analysis should be carried 
out for the three-dimensional model and the beam 
element model. By adjusting the section size and the 
density of beam elements, the natural frequencies are 
made equal to those of the three-dimensional model 
in order to meet the dynamic equivalence condition.

4 EXAMPLE

4.1 Tail drive shaft assembly

A tail drive shaft assembly, as shown in Figure 9, 
consists of an input shaft, two diaphragm couplings, 
a tail drive shaft, and a output shaft whose natural 
frequencies are computed by using the proposed 
method. The results are compared with the experi-
mental ones.

The results are summarized in Table 1. From the 
table, it can be seen that the results of the proposed 
method agree well with those obtained from the 
experiment.

To find out the influence of support stiffness 
on the frequency, frequencies under different sup-
porting stiffnesses are computed, as shown in Fig-
ure 10. From this figure, it can be seen that the 

influence of the support stiffness on the first-order 
frequency is apparent.

4.2 Planetary gear system

A planetary gear system whose frequencies are 
computed by using the proposed method is shown 
in Figure 11.

This planetary gear system has five planet gears. 
The first 10 frequencies computed are listed in 
Table 2.

5 CONCLUSION

The finite element method with different dimen-
sions was proposed for the vibration analysis of a 
helicopter transmission system. Different dimen-
sions are reflected in two aspects; that is, the ele-
ment of the model has two types, namely the scalar 
spring element and the beam element. The two- or 
three-dimensional element model is transferred to 
the beam element model. From the above descrip-
tion, the following conclusions can be drawn:

1. Both the torsional mode and the bending mode 
can be obtained by the proposed method.

Figure 9. A tail drive shaft assembly.

Table 1. Natural frequencies of the tail drive shaft 
assembly (Hz).

Mode order Computation Experiment Error/%

1 52.08 52.5 0. 80
2 84.7 86.5 0.021

Figure 10. Frequencies under different supporting 
stiffnesses.

Figure 11. A planetary gear system.

Table 2. Natural frequencies of the planetary gear sys-
tem (Hz).

Mode order Frequency Mode order Frequency

1 1779  6  5465
2 2377  7  6463
3 2785  8  8425
4 3819  9  8748
5 4784 10 10620
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2. Workload and computation time can be reduced 
remarkably when the beam element model is 
used for the vibration analysis of a helicopter 
transmission system, compared with the spring–
mass model and the three-dimensional model.
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ABSTRACT: The Dual Mass Flywheel (DMF) has been widely used to increase the consumers’ demand 
of the driving comfort. The DMF not only improves torsional vibration performance of the driveline, 
but also causes impact problems during transmission shifting. The engine timing system of a passenger 
car was found in disorder during the Pascar test. The problem was approved to be caused by the DMF 
impact. The transient response of the driveline during the clutch engagement was simulated to find the 
reasons of the impact. The impulsion effects of flywheel inertia, system damping, and engaging time were 
studied. The results indicate that the clutch engaging time mainly affects the transient impact; the impact 
caused by the flywheel decreases when the engaging time becomes longer. Rig tests validated the simula-
tion results. The impact problem of the vehicle was solved effectively.

Keywords: Dual Mass Flywheel (DMF), Transient Impact

Therefore, the design problem of engine itself  has 
been excluded. The problem may be caused by the 
match of driveline.

2 TORSIONAL VIBRATION ANALYSIS

The torsional modal and vibration response analy-
ses have been performed for the driveline. The 
analysis model contains: an engine, a DMF, trans-
mission, and a vehicle, as shown in Figure 2.

The input parameters of the engine and vehi-
cle include: engine bore, stroke, crank masses and 
inertias, vehicle mass, the tire rolling radius, the 
DMF, and the transmission inertias. The masses 
and inertias were connected with spring and 

1 INTRODUCTION

The Dual Mass Flywheel (DMF) has been widely 
used for the driveline because of increasing demand 
for the comfort. The DMF not only improves tor-
sional vibration performance of the driveline, but 
also causes impact problems during shifting. How-
ever, the researches on DMF system are more con-
centrated on the torsional vibration characteristics 
of the transmission system. In this paper, the simu-
lation of the transient clutch engagement process 
for a 6-speed-manual-transmission driveline with 
DMF has been done to study the impact phenom-
enon caused by the DMF recur, analyze the results, 
and solve the impact problems.

The engine of a passenger car equipped with 
DMF missed fire for many times during high-speed 
road tests. The valve timing system was found in 
disorder and the bolt of timing pulley connected 
to crankshaft was discovered slipped as shown in 
Figure 1.

The engine check shows the tightening force 
of the bolt, the connecting dimensions and toler-
ances between timing pulley and crankshaft, and 
the tension force of the timing belt system. These 
parameters meet their requirements. In addition, 
the engine has passed the rigorous durability test. 

Figure1. Valve timing disorder and bolt slide.
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damping elements. The equivalent model is shown 
in Figure 3. In addition, the gas pressure and the 
Vehicle resistance load have also been input as the 
boundary conditions.

The torsional modal frequencies of driveline and 
the second-order critical speed of the DMF are 
given in Table 1. The maximum second-order criti-
cal speed of DMF is 624 rpm, which is less than the 
engine idle speed. There is no risk of resonance.

The torsional vibration response results of 
DMF are shown in Figure 4 and Figure 5. (Only 
one shift results are shown in the figures. The 
results for other shifts have the same trend.) It 

can be seen that the driveline is working properly. 
The second-order angular acceleration is the main 
order of torsional vibration, and its amplitude 
meets the design requirements. The DMF has a 
good damping effect and the impact torque of the 
driveline would not occur during the normal shift 
conditions.

3 CLUTCH ENGAGEMENT PROCESS 
SIMULATION

The risk of impact caused by torsional vibration 
has been eliminated. Therefore, the impact may 
occur in the process of shifting. Manual transmis-
sion shift process can be divided into three steps: 
step1, clutch disengaged; step2, switch the handle 
location; step3, clutch engaged. The engine and the 
transmission are disconnected in step1 and step2. 
However, the engine speed will always be a great 
mutation in the process of step3. It may have an 
impact.

A simulation model (as shown in figure 6) was 
set up to analyze the process of clutch engagement. 
The simulation model includes an engine, a DMF, 
transmission, a vehicle, and two clutches. One 
clutch is the practicality. Another clutch is ficti-
tious, just used to adjust the engine speed, and it 

Figure 2. Torsional vibration model.

Figure 3. The equivalent model (J, moment of inertia; 
K, stiffness; I, speed ratio; C, clutch).

Figure 4. Angular velocity fluctuation of DMF.

Figure 5. Angular acceleration at secondary part.
Table 1. Torsional modal frequencies and second-order 
critical speed results.

DMF 
Stiffness 

 
Shift

STAGE 1 STAGE 2

Frequency  
Hz

Critical 
speed  
rpm

Frequency  
Hz

Critical 
speed  
rpm

1st  7.7 231 11.8 354
2nd  9.2 276 12.6 378
3rd 11.7 351 14.3 429
4th 13.9 417 15.9 477
5th 16.4 492 18 540
6th 19.5 585 20.8 624
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would keep disengaged when the practicality one 
is engaged.

The angular speed and acceleration results of 
DMF primary part and secondary part on the 
condition of fourth speed are shown in Fig. 8. At 
the moment of t = 1.045 s, the speeds of the two 
parts turn into the same, but the angular accelera-
tion peak of the two parts are in the opposite direc-
tion. The impact phenomenon appears. The test 
results (as shown in figure 7) have the same trend. 
The impact torque peak is about: T = Jα ≈ 0.137 * 
37148 = 5089 Nm.

The impact makes a peak torque at the front end 
of the crankshaft, as shown in Fig 9; the torque 
peak exceeds the bolt torque tolerance and results 
in bolts slipping and timing disorder.

In the process of the clutch engagement, the 
engine speed increases from 1500 rpm to 3000 rpm. 
When the time is less than 1.045 s, the speed of 
DMF secondary part is higher than that of the pri-
mary part. Therefore, the relative angle displace-
ment of the two parts increases when the clutch is 
engaged, as shown in Fig 10. It can be seen that the 
relative angle displacement exceeds the the working 
angle limitation when the impact peak appeared. 
The connection between primary and secondary 
parts of DMF becomes rigid, which makes the 
angular speed of the two parts the same.

4 PARAMETERS STUDY OF THE 
DMF IMPACT

In this paper, the primary and secondary iner-
tias of DMF, the transmission ratio (equivalent 
to adjusting the engine speed when the vehicle 
speed is fixed), the clutch engagement time, and 
the DMF damping have been studied to solve the 
impact problem.

Figure 6. The driveline model of clutch engagement.

Figure 7. CAE results for clutch engagement.

Figure 8. Test results for clutch engagement.

Figure 9. The front-end Torque of crankshaft.

Figure10. Relative angle displacement of DMF.
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In order to compare the test results of simula-
tion and test, the simulation model (as shown in 
Figure 11) was built based on the test rig, which 
includes the front-end inertia (engine), DMF, 
clutch, and the rear-end inertia (vehicle). There are 
also two virtual clutches used to adjust the speeds 
of two inertias. The test rig has been shown in 
Figure 12.

The simulation result which has been calibrated 
is shown in Figure 13.

4.1 DMF inertias

The impact torques of different DMF inertias are 
compared with the same clutch engagement time 
of 200 ms, front-end speed = 3000 rpm, and rear-
end speed = 0 rpm. The values of different primary 
and secondary inertias are listed in table 2.

Fig.14 and Fig.15 show the results of impact 
torque. The values show that the inertia of DMF 
has little effect on the impact peak.

4.2 Speed ratio

The impact torques of different transmission ratios 
(equivalent to adjusting the front-end speed) are 
compared with the same clutch engagement time 
of 200 ms and rear-end speed = 0 rpm. The other 
parameters remain the same. The values of front-
end speeds are listed in Table 3.

Fig. 16 shows the peak results of impact torque. 
The results show that the higher the front-end 
speed is, the larger the impact torque peak will be.

4.3 Clutch engagement duration

The impact torques of different duration times of 
clutch engagement are compared with front-end 
speed = 3000 rpm and rear-end speed = 0 rpm. The 

Figure 11. CAE model of parameter study.

Figure 12. Test rig of parameter study.

Figure 13. Results of CAE simulation and rig test.

Table 2. Different DMF inertias.

Simulation cases 1 2 3 4 5 6 7

Primary inertia 
of DMF

0.7Ip 0.8Ip 0.9Ip Ip 1.1Ip 1.2Ip 1.3Ip

Secondary inertia 
of DMF

0.7Is 0.8Is 0.9Is Is 1.1Is 1.2Is 1.3Is

Figure 14. Effect of primary inertia.

Figure 15. Effect of secondary inertia.
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inertias remain the same. The different duration 
times of clutch engagement are listed in Table 4.

Fig.17 shows the peak results of impact torque. 
The results show that the shorter the duration 
time of clutch engagement is, the larger the impact 
torque peak will be.

4.4 DMF damping

The impact torques of different DMF dampings 
are compared with the clutch engagement time of 

Table 3. Different front-end speeds.

Simulation cases 1 2 3 4 5

Speed of front—
end inertia(rpm)

1000 1500 2000 2500 3000

Figure 16. Effect of speed ratio.

Figure 17. Effect of clutch engagement duration.

Table 4. Different durations of clutch engagement.

Simulation cases 1 2 3 4 5 6 7

Duration of clutch 
Engagement (ms)

100 150 200 250 300 350 400

Table 5. Different DMF dampings.

Simulation cases 1 2 3 4 5 6

Damping of DMF D 1.2D 1.4D 1.6D 1.8D 2D

200 ms, front-end speed = 3000 rpm, and rear-end 
speed = 0 rpm. The different DMF dampings are 
listed in Table 5.

The simulation results are shown in Figure 18. 
When the DMF damping increased by 40%, the 
impact torque only changes a little. Until the 
damping increased by 80%, the impact torque is 
reduced by 1/3.

5 RIG TEST

Simulation results have proved that the clutch 
engagement time and the speed ratio are the main 
influences on the impact peak. Moreover, the trig 
test have been done to support the simulation con-
clusions. Test cases are shown in Table 6.

Fig. 19 shows the test results of 3000 rpm at 
the front-end speed with different clutch engage-
ment times. Fig. 20 shows the test results of the 
same clutch engagement time but different speeds. 
It is clear that the shorter the duration of clutch 

Figure 18. Effect of DMF damping.

Table 6. Test cases.

Front-end speed  
rpm Clutch Engagement

1000 slow middle fast
1500 slow middle fast
2000 slow middle fast
2500 slow middle fast
3000 slow middle fast
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engagement is or the higher the front-end speed is, 
the larger the impact torque peak will be.

6 OPTIMIZATION ANALYSIS 
OF DRIVELINE

During the gear shift process, the engine speed is 
hard to adjust because the transmission ratio is 
fixed. Extending the time of clutch engagement 
seems to be more applicable to decrease the impact 
torque peak caused by DMF.

Base on the driveline model as shown in Fig. 5, 
a simulation has been done with the clutch engage-
ment time extended while the other parameters 
are fixed. The simulation results are shown in 
Figure 21. The “0” in the horizontal axis means 
that the clutch engagement time is not extended. 
And the “200” means that the engagement time is 
extended to 0.2 s. It can be seen that the impact 
torque peak has been significantly reduced when 
the clutch engagement time is extended to 0.1∼ 
0.15 ms. Besides, being extended to 0.1 ∼ 0.15 s will 

not make the customers complaint about the vehi-
cle dynamic response.

7 CONCLUSION

In this paper, simulations of impact caused by 
DMF have been done to find out the reasons and 
study the parameters’ sensitivity.

The results show that the engaging time mainly 
affects the transient impact. The longer the dura-
tion of clutch engagement is, the lower the impact 
torque peak is.

The DMF impact problem of the vehicle was 
solved effectively by extending the clutch engage-
ment time.
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Research on the load sharing of wind turbine gearboxes 
with flexible pins

Z. Fan, C. Zhu, Y. Qiu, C. Song, H. Liu & H. Bai
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ABSTRACT: Due to their improved load sharing performances over traditional rigid pins, flexible pins 
are applied in planetary gear sets, especially in the offshore wind power industry. This paper investigates 
the load sharing characteristics of a megawatt class wind turbine gearbox with one planetary gear stage 
and two parallel gear stages. The effects of planet pin stiffness, position error of planet gears, input torque, 
gravity, and sun gear supporting stiffness on load sharing in planetary are studied. The results indicate 
that flexible pins can significantly improve the load sharing performance of planetary gear sets. This effect 
of improvement will be more significant when the sun gear supporting stiffness or the position error of 
the planetary gear increases.

establish a dynamic model to investigate the poten-
tial resonances of the system.

Although much work on load sharing in plan-
etary and flexible pins has been done, most studies 
are based on a single planetary gear set without 
consideration of the tilt of gears due to the deflec-
tions of shafts and bearings and the load sharing 
characteristics along tooth surfaces. As for flexible 
pins, most work applies a small supporting stiff-
ness of gears to simulate the effects of flexible pins, 
in which the structure and deflections of the pins 
are not taken into account.

In this work, a model of a wind turbine gear-
box, with one planetary gear stage and two parallel 
gear stages, is proposed, in which the deflections 
of all the structural components in the gearbox are 
calculated by the finite element method. The load 
sharing performance is evaluated by the difference 
of meshing forces between each planet and the ring 
gear. The effects of planet pin stiffness, position 
errors of planet gears, input torque, and sun gear 
supporting stiffness on load sharing in planetary 
gear sets are investigated.

2 BASIC STRUCTURE

A 1.5 MW wind turbine gearbox comprising one 
planetary gear stage and two parallel gear stages 
was taken as the study sample. This type of gear-
box is popular in the current wind turbine market. 
The diagram of the gearbox is shown in Figure 1, 
and the symbols are defined as follows: C repre-
sents the carrier, SG represents the sun gear, P rep-
resents the planet gears, R is the ring gear, G1, G2 

1 INTRODUCTION

Due to their advantages of high load capacity, 
high transmission ratio, and compact assembly 
space, planetary gear sets have wide applications in 
industries. If  the load is distributed very unevenly 
between the planets, some of the planets may carry 
too much load and lead to failure soon. Therefore, 
investigations on the load sharing characteristics 
of planetary gear sets seem important for related 
systems. Many methods have been used to improve 
the load sharing performance of planetary gear 
sets. Load sharing of planetary gear stages of wind 
turbine gearboxes can also be improved by using 
flexible pins, which would be helpful for the high 
performance of future wind turbine gearboxes.

In his series of work, Kahraman studied the var-
iation of load sharing factor in planetary gear sets. 
Yuksel discussed the dynamic tooth load in plan-
etary gear sets. Singh studied the effects of various 
parameters on load sharing in planetary gear sets 
with 4, 5, and 6 planets. He stated that the position 
error of planets can significantly affect the load 
sharing, and increasing the number of planets or 
the stiffness of planet pins can lead to the deterio-
ration of load sharing performances in planetary 
gear sets. Zhu and Xu discussed the effects of the 
stiffness of planet pins on load sharing in planetary 
gear sets using a lumped parameter model. Zhu and 
Chen established a drive train of a wind turbine by 
considering the measured load spectrum, time-var-
ying mesh stiffness, transmission errors, and mesh-
ing impacts to predict the dynamic response of the 
system, and they continued to apply the method 
of rigid–flexible coupling multibody dynamics to 
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are intermediate stage gears and G3, G4 are high 
speed stage gears, M is the generator, and S1, S2, 
S3, S4, and S5 are the main, flexible pin, low speed, 
intermediate, and high speed shaft, respectively. 
The dotted line represents the gearbox housing.

The wind load acts on the blades and drives the 
generator through the gearbox, and the planets 
drive the sun gear. Furthermore, through the two 
parallel gear stages, energy is transported into the 
generator via the high speed shaft. The structure 
of flexible pins used in the planetary gear stage is 
shown in Figure 2(a), which consists of a central 
pin (1), a snubber (2), a carrier (3), a bearing (4), a 
gear (5), and a planet gear shaft (6).

The axial force is generated under the torque 
and power transmitted by the helical gear pair. So 
according to the structure of the flexible pin, the 
transmission of the planetary gear system is com-
posed of spur gears.

The force diagram of the flexible pin is shown in 
Figure 2(b). In the condition of planet that spur gear 
is loaded, we assume that the force F of the planet 
gear shaft acts on the drawing. The force applied 
on the planet gear shaft and carrier is denoted by F 
and bending moments on the pin by M1 and M2, 
respectively. For the end sides of the central pin, the 
bending moments can be expressed as:

M F L1 ⋅F  (1)

M 1M2 FF ( )L LL  (2)

According to equations (1) and (2), M1 = M2. 
Hence, under the condition that the planet gear 
is loaded, the flexible pin structure can be consid-
ered as two cantilever beams connecting with each 
other in the center of the pin. In a loaded case, the 
central axle of the flexible pin may not be exactly 
perpendicular to the carrier.

The basic parameters of the gears are listed in 
Table 1. The rated power is 1.5 MW, the transmis-
sion ratio is 95.06, and the rated input speed of the 
leaf blades is 17.308 rpm.

Based on the gearbox parameters, the geometry 
model of the gearbox is developed, which can be 
further used in establishing a finite element model.

3 METHODOLOGY

The critical components of the gearbox, such as 
planet carrier, housing, shafts, and hubs of gears, 
are considered as flexible bodies, while gears are 
considered as rigid bodies. The model of the 
1.5 MW wind turbine gearbox with flexible pins 
is proposed, as shown in Figure 4. The symbols in 
the figure are described in Table 2.

The outer races of bearing 1, 2 are connected 
with the ground and those of the other bearings, 
except for bearing 4, 5, are connected with the 
housing and thus with the ring gear. The housing 
is connected with the ground through the reaction 
arms.

The input speed of the rotor shaft is 17 rpm, 
and the stiffness of the bearings under the rated 
working condition is calculated based on the work 
of Lim and Sigh.

The SKF radial bearings and the Timken metric 
tapered roller bearings are adopted in the model. 

Figure 1. Planetary gear train of a wind turbine gear-
box with flexible pins.

Figure 2. Structure and loaded case of the flexible pin.

Table 1. Basic parameters of gears in the gearbox.

Stage Item
Ring 
gear

Sun 
gear

Planet 
gear

1st Number of teeth 95 21 37
Module (mm) 15 15 15
Pressure angle (°) 25 25 25

2nd Item Wheel Pinion
Number of teeth 106 21
Module (mm) 11 11
Pressure angle (°) 20 20
Helix angle (°) 10 10

3rd Number of teeth 99 29
Module (mm)  7  7
Pressure angle (°) 20 20
Helix angle (°) 10 10
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The bearing stiffnesses of the system were calcu-
lated by the Romax on the basis of the ISO 492-
2002 and ANSI/ABMA 19.1.

As for the gears, contacting teeth are connected 
with each other by a series of springs in the con-
tact lines and the stiffnesses of the springs are cal-
culated using the FE method in Romax designer 
software and changes with time to simulate the 
rolling of the gears. Thus, we can obtain the dis-
tribution of the load on the tooth faces. Moreover, 
the time varying mesh stiffness of the whole gear 

mesh is obtained by putting all the stiffnesses of 
the springs together, as shown in Figure 5.

A concentrated force and an inertial moment are 
applied on the left side of the rotor shaft to simu-
late the loads from the leaf blades, and an inertial 
moment is applied on the right hand side of the 
high speed shaft to simulate the action of the gen-
erator. A torsional moment is applied on the left 
side of the rotor shaft. The degree of freedom in 
the rotational direction of the high speed shaft is 
constrained and then the model is completed, as 
shown in Figure 6.

4 RESULTS AND DISCUSSIONS

4.1 The calculation and analysis of loads 
and deflections of the components

The input torque is fixed as 9.35 × 105 Nm, where 
the deflections of the system and the planet pins 
are shown in Figure 7 and Figure 8, respectively.

It can be seen from Figure 8 that the shape of 
the position–displacement curve for the loaded 
case of the flexible pin is similar as indicated by the 
symbol “∼”. Compared with the traditional rigid 
pin, the flexible pin can help correct the position of 
the gear to compensate for the tilt of the gear due 
to the deflection of the shafts and bearings. Hence, 
flexible pins can improve the performance of load 
distribution on the gear tooth surface.

It can be assumed that if  there is no influence of 
gravity, the force F and the displacement d of  the 

Figure 3. Geometry model of the gearbox.

Table 2. Meanings of the symbols in Figure 4.

Symbol Meaning

S Shaft
C Planet carrier
P Planet gear
SG Sun gear
G Parallel gear
R Ring gear
K Mesh stiffness
B Bearing
H Hub of gear
Rigid Rigid connection

Figure 4. The topographical model of the gearbox.

Figure 5. Mesh stiffness of gear meshes.

Figure 6. The model of the gearbox with boundary 
conditions.
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pins are linearly correlated with the input torque x 
with no intercept, and the formulas are given by: 
F k x1kk  and d k x2kk .  If  the influence of grav-
ity is considered, the formulas will add intercept 
and become F k x m+k x1kkk  and d k x n+k x2kkk .  The 
forces and displacements of the flexible and rigid 
pins under different input torques are shown in 
Figure 9. The results indicate that both the forces 
and displacements of the pins are linear with 
the input torque. Based on the calculation of the 
Romax, the formulas for the force and displace-
ment of the flexible pin are F = 17.550x+29.063 
and d = 42.849x+2.689348, respectively. It is worth 
noting that due to gravity, the two lines do not pass 
through the origin point.

Based on the results of Figure 9, we can assume 
that:

Force in the pin:

F K x a+K x1KK  (3)

Displacement of the pin:

d K x bK x2KK  (4)

So the stiffness of the pin can be expressed as:

K
K x a
K x b

=
+
+

1KK

2KK
 (5)

where x is the input torque, a and b are the force 
and displacement of the pin, respectively, when 
there is no input torque to the carrier. The values 
of b and K2 of the flexible pins are much larger 
than those of the rigid pins. Suppose that:

The force in the pin under the maximum load:

F kx amaFF x +kx 1  (6)

The average value of forces in all the pins:

F kx aavFF e +kx 2  (7)

Then, the load sharing factor can be defined as:

K
F
F

kx a
kx a

a a
kx a

a
kx agK

avFF e

= =
+
+

=
+

+
+

maFF x 1kx a+

2

2a

2

3

2

1 1a
+ =1 2a  (8)

where x is the input torque. The relationship 
between the load sharing factor and the input 
torque can be obtained from Equation 8.

Suppose that a certain pin has a position error 
of “e”. Compared with the adjacent pin, the dif-
ference between the forces of the two pins can be 
defined as:

D
e

K x b
=

+
( )K x a+1KK

2KK
 (9)

The relationship between the difference between 
the loads of different pins and the input torque can 
be obtained from Equation 9. If  the gravity force is 
not considered, the values of a and b will be 0, and 
the value of D becomes a constant.

4.2 Load sharing on the tooth and among 
the planets

The load distribution on the tooth surface is 
shown in Figure 10. It is clear that flexible pins can 
improve the performance of the load distribution 
on the tooth surface significantly by moving the 
contact center to the central area along the width. 
The use of flexible pins can reduce the difficulty in 
modification on the tooth surface.

Supposing that the average value of the mesh force 
between planet i and the ring gear in a whole mesh-
ing period is Li, in this work, the load sharing factor 
and the load sharing ratio of planet i are defined as:

Figure 8. Displacement of the pins.

Figure 9. Forces and displacements of pins.

Figure 7. Deflection of the system.
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K
L

LgK
averageL

= maL x  (10)

K
L

L L L L
iraK tio i

iL
, , ,i , ,=

+L
=

1 2LL + LL 3 4L LL
1 2, 3 4,  (11)

Figure 11 shows the effect of the tangential error 
of planet 2 on load sharing in planetary gear sets 
when the input torque is 9.35 × 105 Nm. It can be 
seen that flexible pins can largely improve the load 
sharing among the planets, and the larger the posi-
tion error of the planet gear is, the more significant 
the improvement will be. The load sharing factor 
of the system and load sharing ratios of all plan-
ets have linear relationships with the tangential 
error of the planet gear. The load sharing ratios 
of planet 1 and planet 3, as well as those of planet 
2 and planet 4, are also almost equal to each other 
regardless of the change in the tangential error of 
the planet gear.

Figure 12 shows the effect of the input torque 
on load sharing in planetary gear sets when planet 
2 has a tangential error of 50 micrometers. It is 
clear that the load sharing factor decreases with 
the increasing input torque, but the change ratio 

becomes smaller and smaller and finally the load 
sharing factor will reach a constant. The load shar-
ing of the flexible pin system is much better than 
that of the traditional system, but with the increas-
ing input torque, the difference will decrease and 
finally reach a constant. We can also draw similar 
conclusions from Equation 8. Furthermore, the 
load sharing ratios of planet 1 and planet 3, as well 
as the load sharing ratios of planet 2 and planet 
4, are almost equal to each other regardless of the 
change of input torque.

Suppose that L1, L2, L3, and L4 is the average 
value of mesh forces of planets 1, 2, 3, and 4 with 
the ring gear in one circle of the carrier, respec-
tively. The difference between the mesh forces of 
planets can be defined as:

DIFII
L L L L

=
−L2 4LL + L 1 3L LL L
2

 (12)

Figure 13 shows the effect of the input torque 
on the value of DIF when planet 2 has a posi-
tion error of 50 micrometers. It can be seen from 
the figure that the difference between the mesh 
forces in planets 2 and 4 and that in planets 1 and 
3 increases with the increasing input torque, and 
finally DIF reaches a constant. Similar conclusions 
can be derived from Equation 9.

4.3 Effect of the sun gear supporting stiffness 
on load sharing

The input torque is 9.35 × 105 Nm, which increases 
the supporting stiffness of the sun shaft. The load 
sharing ratios of the planets versus the increase 
in the tangential error of planet 2 are shown in 
Figure 14. In this case, the load ratios of planets 
2 and 4 are no longer equal to each other. It can 
be concluded that the floating sun gear can help 
improve the load sharing between two planets with 
a 180-degree phase difference for a four-planet 
planetary system.

Figure 10. Normal load per unit length on the tooth 
surface.

Figure 11. Effect of the tangential error of planet 2 on 
load sharing.

Figure 12. Effect of the input torque on load sharing.

Figure 13. Difference in the mesh forces of the planets 
versus input torque.
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The effect of the supporting stiffness of the 
sun gear on the load sharing is investigated. Three 
cases, namely cases 1, 2, and 3, are defined where 
the supporting stiffness of the sun gear increases 
from case 3 to case 1. In order to investigate the 
difference between the load sharing performances 
in the flexible and traditional pin systems, the load 
sharing factor ratio can be defined as:

R
K
K

g sK tiff

g fK leff x

=  (13)

where Kg,stiff and Kg,flex are the load sharing factors 
of the rigid pin and flexible pin system, respec-
tively. Thus, the larger the value of R is, the bigger 
the difference between the load sharing perform-
ances of the two systems is. From Figure 15, it can 
be seen that the improvement in the load sharing 
performance due to flexible pins will be more sig-
nificant when the supporting stiffness of the sun 
gear increases.

5 EXPERIMENT

An experiment on load sharing for a wind turbine 
gearbox consisting of a flexible pin was carried out 
for verifying the results, as shown in Figure 16. A 
back-to-back arrangement scheme was adopted in 
the experiment. The test on dynamic load sharing 

was conducted under 20%, 60%, and 100% of the 
input torque, respectively. Under these torques, the 
microstrain of the tooth root in the ring, which 
was tested by a strain measuring instrument, is 
shown in Figure 17, where four wave crests repre-
sent the tooth root stain of four planets passing 
certain points, respectively. The load sharing coef-
ficients were calculated by the ratio of the biggest 
one in four wave crests and the average of the sum 
of four wave crests. The contrast of load sharing 
coefficients in real condition and calculation are 
presented in Table 3.

Figure 15. Ratio of the load sharing factor of the 
rigid pin system to that of the flexible pin system ver-
sus the tangential error of planet 2 and the input torque, 
respectively.

Table 3. Maximum load sharing coefficient under dif-
ferent external loads.

External load conditions

20% 
external 
load

60% 
external 
load

100% 
external 
load

Max experimental value (%) 1.29 1.16 1.10
Max theoretical value (%) 1.33 1.18 1.11
Error (%) 3.10 1.72 0.91

Figure 16. Bench test.

Figure 17. Microstrain of the tooth root in the ring.

Figure 14. Load sharing ratio of each planet with 
increasing sun shaft supporting stiffness.
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From the results, it can be seen that the load 
distribution of the gear flank performed well. 
Based on the calculation results, the accuracy of 
the model is found to be high, which can be used 
as a reference.

6 CONCLUSIONS

This paper investigated the load sharing perform-
ance of a wind turbine gearbox with flexible pins. 
The planet carrier, the gearbox housing, the shafts 
including planet pins and the rotor shaft, and hubs 
of gears were assumed as flexible bodies, and the 
mesh stiffness and the contact pattern of gear pairs 
were calculated. A load sharing factor was pre-
sented to investigate the influences of planet pin 
stiffness, planet gear position error, input torque, 
and sun gear supporting stiffness on load sharing 
in planetary gear sets. Conclusions can be drawn 
as follows:

1. Flexible pins can improve the load sharing on 
tooth surfaces by the deflections of central pins, 
which reduce the difficulty in modification on 
the tooth surfaces and can also be useful com-
pensations for the position errors of planet 
gears, which reduce the requirements for the 
accuracy of the assembly.

2. A floating sun gear can help improve the load 
sharing between two planets with a 180-degree 
phase difference for a four-planet planetary 
gear set. The advantage of a flexible pin system 
in load sharing will be more significant when 
increasing the supporting stiffness of the sun 
gear.

3. Based on the assumption that gravity’s influ-
ence, load sharing factor of the system and load 
sharing ratios of planet gears all have linear rela-
tionships with the position error of planets, they 

will decrease with the increasing input torque 
and finally reach a constant. The difference in 
loads among the planets will increase with the 
input torque, and finally reach a constant.
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Wind load calculation and compiling spectrum of a wind turbine gear 
transmission system under multiple excitation sources

Z.G. Zhou & F. Xu
Henan University of Science and Technology, Luoyang, China

ABSTRACT: To solve the problem of high failure rate of a gear transmission system under the condi-
tion of multiple excitation sources, a random wind speed model was built based on the weight sparse least 
squares support vector machine method. Considering the influence of the random wind load acting on 
the wind rotor influenced by the change in the random wind speed coupled with the dynamic load caused 
by power grid impact, a wind–mechanical–electrical coupled dynamic model was established based on 
the wind turbine pneumatic theory, doubly fed induction generator vector control theory, and mechani-
cal system dynamics theory. Then, the external random wind load of the gear transmission system of 
the wind turbine was obtained. The rain-flow counting method was adopted to statistically analyze the 
random wind load. The relationship between the magnitude and frequency of load and the probability 
distribution was obtained based on the fluctuation center method, and the eight-level test load spectrum 
for the wind turbine transmission system was compiled. This paper laid the foundation for precisely evalu-
ating the dynamic characteristic and the fatigue life test of a wind turbine gear transmission system.

the foundation for calculating the dynamic load. 
Many new technologies have been extensively 
applied to the wind speed model in the last few 
years, such as the neural network method (Guo, Z. 
et al. 2012), the fuzzy logic method (Lei, M. et al. 
2009), the small wave method (Khan, A. A. & Sha-
hidehpour M. 2009), the gray theory method (Li, 
J. F. et al. 2010), and the least squares support vec-
tor machine method (Mellit, A. et al. 2013). These 
wind speed forecasting methods that combine the 
measured data with the forecasting theory are 
more appropriate for the dynamic characteristics 
research of the wind turbine system.

Many investigations have also been performed 
on the wind turbine load calculation and load spec-
trum compiling. Dai, J. C. et al. (2011) calculated 
the aerodynamic loads for MW scale horizontal-
axis wind turbines considering the influence fac-
tors such as wind shear, tower, tower, and blade 
vibration (Author 1989a, b, Author & Author 
1987). Epaarachchi, J. A., & Clausen, P. D. (2006) 
compiled the fatigue load spectrum of a small 
wind turbine based on the aeroelasticity deforma-
tion and the wind speed data.

Although these studies have obtained some 
results, the wind turbine load calculation is a sys-
tem engineering, for which a detailed dynamic sim-
ulation model including the control system and the 
major critical component of the wind turbine must 
be established in order to evaluate the dynamic 

1 INTRODUCTION

The gearbox is one of  the key components of 
higher failure rate in the wind turbine (Musial, 
W. et al. 2007; Tavner, P. J. et al. 2007). The input 
torque of  the wind turbine gearbox presents 
variety and randomness under the conditions of 
random wind load, power grid impact, and inter-
nal various incentives, which lead to the loads of 
gears, and bearings in the gearbox have strong 
randomness (Smolders, K. et al. 2010). The work-
ing load that comes from the actual measurement 
or simulation calculation cannot be used directly 
to carry out the experimental investigation of 
dynamic characteristics and fatigue reliability of 
the wind turbine due to the short sampling time, 
large amounts of  data, and fast change frequency. 
So, compiling the load spectrum is the main con-
tent for carrying out the dynamic characteristics 
and fatigue reliability. Moreover, the limited data 
cannot reflect the influence of  the load character-
istic on dynamic performance and fatigue lifetime. 
So, it is a simple and effective method to carry out 
the experimental research by compiling the load 
spectrum of the external random dynamic load of 
the wind turbine gearbox from the random wind 
speed model and the whole machine dynamic sim-
ulation model.

To establish a random wind speed model that has 
a higher precision and meets engineering practice is 
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performance and reliability of the wind turbine 
gearbox more accurately.

In this paper, the coupled wind–mechanical–
electrical dynamic model was proposed. The model 
was developed based on the random wind speed. 
Moreover, the wind turbine pneumatic theory, the 
electromagnetic coupling theory, and the basic 
control method of the wind turbine were used in 
this model. On this basis, the statistical analysis 
of the input torque load was carried out and the 
corresponding load spectrum was compiled using 
the rain-flow counting method as well as the math-
ematical statistics theory.

2 RANDOM WIND SPEED MODEL

The varying load caused by the wind speed in the 
random wind field has a major influence on the 
working performance and reliability of the wind 
turbine gearbox. Therefore, the random wind 
speed model of the wind field must be established 
to research the dynamic performance of the wind 
turbine gear transmission system.

Based on the study of Du, Y. et al. (2008), the 
Support Vector Machine (SVM) with Radial Basis 
Function (RBF) was applied to simulate the wind 
speed that was measured directly in the wind field. 
The estimated value of the wind speed with high 
precision was obtained by selecting the optimal 
width of the RBF with the crosscheck method. 
The time series of the wind speed was obtained 
from the LS-SVM model. Then, the time series of 
the external load of the planetary gear system of 
the wind turbine was obtained based on the aero-
dynamics theory and used as the external excita-
tion for simulating the dynamic performance of 
the planetary gear system of the wind turbine.

3 WIND–MECHANICAL–ELECTRICAL 
COUPLED DYNAMIC MODEL

3.1 Equivalent dynamic model of the wind turbine 
transmission system

The aerodynamic loading and the electromagnetic 
torque are changed with the random variation of 
the wind speed, the variation of the pitch angle, 
and operation parameters of the electrical machine. 
The wind turbine dynamic model as a whole needs 
to be established in order to simulate the opera-
tional process and the changing rules of the input 
and output load of the wind turbine transmission 
system under the stochastic wind. Fig. 1 shows 
the equivalent dynamic model of the wind turbine 
transmission system. The corresponding dynamic 
equations are as follows:

T NT J
T T J

N

w mT NT TT ech hubJ w

mTT ech erefTT r mJJ ech

mech w

NT
=T fT

⎫
⎬
⎪⎫⎫
⎬⎬
⎭⎪
⎬⎬
⎭⎭

�
�

ω
ω

ω ωNmech =
 (1)

Eliminating the parameters Tmech and ωmech from 
Eq.(1), the equation can be further simplified as:

T NT J d
dtw eT NT TT ref wJJe

wNT ω  (2)

where JwJJ hub r( )J J N(JhubJ rJJ+JhubJ 2  is the equivalent inertia of 
the system; Jhub is the rotational inertia of the input 
equivalent components; ωw is the rotating speed of 
input equivalent components; Tw is the pneumatic 
torque of the wind turbine; Jr is the rotational 
inertia of the output equivalent components; ωmech 
is the rotating speed of output equivalent compo-
nents; Teref is the electromagnetic torque, N is the 
transmission ratio of the equivalent gearbox; and 
Tmech is the output torque.

3.2 Variable speed control strategy of wind 
turbines

The power closed-control method is used to imple-
ment the variable motion control for the wind tur-
bine based on the capture maximum energy. The 
system principle diagram of the wind turbine is 
shown in Figure 2, where ωw is the rotating speed 
of the wind wheel and Popt is the expected value of 
the wind turbine capture power. P is the generated 
power, which is given by:

P C R voptPP pC0 2 3vmaxρπRR  (3)

where Cpma is the best coefficient of the wind 
energy; ρ is the air density; R is the radius of the 
wind wheel; and v is the wind speed.

According to the calculation method of the 
wind turbine aerodynamic load, the wind speed, 
rotate speed, and the pitch angle are found to be 
the basic influencing factors on wind turbine aero-
dynamic loading. Thus, the power and the power 
coefficient are given by:

Figure 1. Equivalent dynamic model of the wind tur-
bine transmission system.

ICPT2016_Book.indb   266ICPT2016_Book.indb   266 9/29/2016   11:18:23 AM9/29/2016   11:18:23 AM



267
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Assuming that the cut-in wind speed and the 
cut-out wind speed are vmin and vmax, respectively, 
the range of the rotating speed is ωmin∼ωmax and the 
range of the pitch angle is βmin∼βmax. The power 
coefficient can be calculated by traversing the 
range of the wind speed, the rotating speed and 
the pitch angle based on the aerodynamic theory. 
In this process, the corresponding chord length of 
each element which comes from the discrete blade 
along with the radius direction, the lift/drag coef-
ficient curve of airfoil, and the helical angle are all 
known.

3.3 Adjustment of the pitch angle

According to the aerodynamic performance of 
the variable pitch wind turbine, the corresponding 
pitch angle, denoted by β*, that can maximize the 
power coefficient can be obtained as follows:

β β ω*ββ ( (β ), ( ))β (β t ω), (ωω  (6)

It is assumed that the variable pitch system can 
find the expected value of the pitch angle (7.5°/s-
12.5°/s) with the speed of ±Kβ. The process of 
delivering the pitch angle control command to the 
response is abstracted by the inertial element in 
order to solve the problem of the lower response 
speed lower, which is given by

τ β β ββ =β�( )ββ ββ ( )β+) ββ optβ 0  (7)

where β(t) is the real pitch angle of the mechani-
cal system; βopt is the instruction value of the pitch 
angle; and τ is the time constant of the variable 
pitch control system.

3.4 Coupled dynamics simulate model of the 
whole wind turbine

The simulation model of the wind turbine opera-
tional process includes five function modules, 
as shown in Figure 3. They include the random 

wind speed simulation module, the aerodynamic 
loading calculation module, the transmission sys-
tem dynamic module, the electromagnetic analy-
sis module, and the system control module. The 
operational process of a megawatt wind turbine is 
simulated using the above simulation model, with 
the simulation time of 600s. The simulation results 
are shown in Figure 4.

4 TEST LOAD SPECTRUM COMPILING 
OF THE WIND POWER GEARBOX

4.1 Statistical analysis of random wind load

The time history of loads that is obtained from 
the whole wind turbine dynamic simulation 
model under the random wind speed needs to be 
compiled again in order to make the lifetime and 
fatigue strength experiment of the gearbox reflect 
the actual working condition. The rain-flow count-
ing method and the statistical analysis are used to 
obtain the statistical relationship between the load 
and the frequency. Then, the loading spectrum can 
be obtained for analysis, and the experiment on 
dynamic characteristics and fatigue lifetime can be 
performed using this load spectrum.

To compile the test load spectrum of the wind 
turbine transmission system, the first step is to 
determine the maximum load amplitude, and to 
divide the amplitude into different grades, start-
ing with the maximum load amplitude. Then, 

Figure 2. Schematic of the variable speed control 
system.

Figure 3. Structural schematic of the simulation 
system.

Figure 4. Simulation results.
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frequencies that correspond to different load 
amplitudes are determined by the probability dis-
tributing function and the test load spectrum is 
obtained. The load amplitude that occurs in the 
probability of 10-6 is identified as the maximum 
load amplitude according to the general method of 
compiling the load spectrum at inside and outside, 
which is formulated as:

f x dx
x

)xmax mdx) ax
max

∞
−∫x

= 10 6  (8)

where xmax is the maximum load amplitude; f(x) 
is the Probability Density Function (PDF) of the 
load amplitude which is obtained from the statisti-
cal analysis.

According to the maximum load amplitude, the 
amplitude grade of the test load spectrum is given 
by:

xk kK max  (9)

where xk is the kth grade load amplitude; Kk is the 
factor of proportionality between the maximum 
amplitude and the kth amplitude; k is the load 
grade, where k = 1, 2, ⋅⋅⋅, l.

The cumulative times of loading Nk from the 
first grade to the kth grade are given by

N f x dxkN
x106

=
∞

∫x
)xmax mdx) ax

max
  (10)

N f dx FddkNN
x

∞

∫x∫ 6f x dxd6 ∫ 10(xx ( )xmax mdxdd) ax max
max

 (11)

where F(x) is the Cumulative Distribution Func-
tion (CDF) of the load amplitude.

The times of the occurrence of the kth grade 
load amplitude are given by:

n N N k lk kN kN−NkN ⋅⋅⋅-1; ,k = , ,2 3,  (12)

According to the above methods, the statisti-
cal analysis of the torque load which is obtained 
from the whole wind turbine dynamic model is 
performed using the rain-flow counting method, 
the statistical law of the amplitude, and the mean 
statistics of the load, as shown in Figure 5 and 
Figure 6.

It is generally acknowledged that the load 
amplitude has more effect on the fatigue lifetime 
of components than the mean. In theory, the 
amplitude and the mean statistics of the random 
load are assumed as two-dimensional random vari-
ables approaching near to reality, but it is difficult 
to perform it. So, the fluctuation center method 
is generally used to simplify the fatigue load to a 

one-dimensional random variable for statistical 
analysis. Fluctuations center is the total average of 
all mean statistics of loads. The fluctuation center 
is assumed as a static component and the ampli-
tude as a dynamic component. Then, the load 
spectrum is compiled by adding the amplitude to 
the fluctuation center. The fluctuation center is cal-
culated as follows:

S
S K

KmS miSS mjK

mjK
= ∑

∑
 (13)

where Sm is the fluctuation center of the load 
mean; Smj is the load mean of the jth load range; 
and Kmj is the frequency of the load mean of the 
jth load range.

The input load amplitude approximately obeys 
the Weibull distribution according to the result 
of the statistical analysis. By estimating, fitting, 
and verifying the parameter, the shape parameter 
is found to be β = 22.3824, the scale parameter is 
α = 0.4115, and the location parameter is ε = 0. 
Figure 7 shows the diagram of the Weibull prob-
ability paper.

The fluctuation center of the load mean is 710.73 
kN⋅m, which can be calculated by using Equation 
(13). The PDF and the CDF of the input torque 
are expressed by:

Figure 5. Amplitude statistics of the input torque 
load.

Figure 6. Mean statistics of the input torque load.
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Figure 8 shows the PDF of the input torque.

4.2 Test load spectrum compiling of the wind 
power gearbox

The total cumulative frequency curve with a 10-6 
loading cycle is often used as the working load 
spectrum in the study of fatigue life calculation 
and experiment as the loading spectrum amplitude 
expressed by the cumulative frequency curve is con-
tinuous variation. Thus, in general, the program 
load spectrum is used to approximately describe 
the working load spectrum expressed by the ladder 
type curve, which can easily complete the fatigue 
test loading. Generally, the magnitude 8 program 
load spectrum is sufficient to meet the continuous 
load time history.

The maximum input load amplitude prob-
ability is 10-6, which can be determined from Eq. 
(13), which is 13.218 kN⋅m. The un-equidistance 
method is adopted to divide the load spectrum into 

eight levels. Then, all the levels of the load ampli-
tude can be obtained by choosing an appropriate 
proportionality coefficient. The cumulative times 
of loading Nk and the actual loading times of 
each grade load nk are calculated from Eq.(12) and 
Eq.(13), as detailed in Table 1. Here, Kk is the pro-
portionality coefficient; Tk is the load amplitude; 
Nk is the cumulative; and nk is the load cycle time. 
Then, the modeling program test load spectrum 
can be compiled.

The proportion coefficient method is adopted 
to divide the load amplitude of the program load 
spectrum, and the times between two grades are 
allocated based on the principle of equal area. Fig-
ure 9 shows the eight-level test load spectrum of the 
input torque of the wind turbine gear transmission 
system, and the loading time can be determined by 
loading times divided by the input shaft speed.

5 SUMMARY

1. The weight sparse least squares support vector 
machine random wind speed model proposed 
in this paper has a higher estimation accuracy, 
which offers a foundation for calculating the 
wind turbine aerodynamic load.

Figure 7. Weibull probability paper.

Figure 8. Weibull distribution of the input load.

Figure 9. Test load spectrum of the input load.

Table 1. Magnitude 8 load spectrum of the input ran-
dom wind load.

Amplitude grade Kk Tk/kNm Nk nk

1 1.00 13.218 355 355
2 0.95 12.557 3368 3013
3 0.85 11.236 16570 13202
4 0.725 9.5832 60007 43437
5 0.575 7.6005 180476 120470
6 0.425 5.6178 409251 228775
7 0.275 3.6350 749576 340325
8 0.125 1.6523 1000309 250734
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2. The whole machine dynamic and operational 
process simulation model of the wind turbine 
includes modules such as random wind speed, 
aerodynamic characteristics, power grid impact, 
and electric generator vector control. So, the 
external load of the wind turbine gear transmis-
sion system that is obtained from the model is 
more suitable to engineering practice and offers 
the valid data for compiling the wind turbine 
gearbox test load spectrum.

3. The statistical analysis of the external torque 
load of the wind turbine gear transmission sys-
tem using the rain-flow counting method and 
the mathematical statistics theory and the eight-
level load spectrum compiling offer a foundation 
for carrying out the dynamic characteristics test 
and fatigue reliability test on the wind turbine 
gearbox.
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Design and dynamic simulation of the parking system for DCT

Jian He, Zhangsong Zhan, Tiegang Hu & Bo Yu
Powertrain R&D Institute, Chongqing Changan Automobile Co. Ltd., Chongqing, China

ABSTRACT: With the increasing demand of driving comfort and transmission efficiency by the cus-
tomers, Automatic Transmission (AT) gets popular nowadays. With driving comfort and high efficiency, 
the Dual-Clutch Transmission (DCT) becomes the Chinese brand vehicle OEMs’ prior choice to develop 
AT. As an important subsystem of the DCT, the parking system should work properly and reliably. In 
this paper, the key design parameters of the parking system were studied and dynamic simulations were 
performed to check the parking speed, parking torque, and pull out force at the shift handle.

Keywords: DCT, parking system design, dynamic simulation

which leads to a great shock, and the drivers 
and passengers move forward because of  the 
inertia. Thus, the unpredictable stop may cause 
passengers safety problems and vehicle damage. 
In order to avoid these situations happening, 
the allowed parking speed is usually designed to 
be a relatively lower speed which eliminates the 
safety problems even if  the vehicle stopped at this 
speed. Table 1 shows some benchmark results of 
the parking speed.

2.2 Rejecting torque

There are some situations when the vehicle is 
stopped with only park shift selected while the hand 
brake is not operating. When these situations hap-
pen at a slope, there is a risk that the parking sys-
tem gets out of its function and the vehicle moves 
without prediction which causes safety problems. 
The maximum rejecting torque of the parking 
system depends on the vehicle mass (full loaded) 
and slope gradient. In general, the maximum slope 
gradient is considered as 30%. Since there will be a 
roll back phenomenon when parking the vehicle, a 
shock caused by the vehicle roll back should also 
be considered.

1 INTRODUCTION

With the increasing number of cars and worse 
traffic situation in China, the consumers’ demand 
for auto transmission becomes larger in China car 
market nowadays. For the Chinese brand vehicle 
OEMs, DCT (dual-clutch transmission) that bal-
ances the driving comfort and transmission effi-
ciency well becomes the prior choice to develop the 
auto transmission.

As an important subsystem of the auto trans-
mission, the parking system should function prop-
erly and reliably on all possible working conditions. 
In this paper, we introduce three key performances 
of the parking system, which are parking speed, 
rejecting torque, and pull out force. In order to ful-
fill the three requirements, we build a simple MAT-
LAB Simulink [1] model at the concept design stage 
and a 3D dynamic model with MSC ADAMS [2] 
to validate all the three performances.

2 THREE KEY PERFORMANCES

For guaranteeing the parking system working 
properly and reliably, simulations have been done 
to validate the parking speed, rejecting torque, and 
pull force.

2.1 Parking speed

Although most car drivers activate the park 
shift when the vehicles are stable, there are some 
inevitable conditions that the parking system is 
forced to work while the vehicle is at a relatively 
high speed. If  the parking system works at a high 
vehicle speed, the vehicle would stop instantly 

Table 1. Parking speed benchmark results.
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2.3 Pull out force

For vehicles without power controls to assist the 
drivers shifting, the shifting force needed to oper-
ate the shift handle resulting from the shift system 
design and vehicle working conditions. In order 
to improve the shifting comfort of the drivers 
and make it easier for some special drivers such as 
female and aged people to shift, the operating force 
acting on the shift handle when shifting from park 
to other shifts should be controlled at an acceptable 
level. Same to the rejecting torque, the maximum 
slope gradient and vehicle mass (full loaded) must 
be taken into account when designing the parking 
system and shift system force transmission ratio.

3 CONCEPT DESIGN

At the concept design stage, we built a detailed 
MATLAB Simulink dynamic simulation model 
of the parking system to investigate the dynamic 
engagement characteristics. With this model, sen-
sitivity analyses were performed to reveal the effect 
of some key parameters, such as pawl geometry, 
wheel geometry, spring rate, and spring preload, 
on the engagement performance.

3.1 Simulation methodology

A time domain dynamic simulation model is built 
with MATLAB Simulink, which includes lever 
dynamics, roller dynamics, roller contact, pawl 
dynamics, wheel dynamics, driveline dynamics, and 
vehicle dynamics. The MATLAB Simulink model 
is shown in Figure 1 and the geometry of the park-
ing system is shown in Figure 2.

3.2 Simulation summary

With this dynamic model, the spring rate is designed 
to fulfilling the requirements of the maximum 

engagement vehicle speed, the maximum preload 
length, and the maximum rod diameter. Also the 
pawl geometry is altered to provide a backlash at 
the pawl to wheel contact through this simulation.

3.3 Sensitivity analysis

A spring rate and preload sensitivity sweep was 
performed on a range to see the effect of these 
two parameters on the parking speed. The nomi-
nal value of the spring rate and spring preload are 
selected through the sensitivity analysis. Simula-
tion results show that the maximum engagement 
speed is far more sensitive to the preload on the 
spring than the spring rate. The sensitivity simu-
lation results of the spring rate and preload are 
shown in Figures 3 and 4.

By modifying the geometry of the pawl, the 
backlash at the pawl and wheel contact can be 
changed. The backlash sensitivity on the parking 
speed result is shown in Figure 5. Though adding 
the backlash could increase the parking speed, it is 
not recommended due to the roll back force which 
shall be affected by the backlash.

The sensitivity analysis of the return spring rate 
and preload come out with opposite conclusions 

Figure 1. MATLAB Simulink model.

Figure 2. Parking system geometry model.

Figure 3. Spring rate sensitivity.
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compared with the spring. The parking speed 
decreases when adding the return spring rate and 
preload as shown in Figures 6 and 7.

4 PERFORMANCE VALIDATION

A detailed parking system model as shown in Fig-
ure 8 has been built based on the topology of the 
concept design stage. With this detailed model, a 
dynamic simulation model was built with MSC 
ADAMS to validate the parking speed, rejecting 
torque, and pull out force.

It is necessary to take the vehicle into account when 
simulating the three key performances. The needed 
parameters of the vehicle are listed in Table 2.

For making the dynamic simulation more pre-
cise, the friction coefficient at the roller contacts 
should be set with precision. A friction coefficient 
experiment has been done to test the rollers’ friction 
coefficient under the designed working conditions 
which are translational friction and rolling friction.

The parking speed simulation result is shown 
in Figure 9. With good concept design topology, 
the parking speed fulfills the requirement in this 
detailed dynamic model. At the same time, due to 
the precision of the parameters set in this detailed 
model, the test result correlates well with the simu-
lation result.

When performing the rejecting torque analysis, 
the target rejecting torque is calculated with full 
load vehicle mass and the designed slope gradient. 
An additional torque caused by the vehicle roll 
back must be considered. The simulation result is 
shown in Figure 10. The simulation result reveals 
that the parking system fulfills the minimum reject-
ing torque target.

Figure 4. Spring preload sensitivity.

Figure 5. Backlash sensitivity.

Figure 6. Return spring rate sensitivity.

Figure 7. Return spring preload sensitivity.

Table 2. Parameters of the vehicle.

Figure 8. Detailed parking system model.

ICPT2016_Book.indb   273ICPT2016_Book.indb   273 9/29/2016   11:18:32 AM9/29/2016   11:18:32 AM



274

For the pull out force analysis, the vehicle is 
supposed to be stable and with full load at the 
maximum designed slope gradient. With a speci-
fied shifting system force transmission ratio, we 
directly measured the torque on the lever instead 
of the force on the shift handle. The simulation 
result is shown in Figure 11.

5 CONCLUSIONS

This paper introduces three key performances 
which ensure that the parking system is work-

Figure 9. Parking speed simulation result.

Figure 10. Rejecting torque simulation result.

Figure 11. Pull out torque simulation result.

ing properly and reliably. At the concept design 
stage, a MATLAB Simulink dynamic model was 
developed to choose the spring rate and preload 
in order to fulfill the parking speed requirement. 
The sensitivity studies of the spring and pawl 
geometry reveal the effect of the key parameters 
on the parking speed. After the concept design, a 
detailed dynamic simulation model was developed 
to validate the parking speed, rejecting torque, and 
pull out force. Simulation results show that, with a 
good concept design, the detailed model fulfills the 
three performance targets and correlates well with 
the test results.
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Test on the bending fatigue properties of 18CrNiMo7-6 gear material

Jiqiang Li & Zhihong Zhang
Zhengzhou Research Institute of Mechanical Engineering, Zhengzhou, China

Shidang Yan & Zhongming Liu
The Gear Transmission Engineering Laboratory of Mechanical Industry, Zhengzhou, China

ABSTRACT: Based on the single tooth pulse loading and the group test method, the bending fatigue 
properties of carburized and quenched gears of 18CrNiMo7-6 material had been tested. For test loading, 
the reasonable setting method of stress levels had been studied, the superiority of combination of static 
strength tests and pre-loading tests had been analyzed. In data processing, the expression ability of dif-
ferent distribution functions for the statistical laws of test data had also been discussed. According to the 
reliability algorithm, the R-S-N curves of the 18CrNiMo7-6 gear material had finally been got.

The geometric parameters of test gears are as 
follows: normal module Mn = 5 mm, number of 
teeth z = 30, pressure angle αn = 20°, profile shift 
coefficient xn = 0, helix angle β = 0, six-grade accu-
racy. Manufacturing processes: forging—hardening 
and tempering—rough machining + fine 
machining + hobbing—carburizing (920°C) + 
high tempering (650°C) + quenching (830°C)—
low tempering (180°C)—blast cleaning—grinding 
inside hole+grinding end face + grinding outer 
circle + grinding tooth. Finally, through accuracy 
measurements of test gears, all indications are within 
six-grade accuracy, fault-free by the ultrasonic flaw 
detection, and there aren’t grinding burns of root. 
The detection result of chemical elements is shown in 
Table 1, the test result of mechanical performances is 
shown in Table 2, the detection result of non metal-
lic inclusions is shown in Table 3, the gradient dis-
tribution of hardness and picture of metallographic 
structure are shown in Figure 1 and Figure 2.

1 INTRODUCTION

18CrNiMo7-6 is a kind of high alloy carburizing 
steel, containing much of Cr, Ni, Mo and Mn ele-
ments, and its hardenability is very outstanding. 
After carburizing, quenching and low temperature 
tempering, its comprehensive mechanical prop-
erties are excellent. Therefore, it has been widely 
used in Chinese heavy-duty gear field, such as wind 
power gears, high speed locomotive gears, etc. At 
present, This steel has also been produced for some 
years in China, but gear test data have been lack 
all the time. Because there are some differences of 
smelting processes and heat treatment processes 
between China and abroad, it is sure to have unset-
tling effects on the gear design and reliability assess-
ment for applying foreign test data. Based on this 
reason, the bending and contact fatigue properties 
of 18CrNiMo7-6 material have been tested, the 
complete R-S-N curves have been got finally. The 
results could be provided as an important reference 
for strength rated, life design, reliability analysis 
and process design of 18CrNiMo7-6 gears.

2 TEST GEARS

The guideline must be followed that test gears 
should be strictly consistent. For the machining and 
heat treatment of test gears, all process parameters 
have been set similarly and noted down, including 
machine tools, tool parameters, heating tempera-
ture, etc. Meanwhile, chemical elements, mechani-
cal properties, geometric precision, metallographic 
structure, non-metallic inclusions, hardness distri-
bution, grinding burn have also been tested. The 
aim is to keep the consistency of all test gears.

Table 1. Chemical elements.

Chemical 
elements C S Si Mn

Standard 
values

0.15∼0.21 ≤0.035 ≤0.40 0.50∼0.90

Detection 
values

0.19 0.007 0.29 0.73

Chemical 
elements P Cr Ni Mo

Standard 
values

≤0.025 1.50∼1.80 1.40∼1.70 0.25∼0.35

Detection 
values

0.02 1.57 1.52 0.32
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Table 2. Mechanical performances.

Setting
Yield strength
MPa

Tensile strength
MPa

Standard values ≥ 800 ≥ 1000
Detection values 1016 1200
Extensibility

%
Reduction of area

%
Impact values

J
≥ 8 ≥ 30 ≥ 60
14 68 96, 97, 96

Figure 1. Gradient distribution of hardness.

Figure 2. Metallographic structure (400 ×).

Figure 3. Testing machine. 

Figure 4. Testing fixture.

1- Upper bed, 2-Big nut, 3-Small nut, 4-Test gear,  5-Axis, 
6-Gland, 7-Supporting structure, 8-Loading head, 9-Sup-
porting head, 10-Lower bed.

3 TEST METHOD AND FAILURE 
CRITERION

Based on the single tooth pulse loading method, 
The high-frequency fatigue testing machine QBG-
3000 had been used, load accuracy was controlled 
in ±1%. The testing machine and fixture are shown 
in Figure 3 and Figure 4, the requirements in test 
standards could be met.

Table 3. Non metallic inclusions.

Setting

A B

Thick Fine Thick Fine

Standard values ≤1.5 ≤2.5 ≤1.0 ≤2.0
Detection values 0 0 0.5 0

Setting

C D

Thick Fine Thick Fine

Standard values ≤0.5 ≤0.5 ≤1.0 ≤1.0
Detection values 0 0 0.5 1

* The detection value of DS is 0.5.
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According to the group test method, 5 stress lev-
els have been chosen. The tested teeth of every stress 
level were randomly selected from all test gears. 
Meanwhile, the root stress was calculated and cor-
rected on the ISO6336-3:2006. During the tests, It 
had been as the criterion that tooth cracked, or the 
resonance frequency of test machine had dropped 
by 5%∼10% which was caused by the appearing of 
tooth root crack.

4 DETERMINATION OF LOAD LEVELS 
AND THE MINIMUM NUMBER OF 
TEST POINTS

In order to reasonably determine the load levels, 
static strength tests should be carried out first, the 
load value of static strength failure for teeth should 
be obtained. The maximum load value of load lev-
els may be set according to 0.8∼0.9 times the static 
strength test load. The minimum load value was 
calculated backward in line with ISO6336-3:2006. 
At this point, the rationality of the maximum load 
and the minimum load for setting values should 
been checked up by the pre-loading tests, the values 
should also be adjusted when necessary. This method 
of combining the static strength test and pre-loading 
test could effectively determine the load range with 
the prerequisite of reducing the number of auxiliary 
tests. After determining the scope of test loads, the 
load levels could be divided. Taking into account that 
the teeth fatigue damages are relatively concentrated 
at the high load levels and the fatigue lives are more 
dispersed at the low load levels, the principle should 
be followed that load intervals should be larger at 
high stress levels and load intervals should be smaller 
at low stress levels[1]. Finally. The 5 load levels were 
determined as 50 kN, 47 kN, 44 kN, 42 kN, 41 kN.

In order to carry out the fatigue tests economi-
cally and rationally, reasonable determination 
of test points was very important. Based on the 
t-distribution, the criterion of the least number 
of test points had been formulated. But the most 
important aim of all these was still to ensure the 
comparability and reproducibility of the test 
results. According to t-distribution, the interval 
estimation of relative error for the sample average 
x  and true value μ of  normal population is[2,3]

− <
−

<
st

x n
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x
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x n
r r< <
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To express the relative error limit (absolute 
value) with δ, then the equation (1) is converted to
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2
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Based on equation (2), the corresponding rela-
tion between variation coefficient s x/  and test 
points n could be got under the condition of given 
relative error limit δ. Its physical meaning lies in: 
when the sample average value is used as an esti-
mate of the true value μ of  normal population, the 
relative error does not excel ±δ for certain confi-
dence level r. The t-distribution is based on the 
normality of data. It is also worth pointing out 
that the test data under all fixed load well obey the 
log-normal distribution through later distribution 
tests.

5 STATISTICAL TREATMENT OF 
TEST DATA

Through random samples and load tests, all test 
lives are shown in Table 4. These data for every 
load level are arranged in ascending order.

Normal distribution, log-normal distribu-
tion, Wilson distribution are often used for data 
processing of gear bending fatigue tests. Through 
probability paper and K-S tests, the test data of 
all five loads well obey the log-normal distribution. 
Meanwhile, the data also obey the Wilson distri-
bution for some loads. Though linear correlation 
judgments, correlation coefficients are larger than 
0.98 for all five loads, linear correlation is very 
high. So taking into account that the convenience 
of the log-normal distribution in data processing, 
all test data were processed in view of this distribu-
tion for five load levels[3]. Based on the least square 
method, the estimated values of parameters of log-
normal distributions are shown in Table 5.

On the basis of getting the life distribution 
parameters of every stress level, the fatigue lives 
of different reliabilities could be calculated. 
According to the least square method, curve fitting 

Table 4. Test data of root bending fatigue life.

Loads /kN 50 47 44 42 41

Stress/MPa 888.83 834.01 779.39 743.08 724.96

1 24900 99500 110400 156600 170900
2 34500 108600 121100 187400 251400
3 41500 119900 132300 246000 751000
4 63000 124700 143900 264600 895400
5 63100 124900 147000 332100 1392700
6 67100 15900 178900 419400 2235400
7 190900 504100 ≥ 3 × 106

8 955700 ≥ 3 × 106

9 1047300 ≥ 3 × 106

10 ≥ 3 × 106 ≥ 3 × 106

11 ≥ 3 × 106

12 ≥ 3 × 106
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could also be done for life data of the same reliabil-
ity of different stresses[4], so the R-S-N curves in 
logarithmic relationship could be got. Through the 
coordinate change, the R-S-N curves in the gen-
eral coordinates had also been got, that is shown 
in Figure 5. Under the base life, bending fatigue 
stress limit is 589.7 MPa with 80% reliability, 
576.1 MPa with 90% reliability, and 540.6 MPa 
with 99% reliability.

6 CONCLUSIONS

The bending fatigue test of gear material 
18CrNiMo7-6 had been introduced in this paper. 
The determination method of load levels and fit 
tests of distribution functions had been discussed, 
and manufacturing process, chemical composition, 
mechanical properties, metallographic structure, 
hardness distribution of test gears had also been 
described in detail. So that gear designers would 
combine these test results with the R-S-N curves 
to accurately do the life design, strength rating and 
reliability analysis of 18CrNiMo7-6 gears.
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Table 5. Distribution parameters of log-normal 
distribution.

Parameters

Stress/MPa

888.83 834.01 779.39

μ 10.5759 11.7072 11.8769

σ 0.6623 0.1883 0.2249

743.08 724.96

μ 13.3280 13.7108
σ 1.0794 1.3559

Figure 5. R-S-N curves.
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Fatigue life prediction of planet carrier based on the experiments 
of notch specimen of Ti-6Al 4V
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ABSTRACT: Ti-6Al-4V is a typical titanium alloy which is frequently used in planet carriers. Low-cycle 
fatigue experiments of Ti-6Al-4V with different stress concentration factors were carried out and finite 
element simulation was used to obtain the fatigue experiment loads. The experimental results indicate that 
the stress concentration factor remarkably affects fatigue life of Ti-6Al-4V, but it is not embodied by the 
local stress-strain formula commonly used. Therefor a higher order accuracy formula was obtained by 
using the experiment data considering the stress concentration factor, which has been used in low-cycle 
fatigue life prediction of a planet carrier.

of uncoated tungsten carbide insert in end mill-
ing titanium alloy Ti-6Al 4V through work piece 
preheating[7]. Kyo T. studied the influence of Sur-
face Treatments on Fatigue Strength of Ti6Al 
4V Alloy and revealed that reason for the fatigue 
strength decrease due to oxygen diffusion treatment 
is residual tensile stress on the surface, shot peen-
ing is an effective technique to improve the fatigue 
strength of oxygen diffusion treated titanium.

Among titanium alloys, Ti-6Al-4V alloy is the 
most frequently use, cyclic fatigue properties of 
titanium alloy Ti-6Al 4V were investigated. Fatigue 
experiments of Ti-6Al-4V with different stress con-
centration factors were carried out and finite ele-
ment simulation and local strain method were used 
to obtain the fatigue experiment loads. The fatigue 
experiment results were compared with those of 
prediction by local strain method, which indicates 
that the lager the stress concentration factor is, the 
less estimated by the local strain method. The cor-
rected formula was obtained by using the fatigue 
experiment data considered the stress concentra-
tion factor for titanium alloy Ti-6Al 4V, which is 
expected to be used in fatigue life design of Ti-6Al 
4V component with higher accuracy.

2 TEST SAMPLE DESIGN AND FINITE 
ELEMENT SIMULATION

A planet carrier under development adopts Ti6-
Al-4V. In order to improve fatigue life prediction 
accuracy, sample experiments were carried out. 
Titanium alloys Ti-6Al-4V fatigue test samples 
with different stress concentration factors were 
designed. Fig. 1 is the drawing of the smooth 

1 INTRODUCTION

Titanium alloys are light in weight and have high 
specific strength, fracture resistance, superior 
resistance to corrosion and extraordinary abil-
ity to withstand extreme temperatures. They have 
been used widely in the aerospace, naval, chemi-
cal, biomedical and petroleum industry. Titanium 
alloys has a very high strength-to-weight ratio 
making them very suitable for aircraft engines and 
airframe manufacture. Most titanium alloy com-
ponents such as used in planet carriers are subject 
to high cyclic fatigue load. In order to get higher 
structural performance, fatigue life design and 
material fatigue life data are important. Fatigue 
life problems of titanium alloy component have 
been investigated by many researchers. Fatigue 
behavior and notch sensitivity of Ti-6Al-4V was 
investigated by H. Shabnam[1]. By using cell cul-
ture method, A. Yamamoto analyzed the fretting 
Fatigue Properties of Ti-6Al-4V alloy in pseudo 
body fluid and evaluated its biocompatibility of 
the alloy[2]. R.J. Morrissey investigated the fre-
quency and stress ratio effects in high cycle fatigue 
of Ti-6Al-4V[3]. J.M. Larsen made an assessment 
of the role of near-threshold crack growth in high-
cycle-fatigue life prediction of aerospace titanium 
alloys under turbine engine spectra[4]. C. Casavola 
studied static and fatigue behavior of butt welded 
joints in titanium grade 2 and grade 5, all obtained 
by laser welding technique, presented experimen-
tal results of fatigue tests both in terms of nomi-
nal stress amplitude and local strain amplitude[5]. 
Dattoma V. studied local strain method for welded 
titanium alloy structures fatigue strength design[6]. 
L. Turnad Ginta investigated the performance 
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test sample with the arc radius 60 mm, Fig. 2 is 
the drawing of the two notched test samples 
with blending radius r = 1.5 mm and 0.2 mm and 
D = 11.9 mm and 11 mm, d = 8.5 mm and 8.5 mm. 
So there are three types of samples all together and 
they will be labeled as Sample 60, Sample 1.5 and 
Sample 0.2 respectively.

Finite element simulation was carried out to 
obtain the stress distribution of the three test 
samples. Fig. 3 a) shows the element mesh of the 
Sample 60. Because of the axisymmetry and sym-
metry about (y,o,z) plane, see Fig. 3, of the struc-
ture, only left half  of the upper meridional section 
of the structure should be meshed and 8-noded 
quadrilateral ring element was used for the simula-
tion. Node displacements on the right side of the 
mesh, that is the symmetrical section, were axially 
restrained. Axial load was applied to edge Α shown 
in Fig. 3 a). The refined mesh in the notched 
domain of Sample 1.5 is shown in Fig. 3 b).

Fig. 4 a) shows the stress distribution of the 
Sample 60 and the label number near stress con-
tour line represents the stress level and Fig. 4 b) 
shows the local stress distribution in the notch 
domain.

The nominal stresses of the three samples are 
set to the same, 200 MPa, and the maximum stress 
and the stress concentration factor, that is the ratio 
of the maximum stress to the nominal stress of 
each sample are listed in Table 1.

3 FATIGUE EXPERIMENT

Fatigue experiments for three groups of titanium 
alloy Ti-6Al 4V sample, Sample 60, Sample 1.5 and 
Sample 0.2 were carried out with 10 samples for 
each group. Fig. 5 shows the picture of Sample 60, 
Sample 1.5 and Samples 0.2 orderly.

Local strain method was used to predict fatigue 
life so as to be used to determine experiment loads. 
Formulae used are as follows:

Figure 1. Smooth test sample.

Figure 2. Notched test sample.

Figure 3. Element mesh.

Figure 4. Stress contour.

Table 1. The maximum stress (MPa).

Sample Max. stress
Stress 
concentration factor

Sample 60 203.83 1.019
Sample 1.5 360.59 1.803
Sample 0.2 787.41 3.937
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Figure 5. Picture of samples with three different stress 
concentration factors.

Table 2. Parameters of Ti-6Al 4V.

Symbole Value

E 118000 MPa
σ′ 1564
ε′f 0.296
b′ −0.07
c′ 0.96
k′ 1420
n′ 0.07

Table 3. Experiment loads, normal stress fatigue life of 
Sample 60.

No. LoadMin LoadMax StressN Nf_EX Nf_PR

 1  6.4 12.8 416 >100
 2 19.46 29.78 908  8.0
 3 10.35 24.69 828 30.0
 4 12.07 28.77 965  2.82
 5 22.745 26.315 730 96.0
 6 12.15 29.65 998  0.31
 7  9.83 23.45 786  5.52
 8 11.79 28.11 943  0.553
 9  7.85 18.75 629 >100
10 11.495 27.405 919 12.3

Table 4. Experiment loads, normal stress fatigue life of 
Sample 1.5.

No. LoadMin LoadMax StressN Nf_EX Nf_PR

 1 4.885 11.655 265  1.4
 2 6.11 14.57 331  0.557
 3 7.635 18.205 414  0.40
 4 3.425  8.155 185  3.60
 5 2.39  5.71 130 >100
 6 3.25  7.75 176 >100
 7 4.60 11.0 250  2.34
 8 4.15  9.95 226 55.0
 9 4.47 10.59 241  2.80
10 4.24 10.10 230 5.40

Table 5. Experiment loads, normal stress fatigue life of 
Sample 0.2.

No. LoadMin LoadMax StressN Nf_EX Nf_PR

 1 2.14 5.10 116  4.87
 2 3.055 7.285 166  1.94
 3 3.82 9.10 207  1.0
 4 1.705 4.075 93.0 >100
 5 2.115 4.925 112 11.2
 6 1.75 4.85 113 62.0
 7 2.49 5.91 134  2.90
 8 2.35 5.61 128  5.41
 9 2.3 5.48 125  4.0
10 2.275 5.425 123 12.0

Figure 6. Fracture surface.
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b

f f( c) //  (2)

where Δε  strain amplitude, Δσ  stress amplitude, 
E Young’s modulus, k′, n′, σ′f , ε′f, σm mean stress, 
b′, c′, Nf fatigue life in cyclic number.

Parameters of titanium alloy Ti-6Al 4V are 
listed in Table 2.

Experiment the minimum load LoadMin 
(kN), maximum load LoadMax (kN), the maxi-
mum normal stress stress N (MPa), fatigue 
life obtained by experiment N f EN XEE (×105 cyclic 
number) and local strain method N f PN R (×105 
cyclic number) are listed in the Table 3 to 
Table 5 for Sample 60, Sample 1.5 and Sample 
0.2 respectively.

4 FORMULAE CORRECTION

Errors between results of experiments and those 
of predicted were obtained by using following 
Equation:

ε =
⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦
∑ (log log )(log log ) /y − zlog y − log ni izlog i izlog

n

1
 (3)

where, ε is the error, n is the number of samples of 
each group, yi is life value obtained by experiment, 
zi is life value obtained by prediction.

Errors coordinate to Table 3 to Table 5 are 
0.2917, 1.404, 0.6294 respectively, and are rela-
tively large and not suitable for the design of life 
key components.

Coefficients of σ′f and b′ of  Sample 60, Sample 
1.5 and Sample 0.2 are corrected through regres-
sion analysis so as to reduce then prediction errors 
of titanium alloy Ti-6Al 4V components with the 
same furnace batch and they are listed in Table 6 
and errors are reduced much compare to those 
obtained by using coefficients in Table 2. “Error” 
in Table 6 coordinates to each own group, “Error 
Tot” coordinates to each all groups.

From Table 6 it can be seen that the coefficients 
of the three groups are different that indicates that 
the coefficients are affected by stress concentra-
tion factor. Unified equations are established for 

titanium alloy Ti-6Al 4V from the experiment data 
which considered the effect of stress concentration 
so that they can be applied to titanium alloy Ti-6Al 
4V component with any stress concentration factor:

LgN f

mA
B B F B F

C C F C F

=

+
B F +F

⋅C ⋅C

lg( . ) lg( )5. 0 1 2
2

0 1C CCC 2CC 2

Δσ σB BB ⋅ +F ⋅ +F) l) − g( 0 1BBB 2B
 (4)

Table 6. Corrected coefficients of σ′f  and b′.

sample σ′f b′ Error Error Tot

Sample 60 86249 −0.39468 0.043875 0.11260
Sample 1.5  3375.6 −0.2041625 0.068605 0.25893
Sample 0.2 11212.65 −0.247944 0.048640 0.14043

Symbol Value

A −0.30103
B0 262831
B1 −211486
B2 37484
C0 −0.808226
C1 0.49786
C2 −0.09031

Error Tot is 0.031397, much less than those 
listed in Table 6.

5 FATIGUE LIFE PREDICTION 
OF A PLANET CARRIER

A planet carrier under development adopts 
Ti-6Al-4V whose maximum stress amplitude is 
776 MPa, mean stress is 388 MPa, stress concen-
tration factor is 1.8 and substitute to Eqn. (2) and 
obtain its fatigue life is 3.77 × 109 cycle.

6 CONCLUSION

Low cyclic fatigue experiments for smooth sam-
ples and notched samples with two different blend-
ing radius, 1.5 mm and 0.2 mm were carried out. 
Local strain method based on finite element stress 
analysis results was used to predict the fatigue 
life of the samples. Remarkable difference was 
observed between results of experiment and pre-
diction and the formulae coefficients from com-
mon material property manual may not be suitable 
for the design of life key components.

Formulae coefficients were obtained for the three 
sample groups, with which more accurate prediction 
results can be obtained than with listed in Table 2.

Low fatigue life prediction formulae coefficients 
change with stress concentration factor. In order 
to provide a simple way for fatigue life prediction 
of titanium alloy Ti-6Al 4V component with any 
stress concentration factor, unified equations are 
further established for from the experiment data. 
Whether the formulae are suitable for titanium 
alloy Ti-6Al 4V component with different temper-
ature is under investigation.
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Influence of hardening pattern, base material and residual stress 
condition on the tooth root bending strength of induction 
hardened gears
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ABSTRACT: This paper discusses the influence of hardening pattern, material and residual stress con-
ditions on the tooth root bending strength of gears with module 4 mm. Furthermore, correlations of 
material properties such as surface hardening depth, surface hardness and core hardness with the tooth 
root bending strength are discussed. For the investigated induction-hardened gears in unpeened condi-
tion, nominal stress numbers (bending) for material quality MQ according to ISO 6336–5 for induction 
hardened gears can be achieved. For shot blasted gears, a significant increase in the tooth root bending 
strength has been observed. Main influence parameter on the tooth root bending strength is the surface 
hardening depth. A minimum surface hardening depth of 0.25⋅mn should be reached. For lower surface 
hardening depths, a significant decrease in the tooth root bending strength has been observed. Further-
more a strong influence of the hardening pattern on the residual stress condition was detected.

2 INTRODUCTION

Gears with high requirements on load carrying 
capacity characteristics are usually case-carburized 
and hardened. A further method to increase the 
load carrying capacity of steel gears is the proc-
ess of induction hardening. According to the state 
of the art, the load carrying capacity of induction 
hardened gears is approximately 20% below the 
load carrying capacity of case hardened gears. It 
has to be mentioned that recommendations and 
specifications according to widely used gear stand-
ards as DIN 3990/ISO 6336 are based on research 
work that is more than 25 years old. Technologi-
cal improvements such as simultaneous dual fre-
quency hardening processes are not considered in 
the fatigue strength values according to ISO 6336.

3 STATE OF THE ART

3.1 Influences on the tooth root bending strength 
of induction hardened gears

In comparison to case hardened gears, there is only 
a limited knowledge on possible influences on the 
tooth root bending strength of induction hardened 
gears in commonly used standards as for example 
DIN 3990 or ISO 6336. Both standards postulate 

1 NOMENCLATURE

b face width in mm
da tip diameter
f frequency in Hz
mn normal module in mm
tH heating time in s
x addendum modification factor
z number of teeth
FPn pulsating force in N
Ft nominal tangential force in N
N number of load cycles
P power in kW
Pn nominal tooth load in kN
Rm tensile strength (core) in N/mm2
SHD surface hardening depth at limit hardness 
 of 400 HV1
YF form factor
YS stress correction factor
Yβ helix angle factor
αn pressure angle in °
β helix angle in °
σres residual stress in N/mm2
σFlim nominal stress number (bending) N/mm2
σF0 nominal tooth root stress in N/mm2
σF0∞,50% nominal tooth root stress for endurance 
 strength, 50% failure probability in N/mm2
σt root stress in MPa
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a correlation between the surface hardness in 
the tooth root fillet and the tooth root bending 
strength. Furthermore, information on additional 
influences such as cleanness, surface structure etc. 
is given. In literature (Niemann/Winter 1983), rec-
ommendations for the Surface Hardening Depth 
(SHD) are given. These recommendations depend 
on the hardening method and the module of the 
gear. The recommended hardening depth varies in 
a wide range (1.0 … 6.5 mm). According to Linke 
(Linke 2010), the SHD also depends on the hard-
ening method. For single tooth hardening, a SHD 
in the range of 0.15 …0.30 ⋅ mn is recommended, 
whereas for hardening all teeth simultaneously, a 
SHD up to 0.40 ⋅ mn is acceptable.

3.2 Results of experimental investigations on 
the tooth root bending strength of induction 
hardened gears

Experimental investigations of Weiss (Weiß 1983) 
on flame and induction hardened spur gears 
(mn = 4 mm and mn = 8 mm) show a significant 
influence of the surface hardening depth on the 
tooth root bending strength. By choosing an inap-
propriate SHD, the tooth root bending strength 
can drop below the tooth root bending strength 
of the quenched and tempered base material. By 
choosing an appropriate surface hardening depth, 
the tooth root bending strength can outperform 
the tooth root bending strength of the quenched 
and tempered base material up to 70%. Miyachika 
et al. (Miyachika 2009) performed experimental 
investigations on gears of material S35C and S45C 
in thermal refined as well as in rolled condition and 

with different heating times. These investigations 
showed a correlation between heating time, surface 
hardening depth and optimal tooth root bending 
strength (see Figure 1). In these investigations, the 
ideal heating time also depends on the material. For 
ideal heating parameters, the tooth root bending 
strength was comparable to case hardened gears.

4 TEST PROGRAM AND TEST METHOD

The focus of the herein described research work 
was the determination of the tooth root bending 
strength of induction hardened spur gears with a 
module of 4 mm. The following parameters were 
investigated in detail:

• influence of the Surface Hardening Depth (SHD) 
in the tooth root fillet

• influence of the base material (42CrMo4, 
51CrV4, 44MnSiVS6)

• influence of the core hardness
• influence of the tempering temperature

Additionally, the test results were compared to 
the tooth root bending strength of gears made 
of material 42CrMo4 in quenched and tempered 
condition. The main nominal geometry of the test 
gears is shown in Table 1.

The bending fatigue tests were carried out by 
means of an electromagnetic pulsating test rig as 
well as on hydraulic pulsating test rigs. As shown in 
Figure 2, the test gears were always symmetrically 

Figure 1. Results of tooth root bending tests of Miy-
achika (Miyachika et. al. 2009) on gears mn = 4 mm; 
Batches G4T1—G4T3. thermal refining; Batches 
G4R1—G4R3: as rolling.

Table 1. Main nominal test gear geometry.

Denomination Symbol Unit Value

module mn mm 4
face width b mm 16
number of teeth z – 24
pressure angle αn ° 20
helix angle β ° 0
addendum modification x ⋅ mn mm 0.708
tip diameter da mm 105.42

Figure 2. Schematic representation of load conditions 
in the pulsating test rig.
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clamped and tested over four teeth between two 
jaws. The exact position of the test gear in relation 
to the clamp jaws (i.e. the exact angle and point of 
load incidence) was adjusted by means of a special 
jig. Flank angle deviations were compensated by 
means of a precision adjustment, so that a uniform 
load distribution across the whole face width can 
be assumed. Tests were performed in the region of 
endurance life (endurance was assumed if  a gear 
reached 7⋅106 cycles without rupture) as well as 
in the region of limited lifetime. For most of the 
test batches, an average number of 20–25 test runs 
were performed. For some test batches, a reduced 
number of test runs were performed (approximately 
12–15). Thus, for each test batch an S-N-curve was 
determined. The endurance strength level of the 
S-N-curve was determined following the “stair-
step-method” (Hück 1977). The low cycle fatigue 
part of the S-N-curve was determined according 
to Haibach (Haibach 2002).

5 TOOTH ROOT STRESS CALCULATION

Rating a set of  gears according to ISO 6336 the 
nominal tangential load Ft is determined in the 
transverse plane at the reference cylinder and is 
derived from the nominal torque transmitted by 
the gears. In the case of  gears with normal adden-
dum geometry, the maximum tooth root stress is 
assumed when load is applied at the outer point 
of  single pair tooth contact. According to the 

standard ISO 6336, (1) is the basic equation for 
calculating the nominal tooth root stress.

σ ⋅ ⋅ βF0
t

n
F S= Ft

b m⋅
Y Y⋅F S Yβ  (1)

Equation (2) is used for calculating the nomi-
nal tooth root stress σF0 in a pulsating load test. 
Thereby the tangential force Ft is replaced by the 
pulsating load FPn applied normal to the flank sur-
face. The form factor YF and the stress correction 
factor YS are determined on the basis of  the test 
rig load conditions and the actual gear geometry:

σ
⋅ α

⋅ ⋅ βF0(pulsator)
Pn n

n
F S= F c⋅Pn

b m⋅
Y Y⋅F S Yβ  (2)

6 RESULTS OF THE TOOTH ROOT 
BENDING TESTS

Figure 3 shows the tooth root bending endurance 
strength for the investigated test batches. The test 
results are related to the reference test batch A 
(material 42CrMo4, SHD = 0.40 ⋅ mn). The test 
results can be summarized as followed:

• Increase in the tooth root bending endurance 
strength of about 45% for batch A compared to 
the quenched and tempered test batch L.

• No influence of  an increased tempering tem-
perature of  220°C (comparison of  B and 

Figure 3. Comparison of test results for endurance strength (50% failure probability).
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A) on the tooth root bending endurance 
strength.

• No increase due to a higher tensile strength in 
the core region on the tooth root bending endur-
ance strength (comparison of C and A, and of I 
and H).

• Significant increase of approximately 45% in the 
tooth root bending endurance strength due to a 
shot blasting process (comparison of D and A).

• Increase in the tooth root bending endurance 
strength of approximately 15% due to a higher 
surface hardening depth in the tooth root fillet 
(comparison of batches A and E).

• No increase in the tooth root bending endur-
ance strength for contour hardened batch F 
(SHD approximately 0.18 ⋅ mn) compared to the 
quenched and tempered reference test batch L 
and significant lower bending strength of approx-
imately 35% compared to reference batch A.

• Increase in the tooth root bending endurance 
strength of about 25% for contour hardened 
batch G (SHD approximately 0.25 ⋅ mn) com-
pared to the reference test batch A.

• Increase in the tooth root bending endurance 
strength of about 20% for material 51CrV4 
(comparison of H and A).

• Comparable tooth root bending endurance 
strength for material 44MnSiVS6 and material 
42CrMo4 (comparison of batch K and A).

Besides the tests in the region of endurance 
strength, also tests in the region of limited lifetime 
have been performed. The test results can be sum-
marized as followed:

• No increase in the tooth root bending strength 
in the region of limited lifetime for reference 
batch A compared to the quenched and tem-
pered batch L.

• Slightly higher tooth root bending strength on 
both load levels in limited lifetime for batches B, 
C and E compared to reference batch A.

• Significant increase in tooth root bending strength 
in the region of limited lifetime for shot blasted 
batch D compared to the reference batch A.

• Higher tooth root bending strength on the inves-
tigated load level in the region of limited lifetime 
for batch F compared to reference batch A.

• Higher tooth root bending strength in the region 
of limited lifetime for batch G compared to 
batch A.

• Slightly higher tooth root bending strength on 
both load levels in limited lifetime for batch H 
compared to reference batch A.

• Slight decrease in the tooth root bending strength 
in the region of limited lifetime for batch I com-
pared to batch H.

• Decrease in the tooth root bending strength in the 
region of limited lifetime for batch K compared to 
the reference batch A and compared to batch H.

7 MATERIAL AND RESIDUAL STRESS 
CONDITIONS

For all test batches, metallographic investigations 
such as hardness measurements and inspections of 
etched microsections as well as residual stress meas-

Figure 4. Comparison of test results for limited lifetime (50% failure probability).
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urements in the tooth root fillet were performed. 
Figure 5 shows the results of the hardness measure-
ments in the tooth root fillet for the different hard-
ening patterns I—IV (batches A, E, F and G, see 
Figure 4). The surface hardening depth was deter-
mined for all batches for a hardness of 400 HV.

Figure 6 shows overviews of etched metallo-
graphic microsections for the four different harden-
ing patterns I—IV. The different surface hardening 
depths (~ 0.7 … 2.6 mm) are visible.

Figure 7 shows overviews of etched metallo-
graphic microsections in the area of the tooth root 
fillet for batches A and G (both material 42CrMo4), 
for batch H (material 51CrV4) and for batch K (mate-
rial 44MnSiVS6). For all investigated test batches, 
the hardened area consists of pure martensite.

Figure 8 shows the results of the residual stress 
measurements in the area of the tooth root fillet for 

batches A and G (both material 42CrMo4) as well 
as for batch H (material 51CrV4). For batch A and 
batch H, the residual stress at the surface is near 
zero. Up to a depth of approx. 0.15 … 0.2 mm, 
both batches show compressive residual stresses up 
to −300 N/mm2. For deeper regions, the residual 
stresses move towards zero or even towards tensile 
residual stresses. Both batches show high varia-
tions in the residual stress conditions. In contrast 
to batches A and H (SHD = 0.65 ⋅ mn), batch G 
shows a rather constant residual stress state with 
compressive residual stresses of approx. −300 
N/mm2 for all measured depths. Also, the variation 
in the residual stress state is much lower than for 
batches A and H. For the shot blasted test batch D, 
a significant increase in compressive residual stress 
conditions was observed. The values of the com-
pressive residual stresses are in a range of about 
−600 … −800 N/mm2 up to a depth of approxi-
mately 0.06 mm. In greater depths, the value of 
compressive residual stresses are comparable to the 
unpeened batches with same hardening pattern.

Figure 5. Hardness measurements in the tooth root 
fillet.

Figure 6. Overview of etched metallographic microsec-
tion for the different hardening patterns I—IV.

Figure 7. Etched metallographic microsection in the 
area of the tooth root fillet.

Figure 8. Residual stress measurements in the area of 
the tooth root fillet.
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rying capacity was detected for high and low core 
tensile strength. Furthermore, tests with material 
44MnSiVS6 show a comparable bending strength 
as tests with material 42CrMo4. It has to be men-
tioned that the differences in the tooth root bending 
strength have to be correlated with the influences 

Figure 9. Influence of the surface hardening depth on 
the tooth root bending strength. To determine the influ-
ence of the surface hardening depth on the tooth root 
bending strength, further test results not discussed in this 
paper were used (Nadolski & Dobler 2016).

Figure 10. Influence of the surface hardness on the 
tooth root bending strength.

Figure 11. Influence of the core hardness on the tooth 
root bending strength.

8 SCIENTIFIC CONCLUSION

8.1 Influence of the Surface Hardening Depth 
(SHD) on the tooth root bending strength

Commonly used standards DIN 3990/ISO 6336 
give no recommendations for the Surface Hard-
ening Depth (SHD) of induction hardened gears. 
According to Weiss (Weiß 1983), the optimum 
for the surface hardening depth in the tooth root 
fillet for induction hardened gears is 0.25 ⋅ mn. This 
optimum in the SHD is confirmed in principle 
with the here presented test results. The decrease in 
the tooth root bending strength is more significant 
for lower surface hardening depths than for higher 
surface hardening depths.

8.2 Influence of surface hardness on the tooth 
root bending strength

According to commonly used standards (DIN 3990, 
ISO 6336) the surface hardness has a significant 
influence on the tooth root bending strength of 
induction hardened gears. Both standards do not 
show strength values for a surface hardness value 
greater than 615 HV. For case-hardened gears, the 
surface hardness has no influence on the tooth root 
bending strength for hardness values in a range of 
660 … 800 HV. In this investigation, the tooth root 
bending strength of induction hardened gears is 
also not significantly dependable of the surface 
hardness. The surface hardness was in a range 
of 600 … 700 HV for all investigated test batches 
(Figure 10).

8.3 Influence of the core hardness on the tooth 
root bending strength

In this investigation, tests on batches with differ-
ent core hardness values were performed. The core 
hardness was in a range of 275 … 350 HV1. For 
these core hardness values, only small differences in 
the tooth root bending strength were determined. 
The maximum differences in the tooth root bend-
ing strength are approx. 20%, but also quite simi-
lar values in the tooth root bending strength were 
determined for core hardness values of 275 HV1 
and 350 HV1 (Figure 11).

8.4 Influence of the base material and 
residual stress conditions on the tooth root 
bending strength

In these investigations, tests with different mate-
rials (42CrMo4, 51CrV4, 44MnSiVS6) were per-
formed. Using material 51CrV4, the tooth root 
bending strength can be increased compared to 
material 42CrMo4. This increase in the load car-
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discussed in paragraph 8.1 to 8.3. All here evalu-
ated test series show a similar hardening pattern 
and, comparable residual stress state and only 
slight differences in the surface hardness as well as 
in the core hardness. Besides the base material, the 
residual stress conditions have a significant influ-
ence on the tooth root bending strength. By shot 
blasting, the highest values for the tooth root bend-
ing strength were determined. Due to the harden-
ing pattern, high differences in the residual stress 
conditions occur. Compressive residual stresses 
at the surface as well as in a sufficient depth are 
necessary to reach high values for the tooth root 
bending strength.
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Influences of load distribution on the pitting load carrying capacity 
of cylindrical gears

D. Kadach, T. Tobie & K. Stahl
Gear Research Centre (FZG), Technical University of Munich, Garching, Germany

ABSTRACT: Pitting is one major failure criterion that limits the load carrying capacity of gears. 
Whereas standardized calculation methods for rating the pitting resistance according to DIN/ISO are 
substantially based on the maximum Hertzian contact stress, advanced approaches such as described by 
FZG/Stahl consider additionally for example the stress distribution in the area of gear mesh. Within a 
research project, influences of the load distribution on the pitting load carrying capacity of case hard-
ened gears were verified in detail. The evaluation proves that the calculation methods according to DIN/
ISO take into consideration already sufficiently the influence of the load distribution. Nevertheless, even 
better results can be achieved by the calculation method according to FZG/Stahl. The paper will present 
the main results of the performed investigations, discuss the herein found correlations and propose a 
calculation approach in order to optimize the calculation of the pitting load carrying capacity according 
to DIN/ISO.

αn normale pressure angle in °
β helix angle in °
εα transverse contact ratio
εβ overlap ratio
μL  average of the Gaussian distribution 

curve
σH contact stress in N/mm2

σHlim allowable stress number in N/mm2

σHP permissible contact stress in N/mm2

σH0  nominal contact stress at the pitch point 
in N/mm2

σ´H  failure equivalent contact stress accord-
ing to FZG/Stahl in N/mm2

σL  standard deviation of Gaussian distribu-
tion curve

1 index for pinion
2 index for wheel

2 INTRODUCTION

The standardized calculation methods for rating 
the pitting resistance of  gears according to DIN/
ISO are substantially based on the maximum 
Hertzian contact stress. The approach described 
by FZG/Stahl considers additionally the stress 
distribution in the area of  gear mesh as well as 
statistical influences of  the number of  teeth. 
Figure 1 shows the analysis of  different stress dis-
tributions depending on the stressed tooth flank 
area. According to DIN/ISO, all stress distribu-
tions should show the same pitting load carrying 
capacity.

1 NOMENCLATURE

a centre distance in mm
b face width in mm
da tip diameter in mm
fXHD conversion factor
mn normale module in mm
PHmax maximum occurring local stress in N/mm2

P1 stress value in N/mm2

x addendum modification coefficient in mm
z number of teeth
KA application factor
Kv dynamic factor
KHα transverse load factor
KHβ face load factor
PA, gear failure probability of the gear
PÜ, gear survival probability of the gear
PÜ, i survival probability of each staircase
SHmin safety factor for surface durability
T∞ endurable transmitted torque
Zkal calibration factor
ZB  single pair tooth contact factor of the 

pinion
ZD  single pair tooth contact factor of the 

wheel
ZL lubricant factor
ZNT life factor
ZPR probability facor
ZR roughness factor
ZV velocity factor
ZW work hardening factor
ZX size factor for contact stress
Z´β modified helix angle factor
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Following the results of  the research projects 
FVA 284 I/II (Stahl et al. 2000) and FVA Ic 
(Steinberger et al. 2006), it can be assumed that 
the shown stress distributions show different 
pitting load carrying capacities. This raises the 
question whether the maximum Hertzian contact 
stress or an equivalent comparative stress value 
is decisive for the pitting load carrying capacity 
of  gears.

3 CALCULATION METHODS FOR 
RATING THE PITTING LOAD 
CARRYING CAPACITY

3.1 DIN 3990 / ISO 6336

The calculation methods according to DIN 3990 
(1987) and ISO 6336 (2008) for rating the pitting 
load carrying capacity use the Hertzian stress as 
basis to calculate the contact stress σH separately 
for the pinion and the wheel. Thereby the higher 
value is decisive. By comparing the contact stress 
σH with the permissible contact stress σHP, a safety 
factor against pitting can be calculated. The con-
tact stress σH is calculated as follows:

σ β αH B A v HβZ Kσ K Kv K⋅K ⋅K, 0D HσσHσ  (1)

The nominal contact stress at the pitch point σH0 
is converted by the single pair tooth contact factor 
of the pinion ZB or of the wheel ZD to the contact 
stress at the inner point of single pair tooth contact 
of the pinion B or of the wheel D. The K-factors 
cover influences due to externally influenced varia-
tions of torque (KA), internal dynamic effects (Kv), 
uneven load distribution over the face width (KHβ) 
and in the transverse direction (KHα).

The permissible contact stress σHP is calculated 
separately for the pinion and for the wheel as 
follows:

σ
σ

HP
Hlim NT

Hmin
L V R W X

Z
S

Z ZL Z ZRR Z=
⋅

⋅ Z ⋅ Z ⋅  (2)

Here the allowable stress number σHlim is multi-
plied by the life factor ZNT as well as by the factors 
ZL, ZV, ZR and divided by the minimum required 
safety factor for surface durability SHmin. The fac-
tors ZL, ZV and ZR cover influences of the oil film 
on the tooth contact stress, whereas the factor ZW 
covers influences due to the material and heat treat-
ment and the factor ZX due to tooth dimensions. 
The safety factor against pitting is calculated sepa-
rately for the pinion and for the wheel as follows:

S S SH
HG

H
Hmin HG HP Hmin⋅H

σ
σ

σ σHG =;  (3)

3.2 Advanced approach according to FZG/Stahl

The calculation methods according to DIN 3990 
(1987) and ISO 6336 (2008) are based on the 
assumption that the pitting load carrying capacity 
solely depends on the maximum value of the occur-
ring contact stress. FZG/Stahl (2001) implements a 
failure equivalent contact stress σ´H that considers 
additionally the stress distribution as well as statis-
tical influences of the number of teeth. For calcu-
lation of σ´H, the topological stress distribution is 
needed. The stress values of the tooth flank area 
below the pitch circle are sorted in descending order. 
This stress profile is then transferred into a staircase 
profile. For each staircase, the survival probability 
PÜ,i is determined, see Figure 2. The distribution 
function for the survival probability corresponds to 
a Gaussian distribution curve, characterized by the 
average μL = 2000 N/mm2 and the standard devia-
tion σL = 8.5% ⋅ μL. These values were determined 

Figure 1. Local stress over the percentage of the tooth 
flank area according to (Stahl 2001).

Figure 2. Determination of survival probabilities 
according to (Stahl 2001).
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by a large number of experimental investigations on 
the pitting load carrying capacity.

The survival probability of the total working 
tooth flank can be calculated from multiplying the 
survival probabilities of each staircase. The sur-
vival probability of the gear is then calculated from 
multiplying the survival probabilities of each tooth 
flank. This survival probability is considered sub-
stantially in the calculation of the factor fXHD, which 
again is considered substantially in the calculation 
of the failure equivalent contact stress σ′H:

σ′
μ

′βH Hmax
XHD Lμ

kal Aβ vp fX

p
Z Zkal K KA= ⋅p ⋅

⋅ Z ⋅ K
1

 (4)

Besides, the maximum occurring local stress 
pHmax and the stress value of the first staircase p1 
are considered substantially in the calculation of 
the failure equivalent contact stress σ´H. The cal-
ibration factor Zkal is assigned to the fixed value 
0.75. The modified helix angle factor Z´β is calcu-
lated as follows:

Z′β =
+ ⋅ ( ) °

°

⎧
⎨
⎪
⎧⎧
⎨⎨
⎩⎪
⎨⎨
⎩⎩

1 1
3

1≤ 4

1 08 1> 4

sinii β( )( ) 0 <

β. ,08
 (5)

The application factor KA and the dynamic factor 
Kv are calculated according to DIN 3990 (1987).

4 EXPERIMENTAL INVESTIGATIONS—
TEST PROGRAMME AND TEST 
CONDITIONS

To verify the influences of the load distribution 
on the pitting load carrying capacity, running tests 
with case hardened spur and helical gears with 
systematically varied tooth flank modifications 
in lengthwise direction were performed. The main 
nominal test gear geometry is shown in Table 1.

The gears were made of material 18CrNiMo7–6, 
case carburized and hardened. Both for the spur 
gears as well as for the helical gears, S/N-curves 
for a reference variant without distinctive length-
wise modifications (R0, R1), for a variant with a 
distinctive lengthwise crowning (C0, C1) and for 
a variant with a distinctive helix angle modifica-
tion (H0, H1) were determined. The applied tooth 
flank modifications are shown in Table 2.

The variants with β = 0° were made of one mate-
rial batch and were manufactured under same con-
ditions. Also the variants with β = 29° were made 
of one material batch and were manufactured 
under same conditions.

Table 1. Main nominal test gear geometry.

Denomination Symbol Unit Spur gear Helical gear

centre distance a mm 91.5 112.5
normale module mn mm 5.0 4.25
number of teeth z1/z2 – 17/18 22/24
face width b1/b2 mm 14.0/14,0 27.6/27.6
normale pressure angle αn ° 20 20
helix angle ß ° 0 29
tip diameter da1/da2 mm 99.75/104.45 117.70/127.30
addendum modification coefficient x1 / x2 – 0.475/0.445 0.425/0.326
transverse contact ratio εα 1.38 1.5
overlap ratio εβ 0 1.0

Table 2. Applied tooth flank modifications.

Variant

Helix angle
β
°

Tooth width
b
mm

Modifications

Tip relief
Ca1/Ca2
μm/μm

Crowning
Cbl1/Cbl2
μm/μm

Helix angle 
modification
CHβ1/CHβ2
μm/μm

R0  0 14 25/25 0…5/0 0/0
C0  0 14 25/25 15/15 0/0
H0  0 14 25/25 0…5/0 0/22
R1 29 27.6 40/40 5…10/0 0/0
C1 29 27.6 40/40 20/20 0/0
H1 29 27.6 40/40 5…10/0 0/40
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The test runs were performed on FZG-back-to-
back gear test rigs. The test rig´s system layout is 
shown in Figure 3.

Test pinion and test gear are mounted on two 
parallel shafts which connect them to the drive gear 
stage with the same gear ratio. The pinion’s shaft 
consists of two separate parts which are connected 
by the load clutch. By twisting the load clutch using 
defined weights on the load lever, a defined torque 
is applied. The main advantage of the FZG back-
to-back gear test rig is that, compared to the high 
mechanical power which can be transmitted with 
the test gear pair, only a relatively small amount of 
input power is necessary to overcome the frictional 
losses in the system. The test gears were lubricated 
by oil injection with a flow rate of approx. 2 l/min. 
The oil injection temperature was set to 60 ± 2 °C 
at a pinion speed of n1 = 3000 rpm. The gears were 
loaded in such way that the pinion drove the gear. 
The flanks of the pinion and of the wheel were 
inspected visually after certain test intervals for 
damage. The test runs were stopped when more than 
4% of the working tooth flank area of one single 
tooth or when 0.5% of the total working area were 
damaged by pitting. If no pitting damage occurred 
within 50⋅106 load cycles or if the failure criterion 
mentioned above was not met within this load cycle 
number, the test runs were stopped and rated as a 
pass. Because of the low numbers of performed test 
runs, the endurable transmitted torque T∞ of the 
variants was determined according to the method 
“Modifiziertes Probitverfahren” (Hösel et al. 1979).

5 EXPERIMENTAL INVESTIGATIONS—
RESULTS

A comparison of the determined endurable pinion 
torque T1∞ of  the variants is shown in Figure 4.

Figure 4. Comparison of the endurable transmitted 
pinion torque T1∞ of  the variants.

Figure 5. Exemplary pitting damages of the variants 
with β = 0°.

Figure 6. Exemplary pitting damages of the variants 
with β = 29°.

Figure 3. FZG-back-to-back gear test rig according to 
(DIN ISO 14635-1:2006).

Concerning the variants with a helix angle of β = 0°, 
it can be seen that the reference variant R0 shows the 
highest pitting load carrying capacity, followed by the 
variant with a distinctive crowning C0 and the variant 
with a distinctive helix angle modification H0. This 
correlation corresponds to the fact that when apply-
ing the same pinion torque on all variants with β = 0°, 
the reference variant R0 shows the lowest amounts 
of maximum hertzian stress on the tooth flank com-
pared to the variants C0 and H0.

Concerning the variants with a helix angle of 
β = 29°, it can also be seen that the reference variant 
R1 shows the highest pitting load carrying capac-
ity. Lower pitting load carrying capacities show the 
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variants with a distinctive helix angle modification 
H1 and with a distinctive crowning C1. This is also 
in correlation with the fact that when applying the 
same pinion torque on all variants with β = 29°, the 
reference variant R1 shows the lowest amounts of 
maximum hertzian stress on the tooth flank com-
pared to the variants C1 and H1.

Exemplary pitting damages on pinion tooth flanks 
of the variants with β = 0° are shown in Figure 5.

The tooth flanks show typical pitting dam-
ages. In the dedendum some micropitting can be 
seen partially. The lengthwise location of the pit-
tings is in correlation with the applied tooth flank 
modifications.

Exemplary pitting damages on pinion tooth flanks 
of the variants with β = 29° are shown in Figure 6.

Here again the tooth flanks show typical pit-
ting damages with some partial micropitting in the 
dedendum. The lengthwise location of the pittings 
is also in correlation with the applied tooth flank 
modifications.

6 CALCULATION OF CONTACT 
STRESSES

Based on the endurable transmitted pinion torque 
T1∞ of  the considered variants, the contact stresses 

σH1 according to DIN 3990 (1987) and ISO 6336 
(2008) and the failure equivalent contact stresses 
σ´H1 according to FZG/Stahl (2001) were calcu-
lated. Furthermore, the maximum local contact 
stresses were calculated by use of the calculation 
program RIKOR (Thoma et al. 2009) which was 
developed at FZG. A comparison of the calculated 
contact stresses based on the determined endur-
able pinion torques T1∞ of the variants with β = 0° 
is shown in Figure 7. The corresponding numerical 
values are shown in Table 3.

Concerning the calculated stresses according 
to DIN 3990 (1987) and ISO 6336 (2008), it can 
be seen that in both cases, the reference variant 
shows the highest stresses, followed by variant 
C0 with distinctive crowning and H0 with dis-
tinctive helix angle modification. Concerning the 
calculated maximum local stresses according to 
RIKOR (Thoma et al. 2009), by contrast the refer-
ence variant shows the lowest stresses compared to 
the variants C0 and H0. An explanation for this 
is provided in the related stress distribution on the 
tooth flank of the variants which is shown in Fig-
ure 8. For each variant, the stress distribution was 
calculated on the basis of the respective endurable 
transmitted torque.

It is appararent that the reference variant 
R0 shows a comparatively large proportion of 
tooth flank with high stresses, whereas the variants 
C0 with distinctive crowning and H0 with distinc-
tive helix angle modification show smaller propor-
tions of the tooth flank where high stresses occur.

From this, it can be concluded that there is a cor-
relation between the fatigue strength and the pro-
portion of the tooth flank where highest stresses 
occur. This can be explained by the theory of 
the failure probability. Thus the reference variant 
shows a higher failure probability and thus again 
a lower local endurable transmitted contact stress 
due to the large proportion of the tooth flank with 
high stresses compared to the variants C0 and H0.

In contrast to the standardized calculation 
methods according to DIN 3990 (1987) and ISO 
6336 (2008), the advanced approach by FZG/Stahl 
(2001) takes this correlation into account. This 
is the reason why the calculated contact stresses 

Table 3. Contact stresses of the variants with β = 0°.

Variant

Contact stresses

DIN 3990
σH1, DIN

ISO 6336
σH1, ISO

FZG/Stahl
σ′H1, FZG/Stahl

Maximum stress 
according to RIKOR 
pH

R0 1.00 ⋅ σH1, DIN, R0 1.00 ⋅ σH1, SO, R0 1.00 ⋅ σ′H1, FZG/Stahl 1.00 ⋅ pH RIKOR, R0

C0 0.97 ⋅ σH1, DIN, R0 0.97 ⋅ σH1, ISO, R0 1.00 ⋅ σ′H1, FZG/Stahl 1.03 ⋅ pH RIKOR, R0

H0 0.95 ⋅ σH1, DIN, R0 0.96 ⋅ σH1, ISO, R0 0.98 ⋅ σ′H1, FZG/Stahl 1.01 ⋅ pH RIKOR, R0

Figure 7. Comparison of the calculated contact stresses 
of the variants with β = 0°.
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according to FZG/Stahl (2001) of the variants 
R0, C0 and H0 show the smallest deviations com-
pared to the calculated contact stresses according 
to DIN 3990 (1987) and ISO 6336 (2008). Never-
theless, also the calculation methods according to 
DIN 3990 (1987) and ISO 6336 (2008) show good 
calculation results.

Also the variants R1, C1 and H1 with β = 29° 
show comparable tendencies, see Figure 9 and 
Table 4.

Here too the calculation methods according 
to DIN 3990 (1987) and ISO 6336 (2008) show 
good calculation results, whereas the calculated 
contact stresses according to FZG/Stahl (2001) of 
the variants R1, C1 and H1 also show the smallest 
deviations.

7 APPROACH TO OPTIMIZE THE 
CALCULATION OF THE PITTING 
LOAD CARRYING CAPACITY 
ACCORDING TO DIN/ISO

To consider the stress distribution as well as the 
statistical influences of the number of teeth on 
the pitting load carrying capacity within the cal-
culation methods according to DIN 3990 (1987) 
and ISO 6336 (2008), the probability factor ZPR is 
introduced. This factor is calculated from the quo-
tient of the contact stress σH according to ISO 6336 
(2008) and the failure equivalent contact stress σ′H 
according to FZG/Stahl (2001):

ZPR
H ISO

H FZG Stahl

=
−

σ
σ′

6336

/

 (6)

The contact stress σH is calculated unaltered 
according to equation (1). The stress distribution 
as well as the statistical influences of the number 
of teeth affect the strength of the gear. Hence, the 
probability factor ZPR is considered in the calcula-
tion of the permissible contact stress σHP.

8 CONCLUSION

In this paper, the main results of investigations 
on influences of load distribution on the pitting 
load carrying capacity of cylindrical gears are pre-
sented. Running tests with case hardened spur and 
helical gears with systematically varied tooth flank 
modifications in lengthwise direction were per-
formed. Based on the endurable transmitted pinion 
torque T1∞ of  the considered variants, the contact 
stresses σH1 according to DIN 3990 (1987) and 
ISO 6336 (2008) and the failure equivalent contact 
stresses σ′H1 according to FZG/Stahl (2001) were 
calculated.

The results show that the calculation meth-
ods according to DIN 3990 (1987) and ISO 6336 

Figure 9. Stress distribution on the tooth flank of 
the variants R1, C1 and H1 with β = 29° according to 
RIKOR (Thoma et al. 2009).

Table 4. Contact stresses of the variants with β = 29°.

Variant

Contact stresses

DIN 3990
σH1, DIN

ISO 6336
σH1, ISO

FZG/Stahl
σ′H1, FZG/Stahl

Maximum stress 
according to RIKOR
pH

R1 1.00 ⋅ σH1, DIN, R0 1.00 ⋅ σH1, SO, R0 1.00 ⋅ σ′H1, FZG/Stahl 1.00 ⋅ pH RIKOR, R0

C1 1.02 ⋅ σH1, DIN, R0 1.02 ⋅ σH1, ISO, R0 1.06 ⋅ σ′H1, FZG/Stahl 1.10 ⋅ pH RIKOR, R0

H1 1.08 ⋅ σH1, DIN, R0 1.08 ⋅ σH1, ISO, R0 1.05 ⋅ σ′H1, FZG/Stahl 1.08 ⋅ pH RIKOR, R0

Figure 8. Stress distribution on the tooth flank of the 
variants R0, C0 and H0 with β = 0° according to RIKOR 
(Thoma et al. 2009).
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(2008) show good calculation results and a high 
reliability. Nevertheless, even better results shows 
the approach according to FZG/Stahl (2001). 
Based on these results, an approach to optimize 
the calculation of the pitting load carrying capac-
ity according to DIN/ISO was developed.
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Investigation on the tooth root bending strength of gears with special 
involute tooth shape
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ABSTRACT: Within a funded research project (BMWi—Federal Ministry for Economic Affairs and 
Energy of Germany), the load-carrying capacity of alternative involute gears was investigated. To find 
qualified variations for use in gear drives, increased pressure angles (αn > 20°) and/or asymmetric tooth 
shapes (αn < 20° and αn > 20°) have been examined experimentally. Optimization goals were the power to 
weight ratio of the transmission and the power density in the drive train.

In this report gears with reference tooth shape as well as gears with asymmetric tooth shape are dis-
cussed with focus on the tooth root bending strength. The results of experimental and test accompanying 
studies allow a direct comparison between standard and special gears as well as a classification in context 
of the actual state of the art. Not only well recognized standards have been applied to the experimental 
results but advanced calculation methods, too.

2 INTRODUCTION

Mechanical engineering uses almost exclusively 
symmetric involute gears with pressure angles 
αn ≈ 20° in today’s power transmitting gear drives. 
Besides the economic advantages of the manufac-
turing process using straight-flank hobbing tools 
the broad application of this toothing is due to 
its uniform transmission of motion. This even 
applies to shaft center distance deviations from the 
setpoint.

For the design of symmetric involute toothings 
with αn ≈ 20° comprehensive calculation tools and 
methods are available. These calculation methods 
are based on extensive theoretical and experimen-
tal studies on appropriate standard gears and are 
well-proven for years.

Through the use of gears with special involute 
tooth shape the tooth root bending strength can 
be increased, e.g. (Brecher & Schäfer 2005). Thus, 
an enlargement of the pressure angle causes a 
reduction of the stresses in the tooth root. Con-
current, the maximum stresses on the tooth flank 
are reduced. Disadvantages of the change in geom-
etry can be compensated by an optimized design 
of the loaded and the unloaded tooth flank. This 
leads to an asymmetrical design of the tooth shape. 
Such tooth shapes are investigated in many papers 
analytically as well as numerically, e.g. (Litvin et al. 
2000, Deng et al. 2003, Pedersen 2010).

However, for a reliable application of special 
involute gears in industrially running transmissions 
a comprehensive and confirmed identification 

1 NOMENCLATURE

a center distance in mm
b1,2 face width of pinion (or wheel) in mm
da1,2 tip diameter of pinion (or wheel) in  
 mm
hFe relevant bending moment arm for tooth 
 root stress in mm
mn normal module in mm
qs notch parameter
sFn tooth root chord at critical section in  
 mm
z1,2 number of teeth of pinion (or wheel)
Ft nominal tangential force in N
Kv dynamic factor
KA application factor
KFα transverse load factor (root stress)
KFβ face load factor (root stress)
YF form factor
YS stress correction factor
YSα pressure angle factor
Yβ helix angle factor
α(n) (normal) pressure angle in °
αFen load direction angle in °
β helix angle in °
ρF tooth root radius at critical section in  
 mm
σF tooth root stress in N/mm2
σF0 nominal tooth root stress in N/mm2

Indices
bel loaded tooth flank
unb unloaded tooth flank
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and verification of the load-carrying capacities 
is needed for such toothings. This requires an 
upgrade of existing tooth root load-carrying 
capacity calculation methods. Thereby the specific 
characteristics of special involute gears as well as 
experimental test results must be taken into con-
sideration. For this reason, the tooth root bending 
strength of asymmetric gears with pressure angles 
αn = 18°/28° was theoretically and experimentally 
investigated and compared to symmetric gears 
with pressure angle αn = 20°. Also the influence of 
a reversing load direction was investigated.

3 TEST PROGRAM AND TEST METHOD

3.1 Test rig for investigations under 
unidirectional load

The experimental investigations of test gears under 
unidirectional load were carried out on a FZG 
back-to-back gear test rig (DIN ISO 14635-1 2006) 
with a center distance of a = 91.5 mm, as shown 
schematically in Figure 1.

The test rig is driven by a three-phase asynchro-
nous engine with a constant speed of 1500 rpm. 
Test pinion and test gear are mounted on two 
parallel shafts which are connected to a drive gear 
stage with the same gear ratio. The shaft of the 
test pinion consists of two separate parts which 
are connected by a load clutch. A defined static 
torque is applied by twisting the load clutch using 
defined weights on the load lever or by twisting 
the load clutch with a bracing device. The torque 
can be controlled indirectly at the torque measur-
ing clutch as a twist of the torsion shaft. The gears 
were loaded in such way that the pinion drove the 
gear.

3.2 Test rig for investigations under 
alternating load

The experimental investigations of test gears under 
alternating load were carried out on a modified 
FZG back-to-back gear test rig. This test rig is 
configured with 3 shafts. The schematic arrange-
ment of the test gears can be seen in Figure 2.

Both flank sides of the wheel mounted on the 
intermediate shaft are in action with the pinions 
mounted on the two main shafts. A test run with 
the wheel under alternating load can be realized in 
this way.

3.3 Test conditions and test gears

The maximum running time of each test run 
was 107 load cycles on pinion. The test runs were 
stopped in case of tooth root breakage or when 
the maximum of load cycles was reached. All tests 
were performed in the region of endurance life. 
For all of the test variants an average number of 
7–11 test runs were performed. The test results of 
the asymmetric gears were evaluated in direct com-
parison with the results of the symmetric reference 
gears. Therefore the results were evaluated using 
the modified “Probitverfahren” (Hösel & Joachim 
1978).

All tests were performed with the FVA reference 
oil FVA 3 A (ISO VG 100) with an additive content 
of 4% Anglamol 99 by volume (Laukotka 2007). 
The test gears were lubricated by oil injection with 
an oil injection temperature of 60 °C ± 2 °C. The 
main nominal geometry of the test gears can be 
seen in Table 1 and Table 2.

The pinions were manufactured with a larger 
face width than the wheels. So all tooth root break-
ages occurred on the wheels.

All gears were made of the same material 18CrN-
iMo7-6 and were case-hardened, blast cleaned and 
conventionally ground (only flank area) after heat 
treatment.

Figure 1. FZG back-to-back gear test rig (DIN ISO 
14635-1 2006).

Figure 2. Schematic arrangement of the test gears in 
the FZG back-to-back gear test rig with 3 shafts.
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4 TOOTH ROOT STRESS CALCULATION

The occurring surface stress at the critical section 
of the tooth root must be determined when cal-
culating the tooth root load carrying capacity of 
standardized involute external spur gears. Exten-
sive theoretical and experimental studies have 
shown that the actual bending, compression and 
shear loads in the critical cross section of the tooth 
root fillet are sufficiently considered by the calcula-
tion method according to ISO 6336 (2003/2006).

No standardized reference profile for the gear 
geometry is given for alternative involute tooth 
shapes with pressure angles αn ≠ 20°. Also there 
exists no standardized calculation method for 
toothings with pressure angles αn ≠ 20°. A sugges-
tion for a calculation method for symmetric and 
asymmetric gears with αn ≠ 20° is given by Lang-
heinrich (2014). This method is used for calculating 
the tooth root stress of the investigated asymmet-
ric gears in the present paper.

4.1 Calculation method according to ISO 6336

Calculating the tooth root bending stress accord-
ing to ISO 6336 (2003/2006) the nominal tangen-
tial load Ft is determined in the transverse plane 
at the reference cylinder and is derived from the 

nominal torque transmitted by the gears. In case 
of gears with normal addendum geometry, the 
maximum tooth root stress is assumed when load 
is applied at the most external point of the single 
pair tooth contact. According to the standard 
ISO 6336 (2003/2006), equation (1) is the basic 
equation for calculating the nominal tooth root 
stress.

σ βF
t

n
F S

Ft

b m
Y YF S Yβ0 = ⋅ Y ⋅  (1)

The form factor YF and the stress correction 
factor YS are determined on the actual gear geom-
etry by means of the equations (2) and (3). Yβ has 
the value 1.0 for spur gears.
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L and qS in equation (3) are defined as auxil-
iary variable and notch parameter respectively. 
They can be calculated by means of the following 
equations (4):

L s
h

; q sFn

Fe
s

Fn

F

= =; q
⋅2 ρFF

 (4)

It can be seen that the main geometric influ-
ence factors in this calculation are: The normal 
module mn, the face width b, the pressure angle αn, 
the relevant bending moment arm hFe, the tooth 
root chord at the critical section sFn, the tooth root 
radius at the critical section ρF, and the load direc-
tion angle αFen.

4.2 Calculation method according to FZG/
Lang hein rich (2014)

The calculation of tooth root stress according 
to ISO 6336 (2003/2006) considers the correct 
tooth root thickness and the correct lever for the 
bending moment. Therefore Langheinrich (2014) 
recommends to modify the equation (1) for calcu-
lating the nominal tooth root stress of alternative 
gear geometries with changed pressure angles as 
follows:

σ ′ ′ βF
t

n
F S

Ft

b m
Y′ S Yβ0 ⋅  (5)

Table 1. Main nominal test gear geometry (unidirec-
tional load).

Denomination Symbol Unit Reference

Special 
tooth 
shape

center distance a mm 91.5 91.5
module mn mm 1.75 1.75
number of teeth z1/z2 – 48/53 48/53
face width b1/b2 mm 18/10 18/10
pressure angle αn ° 20/20 18/28
helix angle ß ° 0 0
tip diameter da1/da2 mm 90.3/98.1 89.9/99.3

Table 2. Main nominal test gear geometry (alternating 
load).

Denomination Symbol Unit Reference

Special 
tooth 
shape

center distance a mm 77.0 77.0
module mn mm 1.75 1.75
number of teeth z1/z2 - 32/53 32/53
face width b1/b2 mm 18/10 18/10
pressure angle αn ° 20/20 18/28
helix angle ß ° 0 0
tip diameter da1/da2 mm 61.3/98.1 60.9/99.3
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The modified form factor YF’ and the modified 
stress correction factor YS’ in equation (5) are func-
tions of the adjusted relevant bending moment 
arm hFe’ and the adjusted tooth root chord at the 
critical section sFn’:

F FY YY Y′ Y ( )h sFe Fn n Fen′h ′ αmnsFn  (6)

Y Y YS SY YY Y SYY′ Y α( )h sFe Fn n Fen′h ′ αmnsFn  (7)

The required tooth root thickness of gears with 
changed pressure angles sFn’ in the calculation of 
the nominal tooth root stress can be determined 
by the mean value of the tooth root thicknesses. 
This approach for asymmetric teeth is already 
described in ISO 10300-3 (2003) and is shown right 
in Figure 3.

The bending moment around the point N in the 
tooth root of asymmetric gears can be determined 
by shifting the acting force along its line of action. 
As basis for the relevant bending moment arm hFe’ 
in the tooth root area, the tooth root thickness is 
used for asymmetric as well as for symmetric gears. 
It is determined with the tooth root curve of the 
loaded flank. This principle is shown in Figure 3 on 
the left for symmetric gears and in the middle for 
asymmetric gears respectively. The diameter dFn,bel 
is determined according to ISO 6336 (2003/2006).

In addition, the stress correction factor YS’ in 
equation (7) has been extended by the pressure 
angle factor YSα. This factor takes into account the 
effects on the tooth root stresses, which are caused 
by teeth with normal pressure angles αn ≠ 20° at 
the loaded (αn,bel) and unloaded (αn,unb) tooth flank. 
The approach for calculating the pressure angle 

factor YSα is shown in the analytical simplified 
equation (8).

Y
F FSYY n bel n unb

α
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1 2F FF F⎠ ⎝
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⎟
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1  (8)

For external involute gears the auxiliary vari-
ables F1 and F2 have the values 78 and 852 respec-
tively. It can be seen that both calculating methods 
according to Langheinrich (2014) and ISO 6336 
(2003/2006) give the same result for symmetric 
involute gears with pressure angle αn = 20°.

5 RESULTS

The results of the test runs are presented in the fol-
lowing section.

5.1 Test runs under unidirectional load

Figure 4 shows the experimentally determined 
fatigue endurable transmitted torques for 50% fail-
ure probability.

For a better comparison between the symmet-
ric reference variant with a pressure angle αn = 20° 
and the asymmetric variant tested on both, the 
flank with αn = 18° and the flank with αn = 28°, the 
fatigue endurable transmitted torques are shown 
relating to the reference variant. The results show 
that the determined endurable transmitted torque 
of the asymmetric test gears with αn,bel = 18° is 
about 3% less than the endurable transmitted 
torque of the reference gears with αn,bel = 20°. In 

Figure 3. Lever of the acting force on symmetric and on asymmetric teeth (Langheinrich et al. 2015) (left and center) 
and tooth root chord at the critical section of asymmetric teeth (Langheinrich 2014) (right).
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contrast the results of the asymmetric gears tested 
on the flank with αn,bel = 28° show an endurable 
transmitted torque that is approx. 10% higher than 
the endurable transmitted torque of the reference 
variant.

The tooth root bending endurance strengths 
for the investigated test batches were determined 
using the tooth root stress calculation methods 
described in section 4. Thereby the calculation 
method according to Langheinrich (2014) was 
used to determine the tooth root stresses of the 
asymmetric test variants. The results can be seen 
in Figure 5.

The calculated tooth root bending endurance 
strengths show the same tendency for the three 
test variants as the fatigue endurable transmitted 
torques. For the evaluation of the test results the 
mean tooth root bending endurance strength was 
calculated. As it can be seen in Figure 5 the vari-
ance of the tooth root bending endurance strengths 
is ± 5% around this computed mean tooth root 
bending endurance strength. These results corre-
spond with the expectations as all test gears were 
made of the same material in the same production 

batch. So the results demonstrate a good accord-
ance between the calculation method for asymmet-
ric tooth shapes recommended by Lang hein rich 
(2014) and the experimental investigations.

Figure 6 illustrates exemplarily tooth root 
breakages of all test variants. They all show a typi-
cal curved fracture behavior from the tensioned to 
the pressurized tooth root fillet. Thereby for the 
test variant with αn,bel = 28° the fracture behavior 
shows a steeper crack configuration in comparison 
to the other test variants. The crack initiation is 
near the 30° tangent of the root contour. In the 
lower part of Figure 6 there are shown additionally 
exemplary fracture surfaces of the test variants.

The area of crack initiation is located on the top 
side of each picture. In this area the fatigue frac-
ture can be identified. With the crack propagation 
a significantly rougher overload fracture area can 
be seen.

5.2 Test runs under alternating load

The experimentally determined fatigue endurable 
transmitted torques (50% failure probability) of 
the test runs under alternating load are shown in 
Figure 7.

The endurable transmitted torques are almost 
identical for both test variants. The torque deter-
mined for the asymmetric test variant is only 
slightly lower than the torque determined for the 
reference variant. This is in good accordance to the 
test results of the asymmetric test variant under 
unidirectional load with αn,bel = 18°.

The exemplary tooth root breakages and frac-
ture surfaces shown in Figure 8 identify the tooth 
flank with αn = 18° as starting point of the dam-
age. For this reason the endurance strength of 
the asymmetric test variant was calculated for the 
tooth flank with αn = 18°.

The crack initiation is located near the 30° tan-
gent of the root contour for both variants. The 
fracture zones on the pressured tooth flanks show 
a rougher overload fracture area.

Figure 4. Fatigue endurable transmitted torques relat-
ing to the reference variant (50% failure probability).

Figure 5. Comparison of test results for endurance 
strength (50% failure probability).

Figure 6. Examples of broken teeth and fracture sur-
faces of the unidirectional loaded test variants.
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The results of the tooth root stress calculation 
according to (ISO 6336 2003/2006) and Langhein-
rich (2014) respectively can be seen in Figure 9. 
Thereby the calculated tooth root bending endur-
ance strengths are shown relating to the mean tooth 
root bending endurance strength as described for 
the test runs under unidirectional load.

The variance of the tooth root bending endur-
ance strengths is with plus/minus 1% very low. So 
the tooth root calculation method according to 
Langheinrich (2014) can be used as well for the 
investigated asymmetric tooth geometry under 
unidirectional load as for the investigated asym-
metric tooth shape under reversal load.

Furthermore the calculated tooth root bend-
ing endurance strengths of the test variants under 
alternating load are approximately 30% lower than 
the tooth root bending endurance strengths cal-
culated for both the test variant with αn,bel = 20° 
and the test variant with αn,bel = 18° under unidi-
rectional load. This is in good accordance to (ISO 

6336 2003/2006) where a reduction factor for the 
allowable tooth root stress of 0.7 is recommended 
if  reversals of full load occur.

6 CONCLUSION

The extensive experimental test results show that 
an asymmetric involute tooth shape can be used to 
increase the tooth root bending strength of gears. 
Therefore the tooth flank with higher pressure 
angle must be chosen as driving flank. Reversals 
of full load should be avoided. Then the applica-
tion of asymmetric gears can improve the power 
density of a gearbox and hence the power to 
weight ratio of the transmission. Furthermore the 
calculation method of tooth root stress according 
to Langheinrich (2014) could be verified for the 
tested asymmetric gear geometry. So this calcula-
tion method shows a high potential for the design 
calculation of asymmetric gears in industrially run-
ning transmissions. Nevertheless, further experi-
mental investigations have to be done to verify the 
calculation method for tooth root stress according 
to Langheinrich (2014) for asymmetric gears with 
arbitrary pressure angle combinations.
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Stress concentration and fatigue strength of involute 
spline shafts and couplings
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Institute of Machine Elements and Machine Design, Technische Universität Dresden, Dresden, Germany

ABSTRACT: This theoretical study aims to extend currently available information on notch factors of 
involute spline shafts and couplings in order to improve endurance limit predictions (high cycle fatigue). 
Based on three-dimensional finite-element contact simulations, supported by experimental data points, 
stress concentration factors for bending and torsional loading are calculated at the combined notch 
(multiple-notch) of (i) the spline tooth root fillet, (ii) the stepped shaft fillet and (iii) the adjacent hub 
(mechanical influence of the mating flank). The analysis of the local stress situation in the notch root 
revealed a biaxial stress state with out-of-phase stress components under rotating bending. Its implica-
tions and solution approaches are discussed. An extensive, fully automated parameter study in finite-
element analysis has been carried out varying numerous geometrical parameters of the stepped spline 
shaft. Approximation functions of stress concentration factors for spline joints in bending or torsion are 
derived. They enable the use of the obtained results in engineering practice.

This paper analyzes the local stress situation of 
an involute spline coupling in the tooth root fillet 
and in the stepped shaft fillet depending on teeth 
number or tooth modul, joint width as well as 
notch radius and notch depth of the runout geom-
etry. Object of investigation are stepped spline 
shafts with widely used involute sides and a pres-
sure angle of 30° according to DIN 5480 (2006).

2 LITERATURE SURVEY

The technical standard DIN 743 (2012) includes an 
experimental determined fatigue notch factor as a 
function of the material tensile strength. It is only 
valid for the structural notch of the shafts tooth root 
fillet without taking the hub (internal spline) or the 
runout geometry into account (Fig. 2(a)). Further-
more geometrical parameters are not considered at 
all. The catalog of Peterson (Pilkey et al. 2008) shows 
a stress concentration factor versus root fillet radius 
curve, which is based on data of a photoelastic study 

1 INTRODUCTION

The principle task of involute spline couplings 
consists in transmitting high and often alternating 
torque. In practice this shaft-hub-connetcions have 
to withstand complex load situations. Additionally 
to the torsional loading, bending loads occur fre-
quently, for instance due to axial misalignment or 
gearbox induced transversal forces.

Generally, the fatigue strength (high cycle 
fatigue) of transmission shafts is calculated by 
standardized methods, such as the German techni-
cal standard DIN 743 (2012). “Calculation of load 
capacity of shafts and axles”. These standards 
commonly use the nominal stress concept relying 
on stress concentration or fatigue notch factors 
of the structural notches. In case of spline shafts 
and couplings the provided factors only allow a 
rough prediction of the endurance limit. Essential 
geometrical parameters that distinguish different 
involute spline shafts are not considered. Resent 
researches (see Section 2) also show gaps regard-
ing the influence of the splined hub and/or of the 
tooth runout geometry.

In addition to the notch stresses in the tooth 
root fillet, spline shafts show stress concentra-
tions in the transition section from spline to plain 
shaft. Two different designs can be found: Stepped 
spline shafts and partially splined shafts (Fig. 1). 
Moreover, stress raisers exist at the transition from 
the ‘open’ spline shaft to the shaft-hub-connection 
due to change of stiffness (influence of the hub).

Figure 1. Stepped shaft (left) and partially splined shaft 
(right).
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by Yoshitake (1962). However this function applies 
for parallel splines under torsion and is also limited 
to a shaft without mating member.

Local stresses in the tooth root at the open spline 
and at the beginning of engagement with the inter-
nal splined hub (Fig. 2(b)) can be obtained with the 
calculation standard DIN 5466 (2000). “Splined 
joints, calculation of load capacity”. This technical 
standard considers several types of operating con-
ditions, for instance bending and torsion. With the 
calculated notch stresses, a stress concentration fac-
tor for application in the fatigue strength calculation 
according to DIN 743 may be derived. DIN 5466 
itself does not provide specific instructions for cal-
culating the fatigue strength. The last revision of the 
standard has been strongly influenced by the results 
and calculation approaches of Wesolowski (1997). 
For torque-loaded spline couplings he determined 
numerically the required influence coefficients as 
a function of several design parameters, such as 
number of teeth, root fillet and joint width.

DIN 5466 and most of the published investiga-
tions on stress concentration at involute splines 
(e.g. Volfson 1982, Villmer 1984, Kohl 1986, Burg-
torf 1998) are limited to the notch effect in the 
tooth root fillet. Critical stresses by reason of the 
tooth runout geometry remain entirely unconsid-
ered. As an exception, Daryusi (2009) has been 
carrying out extensive numerical investigations on 
the stress concentration factor of stepped spline 
shafts and partially splined shafts. In contrast to 
the stepped shaft, the notch stresses of partially 
splined shafts barely differ from the notch stresses 
determined without taking the tooth runout geom-
etry into account. Daryusi’s parameter studies 
included the number of teeth and the notch radius 

and notch depth of the stepped shaft. His inves-
tigations though focus on the notch effect of the 
structural notches at the spline shaft without hub 
as shown in Figure 2(c).

In a follow-up study of the authors (Schlecht, 
Senf, & Wendler 2013) the stress situation in the 
stepped shaft fillet of the involute spline under 
combined loading (combined action of cyclic tor-
sion and bending) has been analyzed theoretically. 
Separated locations of the maximum bending and 
torsional stress were detected and the resulting 
strength reserve was quantified.

The more resent international researches on 
involute splines largely address the load distribu-
tion and tooth load sharing characteristics (e.g. 
Tjernberg 2001, Barrot et al. 2009, Hong et al. 
2015) as well as wear (e.g. Ding et al. 2007) and 
fretting fatigue (e.g. Sum et al. 2005).

In summary, several, more precise studies in 
addition to the rough estimations in the techni-
cal standard DIN 743 (2012) or Peterson’s catalog 
(Pilkey et al. 2008) exist regarding the stress con-
centration of involute spline shafts and couplings. 
However, the case of a spline joint with the begin-
ning of engagement close to the tooth runout 
(Fig. 2(d)) was only investigated for individual 
cases but is particularly relevant in practice.

3 THEORETICAL ANALYSES 
OF THE NOTCH STRESSES

Due to the complex notch geometry, determining 
the local stress concentration requires numerical 
calculation methods, such as the finite element 
method. The three-dimensional finite-element 
contact model is generated and analyzed by a self  
developed, problem-specific Pre- and Post-Proces-
sor for involute spline shafts and couplings (Wend-
ler & Schlecht 2014). The notch stresses have been 
computed under bending loading and torsional 
loading respectively.

The stress analysis focuses on the two notch 
sections “Tooth root fillet” and “Stepped shaft fil-
let”. The stress tensor at the component surface 
will be examined. No external loading is applied 
to the shaft fillet so the in general multiaxial stress 
state is reduced to a biaxial stress state that is fully 
described by the three stress components σa, σϕ 
and τ (Fig. 3, right). In contrast to the tooth flank, 
the tooth root fillet is not in contact with the inter-
nal spline and therefore shows also a biaxial stress 
state (Fig. 3, left).

3.1 Stress situation in the stepped shaft fillet

In case of bending load the numerically obtained 
results show a dominant normal stress component 

Figure 2. Model levels of spline shaft and coupling.
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in axial direction σa, which can be used to determine 
a stress factor for bending. Under torsional loading 
a significant normal stress component σa appears in 
addition to the expected shearing stress component τ. 
Its amount depends on the tooth depth in relation to 
the shoulder height. The existence of this additional 
stress component (secondary stress) complicates 
deriving a stress factor for torsion. Further thoughts 
on this are presented in Section 4. Table 1 shows the 

Figure 3. Biaxial stress state in tooth root fillet (left) 
and shaft fillet (right).

Table 1. Stress components in the shaft fillet and the tooth root fillet under mechanical influence of the adjacent 
hub.
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individual stress components in the shaft fillet over 
the circumference of a tooth segment.

3.2 Stress situation in the tooth root fillet

Table 1 also shows the trend of the individual 
stress components in the tooth root fillet along the 
tooth width. Under torsional loading as well as 
bending loading a multiaxial stress states occurs 
as a result of  the intersecting notches tooth root, 
stepped shaft and the mechanical influence of 
the adjacent hub. In both load cases the normal 
stress component σt tangential to the root fillet 
dominates, caused by contact forces on the tooth 
flank. The local stress components associated with 
the torsional or bending nominal stress take a back 
seat (solid line in each load case). As expected, 
the maximum stresses are located at the begin of 
engagement (z = 0).

In the (most common) case of rotating bending 
the time characteristic of the stress components 
during rotation needs to be considered. As shown 
in Figure 4 the individual local stress components 
σa, σt, τ oscillate with identical frequencies but 
out-of-phase. This is an important fact and will 
be discussed further in Section 4.2. The maximum 
bending stress in axial direction σa occurs at the 
most remote tooth from the neutral axis of the 
shaft (Tooth 1 in Fig. 4), whereas the stress compo-
nent σt, caused by contact forces from bending, has 
its maximum stress value at a tooth position close 
to the neutral axis (Tooth 5). This observation is in 
line with the predictions of Volfson (1982).

4 DERIVING STRESS CONCENTRATION 
FACTORS

Stress concentration factors for bending (Index: b) 
and torsion (Index: t) are defined as

α σ
σ

α τ
τbα

bnσ tα
tnτ

= , =max mα τ ax  (1)

where σmax and τmax are the maximum local stresses 
in the notch root. σbn and τtn are the nominal stresses 
for bending and torsion derived with elementary 
mechanical formulas.

In order to calculate the nominal stresses a nom-
inal circular cross-section has to be defined. The 
following stress factors for the shaft fillet are based 
on the shaft diameter dw and the stress factors for 
the tooth root fillet are based on an equivalent cir-
cle diameter dh introduced by Nakazawa (1959)

d d c
d
dh fd d h

fd

ad a f+d fd ⋅ ⋅ ( )d da fd d  (2)

The geometry factor ch depends on the spline 
geometry and can be estimated with

ch fz⋅ +zz .1 3 0 0 0+6 ⋅ 23( )1 2 )f /( )f / mf  (3)

for e.g. hobbed (ρf = 0.16 m) involute spline shafts 
according to DIN 5480 (Wesolowski 1997).

4.1 Biaxial notch stresses under torsion

As the stress analyses in Section 3 show, a multiax-
ial stress state may occur in the notch root. There-
fore no single stress values are available to be used 
in (1) as maximum local stresses. This issue has 
previously been investigated by the authors of this 
paper (Wendler & Schlecht 2015). A new method 
had been developed to implement local, multiaxial 
notch stress results into the nominal stress based 
fatigue strength calculation of shafts accord-
ing to DIN 743. In order to consider the biaxial 
stress state at the surface in a structure-mechani-
cally exact manner, individual stress factors of all 
present stress components are computed. For the 
tooth root fillet under torsion these are:

α τ
τ

α σ
τ

α σ
ττ σαt

tnτ tα tσ

tn

a

tnτtσ= , = , =α σtα σt ⋅
.

3 3τ tnτ aτ σt⋅ σt  (4)

Applying this method on spline couplings with 
stepped shafts under torsion results in very good 
agreement between calculated and experimentally 
obtained endurance limit (Failure in the tooth 
root).

Figure 4. Time characteristic of the stress components 
in the tooth root fillet under rotating bending load.
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Assuming pure torsional loading (no superim-
posed, cyclic bending load) a modified stress fac-
tor determined with an equivalent tensile stress σeq 
using the von-Mises-theory

α
σ

τt eα q
eq

tnτ, =
⋅3

 (5)

enables also a good prediction of the test results.

4.2 Biaxial, out-of-phase notch stresses 
under bending

Figure 4 revealed a biaxial stress state in the tooth 
root fillet with out-of-phase stress-time curves 
(asynchronous stressing) under rotating bending. 
The normal stress components σt (tangential) and 
σa (axial) oscillate with a phase shift of about 90°. 
At zero crossing of either of them the stress state 
approximates to uniaxial.

The underlying failure theory of the technical 
standard DIN 743 and of most of the available 
calculation guidelines for high-cycle fatigue applies 
only for in-phase multiaxial loading/stressing 
(Radaj and Vormwald 2007). Therefore three dif-
ferent approximation approaches (edge cases) are 
examined using the newly developed calculation 
method (Wendler and Schlecht 2015) with indi-
vidual stress concentration factors for each consid-
ered stress component:

A. Supposing uniaxial stressing, using the largest 
stress factor according to amount α σbα

tσ

B. Supposing multiaxial, in-phase stressing, using 
the stress factors α ασ σb bα αα σ α

a tσ σσσσ  and αbτ (Similar to 
Equation 4)

C. Supposing multiaxial, opposite in phase stress-
ing (Phase shift of 180°), using the stress factors 
−α ασ σb bα αα σ α

a tσ σσσσ  and αbτ (Notice sign!)

Figure 5 compares the calculated safety fac-
tors of fatigue failure according to the different 
approximation approaches A–C with the in fatigue 
test obtained safety factor, which is by definition 
SD = 1. The confidence interval of the used experi-
mental results (Lohrengel et al.) may be estimated 
by the drawn lines of the highest and lowest stress 
level of the staircase test. Specifying the standard 
deviation is not admissible due to the small number 
of specimens.

According to the presented results, the approxi-
mation approach supposing phase opposition of 
the stress components (Approach C) turns out to 
be most appropriate. The alternative edge cases A 
and B considerably diverge from the test result.

In case of rotating bending without super-
imposed cyclic tension/compression or torsion 
the calculation of endurance limit according to 
approach C can be simplified by using the equiv-
alent stress concentration factor (derived from 
strain energy theory)

α α ασ α σ α τb eαα q bα bαα σαα bασαα
a tσ σσ σ a tσ σσ σ, = +α σbα ⋅ +αααααα2 2αα+α 2α( )α σbα σ  (6)

Under combined cyclic loading however, only 
the method with individual stress factors per 
stress component for each load type according to 
Wendler & Schlecht (2015) is permissible.

5 MULTIDIMENSIONAL PARAMETER 
STUDY

The selection of considered geometrical param-
eters can be found in Figure 6 and Table 2. Each 

Figure 5. Comparison of experimentally and numeri-
cally obtained fatigue strength for bending of spline cou-
pling DIN 5480-25 × 1.75 × 13 (42CrMo4 coated, Mba/
Mtm = 0.2).

Figure 6. Geometrical parameters of stepped spline 
shaft.
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geometrical configuration has been analyzed under 
torsional and bending loading using a symmetric 
sector and asymmetric half  model of the spline 
coupling respectively. The analyzes have been car-
ried out with and without hub.

The total number of calculated FE-models adds 
up to 1954. Taking all engaged single-user compu-
ter into account the computing time accumulates 

to 3435 hours (143 days). The most computation-
ally intensive models are the contact simulations 
with bending loading (symmetric half  model).

The determined notch factors (stress concentra-
tion and stress gradient) span a multi-dimensional 
space of results. A graphical presentation is pos-
sible only for a small excerpt of the result set. 
Table 3 shows the stress concentration factors for 
torsion and bending as a function of the tooth 
runout geometry parameters (notch radius and 
notch depth) applying for a sample spline joint with 
fixed spline specification and identical hub geome-
try. As illustrated by the right column, the geometry 
of the stepped shaft also has significant influence on 
the stress in the tooth root fillet. In case of bending 
the stress factor for the tooth root shows no practi-
cally relevant dependency of the notch radius and 
notch depth of the stepped shaft, but is subjected to 
the chamfer angle ϕ of the shaft (see Fig. 6).

Table 2. Value range of parameter study.

Parameter Value range

Number of teeth z 7; 13; 21; 48
Notch radius rw/tf 0.4; 0.6; 0.75; 0.9
Notch depth dw/df (0.850); 0.900; 0.925;

0.950; (0.975)
Chamfer angle ϕ 0°; 15°; 30°; (45°)
Joint width L/dB 0.4; 0.8; 1.2

Table 3. Result excerpt—Stress concentration factors of a sample spline coupling.
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6 APPROXIMATION FUNCTION OF 
STRESS CONCENTRATION FACTORS

In order to provide engineers easy access to the 
obtained result set, approximation functions of 
the different stress factors are derived. For this 
purpose a multiple linear regression model

α = + ⋅ + + ∈c c+ f &+ c fp pff0 1c+ 1ff ( )+&+ f⋅ pff (  (7)

with linear (f1(x) = x1), quadratic ( ( ) )f ( )2 1f xf ( ) 2  
and pairwise interaction terms ( ( ) )f ( )3 1f xf ( ) 2  
is used. The five continuous parameters shown in 
Table 2 are considered as predictors x = (x1 … x5)T. 
This leads in total to p = 20 predictive terms in the 
approximation equation with potentially redundant 
or insignificant terms. Therefore a stepwise regres-
sion analysis has been carried out in order to reduce 
the length of the equation by systematically adding 
and removing terms on their statistical significance. 
Finally the number of predictive terms has been 
reduced to a manageable size of p = 11. The qual-
ity of the approximation function compared to the 
numerically determined stress factors can be evalu-
ated in Figure 7 for the example of stress concentra-
tion in the tooth root fillet under torsion.

All derived approximation functions of the 
stress concentration factors (bending and torsion) 
for the tooth root fillet and the stepped shaft fil-
let can be found in the final report of the FVA 
research project 467-II (Lohrengel et al.).

7 SUMMARY

Stress concentration factors of involute spline cou-
plings in bending and torsion have been numerically 
determined (finite-element contact analysis) taking 
the tooth runout geometry of stepped spline shafts 
into account. Due to the diversity of spline param-
eters and shaft geometry an extensive parameter 
study has been carried out capturing the notch 
effect for a broad spectrum of influencing factors. 
As a result, approximation functions of the stress 
factors are available for the notch sections “Tooth 
root fillet” and “Stepped shaft fillet”.

Stress analyses of spline couplings under rotat-
ing bending showed a biaxial stress state with out-
of-phase stress components in the tooth root fillet. 
By comparing different approximation approaches 
with experimental results, it was possible to find a 
simple, applicable extension to the fatigue strength 
calculation according to DIN 743 for spline 
shafts.

REFERENCES

Barrot, A., M. Paredes, & M. Sartor (2009). Extended 
equations of load distribution in the axial direction in 
a spline coupling. Engineering Failure Analysis 16(1), 
200–211.

Burgtorf, U. (1998). Montage- und Betriebseigenschaften 
von Zahnwellen-Verbindungen mit Preßsitz (1. ed.). 
Clausthal-Zellerfeld: Papierflieger.

Daryusi, A. (2009). Beitrag zur Ermittlung der 
Kerbwirkung an Zahnwellen mit freiem und gebun-
denem Auslauf. Ph. D. thesis, Technische Universität 
Dresden, Dresden.

DIN 5466 (2000). Splined joints, calculation of load 
capacity.

DIN 5480 (2006). Involute splines based on reference 
diameters.

DIN 743 (2012). Calculation of load capacity of shafts 
and axles.

Ding, J., I. R. McColl, & S. B. Leen (2007). The applica-
tion of fretting wear modelling to a spline coupling. 
Wear 262(9–10), 1205–1216.

Hong, J., D. Talbot, & A. Kahraman (2015). Effects of 
tooth indexing errors on load distribution and tooth 
load sharing of splines under combined loading con-
ditions. Journal of Mechanical Design 137(3), 032601.

Kohl, G. (1986). Ein Ansatz zur Berechnung der Zahn-
fussspannungen an Zahnwellenverbindungen. Ph. D. 
thesis, Technische Universität Clausthal, Clausthal-
Zellerfeld.

Lohrengel, A., J. Wild, B. Schlecht, & J. Wendler (to 
be published soon). Tragfähigkeit von Zahnwellen-
verbindungen: Tragfähigkeit von Profilwellen 
(Zahnwellen-Verbindungen) unter typischen Einsatz-
bedingungen: FVA-Forschungsvorhaben Nr. 467 II.

Nakazawa, H. (1959). On the torsion of the spline shafts. 
Transactions of the Japan Society of Mechanical Engi-
neers 25(155), 643–658.

Figure 7. Comparison of approximation function and 
numerically obtained (equivalent) stress concentration 
factors for the tooth root fillet of spline couplings with 
stepped shaft in torsion, evaluated across all data of the 
parameter study.

ICPT2016_Book.indb   317ICPT2016_Book.indb   317 9/29/2016   11:19:22 AM9/29/2016   11:19:22 AM



318

Pilkey, W. D., D. F. Pilkey, & R. E. Peterson (2008). Peter-
son’s stress concentration factors (3. ed.). Hoboken, 
NJ: Wiley.

Radaj, D. & M. Vormwald (2007). Ermüdungsfestigkeit 
(3. ed.). Berlin: Springer.

Schlecht, B., M. Senf, & J. Wendler (2013). Überlagerung 
von schwingender Torsions- und Biegebeanspruchung 
im Tragfähigkeitsnachweis von Zahnwellen mit freiem 
Auslauf. In Dresdner Maschinenelemente Kolloquium: 
DMK 2013, pp. 229–239. TUDpress.

Sum, W. S., E. J. Williams, & S. B. Leen (2005). Finite 
element, critical-plane, fatigue life prediction of sim-
ple and complex contact configurations. International 
Journal of Fatigue 27(4), 403–416.

Tjernberg, A. (2001). Load distribution and pitch 
errors in a spline coupling. Materials & Design 22(4), 
259–266.

Villmer, F.-J. (1984). Zum Mechanismus der Lastverteilung 
in Zahnwellenverbindungen. Ph. D. thesis, Technische 
Universität Clausthal, Clausthal-Zellerfeld.

Volfson, B. P. (1982). Stress sources and critical stress 
combinations for splined shaft. Journal of Mechanical 
Design 104(3), 551–556.

Wendler, J. & B. Schlecht (2014). Automatisierte FE-
Berechnungen der Kerbwirkung von Zahnwellen-
verbindungen zur Untersuchung eines mehrdimen-
sionalen Parameterfeldes. VDI-Berichte 2238, 65–78.

Wendler, J. & B. Schlecht (2015). Calculation of fatigue 
strength of transmission shafts with multiple notches 
according to the nominal stress concept by integrating 
FE-analysis results. VDI-Berichte 2255, 515–526.

Wesolowski, K. (1997). Dreidimensionale Beanspruc-
hungszustände und Festigkeitsnachweis drehmomentbe-
lasteter Zahnwellen-Verbindungen unter elastischer und 
teilplastischer Verformung, Volume Nr. 286 of Fort-
schrittberichte VDI: Reihe 1, Konstruktionstechnik, 
Maschinenelemente. Düsseldorf: VDI-Verlag.

Yoshitake, H. (1962). Photoelastic stress analysis of the 
spline shaft. Bulletin of JSME 5(17), 195–201.

ICPT2016_Book.indb   318ICPT2016_Book.indb   318 9/29/2016   11:19:23 AM9/29/2016   11:19:23 AM



319

Power Transmissions – Qin & Shao (Eds)
© 2017 Taylor & Francis Group, London, ISBN 978-1-138-03267-5

Application of image recognition to the analysis of the gear contact 
fatigue test
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ABSTRACT: This article proposes the image recognition technology to test the gear contact failure 
zone, as a way of automatic recognition and numerical statistics. A gear contact fatigue test system for 
quick recognition and identification is established. First, by processing the gear tooth surface’s figure 
with image recognition technique, a tooth contact zone image and a failure zone are obtained. And then, 
the pitting area and pitting ratio of the gear tooth under certain cycles is calculated through the numeri-
cal statistics of its failure zone. After which, by comparing them with the measured value of the Chinese 
Standard, an estimation of the gears of whether it is invalid can be carried out quickly.

Keywords: image recognition, contact fatigue test, pitting

and distribution of the region, and analysis and 
discrimination of contact region contours, a com-
plete digital image of the region will be obtained. 
And then, the failure rate can be calculated by 
using numerical statistics of the pitting area. This 
detection method achieves rapid recognition with-
out disassembling and cleaning the gears. A desired 
effect can be achieved by just acquiring pictures of 
the damaged tooth surface and processing photos 
with Matlab program.

2 GEAR CONTACT FATIGUE TEST AND 
FAILURE CRITERIA

This test uses a certain type of  contact fatigue 
test equipment produced in the Gear Technology 
Center of  Newcastle University. It is a kind of 
power flow closed tester, with central moments of 
160 mm and hydraulic torque loading. It is able 
to complete the gear contact fatigue test (includ-
ing pitting corrosion and micro perspective) and 
other tests considering its good performance such 
as high speed, high torque, and high power (again 
cycle power). During the test, two test gear boxes 
with the same transmission ratio and central 
moment are connected by using a flexible shaft. 
A hydraulic servo torque loader, which is able to 
change the torque dynamically, is mounted on 
the larger gear shaft. Each gearbox is equipped 
with a separate lubrication system, which pro-
vides lubrication for its bearings and gears. The 
installation positions of  the test gears are shown 
in Figure 1.

1 INTRODUCTION

As a widely used mechanical transmission part, a 
gear plays an important role in power transfer and 
in changing the speed and direction of rotation. 
However, gear contact fatigue failure is a thorny 
problem for designers. Especially for an aviation 
gear used in high speed, over loading, and other 
applications, the issue becomes more distinct. 
Therefore, this article presents an effective method 
to quickly judge the gear contact fatigue failure. 
When using a traditional method to judge the 
contact fatigue failure, the test gear pair must be 
removed from the gearbox, which is fixed on the 
gear contact fatigue testing machine during the 
test. The measured gear must be cleaned and after 
that tooth surfaces should be coated in the con-
tact area. The pitting area is then obtained through 
statistical calculation of the film projection points. 
Comparing the pitting area with the measured 
value of the national standard, it is determined 
whether the gear has undergone failure or not. By 
following the procedures above, the cycle number 
of the gear pair tested can be determined finally. 
This method is adopted with a small feasibility in 
practical engineering applications because of its 
complicated steps, low efficiency, and accuracy. 
And therefore, an improved method is needed to 
be used in the contact fatigue test.

In this paper, an image recognition technique is 
used to process the tooth surfaces of gears used 
in the contact fatigue test. Through contour fea-
ture extraction of the gear contact region, iden-
tification and calibration of shape, size, number, 
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According to the test conditions and purpose, 
the material of  test gears is selected as 18CrNi4E, 
with a heat treatment process of  peening after 
carburizing and an accuracy rating of  grade 5. 
Test gears are both designed as standard helical 
gears. Tooth numbers of  the two test gears are 
mutually prime and their tooth number differ-
ence is 1, so that a consistent failure probability 
can be ensured. Both tooth widths of  the pair of 
paternity test gears are 45 mm, so that the gears 
are able to withstand sufficient torque without 
failure.

The remaining parameters of paternity test 
gears are the same as that of test gears. Test gear 
pair-specific geometric parameters are shown in 
Table 1.

Loading conditions of the gear contact fatigue 
test are determined according to the requirements 
of the Calculation Method of Load Capacity for 
Involute Cylindrical Gears in GB 3480-93, while 
the test scheme is developed based on Standard 
of Test Method for surface contact capacity of 
gears in GB/T14299-1993. Based on the above-
mentioned loading conditions and test scheme, an 
on-load test for the test gears is conducted on the 
contact fatigue test equipment. Since the test gears 
are processed with surface hardening, pitting gen-
erally occurs on a few teeth. Therefore, the pitting 
damage limit of the gear teeth is determined by 
using the pitting area ratio of a single tooth which 
is calculated as follows:

Rs = As/Asw (1)

where, Rs is the pitting area ratio of a single tooth, 
%; As is the sum of the area of all the pitting 
regions on the surface of a single tooth, mm2; and 
Asw is the working surface area of a single tooth, 
mm2.

When Rs equals 4%, which means the tooth 
pitting area reaches the damage rate limit defined, 
it determines the failure of the tooth surface.

3 TOOTH SURFACE IMAGE 
PROCESSING AND MATLAB 
PROGRAMMING

In order to perform image recognition, image 
processing will be carried out first. Image 
processing, a study of image classification and 
description, typically includes coding, image 
enhancement, image compression, image restora-
tion, image segmentation, and so on. The input 
of  image processing is a figure while its output is 
in the form of category information and structure 
analysis of  the image. The first step is to read the 
image, calibrate its unit, and calculate the image 
size, area, and pixel equivalent. And then, through 
a series of  pre-processing performed for the image, 
which includes filtering and eliminating the back-
ground of the pitting image, image enhancement, 
feature detection and isolation of the image, the 
shape and texture of each feature can be extracted. 
And then, through image binarization, the pitting 
graphic is obtained as the output, based on which 
the number of pitting regions, the size, and dis-
tribution of each pitting region can be calculated. 
Finally, calculating the failure rate and analyzing 
the impact of  the pitting region for the contact 
fatigue life offers a set of  effective troubleshooting 
references.

In this work, during image processing, the gear 
contact region is set as the processing object, 
whose image will be divided into several small pixel 
regions. The gray value of each pixel is described 
with an integer, through which the analog image 
can be transformed into a digital image. Then, 
the digital image with predetermined algorithm is 
analyzed and the extraction of image feature infor-
mation is completed. Figure 2 shows the image 
processing flow chart of the tooth contact region.

Figure 1. Installation diagram of test gears.

Table 1. Basic geometric parameters of test gears.

Parameters Pinion Gear

Modulus/mm 5 5
Teeth 30 31
Pressure angle/° 20 20
Helix angle/° 17.613 17.613
Tooth height coefficients 1
Headspace coefficient 0.25
Modification coefficient 0 0
Tooth width/mm 40 40
Meshing center distance/mm 160
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In order to obtain an accurate pitting region, 
image filtering pre-processing and edge feature 
extraction must be performed. In this paper, a 
differential method is adopted for image filtering 
pre-processing. The gradient of grey scale function 
f(x, y) of the image at the point (x, y) is a vector. 
Gradient is defined as follows:

G y
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f
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( ,x ) [ ]∂ff
∂

∂ff
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 (2)

The amplitude of G(x, y) is defined as follows:
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The method for image enhancement is to fulfill 
the following equation:

g y x y G x y T
f x y G x y T( ,x ) | (G , )y | | ( ,x ) |

,x ) | ( ,x ) |= ≥
≥{  (4)

In which, g(x, y) is a grey scale function of the 
enhanced image and T is a non-negative value. An 
effective edge sharpening can be obtained without 
destroying the smooth background characteristics 
by selecting an appropriate value of T.

A common method for obtaining the boundary 
region from the image with filtering pre-treatment 
is called as the image binomial method, which sets 
a threshold value θ, based on which all the pixel 
points of the image are divided into two groups: 
pixels more than θ and pixels smaller than θ. For 
the grey function, f(x, y), of the input image, the 
output function is given as follows:
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To facilitate the module operation of the image, 
we use Matlab to program for the image processing 
results presented above in order to batch process 
the gear photos. A part of the code is as follows:

I = imread('photo.png');
figure;imshow(I);
background = imopen(I,strel('disk',100));
figure,surf(double(background(1:8:end,1:8:en

d))), zlim([0 255]);
set(gca,'ydir','reverse');
I2 = I - background;
I3 = imadjust(I2);
WEIGHT = edge(I3,'sobel',0.25);
se = strel('disk',8);
WEIGHT = 1-double(imdilate(WEIGHT,se));
WEIGHT([1:3 end-[0:2]],:) = 1;
WEIGHT(:,[1:3 end-[0:2]]) = 1;
I4 = bwperim(WEIGHT);
figure,imshow(I4);
……

4 TEST IMAGE RECOGNITION AND 
CALCULATION EXAMPLES

The figures of the test gear are collected and num-
bered during the test according to the test time 
of the photo, saved in the appropriate format, 
imported into Matlab, and calculated the failure 
rate through image data processing at each of the 
following different stages. Figure 3 is a tooth pic-
ture taken during the test, figure 4 is the tooth sur-
face RGB image treated via Matlab, figure 5 is the 
diagram showing image recognition after the tooth 
surface pitting in which the black dot areas denote 
pits, and figure 6 is the histogram showing the pit-
ting area of each regional distribution.

According to the method of the image recogni-
tion to analyze the tooth contact area for shape 
and size, the number of the tooth surface pitting 
points is totally 33, which forms a strip trend, in 
the distribution of the pitch circle, and is basically 
dot-shaped. In these pitting regions, the largest 
pitting area is 3206 pixels and the minimum is 44 

Figure 2. Flowchart of steps for the quick determina-
tion of failure of the tooth contact region.
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pixels. The majority of pitting areas are 500 pixels 
or less. It shows that the pitting of the tooth sur-
face failure belongs to the initial stage, which has 
a smaller pitting area. Moreover, from the calcu-
lated maximum pitting area it can be used as an 
important index of pitting region expansion, the 
trend for the life of the judgment is very helpful. 
The minimum pitting region inspection area it can 
be used as a measure of pitting region, depending 
on the precision machining, tooth surface hard-
ness and use conditions, to determine a reasonable 
minimum pitting calculate the area.

According to the formula of failure rate calculat-
ing, Rate = (Bwarea(photo)-Bwarea(background))/
Bwarea(photo); the failure rate Rs = 2.58% 4%.

So it can be determined, during this test period, 
contact is good with the gear pair and it can meet 
the national standard setting value, the gear pair 
can continue to test or use.

5 CONCLUSION

In this paper, the image recognition technology 
and Matlab, which have powerful numerical com-
puting capabilities, are utilized to create a rapid 
identification detection gear contact fatigue test or 
normally use in the tooth surface calculation and 
analysis. From the figure indicating failure, the size 
and distribution can be obtained; It can not only 
quickly and accurately determine the presence or 
absence of failure, but also can guide tooth failure 
analysis and lifetime prediction, and thereby have 
some practicality function.
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ABSTRACT: In this paper, it is aimed to explore the influence of an Electron Beam (EB) and 
Cr/CrN-coatings on Rolling Contact Fatigue (RCF) behaviors for 40Cr steel by using a MJP-20 RCF experi-
mental facility. Meanwhile, Optical Microscopy (OM), Scanning Electron Microscopy (SEM), and a Metal-
lographic Micro-Hardness Tester (MMHT) were also used to investigate alterations of the microstructure 
and micro-hardness induced by EB and Cr/CrN-coatings, which were effectively accounted for by the speci-
men’s different RCF properties. However, the RCF results showed that the specimens treated by using an EB 
and Cr/CrN performed much better than the initial 40Cr sample, which originated from its changed micro-
structure, microstructure and craters created on surface. An increase of 6.25% and 17.73% under treatment 
of an EB and the compound process were observed when compared with the initial 40Cr sample.

Keywords: microstructure, Rolling Contact Fatigue (RCF), 40Cr steel; Electron Beam (EB), Cr/CrN, 
compound process

have superior properties such as high-temperature 
resistance, wear resistance, corrosion resistance, 
high strength, high hardness, and electric insula-
tion[4,5], while an Electron Beam (EB) could remelt 
the metal’s surface and strengthen it. And therefore, 
a compound process was proposed to be applied to 
achieve surface modification as this could signifi-
cantly improve superficial properties of mechani-
cal components. Owing to CrN coatings, these 
have disadvantages such as high brittleness and 
low bonding strength with the metal substrate. 
Therefore, preparation of a strong matrix for coat-
ings is required and measures are taken to intensify 
the binding between the substrate and coating. As 
a matter of fact, specimens treated by using an EB 
could afford a solid substrate for CrN coating and 
it could effectively promote the bonding strength 
between the coated layer and the metal substrate. 

1 INTRODUCTION

Contact fatigue damage is a main failure mode 
in aeroengine bearings, helicopter gears, and 
other mechanical parts. Since fatigue failure has 
characteristics such as low stress and no macro-
scopic deformation, it suffers a greater damage 
than that in the static risk. However, the Rolling 
Contact Fatigue (RCF), which is regarded as a 
typical mode, is often tested for use as mechani-
cal parts. Usually the surfaces of components suf-
fer from a permanent damaging process under 
long-term pure rolling or rolling/sliding contact, 
which may lead to Rolling Contact Fatigue (RCF) 
or wear failure[1–3]. Therefore, it is essential to find 
an appropriate surface engineering technology to 
improve the specimen’s superficial property for 
prolonging their service lives. Ceramic materials 
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And therefore, a much easier way can be obtained 
to improve the RCF property for mechanical com-
ponents by using a compound process method.

2 EXPERIMENTAL PROCEDURES

2.1 Experimental conditions

Three process routes were designed to discuss the RCF 
properties of the 40Cr sample, which are as follows:

1. Method 1: 40Cr;
2. Method 2: 40Cr+EB;
3. Method 3: 40Cr+EB+Cr/CrN.
The detailed parameters are shown in table 1.
The experiments were accomplished by using a 

MJG-20 RCF testing machine. The temperature 
was maintained between 25°C and 35°C and the 
rotational speed of the main testing roller must be 
retained between 1500 and 2200r/min. According 
to the Metallic Material-RCF Test (GB 10622–89) 
and related references[6], a slip of 10% was selected.

2.2 Experimental stress

Actually, it is important to obtain the final P-S-N 
curve by allowing experimental stress to be experi-
enced firstly in the metallic material RCF experi-
ment. This experiment was based on the Metallic 
Material-RCF Test (GB10622-89) and Auto Parts 
Fast Fatigue Test method[7,8]. Accordingly, the 
group method had been chosen to complete this 
experiment. It meant that four stressful levels need 
to be ensured and each one must contain at least 
five effective experimental data. Meanwhile, to 
ensure RCF, stress levels are distributed between 
5 × 103 and 5 × 106; performance of pretest experi-
ments is required for specimens of each process 
method. Finally, the stresses for each process were 
determined, as presented in table 2.

2.3 Calculation for loads

The RCF tests for specimens were performed 
under different contact stresses. The Hertz equa-
tion (Eq. (1)) was used to calculate the correspond-
ing loads for different contact stresses, as presented 
in table 2.

σ
ρ

π υ υmax =
( )

+
⎛
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⎞
⎠⎟
⎞⎞
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E E

1 1υ− 1υυυυ 2υυ
1EE

1υυ 2υυ
2E

 (1)

Where, σmax is the maximum contact stress; F 
is the load; L is the length of the contact line; υ1 
and υ2 are Poisson’s ratios of the CrN coating; E1 
and E2 are elastic moduli of the CrN coating; and 

ρ∑  is the sum of principal curvatures of the test 

Table 1. List of process parameters.

Process E-Beam parameters Coating

Material Methods Voltage/kV Pulse/times Cr/CrN

40Cr Method 1 Initial Initial Initial
Method 2 27kV 35 Initial
Method 3 27kV 35 Cr/CrN

Figure 1. Schematic of the rollers.

Table 2. Values of experimental stress.

Process 
Method 1st Level 2nd Level 3rd Level 4th Level

40Cr 1370 MPa 1200 MPa 1030 MPa 860 MPa
40Cr+EB 1500 MPa 1300 MPa 1100 MPa 850 MPa
40Cr+EB

+Cr/CrN
1500 MPa 1350 MPa 1200 MPa 900 MPa
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roller and standard roller, which can be calculated 
by using the following equation:

ρ∑ = + + +
1 1 1 1

11 12 21 22R R111 11 R R212 22

 (2)

Where, R11 and R12 are the principal curvatures 
vertical to and along the rolling direction of the 
driving roller. Respectively, R21 and R22 are the 
principal curvatures vertical to and along the roll-
ing direction of the driven roller.

3 RESULTS AND DISCUSSION

3.1 Sectional microstructure and elemental 
analysis

The sectional microstructures depicted in Figure 2 
show some differences between the 40Cr sample 
and 40Cr+EB+Cr/CrN sample. The 40Cr sample 
presented a typical tempering sorbite morphology 
which could be seen in the 40Cr+EB+Cr/CrN 
sample. Furthermore, a bright white region could be 
observed obviously near the surface. As the thick-
ness requirement of the Cr/CrN layer by using mag-
netron sputtering was about 3∼5 μm, this section 
was regarded as the Cr/CrN layer in a preliminary 
determination. To confirm the hypothesis, elemen-
tal line scanning analysis of the sectional structure 

was performed and results are shown in this paper 
as Fig.3. Four elements were mainly present and dif-
ferent changing trends of elements could be easily 
seen. In general, both Cr and N elements displayed 
an increasing trend firstly and then a sharp decreas-
ing trend was observed with an increase of depth. 
The range of variation between between these two 
elements is nearly 5 μm which matched the thick-
ness of the Cr/CrN layer well. And therefore, it was 
easy to ensure the presence of this bright section.

3.2 Hardness distribution

From Fig.4 (a), it can be observed that the surface 
hardness of specimens was improved inordinately 
through the EB and Cr/CrN coating. Actually, 
better surface hardness could be achieved by 
using a compound process with EB and Cr/CrN 
simultaneously. Many studies[9–11] related to the 
usage of an EB showed that the strengthening 
mechanism of an EB mainly originated from the 
melting and refining of the superficial metal, thus 
improving superficial hardness. CrN exhibited 
good wear properties because of its high hardness. 
From Fig.4 (b), it can be found that both EB and 
Cr/CrN had an impact on the sectional hardness 
distribution of nearly 50 μm in depth. In contrast 
to the compound process was the EB method; it was 
concluded that the compound process could offer 
a larger hardness transition and this would make 

Figure 2. Pictures of the optical microstructure.
Figure 3. Elemental distribution of the 40Cr+EB+
Cr/CrN sample.
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specimens exhibit better wear properties than while 
using an EB only. Therefore, both EB and Cr/CrN 
could improve micro-hardness in different degrees, 
while Cr/CrN had a much better effect. Meanwhile, 
the compound process combined the functions of 
both processes. By the pre-treatment using an EB, a 
hardened layer which could support Cr/CrN coat-
ing would be achieved, and it could improve the 
wear resistance of samples significantly.

3.3 Surface morphology

Fig.5 (a) and (b) show the surface morphology 
of 40Cr after being treated by using an EB and 
the compound process, respectively. Many craters 
could be seen on its surface in different sizes. 
Literature[10–12] shows that forming of craters had a 
great relationship with EB energy. When maximum 
energy was released from an EB at the subsurface, 
the metal began to melt preferentially. Its volume 
expanded when a solid phase became a liquid phase 
and it kept increasing with much more irradiation. 
Finally, the superficial metal couldn’t withstand 

such an expansive force induced by the changed 
phase, and then the liquid metal was discharged 
from the inside out. Since the energy of an EB was 
heterogeneous, the location of craters was random 
and its sizes were also different. Comparing (a) and 
(b), it could be discovered that the dimensions of 
craters became smaller after being coated with Cr/
CrN. However, the decreased dimensions would 
reduce the chance of generating cracks. Therefore, 
specimens treated by using the compound process 
exhibited a much better performance.

3.4 RCF life

The results of test bending fatigue life experiment 
are shown in table 3.

Figure 4. Graphs showing the hardness distributions of 
samples’ surface and section.

Figure 5. Images depicting the surface morphologies of 
(a) the 40Cr+EB sample and (b) the 40Cr+EB+Cr/CrN 
sample.

Table 3.1. Fatigue data of the 40Cr sample.

Stress level 1370 MPa 1200 MPa 1030 MPa 860 MPa

Experimental 
data

197832 385489 373583 1024442
245721 406537 536099 1085575
260672 461444 733410 1302336
336259 506087 785391 2005623
339449 709659 1053168 2713529
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3.5 Discussion of P-S-N curves and mechanism 
analysis

By taking the RCF data processing method, the 
datum was processed to complete linear fitting and 
results which were based on different processing 
conditions are shown in Fig.6. From the picture, it is 
easy to conclude that the RCF properties performed 
as follows: 40Cr < 40Cr+EB < 40Cr+EB+Cr/CrN. 
The compound process exhibited a better perform-
ance to yield better properties than EB and the worst 
performance was by the initial 40Cr sample. When 
the reliability was P = 0.99, the compound process 
and EB obtained a percentage increase of 17.73% 
and 6.25%. The RCF data are listed in Table 4.

To further clarify the mechanism of the EB and 
Cr/CrN on improving RCF properties, it would 
be analyzed and interpreted from factors such 
as the microstructure, hardness, lubricating oil, 
and other factors separately. The reasons for the 
improvement caused by the EB in RCF properties 
are mainly summarized in two points. One is that a 
grain-refining effect[13] occurred because of its melt-
ing and cooling sharply. The other one is that the 
superficial craters played a role of lubricant stor-
age which could effectively improve the formation 
of lubricant film and significantly released wear of 
rollers[14,15]. Meanwhile, there were also two reasons 
accounted for the performance of Cr/CrN. CrN 
as a high-hard ceramic material exhibited strong 
wear resistance, high-temperature resistance, cor-
rosion resistance properties[4,5] and these properties 
could greatly improve the RCF properties (Cr was 
coated firstly to prepare a solid matrix for CrN). 
Another reason was that the dimensional sizes 
of craters had been released with deposition of 

Cr/CrN coatings and this could reduce generation 
of micro-cracks. Many studies[16,17] demonstrated 
that craters could play a role in lubricating oil 
when its sizes are appropriate. However, if  the size 
was too big, it could easily become an origin of 
micro-cracks. The compound process combined 
the characteristics of EB and Cr/CrN and there-
fore, its modifying effect was much better.

Fig.7 showed the relationship of stress(S) and 
life(N) for the 40Cr+EB+Cr/CrN specimen under 
different probabilities (P) and it could be easily 
summarized that the RCF datum was decreas-
ing with increasing reliability. And therefore, the 
datum under high reliability must have a better 
referential value.

3.6 Failure analysis for broken rollers

Actually, there is a damage criterion to terminate 
a test run. Usually, the Chinese standard is taken 
as the guide; thus, when the area of spalled pits 
becomes 3 mm2 and much larger or a pocking mark 
gets a percentage of 15% in 10 mm2, the experi-
ment can be terminated and data can be recorded.

As shown in Fig.8, it is a typical morphology of 
failure rollers. There are many spalling pits on its 
surface. Actually, the failure mechanism of spalling 
is complicated. Hogmark and Hedenqvist[18] con-
sidered that the spalling failure is related to the 
surface wear behavior and the microstructure of 
coatings and spalling originates from the surface 
or subsurface of coatings. Furthermore, Zhang 
et al.[19] considered that the generation mechanism 
of spalling is the removal of material from the 

Table 3.2. Fatigue data of the 40Cr+EB sample.

Stress level 1500 MPa 1300 MPa 1100 MPa 850 MPa

Experimental 
data

197206 245992 370330 1105228
264568 273204 427924 1316202
349532 334183 482376 1893174
461444 523519 711519 3866415
597469 810748 1864222 4158923

Table 3.3. Fatigue data of the 40Cr+EB+Cr/CrN 
sample.

Stress level 1500 MPa 1350 MPa 1200 MPa 900 MPa

Experimental 
data

343892 458906 959667 1678319
567119 443602 368861 539206
479862 799742 400135 943915
376580 573328 657890 1378964
429635 621749 859147 1893480

Figure 6. Graph showing P-S-N curves obtained under 
differently processing conditions.

Table 4. Fatigue stress limit values.

40Cr 40Cr+EB 40Cr+EB
+Cr/CrN

Up1 Up2

491.83 MPa 522.59 MPa 579.03 MPa 6.25% 17.73%

ICPT2016_Book.indb   327ICPT2016_Book.indb   327 9/29/2016   11:20:01 AM9/29/2016   11:20:01 AM



328

superficial layer, which is caused by the initiation 
and propagation of cracks on the subsurface of 
coatings.

3 CONCLUSIONS

In this paper, the influence of an EB and Cr/CrN 
coating on the RCF properties of the 40Cr sample 
under different contact stress levels is compara-
tively studied. The mechanism had mainly been 
generated from factors such as the microstructure, 
hardness, surface morphology, coating resistance, 

and other factors. The following conclusions could 
be drawn from this work:

1. Surface micro-hardness was improved by 
using an EB and Cr/CrN in different degrees, 
and effects of the latter were much better than 
the former. Through the strengthening of EB 
towards the 40Cr sample, the Cr/CrN coat-
ing was endowed with a reinforced matrix and 
then it could form a composite reinforcing layer 
together.

2. The explanation of the mechanism of craters’ 
formation was generated in that metal expan-
sion occurred preferentially in the subsurface 
because of the EB’s energy distribution. The 
size of craters was decreased with the Cr/CrN 
coating deposited.

3. From the P-S-N curves obtained under differ-
ent processing conditions, it could be easily con-
cluded that specimens, through the compound 
process, could develop the best RCF properties. 
And the limiting values under R = 0.99 for the 
40Cr sample, 40Cr EB sample, and 40Cr EB Cr/
CrN sample were 491.83 MPa, 522.59 MPa, 
and 579.03 MPa. Therefore, the growth ratios 
were 6.25% and 17.73% when compared with 
the initial 40Cr sample.

4. The strengthening mechanism of RCF prop-
erties by using an EB was due to its grain 
refinement effect caused by melting and bet-
ter lubrication by craters. However, the prob-
ability of  generating micro-cracks would be 
released gradually throughout the deposited 
Cr/CrN layer. Meanwhile, as a highly hard 
ceramic material, CrN also played a greatly 
important role in improving RCF properties. 
Therefore, the compound process could help in 
achieving much better RCF properties than its 
counterparts.
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ABSTRACT: On the basis of the interference theory of the stress–strength distribution and the unequal 
load status among the planets, reliability models of the important parts of planetary transmission such as 
gears, planetary shafts, planet bearings, and splines have been established. The whole system reliability of 
the planetary transmission considering load sharing is formulated by means of combining the system reli-
ability theory and the characteristics of hybrid system for the planetary transmission. Using the reliability 
model established, the system reliability of the main gearbox for 2.05 MW wind turbine considering the 
unequal planet load is analyzed. This paper can provide guidelines for the design of the planet gearbox.

sharing. The sun meshes with several planet gears, 
as shown in Figure 1. Because of  the manufac-
ture error, the load is shared unequally among the 
planet gears; thus, the load for the planet gears 
and planet shafts deviates from the ideal condi-
tion, thereby affecting the reliability of  the system. 
Therefore, it is necessary to establish more com-
prehensive reliability model with unequal load for 
the multi-stage planetary transmission system, 
which can help designers accurately determine 
the reliability of  the system at the start of  design 
process.

1 INTRODUCTION

Planet transmission is generally used in wind tur-
bines, helicopters, vessels, and so on. It is normally 
installed in places such as wilderness, sky, and 
seashore. The working environment is quite harsh 
with severe extremity in temperature through-
out the year. In addition, the direction and level 
of the external load change constantly. It will be 
difficult to repair the transmission once it breaks 
down. The useful life of a wind turbine is only 20 
years. Therefore, the demand for high-reliability 
planetary transmission is very high. Consequently, 
the research on the reliability of planetary system 
is significant.

At present, scholars have carried out studies 
on the reliability of  transmission. Sarper H [1] 
used bivariate exponential distribution to analyze 
the reliability of  planetary gear. Hu Qingchun [2] 
and Chen Juhua [3] calculated the reliability of 
gear inside the planetary system and established 
the gear component reliability model. Savage [4] 
believed that the pitting fatigue is the major form 
in which the planetary gear transmission loses 
its effect and thus establishes the planetary gear 
train reliability model taking the planetary gear 
bearing into consideration. Gui Naipan and Luo 
Youxin [5] employed the fuzz theory and reliabil-
ity theory to carry out the fuzz reliability optimi-
zation on the planetary gear of  hub decelerator 
of  loader.

However, these studies did not analyze the 
reliability of  planetary system considering load Figure 1. Structure of planet transmission.
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2 RELIABILITY MODEL FOR THE 
TRANSMISSION COMPONENT 

Because of the randomness of the factors deter-
mining the structural strength, the strength and 
stress have some certain distributions. The interfer-
ence of the stress and strength distributions does 
not exist in the early design. However, long-term 
wear will cause fatigue crack in parts, reducing the 
material strength for parts. Then, an interference 
exists between the strength and stress distributions 
[5], as shown in Figure 2.

According to the stress–strength interference 
model, the probability density function of the 
strength is f(c), and that of the stress is g (s).

The difference between stress and strength is x, 
which is expressed as x  = c1−s1, and the probabil-
ity density function of the strength difference x is 
P(x):

P e
c s

c s

c s( )x
( )c s

( (x ))

=
(⎧

⎨
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⎭⎭

1

2 2 2
1
2

1
2

2

2 2+

π (

μ μc sc s−
σ σc s+2 22 2+  (1)

where, μc: the average of the probability density 
function of the strength;

μs: the average of the probability density func-
tion of the stress;

σc: the standard deviation of the probability 
density function of the strength;

σs: the standard deviation of the probability 
density function of the stress.

The failure rate of the part P(x < 0) is:

P P dx( )x ( )x=)
−∞∫−

0
 (2)

The reliability of the part R can be obtained by 
the failure rate P by the normal distribution:

R 1 P( )0x <  (3)

The variation coefficient of the random vari-
ables with the average μx and standard deviation 
σx is:

CXC X

X

=
σ X

μXX  (4)

The strength and the working stress of various 
components in the planetary transmission are ran-
dom variables and comply with certain probability 
density function distributions. The reliability of 
various components can be obtained by means of 
combining the stress–strength distribution inter-
ference theory and the characteristics of the hybrid 
system.

2.1 Gear reliability model

Gear reliability is divided into the reliability 
of  tooth surface contact fatigue strength and 
the reliability of  the tooth root bending fatigue 
strength. It has been proved by the fatigue test 
of  alloy steel gear that the contact fatigue limit 
σHlim and the stress of  testing gear comply with 
the logarithmic normal distribution. Meanwhile, 
in this paper, the logarithmic normal distribu-
tion for the approximate model [6] of  tooth root 
bending stress is selected when calculating the 
reliability.

The tooth surface contact stress σH is [7]:

σ ε β β αH H E
t

cH A V H βZ ZHZ Z Z ZβZ Z
Ft

d b

u

u
K KH AK KV H K•t= Z Z Z Z

±
•

1dd

1
 (5)

where KcH is the unequal load sharing coefficient 
of the tooth surface contact for planet gear. All 
others are parameters of the gear design.

The reader is referred to ref. [7] for various 
parameters in the formula, which will not be 
repeated hereunder.

The variation coefficient of contact stress is [8]:

C C C C C

C C C C

H E t cH

A V H

HMC z FC C
E t KC

c

K KC C
A V K KC C

H

σ H

β αHKH
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⎡

⎣

⎢
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⎢
⎣⎣

+ CC + CC ⎤
⎦

2 2C+ 2 2C+

2 2C 2 2C
1
2

1
4

(

) ⎥⎥
⎤⎤⎤⎤
⎦⎦⎦⎦

 (6)

The reader is referred to ref. [8] for the selection 
of various variation coefficients in the formula, 
which will not be repeated hereunder.Figure 2. Stress–strength interference distribution.
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The calculated tooth surface contact fatigue 
strength limit is [7]:

σ σH Jσ H Nσ R V W L XZ ZN RZ ZV W Z ZL Xli  (7)

The stress and the strength are substituted into 
the joint equation. Considering that the tooth sur-
face contact stress and the contact fatigue strength 
limit of the gear comply with the logarithmic nor-
mal distribution, its reliability variation coefficient 
is [8]:

C C C C C

C C C
H J H N R V

L W X

Z ZC C
N R ZC

V

Z ZC C
L W ZC

X

σ σC
H J H li

]

+CσC +CZC

+ CC +

2 2C+ 2 2C+

2 2C 2
1
2  (8)

Therefore, the tooth surface contact fatigue reli-
ability is [8]:

z z
C CR

H J H

H J H

≈
ln lσ σH J − lnli

σ σC
H J Hli

2 2C
 (9)

Similarly, the calculation formulas for bending 
strength are as follows:

The tooth root bending stress σF is:

σ ε β β αFσ t

n
Fa sa cF A V F β

Ft

b m
Y YFa s Y Yε β K Kβ cF AK KV F Kβββ= MP a (10)

where KcF is the unequal load sharing coefficient of 
the tooth root bending for planet gear.

The variation coefficient of tooth root bending 
stress is [8]:

C C C C C C
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F t Fa sa cF

A V F
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sa c
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2 2C+ 2 2C+ 2

2 2C 2 2C
1
2  (11)

The formula to calculate the tooth root bending 
fatigue strength is [7]:

σ σ δF Jσ F Sσ T NT rδδ elT RrelT XY YST N Y Yδ rδ elT R YXli  (12)

The variation coefficient of tooth root bending 
strength is:

C C C C
F J ST NT relT RrelT XF YS Y YNT YRrelT Xσ F δ rYli

]C C C C C
ST lT XYCC
S Y YC CC

NT Y YC CC
R lT X

[CFCC
δYCFC CYCC CYCC2 2CC 2 2CC 2 2CC

1

2  (13)

The gear reliability coefficient under the tooth 
root bending fatigue strength [8] is calculated as:

z z
C CR

F J F

F J F

≈
ln lσ σF J − lnli

σ σC
F J Fli

2 2C
 (14)

Therefore, the tooth root bending fatigue reli-
ability is:

R R Φ= −( )R( )zRzz ( )z1  (15)

The standard method introduced by national 
standards is adopted for the selection of values of 
each coefficient in the above formulas. The values 
differ with different precision requirements. The 
value error of each coefficient is taken into consid-
eration according to the ref. [8] when the variation 
coefficients of each coefficient are determined.

2.2 Planetary shaft reliability

The planetary shaft only bears bending moment dur-
ing transmission and is not affected by the torque. 
Therefore, it is designed based on the bending 
strength. If there is a lack of specific measured data, 
it can be approximately assumed that the strength 
and the stress of the planetary shaft materials comply 
with the partial conservative normal distribution [9].

It is assumed that the bending moment, which 
the planetary shaft bears, is (Kc M , SM), where Kc 
is the unequal load sharing coefficient among the 
planet gears. If  the bending section modulus is W, 
then the bending stress is:

( , ) ( , ),, σS
S

W
c M,S

=  (16)

where Sσ and SM are the standard deviations of 
the bending stress σ and the bending moment M, 
respectively.

The fatigue limit σ−1, the size coefficient εσ, the 
surface quality efficient, and the effective stress 
concentration coefficient Kσ are taken into consid-
eration comprehensively. According to the litera-
ture, the average fatigue strength is:

σ σ ε βσ

σ

−
σσ

=1
1

e
K

 (17)

The variation coefficient is [9]:

C C C C C
e e KCσ σC ε βC

σ σεε−σσ +CσC +Cε1 1e σeee
2 2C+ 2 2C+  (18)

Therefore, the reliability coefficient of planetary 
shaft is:

u
n

n C CR

e

=
−

+
−

1
2 2C 2

1σ σC
e

+
−1

 (19)

where n is the ratio of the average bending strength 
to the bending stress, n e= −σ σe1 / .σ
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The normal distribution table is referred to in 
order to obtain the reliability of planetary shaft 
RZij.

2.3 Spline reliability

Two adjacent levels of the multi-level planetary 
transmission are connected by splines. For the sake 
of safety, it is assumed that the distributions of stress 
and strength comply with the normal distribution. 
According to the compressive strength calibration of 
splines, the average stress is calculated as:

p
T

zhlDmD
= [ ]p

2
ϕzz

<    (MPa)  (20)

The description of each parameter in the for-
mula is found in ref. [6].

The standard deviation of stress is:

s s s s s s sp Ts z hss l Ds
mD= 2 2s 2 2 2 2s+ + s s ss sss2 2 22 2s ss ss sϕ  (21)

where sT is ΔT/3; ΔT is the moment variation; sφ 
and sz are 0; and sh, sl, and sDm are 1/6 of its com-
mon difference.

The average strength [ ]  and standard deviation 
σp of spline connection can be obtained from ref. [6].

According to the joint equations of normal dis-
tribution, the reliability coefficient is expressed as:

z
p

sR
p

=
+

[ ]p

[ ]p
2 2+ σ 22

 (22)

The normal distribution table is referred to in 
order to obtain the reliability of spline RJi

RJiR R Φ= −( )RzRz ( )z1  (23)

2.4 Calculation of bearing reliability

The distribution of  contact fatigue useful life of 
rolling bearing has discrete. It has been proven 
by test that its contact fatigue useful life approx-
imately complies with the bivariate Weibull 
distribution under the influence of  constant-
amplitude varying stress. Its reliability [9] is rep-
resented as:

R e
L

LRL
−( )L

L
β  (24)

where L: bearing life;
LR: bearing property life;
β: the shape parameter of Weibull distribution, 

β = 3/2 for the roller bearing, β = 10/9 for the ball 
bearing, β = 4/3 for the cone roller bearing.

According to the general standards of bearing 
and mathematical derivation, the actual life of the 
bearing under the reliability R is:

L L
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⎠⎠10LL

1

0 9
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 (25)

where L10 is the rated life when the reliability of 
rolling bearing is 90% in practice.

When the rated life L10 is determined, the actual 
life LR of  bearing at the given reliability can be cal-
culated using formulas (24) and (25). The reliabil-
ity can be calculated based on the needed useful 
life LR.

3 CALCULATION OF SYSTEM 
RELIABILITY

It can be seen from Figure 3 that the planetary 
transmission is a compound system containing 
both series and parallel connections. 

In each stage, the sun gear S, the planet gear 
train Pij, (stage number i = 1,2,3; planet gear 
number j = 1, …. n), and the ring R form a series 
system. The planetary gear train Pij is a parallel 
subsystem formed by a series connection of  plan-
etary gear, corresponding planetary shaft, and 
rolling bearing. Finally, each level is connected by 
the spline shaft to form a series system. In trans-
mission process, these components can be broken 
down easily. Let us denote the reliability of  the 
sun, planetary gear, planetary shaft, planetary 
bearing, ring, and spline by RSi, RPij, RZij, RBij, RRi, 
and RJi, respectively. Then, the overall system reli-
ability is:
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Figure 3. The planetary reliability model for single 
stage.
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4 EXAMPLE COMPARISON

Let us take the main gearbox of the 2.05 MW wind 
turbine for example with the enclosed differential 
planetary transmission. Its structure is shown in Fig-
ure 4, and the parameters are listed in Table 1. The 
number of planetary gears is four for the differential 
stage and six for the enclosed stage. The above reli-
ability model is used to calculate the gearbox system 
parameters, and the results are shown in Table 2.

The calculation result indicates that the enclosed 
differential planetary gearbox is reliable. The relia-
bility of the parts and single stage are all more than 
0.97, and the overall reliability of the whole system 
is 0.96579. The reliability model established in this 
paper can determine the rationality of the gearbox 
design. The model also provides a method for reli-
ability optimization.

5 CONCLUSIONS

The reliability of planetary transmission with 
unequal load has been studied and the following 
conclusions have been reached:

1. The stress–strength interference model is used 
to establish the reliability model for the key 
component, and the system reliability is deter-
mined through the characteristics of compound 
system for the planetary system.

2. It is found that the reliability of the main gear-
box for the 2.05 MW wind turbine is high and 
its design is rational.

3. However, the pure destruction model has not 
been considered in this planetary transmission 
model, which means that the failure of one 
component will affect the normal operation of 
the adjacent components. This work will be car-
ried out for further research, if  needed.
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Figure 4. Structure of the enclosed differential plan-
etary transmission.

Table 1. Parameters of the main gearbox.

Stage Parameter Sun Planet Ring Carrier

Enclosed Module/mm 8
Tooth number 26 57 137
Speed (rpm) 312 140 41.9 15
Width/mm 200

Differential Module/mm 10
Tooth number 43 132 132
Speed (rpm) 41.9 46.7 15 0
Width/mm 200

Table 2. The parts and system reliability of the main 
gearbox.

Reliability Differential Enclosed

Gear 0.9936 1
Planet shaft 1 1
Bearing 0.9728 0.9806
Spline 0.9956 0.9979
Single stage 0.97794 0.98758
Whole system 0.96579
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Research on the fatigue property of magnesium alloy WE43 A sampled 
from foundry housing

Tingting Lu, Junling Xie & Zhenhua Wan
China Aviation Powerplant Research Institute, Zhuzhou, P.R. China

ABSTRACT: Magnesium alloy has been widely applied to foundry housing of helicopter transmission 
system. Fatigue break is one of the main failure modes of the magnesium alloy. WE43 A samples from 
housing were tested by four-point bending method for fatigue property. Crack propagation behavior was 
investigated by observing the appearance of the fracture surface as viewed from microcosm. Moreover, 
the effect of grain size and flaw on the fatigue property of WE43 A was also investigated.

2.2 Experiment method

WE43 A samples were tested by four-point bend-
ing method, as shown in Figure 1. The test per-
formed by dynamic testing machine Instron 
MTS810 shows a dynamic loading precision of 
±2%.

The test stress resembles a sine wave. Consider-
ing working stress of the foundry housing in the 
helicopter transmission system, static stress σs 
during the fatigue test was 100 MPa and the load 
frequency was 20 Hz. The purpose of the test is 
to achieve enhanced cycle fatigue property and 
fatigue limit with 5 × 106 cycles.

The size of the samples was measured again 
before test. Loading force is calculated according 
to the real size of the samples as:

F
bh

=
2

30
σ  (1)

where F = loading force, N; b = width of sample, 
mm; h = height of sample, mm; σ = test stress, 
MPa.

1 INTRODUCTION

Magnesium alloy is extensively used in aviation, 
space, and automobile industries because of its 
low density, high specific strength, and good 
damping performance. As the magnesium alloy 
applied to foundry housing of helicopter transmis-
sion system needs to sustain alternating loads, its 
fatigue property is of paramount importance. Sev-
eral studies[1–6] have been conducted on the fatigue 
property of magnesium alloys such as AZ91HP, 
AZ31, AZ31B, ZM5, and ZM6. The magnesium 
alloy WE43 A was introduced to be used in aero-
engine casing or transmission system housing[7–8], 
but its fatigue property was not mentioned. In 
this paper, WE43 A samples from housing will be 
tested and analyzed.

2 EXPERIMENT

2.1 Preparing test pieces

It is difficult to perform full-scale fatigue test of 
foundry housing, because structure and loads are 
always very complex. Fatigue test of test pieces 
in specific size sampled from foundry housing 
is simple to conduct. In addition, there are sev-
eral advantages such as providing more samples, 
lower demand for test equipment, and shorter test 
period.

In this paper, WE43 A test pieces are obtained 
from three housings by different foundry tech-
niques. Structure of housings and sample posi-
tion are the same. A total of 15 test pieces are 
obtained from each housing. Their dimension is 
78 × 20 × 5 mm and roughness is less than 3.2 μm. 
The surfaces are anodized by chromate. Figure 1. Loading diagram of four-point bending.
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After fatigue test, fracture surfaces were observed 
by Scanning Electron Microscopy (SEM). Metal-
lographic test was also conducted with samples 
from non-testing area. Element component was 
analyzed by spectral scanning.

3 RESULTS AND ANALYSIS

3.1 Fatigue test results

Fatigue test results of 45 test pieces from three 
groups are shown in Tables 1–3.

3.2 Fracture analysis

Group 1: some flaws that resemble inclusion were 
found in samples 1–3 and 1–8. Flaw in sample 1–3 
is shown in Fig. 2. The microstructure of all test 
pieces were observed by SEM. For example, in 
sample 1–3, crack is originated from the flaw. The 
appearance in the early period of crack propaga-
tion is shown in Fig. 3, which shows cleavage as the 
most significant fracture mode, and an intergranu-
lar fracture is also revealed. The middle period 
is shown in Fig. 4, which also shows cleavage as 
the most significant fracture mode. In this period, 
fatigue stripe can be found at high magnification 
(see Fig. 5). The later period is shown in Fig. 6, 
where intergranular fracture is the main mode, and 
a few toughening nests are found.

Group 2: some flaws that resemble inclusion were 
found in samples 2–4 and 2–11. The microstructure 

Figure 2. Fracture surface of sample 1–3.

Table 1. Fatigue results of the first group.

No.

Static stress Dynamic stress

Failure cycleMPa MPa

1–1 100 53.0 163071
1–2 100 40.4 273636
1–3 100 32.8 156754
1–4 100 43.2 594564
1–5 100 45.0 1595893
1–6 100 48.0 858084
1–7 100 48.0 174015
1–8 100 36.0 176294
1–9 100 43.2 196866
1–10 100 48.0 226564
1–11 100 48.0 306017
1–12 100 40.0 8133430
1–13 100 46.0 53849
1–14 100 34.7 5000059
1–15 100 40.8 3503802

Table 3. Fatigue results of the third group.

No.

Static stress Dynamic stress

Failure cycleMPa MPa

3–1 100 60.0 215736
3–2 100 65.0 136421
3–3 100 65.0 5006813
3–4 100 72.0 1379113
3–5 100 77.0 32539
3–6 100 75.0 61178
3–7 100 76.7 95500
3–8 100 86.5 59312
3–9 100 67.3 3754902
3–10 100 78.0 1488922
3–11 100 79.5 106007
3–12 100 70.5 119825
3–13 100 65.1 275036
3–14 100 63.3 115944
3–15 100 81.4 149051

Table 2. Fatigue results of the second group.

No.

Static stress Dynamic stress

Failure cycleMPa MPa

2–1 100 52.5 193126
2–2 100 48.0 888020
2–3 100 41.5 1121902
2–4 100 48.0 76890
2–5 100 42.4 64797
2–6 100 43.1 3927433
2–7 100 43.2 410608
2–8 100 41.0 3229221
2–9 100 48.1 4030000
2–10 100 47.6 3579643
2–11 100 37.6 246947
2–12 100 52.0 146053
2–13 100 46.7 596544
2–14 100 43.2 9020249
2–15 100 45.8 778516
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of all test pieces was observed by SEM. Grain 
loose was observed at the origin of the crack in 
sample 2–5 (see Fig. 7). Crack propagation mode 
is similar to group 1.

Group 3: No flaw was found in this group, 
and two crack origins were found in sample 3–2 
(Fig. 8). In early period of crack propagation, 
cleavage and slip were the main modes (Figs.9–10). 
Crack propagation of the middle and later periods 
is similar to Group 1.

3.3 Metallographic analysis and spectral scanning

By metallographic analysis, gain size of the three 
groups is shown in Table 4. There are many pre-
cipitated phases at grain boundary in the 1st group 
(Fig. 11). For 2nd and 3rd groups, precipitated 
phases uniformly distribute in the interior of grains 
(see Figs. 12–13).

Spectral scanning proceeded in the flaw areas of 
samples 1–3, 1–8, 2–4, and 2–11. Element compo-
sition shown in Table 5 indicates that the inclusion 
matter is yttrium oxide.

3.4 Fatigue property analysis

According to all fatigue test data, S-N curve was fit-
ted for every group (see Figs. 14–16). It is important 

Figure 3. Early period of crack propagation in sample 
1–3.

Figure 4. Middle period of crack propagation in sam-
ple 1–3.

Figure 5. Fatigue stripe of sample 1–3.

Figure 6. Later period of crack propagation in sample 1–3.

Figure 7. Grain loose at crack origin of sample 2–5.
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Figure 8. Fracture surface of sample 3–2.

Figure 9. Origin of crack 1 inr sample 3–2.

Figure 10. Origin of crack 2 in sample 3–2.

Table 4. Grain size of each group.

Group     Grain size*

1     4
2     1
3     2

* According to ASTM E112.

Figure 11. Metallographic photo of the 1st group.

Figure 12. Metallographic photo of the 2nd group.

Figure 13. Metallographic photo of the 3rd group.

Table 5. Element composition.

Element O Mg Si Gd Y Nd Ir

3rd group / 92.77 / /  4.22 2.34 0.67
1–3 21.93 52.75 0.35 1.07 18.68 1.80 3.42
1–8 13.44 50.17 0.57 0.91 28.92 2.43 3.57
2–4 53.43 20.10 7.80 0.42 16.76 0.39 1.09
2–11 45.05 33.89 2.13 0.25 16.88 0.99 0.81
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to note that test pieces with flaw were not involved. 
S-N curve equation is:

S
S

H
A

B
∞

= +H
( )N C

 (2)

where S = force or stress; S∞ = fatigue limit; 
N = cycle; H, A, B, C = parameters to be fitted.

Fatigue limit (5 × 106 cycles) can be calculated 
according to the fitted curve, which is 100 ± 37.7, 
100 ± 41.7, and 100 ± 55.8 MPa for the 1st, 2nd, 
and 3rd groups, respectively.

Table 6 shows the reduction of fatigue strength 
with flaw, which can be calculated as:

reduction f d

f

= ×
σ σf d−

σ f

100%  (3)

where σf = stress fitted, shown in Figs. 14–15; 
σd = dynamic stress of sample.

4 DISCUSSION

Test pieces are obtained from three WE43 A foun-
dry housings by different foundry techniques, 
and the fatigue properties of these three housings 
significantly differ. According to the above analy-
sis, fatigue property of the 3rd group is the best, 
because its fatigue limit is the highest and no flaw 
was found. In the 2nd group, inclusion of yttrium 
oxide and grain loose are detected. Moreover, its 
grain size is larger than the 3rd group. Fatigue limit 
is 25% lower. For the 1st group, although grain size 
is the smallest, precipitated phases at grain bound-
ary, which are excessive and large, lead to the low-
est fatigue strength.

As is well known, the smaller the grain size, the 
better the fatigue property. However, because of 
the effect of other factors such as position of pre-
cipitated phases, relationship between grain size 
and fatigue property is not clear.

For WE43 A, inclusion of yttrium oxide is the 
main type of flaw during foundry process, and 
fatigue limit may be reduced up to 34%. Grain 
loose can also take place which further reduce the 
fatigue limit to 31%.

5 CONCLUSION

By the above tests and analysis, the following con-
clusions can be drawn:

Figure 14. S-N curve fitting of the 1st group (static 
stress is 100 MPa).

Figure 15. S-N curve fitting of the 2nd group (static 
stress is 100 MPa).

Figure 16. S-N curve fitting of the 3rd group (static 
stress is 100 MPa).

Table 6. Fatigue strength reduction of samples with 
flaw.

Sample

σd

Test cycle

σf

Reduction RemarkMPa MPa

1–3 32.8 156754 49.56 33.82% Inclusion
1–8 36.0 176294 48.90 26.39% Inclusion
2–4 48 76890 59.85 19.80% Inclusion
2–5 42 64797 61.24 30.76% Loose
2–11 38 246947 52.16 27.91% Inclusion
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a. Fatigue limits of WE43 A sampled from foun-
dry housing by different foundry techniques dif-
fer from each other, with the lowest of 100 ± 
37.7 MPa with 5 × 106 cycles, and the highest of 
100 ± 55.8 MPa.

b. The main reason for the flaw of foundry 
WE43 A is the inclusion of yttrium oxide, 
which can reduce fatigue limit by 34%. Grain 
loose can also take place, which can reduce the 
fatigue limit to 31%.

c. The relationship between grain size and fatigue 
property is not clear in this paper.

d. Crack propagation mode of WE43 A is cleav-
age and slip in the early period, cleavage in the 
middle period, and intergranular fracture and 
toughening nests in the later period. Fatigue 
stripe is not obvious, but can still be found.
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Research on the relationship between the case depth, safety 
factor and reliability of case carburized gears

Weizhong Xiao, Zhongming Liu & Lingxian Meng
Zhengzhou Research Institute of Mechanical Engineering, Zhengzhou, China

ABSTRACT: The value of case depth is one important parameter of case carburized gears. The value 
of case depth should neither be too big nor too small; a smaller case depth can lead to a decrease in load 
capacity. However, distortion by hardening, the need for grinding, and the increase in the cost of a case 
carburized gear may occur as a result of a larger case depth. Taking into consideration the influence of 
case depth on the pitting resistance, a safety factor and reliability calculation model of case carburized 
gears are developed, which can be used to calculate an appropriate case depth for the actual gear applica-
tion in order to guarantee the required load capacity and reduce the cost of case carburized gears.

σH can be calculated by using the following 
equation:

σ ε β

β α
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where, K is the calculation factor defined by using 
the probabilistic method; other parameters can be 
determined according to ISO6336 standards.

The reliability of gears can be calculated by 
using the following equation:

ZRZ HG H

HG H

=
σ σHG H−

σ σHG
( )S S

Hσ σS
HG H

2 2S
1
2

 (4)

where, σ HGσ  and σ Hσ  are the mean values of the 
allowable stress number and the contact stress 
number. S HGσ HH  and S Hσ HH  are the standard devia-
tions of the allowable stress number and the con-
tact stress number.

σ HGσ  and σ Hσ  are defined using the following 
equations:
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σ σHGσ H Nσ L E V R W XZ ZN LZ ZE V Z ZR W ZXli  (6)

The parameters were calculated according to a 
previously reported method [Ref. 1].

1 INTRODUCTION

The case depth of  gears is an important factor 
that determines the strength of  the gear. A rea-
sonable depth should not only ensure safe opera-
tion, but also save production costs. In the actual 
engineering design, designing of  the case depth 
of  gears mostly has been performed empirically. 
Because only a part of  the geometric parameters 
of  the gear have not been considered, while the 
actual conditions for gear application, such as 
load impact, have been considered, the designing 
of  case depth is considered to exhibit a certain 
one-sidedness.

In order to establish the necessary relationships 
between the case depth, safety factor and reliabil-
ity, a calculation method combining case depth, 
safety factor, and reliability has been proposed, 
which is more intuitive and more reasonable for 
the selection of an appropriate case depth.

2 METHOD OF CALCULATION

2.1 Safety factor and reliability

The calculation formula for calculating the safety 
factor of gears has been established as follows:

SHS HG

H

=
σ H

σ H

 (1)

σHG can be calculated by using the following 
equation:

σ σHGσ H Nσ L V R W XZ ZN LZ ZV RZ ZW Xli  (2)
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2.2 Influence of case depth on the contact 
load capacity

2.2.1 Equation of case depth
The value of case depth has a significant effect on 
the gear load capacity; an optimum case depth is 
required to determine the maximum allowable con-
tact stress number which is related to the radius of 
flank curvature and has been defined as follows:

Eht mmHopt
c +

±
ρ 10

25
0 15.  (7)

where, EhtHopt is the optimum case depth for maxi-
mum pitting resistance, ρc the is the relative radius 
of flank curvature at the pitch point.

Taking into consideration the applied load and 
gear geometry, the minimum case depth required 
to avoid fatigue peeling has been established as 
follows:

Eht
b

Eht
b EhtEE H( )Eht
b

.263 16
2EhtEEhE

=σ H  (8)

where, Eht is the case depth at a Vickers hard-
ness of 550 HV and b is the semiminor axis of the 
ellipse of contact.

2.2.2 Factors of influence of case depth
Research shows that the carbon concentration at 
or near the surface of the gear will be increased 
and the mechanical properties and the contact 
strength will be decreased with an increase in case 
depth, when the actual case depth exceeds the opti-
mal depth. This shows that there is no obvious 
improvement in gear properties with a correspond-
ing increase in the case depth. When the case depth 
exceeds a certain limit, the contact fatigue limit of 
gears will be declined as the case depth continues 
to increase.

Taking the influence of different case depths on 
the pitting load capacity into consideration, the 
influence factor ZEht can be defined as follows:

Z S Z Z Z Z Z ZEHZ t H H NZ L VZ ZZ R WZ ZZ XZσ HSHS / ( )li  (9)

within the range Eht EhtEE ZHopt EhZ t,  can be deter-
mined by equation 10 as follows:

ZEht HoptHH Hopt•1 360( )EhtEE HEhtEE optHH170 25 ( )Hht EhtEEHoptHht /
  (10)

where, EhtHopt is the calculated optimum effective 
case depth according to Equation 7. Eht is the actual 
effective case depth according to Equation 8.

Within the range Eht EhtEE ZHopt EhZ t, can be 
determined by Figure 1.

2.3 Influence of case depth on the safety factor 
and reliability

The influence of case depth on the safety factor 
and reliability of gears can be taken into consid-
eration by introducing factor ZEht in Equation 2, as 
shown in Equation 11.

HGσ H Nσ L V R W X EhtEEZ ZN LZ ZV RZ ZW X ZEli  (11)

Therefore, Equation 1 and Equation 4 can be 
rewritten as follows:

S
Z

HS HG EhZ t

H

=
σ H

σ H

 (12)

z
Z

R
HG Eht H

H

=
σ σZHG EhZ t H−

σ σHG )S H(Sσ σSHG HH
2 2S

1
2

 (13)

3 EXAMPLE ANALYSIS

Taking the gear pair in the 1.5 MW wind turbine 
gearbox as an example, the reliability of the gear 
is calculated. Table 1 shows the geometric param-
eters of gears.

The calculated optimum effective case depth 
EhtHopt obtained according to Equation 7 is 3.2 mm. 
When the actual effective case depth is less than 
3.2 mm, the relationships between contact stress 
and the safety factor and the reliability of the gear 
is obtained according to Equation 8, Equation 10, 
Equation 12, and Equation 13, as shown in Fig-
ures 2 and 3.

Figures 2 and 3 show that when the actual effec-
tive case depth is less than the optimum effective 
case depth, the safety factor and reliability can 
be obtained by modifying the value of  the actual 
case depth. When the contact stress is 921 MPa, 
the required minimum case depth is 2 mm; if  

Figure 1. Graph showing the influence factor of case 
depth, ZEht, of  case depth on the pitting resistance.
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the actual effective case depth is changed to 3.2 
mm, the safety factor can be increased from 1.35 
to 1.62 and the reliability can be increased from 
0.92506 to 0.946696. When the actual effective case 
depth is equal to the optimum effective case depth, 
the corresponding safety factor and reliability are 
unique.

When the contact stress is 1000 MPa, the 
actual effective case depth is 3.2 mm according to 
Equation 8. As the load continues to increase, the 
relationship between contact stress and the actual 
effective case depth of the gear is obtained accord-
ing to Equation 8, as shown in Figure 4.

Figure 4 illustrates that the contact stress is in 
a linear relationship with the case depth; with an 
increase in contact stress, the case depth gradually 
increases.

The relationships between the case depth, safety 
factor and reliability are obtained according to 
Figure 1, Equation 12, and Equation 13, as shown 
in Figure 5.

The relationships between the case depth and 
the computed stress number are obtained, as 
shown in Figure 6.

The relationships between the case depth, safety 
factor and reliability are obtained, as shown in 
Figure 7.

Table 1. Design specifications of the planetary gear.

Planetary 
gear

Ring 
gear

Number of tooth 40 103
Module 14  14
Pressure angle 20°  20°
helical angle  4°   4°
Addendum coefficient/tip 

clearance coefficient
1/0.4 1/0.4

Modification coefficient  0 0.1396

Figure 2. Graph showing the influence of case depth on 
the safety factor.

Figure 3. Graph showing the influence of case depth 
on the reliability.

Figure 4. Graph showing the required case depth for 
different contact stresses.

Figure 5. Graph showing the influence of case depth on 
the safety factor and reliability.
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4 CONCLUSIONS

1. Based on the traditional calculation method of 
safety factor and reliability of gears, a calcula-
tion model of the safety factor and reliability 

of the gear with the influence of case depth on 
the load capacity being taken into consideration 
is established. The corresponding relationship 
between the case depth, safety factor and reli-
ability is obtained.

2. Based on the calculation model, new calcula-
tion formulas were derived which can be used 
to calculate the safety factor and reliability for 
the actual effective case depth of a gear as well 
as to determine an appropriate case depth in 
order to guarantee the required safety factor 
and reliability.

3. The relationships between the traditional calcu-
lation of the safety factor and reliability and the 
case depth are established. Based on the safety 
factor and reliability, the selection of case depth 
is performed scientifically and effectively.

4. Under the premise of a reasonable safety fac-
tor and reliability, the production cost can be 
reduced and energy can be saved by adjusting 
the case depth.
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A study on the fatigue endurance experimental technology of the rack 
for the Three Gorges shiplift

Zhongming Liu, Zhengbing Wang, Quancai Li & Youhua Li
Zhengzhou Research Institute of Mechanical Engineering, Zhengzhou, China

ABSTRACT: Based on the operating features and performance assessment requirements of a big mod-
ulus gear and rack for the Three Gorges shiplift, a large-scale gear and rack test device is designed and 
developed and some technical challenges such as applying heavy load and fast and frequent reversing are 
overcome. Besides, the loading conditions of the gear and rack for the shiplift under various operation 
conditions are studied. The control strategies of the testing load and motion are determined and the 
4.22 × 105 stress cycles fatigue life test of the Three Gorges shiplift rack is carried out. Finally, the mass 
test data are analyzed; numerous valuable test data and conclusions are obtained. The test and research 
conclusions are of significance to the installation, debugging, or operating maintenance of the Three 
Gorges shiplift.

10060 kg. Because the rack is manufactured by 
the process of induction hardening, it is character-
ized by large hardened layer depth, high machining 
accuracy requirements, large size, and easy quench-
ing of cracking. For fatigue life assessment of the 
rack, a large gear-rack test device is developed and 
the fatigue life test of the rack is carried out by 
the Zhengzhou Research Institute of Mechanical 
Engineering. The test rack is shown in Figure 1.

2 RESEARCH AND DEVELOPMENT OF 
TEST INSTRUMENT

According to the actual operating conditions of 
the Three Gorges shiplift and the loading state of 
the gear-rack transmission device, a large modu-
lus rack fatigue life test instrument meeting the 
requirements of the Three Gorges shiplift is devel-
oped, which mainly consists of a driving system, a 
loading system, a control system, a testing system, 
and an auxiliary system[2]. And also, the weight of 
the movable part of the device is about 110000 kg. 
Figure 2 shows the diagram of the gear-rack test 
principle and Figure 3 shows a picture of the test-
ing apparatus.

1 INTRODUCTION

The Three Gorges shiplift which is arranged on 
the left bank of the Yangtze Three Gorges Water 
Conservancy Project in China is mainly used to 
provide a fast channel passing dam for ships and 
improve the shipping capacity of the project. The 
shiplift adopts a gear-rack driven mechanism; the 
effective size of the main ship chamber is a length 
of 20 meters and width of 18 meters; the shipping 
scale is above the 3000 tons level and the maximum 
lifting height is 113 m, which reduces the time 
taken by the vessel to pass through the dam from 
more than 3 hours to 40 - 60 minutes[1].

The carrying chamber of the shiplift is driven 
by four sets of open gear-racks. As the key com-
ponents of the Three Gorges shiplift, the rack 
possesses a modulus of 62.667 mm, with a sin-
gle section being 4705 mm long and weighing 

Figure 1. Picture showing the test rack.
Figure 2. Schematic showing the gear-rack test 
principle.
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3 TEST CONTROL STRATEGY

The test control strategy includes the magnitude 
and direction control of the test load, motion con-
trol, etc.

3.1 Load control

3.1.1 Load magnitude
According to the operation features of the shiplift, 
the magnitude and direction of the gear-rack load in 
24 kinds of design-working conditions when the ship-
lift goes up down are analyzed. The test load is the 
equivalent load determined by the Miner criterion.

3.1.2 Load direction
The test device can complete the tooth’s unidirec-
tional or bidirectional load carrying activity dur-
ing the rack fatigue test as needed. According to 
the load analysis of the Three Gorges shiplift rack 
and the requirements of the motor driving mode, 
the direction of the test load for the rack is the 
upper surface when rising and the bottom surface 
by force when descending[3][4]. The load direction in 
the control mode is shown in Figure 4.

3.2 Motion control

When the test is carried out, the moving speed of the 
gear is 200 mm/s or 3.9 RPM, which is the same as 
the actual speed of the shiplift. Because the test is car-
ried out on one section of the rack, a frequent change 
of direction is required while carrying out the test. 
In accordance with the length limit of the rack, the 
requirements of the test, and reduction in the impact 
load to the greatest extent, the motion control scheme 
is as follows: 1) acceleration section (the load is zero, 
the speed rises from zero to the rated value, and the 
time is 1.2 seconds); 2) loading section (the speed is 

constant, the load increases from zero to the rated 
value, and the time is 1.8 seconds); 3) test section (the 
speed and load are at the rated value, and the time is 
4 seconds); 4) unloading section (the speed is at the 
rated value, the torque decreases from the rated value 
to zero, and the time is 1.8 seconds); 5) deceleration 
section (the load is zero, the speed reduces from the 
rated value to zero, ready to reverse the operation, 
and the time is 1.2 seconds); and 6) repetition of the 
process until the end of the test. The time taken for 
each cycle is about 20 seconds and the total number 
of the stress cycles would come to 4.22 × 105.

3.3 Stress measurement

While the test is being conducted, each tooth root 
strain and stress of the rack was under real-time 
detection and monitored. By using the finite ele-
ment analysis, the root stress of the rack is stud-
ied and the root stress distribution of the rack is 
obtained. Besides, the distribution of the strain 
gauge is confirmed according to the position of 
the maximum stress.[5].Three group strain gauges 
are distributed on the sides of each tooth root and 
the distribution is shown in Figures 5 and 6.

Figure 4. Schematic showing the load direction in con-
trol mode.

Figure 5. Diagram showing the paste position of the 
tooth root strain gauges.

Figure 6. Picture showing the paste position of the 
tooth root strain gauges.

Figure 3. Picture showing the testing apparatus of the 
rack for the Three Gorges shiplift.
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4 TEST DATA ANALYSIS

The fatigue life test of the rack lasted for about 
98 days and the value of stress cycle times is deter-
mined to be 4.22 × 105. With the measurement and 
control system of the test device, the torque and 
rotating speed of the input shaft and the output 
shaft and the stress and strain of the tooth root 
and cycle times are monitored and recorded auto-
matically. A set of test data are collected and pre-
served every 0.1 second and calculated according 
to the cycle of 20 seconds; each cycle will have 
200 groups, each group has 84 sets of data, and 
in total 16.8 thousand sets of data. The data files 
are saved in text format; each file saves 300 cycles, 
60 thousand groups of data sets and about 5 mil-
lion sets of data. In order to analyze and process 
the test data quickly, test data processing software 
of the gear-rack for the Three Gorges shiplift is 
developed specially by the Zhengzhou Research 
Institute of Mechanical Engineering, which can 
be applied to the analysis, processing, and graphics 
reappearing of the test data.

For example: the data file 140629.1. TXT (the 
start time of the test is 10:12:40.2 June 29, 2014 
and the end time is 05:37:55.4 June 30, 2014).

4.1 Rotating speed and torque

The design control curve and actual measured 
curve of the speed and torque for the test appara-
tus are shown in Figure 7. The torque of the high-
speed shaft (T1), the torque of the low-speed shaft 
(T2), the speed of the high-speed shaft (n1), and the 
speed of the low-speed shaft (n2) for the driving 
gearbox are shown in Figure 8.

Figure 9 shows the comparison of the torque 
T2 (green) and the torque of the low-speed shaft 

for the loading gearbox T3 (pink) and the compari-
son of the measured curves of n1 and n2 and the 
theoretical curve of n2 in the half  cycle is shown in 
Figure 10.

The following results can be obtained from Fig-
ure 10: 1) the speed n1 is synchronous with n2 in 
three sections. 2) In the acceleration section, the 
theoretical value of n2 is higher than the measured 
value due to the elastic deformation of the trans-
mission system and the maximum velocity dif-
ference is about 0.8 RPM, which occurred in the 
central part of the section. At this moment, the 
speed lags behind about 0.15 seconds. Likewise, 
in the deceleration section, the measured value 
of n2 is higher than the theoretical value and the 

Figure 7. Schematic showing the design control curve 
and actual measured curve of n1 and T1.

Figure 8. Schematic showing curves of T1, T2, n1, and n2 
for the driving gearbox.

Figure 9. Schematic showing the comparison of T2 
(green) and T3 (pink).

Figure 10. Schematic showing the comparison of the 
measured curves of n1 and n2 and the theoretical curve 
of n2.
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maximum velocity difference is about 0.4 RPM, 
which occured at the beginning of the section. 
At this point, the a time lag of 0.125 seconds is 
observed in terms of speed. 3) In all test sections, 
the measured value of n2 is basically the same as the 
theoretical value and the fluctuation is very small.

4.2 Tooth root stress

The time and channel numbers at which the maxi-
mum tooth root stress occurs in two cycles are 
shown in Table 1.

Figure 11 shows stress variations for odd strain 
gauges 1 to 32 in three cycles; the first figure from 
the top shows stress variations for strain gauges 
of  1 to 11, the second figure shows stress vari-
ations for strain gauges 13 to 23, and the third 
figure shows stress variations for strain gauges 25 
to 31.

Figure 12 shows the stress curves of channels 3 
to 8 on the same side of a tooth. In Figure 12, the 
abscissa shows the time measured in seconds, the 
bigger values are obtained by the strain gauges 3, 
5, and 7, and smaller values are obtained by the 
strain gauges 4, 6, and 8. The stress values are 
shown in Table 1.

From Table 1, Figure 11, and Figure 12, the 
following results can be obtained: 1) the stress 
in the tooth root arc direction is about 3.5–4 
times the stress in the tooth width direction. 
2) The stress in the middle of  the rack is greater 
than those at both ends. And the stress difference 
between both ends is small, which indicates that 
the point of  contact of  the gear and rack in the 
tooth width direction meets the requirements, and 
there is no obvious eccentric load. 3) The com-
pressive stress is greater than the tensile stress at 
the tooth root. 4) The tooth analyzed enters the 
meshing state at the 5.5th second, remains in the 
meshing state completely about at the 6th second, 
and completely exits the meshing state at about 
the 7th second. The stress direction will change 

when the adjacent tooth is in the meshing state, 
but the stress value is small.

4.3 Surface wear

After the completion of the fatigue test, the wear 
value of the rack tooth surface is measured. 
The measurement results obtained by using a 
WGT3000 Machine are shown in Figure 13. The 
maximum wear of the meshing tooth surface is less 
than 0.01 mm.

Table 1. Time and channel numbers at which maximum tooth root stress is observed.

Time of occurrence 
of the maximum tooth 
root stress

Channel number of 
tensile stress 
(Value/MPa)

Channel number of 
compressive stress 
(Value/MPa) T2 kNm Note

6th sec (10:12:46.3) 3(40),5(48),7(44) 1(-65) −437 Even stress 4(10), 5(14), 6(11)
7th sec (10:12:47.2) 15(44), 17(47), 19(41) 9(−64), 11(−73), 13(−67) −437.2
8th sec (10:12:48.1) 27(14), 29(19), 31(15) 21(−25), 23(−30), 25(−24) −203.8
13th sec (10:12:53.1) 21(51), 23(56), 25(52) 27(−53), 29(−66), 31(−61) 435.9
14th sec (10:12:54.0) 9(44), 11(52), 13(51) 15(−55), 17(−62), 19(−61) 444
15th sec (10:12:55.0) 1(52) 3(−56), 5(−66), 7(−62)  445.1

Note: 1) Stress of the second cycle is omitted. 2) By contrast, the listed values are basically identical with the results of 
finite element analysis. 3) The yield strength of the rack material is 760 Mpa.

Figure 11. Picture showing stress variations of odd 
strain gauges.

Figure 12. Graph showing stress curves of the strain 
gauges 3 to 8 in a cycle.
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5 CONCLUSIONS

After performing the fatigue life test of 422 thou-
sand cycle times for the Three Gorges shiplift 
rack, based on the test process and analysis of the 
test data, the main conclusions obtained are as 
follows:

1. After the fatigue test is completed, the rack is 
cleaned and checked by ultrasonic flaw detec-
tion and magnetic particle inspection; no 
fatigue pitting or fatigue fracture had occured 
in the rack during the test period.

2. In the case of good lubrication, no significant 
wear can be observed in the hard tooth during 
gear—rack transmission.

3. The compressive stress is greater than the ten-
sile stress at the tooth root. The stress in the 
tooth root arc direction is about 3.5 times more 
than the value in the tooth width direction. The 
stress direction of the tooth which is not in the 
meshing state changes when the adjacent teeth 

approach into the meshing state; what is more, 
the stress is small, about 12% of the stress is felt 
during the meshing process.
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Effects of surface integrity on gear performance

Jinwei Qiao, Zhifei Wu, Tie Wang & Tianxiao Yan
Gear Research Institute, Taiyuan University of Technology, Shanxi, Taiyuan, China

ABSTRACT: Gear surface integrity has a significant influence on the performance and service life of 
the gear. Surface integrity refers to surface roughness, surface topography, surface stress, etc. In this paper, 
emphasis is laid on the influences of surface topography, surface roughness, and residual stress on the 
performance of a gear. Finally, the running experiments of gears machined by vibratory finishing were 
carried out. The results indicated that the gear polished by vibratory finishing could exhibit an improved 
service life and could also reduce the vibration and noise.

2 VIBRATORY FINISHING

2.1 Vibratory finishing processes

Vibratory finishing processes[4] have been used 
since the late 1950s to deburr and finish metal-
lic components across a wide range of industries. 
According to German standard DIN 8580[5], it can 
be defined as a cutting process with geometrically 
undefined cutting edges in which cutting is caused 
by an irregular relative motion between workpieces 
and a bulk of vibrating abrasive media. The proc-
ess involves placing pellets (hereafter referred to 
as media), compound (typically water and other 
chemicals), and workpieces, into an open container 
positioned on several springs that are mechani-
cally coupled to an unbalanced motor. During the 
operation, the unbalanced motor causes the con-
tainer to vibrate and the friction between the con-
tainer walls and its contents (media, compound, 
and workpieces) produces fluid-like, nominally 
steady state media motion. Workpiece deburring 
and surface finish modification occur due to rela-
tive motion and impact between the workpiece and 
media. Process times can vary from several minutes 
to several hours and while the final surface finish 
quality is highly dependent on media and com-
pound selection, submicron surface finish values 
are not uncommon.

2.2 Specimen and measurement of surface 
integrity

The gear material used is alloy steel. A complete 
tooth profile of the gear was cut off  to measure sur-
face integrity parameters of gear tooth surfaces.

The surface topography profile was obtained by 
using an optical microscope; The surface rough-
ness was measured using a TR-200 with a cut-off  

1 INTRODUCTION

As an important part of the transmission system, 
gears have been widely used in mechanical power 
and motion transmission systems. The gear trans-
mission is advancing towards high speed, heavy 
load, low noise, and long life[1]. Common gear 
failure modes include tooth root bending fatigue, 
tooth surface contact fatigue, corrosion, wear etc. 
And these failures happen mostly on the tooth 
flank and root surface[2].

It is well-recognized that the surface integrity of 
machined components has a significant effect on 
their service performance. The concept of surface 
integrity was first introduced by Field and Kahles[3]; 
they defined it as the ‘inherent or enhanced con-
dition of a surface produced by machining proc-
esses or other surface generation operations’. The 
nature of the surface determines the performance 
of the component.

In order to improve the gear bearing capac-
ity, prolong the life and reduce the vibration and 
noise, improve the meshing performance, The 
tooth surfaces must be treated accordingly. Vibra-
tory finishing is a kind of widely applied, highly 
efficient and precise surface finishing technology, 
which is suitable for processing small size tolerance 
and surface requirements of high precision parts. 
It can not only reduce the surface roughness, but 
also can produce residual stress on the surface of 
parts, at the same time, improving the surface state 
of parts.

In this paper, the changes of the surface induced 
by vibratory finishing processes were studied with 
regard to the residual stress, the microstructure, 
and surface roughness. Finally, the experiments 
were conducted to verify the effect of surface 
integrity on the performance of gears.
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length of 0.8 mm. The surface roughness was 
measured at three points on the specimen and an 
average of these was taken as the final roughness 
value; the residual stress on the tooth surface of 
the pitch circle was determined by X-ray diffrac-
tion and the roughness given is the average of these 
five measurements.

2.3 Characterization of surface integrity

2.3.1 Changes of surface topography
According to Fig. 1, the following differences can 
be observed: before carrying out vibratory finish-
ing processes, the surface roughness of the tooth 
surface was higher, the scars were more obvious, 
and the texture was rougher. After vibratory fin-
ishing, a great change was observed on the surface 
of the gear. The texture became more uniform and 
the surface had no obvious scars. And theerfore, the 
quality of the gear surface was greatly improved.

2.3.2 Changes in surface roughness
After completion of the vibratory finishing proc-
esses, the gear surface roughness of the tooth sur-
face declined from 0.355 μm to 0.114 μm. Vibratory 
finishing enabled the tooth surface acquire better 
surface quality.

2.3.3 Changes in surface residual stress
According to the results of the surface residual 
stress test, after the vibratory finishing proc-
esses, the residual stress changed from 714 MPa 
to 849 MPa; the process improves the anti-fatigue 
ability of the gear.

3 EXPERIMENTAL PROCEDURE

3.1 Experimental setup

Both fatigue life and vibration and noise tests were 
conducted by using a closed power flow test bench; 
the speed of the motor is 1200 r/min and the center 
distance of the gearbox is 150 mm. The experimen-
tal system diagram is shown in Fig. 2.

In all tests, gears with the same geometry were 
used in the test gearbox and slave gearbox. To 
load the gears, deadweights were hung on the load 
clutch.

As new pairs of gears were used in each test, the 
gearboxes had to be disassembled and reassembled 
again. Both gear pairs were changed by removing 
the front and back covers of the two gearboxes. The 
reverse procedure was followed to reassemble the 
gears. The same assembly procedure was used for 
all tests.

3.2 Gear geometry and lubricant

The gears used in this study were involute cylindri-
cal spur gears. The main parameters for the gears 
are shown in Table 1. The main difference between 
the gears was the last step in the process.

Both gearboxes were dip lubricated with com-
mercial L-CKC320 lubricant.

3.3 Instruments and sensors

The vibration and noise signals were collected by 
using acceleration sensors and noise sensor, respec-
tively. A commercial data acquisition system DASP 
was used to acquire the vibration and noise signals 
and these signals were sampled at 25.6 kHz. The 
speed and torque sensors were used to monitor 
the changes of the torque and speed. The accelera-
tion sensors were mounted on the input and out-
put shaft bearings. The length of the noise sensor 
was 50 cm at the top of the gearbox. The sensors 

Figure 1. Picture showing changes of the tooth 
morphology.

Figure 2. Schematic of the experimental system dia-
gram; 1#–4# acceleration sensors and 5# noise sensor.

Table 1. Main parameters of gears.

Parameter Gear

Number of teeth 30
Pressure angle 20°
Module 5
Face width 20
Pitch diameter 150
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are shown in Fig. 2. The data were acquired and 
stored in a personal computer for post-processing 
purposes.

3.4 Experimental procedure and data processing

The main aim of these experiments was to obtain 
the fatigue life and vibration and noise signals and 
therefore, the experiments were divided into parts. 
In the first part of the experiments, the compari-
son of fatigue life, the experiments were carried 
out under the condition of dead load, experiments 
were paused until the pitting occurred on the tooth 
surface; And the second part of the experiments 
were to comparison of the vibration and noise, the 
experiments were carried out under the condition 
of step load. The specific experimental conditions 
are shown in Table 2.

The vibration and noise signals were post-
processed using MATLAB to obtain dB(A) and 
RMS. dB(A) can accurately reflect a particular 
frequency response to the human ear. As the sta-
tistical characteristics value, RMS can reflect the 
dynamic information of vibration signals. Because 
the gears are spur gears, radial vibrations were only 
analyzed.

3.5 Results of the experiments

1. Fatigue life improvement: fatigue life com-
parison results are shown in Fig. 4. As shown 
in Fig. 4, the fatigue life of non-vibratory fin-
ishing gears was detected as 8 h and that of 
vibratory finishing gears was 51 h, thus exhib-
iting an improvement of 537.5% in Test 1; the 
fatigue life of non-vibratory finishing gears was 
detected as 11 h and that of vibratory finishing 
gears was 73 h, thus exhibiting an improvement 
of 563.6% in Test 2. In Test 3, the fatigue life 
of non-vibratory finishing gears was detected as 
10 h and that of vibratory finishing gears was 
54 h, thus exhibiting an improvement of 440%.

2. Vibration and noise reduction. The noise data 
processing results were shown in Fig. 5. It can 
be seen from the in Fig. 5. 1) With the increase 
of the test load, the noise of gear transmission 
system was increased; 3) Under the same load 

condition, the noise of vibratory finishing gear 
transmission system was lower than the non-
vibratory finishing treatment.
In order to reduce the influence of random error 

and installation error, and the RMS value given 
was the average of these four acceleration signals. 

Table 2. Step load conditions of experiments.

Torque(N/m) Time(h)

415 10
506 10
605 10
713 10
831 10

Figure 3. Column chart showing the comparison of 
fatigue life.

Figure 4. Graph showing the comparison of Noise.

Figure 5. Graph showing the comparison of vibration.
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The results are shown in Fig. 6. The following 
observations can be made from Figure 6: (1) with 
an increase in the load, there is an increase in the 
corresponding RMS value obtained from the gear 
transmission system and (2) under the same load 
conditions, the RMS value obtained from the 
vibratory finishing-treated gear transmission sys-
tem was not larger than that obtained from the 
non- vibratory finishing-treated gear transmission 
system.

4 RESULT ANALYSIS

Due to vibratory finishing process that occurs by an 
irregular relative motion between workpieces and a 
bulk of vibrating abrasive media, after a period of 
time, parts of the surface are polished, so that the 
tooth surface becomes smooth and tooth surface 
roughness decreases. At the same time, the vibra-
tory finishing process also plays the role of shot 
peening, which leads to an uneven plastic deforma-
tion, metal microstructure transformation, and the 
increase of the residual compressive stress and the 
improvement of the service life.

For spur gears, when the cutting track of the tooth 
surface is parallel to the meshing track, the mutual 
occlusion can be easily caused between the surface 
grooves, which forms an imperfect friction pair. 
After the vibratory finishing treatment, the gear 
tooth surface morphology of the microstructure 
becomes flat, which will help to increase the micro 
contact area of the tooth surface and reduce the 
contact pressure of the tooth surface; because the 
tooth surface of the cutting marks were removed, 
an ideal friction pair was formed; at the same time, 
due to the decrease of tooth surface roughness, an 
increase in the film thickness ratio, oil film bearing 
capacity, and service life, and a decrease in the gear 
tooth surface friction and wear were observed.

The high tooth surface roughness can arouse 
the vibration of the gear’s circumferential direc-
tion; besides, the relative noise level of the gear 
increases with an increase in the roughness of the 
tooth surface. After vibratory finishing treatment, 
the roughness of the tooth surface is reduced and 
therefore, the vibration noise of the gear is reduced 
when compared to the untreated gears.

Due to the existence of shot peening effects that 
make the gear surface partly residual, austenite 
becomes martensite. Because of the phase transi-

tion that occurs due to the volume expansion and 
compressive stress, the surface retained austen-
ite leading to greater compressive stress direction 
changes, thus improving the gear bearing capac-
ity. At the same time, it can eliminate the machin-
ing internal stress, remove the surface oxide skin, 
improve the notch sensitivity of the parts and 
the easy to cause the failure parts residual should 
change the compressive force, the formation and 
expansion of effective in limiting the crack source, 
so as to improve the service life of the gear.

5 CONCLUSIONS

The surface integrity of the gear has a great influ-
ence on its performance. Through the use of the 
vibratory finishing technique, the surface mor-
phology of the tooth surface underwent many 
changes, the surface texture was uniform and 
neat, the surface roughness decreased, the surface 
residual compressive stress increased, and the sur-
face integrity of the gear was improved. Through 
the bench experiment, the service life of the gear 
was prolonged and the vibration and noise were 
reduced after the vibratory finishing treatment.
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Performance of gears with WC/C coating

J. Zhang & B.A. Shaw
Design Unit, Newcastle University, UK

ABSTRACT: In this study the performance of case hardened and WC/C coated helical gears were eval-
uated using a 160mm centre distance back-to-back gear performance test rig simulating wind turbine 
gearbox application. The surface contact life of WC/C coated gear pairs was compared with uncoated 
as-ground gear pairs, and at regular intervals during gear tests, the change of gear tooth profile were 
monitored. It was found that the coating of a gear surface led to much reduced loss of tooth profile as well 
as resulted in a change of failure mode from conventional micropitting and macropitting based fatigue to 
wear dominated failure processes.

2 TEST METHOD

Effects of WC/C coating on gear performance were 
studies by two comparative tests, with test condi-
tions being set to be typical for wind turbine gear-
box applications. The first test served as a baseline 
detecting the performance of un-coated gears in 
as-ground condition. In the second test, coated 
gears were run at the same condition.

Each gear test involved running two pairs of 
test gears with the same surface condition for a 
prolonged period of time at a constant shaft rota-
tion speed of 3000rpm on the pinion, a torque of 
4500Nm on the wheel and a maintained oil inlet 
temperature of 90°C. In the process of a gear test, 
the rig was stopped at every 8 million cycles of 
running to allow inspections to be carried out on 
test gears. In order to build a record of progres-
sion of gear surface degradation such as micropit-
ting or wear with the increase of running cycles, at 
each interval test gears were removed from the test 
rig and re-measured using a Gear Measurement 
Instrument (GMI) to quantify profile loss. This 
routines was only completed until the accumulated 
running cycles reached 48 million.

2.1 Test rig

The rig used to carry out gear testing was a Design 
Unit 160 mm centre distance back-to-back gear 
performance test rig (Figure 1). The rig works on 
a mechanical power recirculation principle with 
two identical gearboxes (“A” and “B”) sitting at 
each end of a long test bed connected with two 
torsionally compliant shaft systems. The torque is 
generated by a hydraulic torque actuator and main-
tained through a computerised close-loop control 
algorithm in the range of between 0 to 6000Nm. 

1 INTRODUCTION

Surface engineering of  gears is becoming 
increasingly important in high power density 
mechanical power transmission applications. 
The growing use of  modern clean steel for gear 
production has resulted in a reduction of  tra-
ditional sub-surface initiated failure in prefer-
ence for surface initiated failures in the form of 
micropitting, macropitting and scuffing (Design 
Unit, 2002). Control of  these failure modes 
requires enhanced surface properties such as the 
application of  coating.

Hard, thin, low processing temperature, low 
friction and high wear resistance are the com-
mon characteristics shared by coatings that have 
been successfully applied to gears. Among all 
coatings tested it was found that Physical Vapour 
Deposition (PVD) coatings are of the most suit-
able ones for case hardened gears such as those 
containing B4C, DLC, CrN, NbCSN and WC/C. 
There is strong evidence to suggest that suitable 
gear coatings are able to eliminate micropitting 
and significantly improve gear surface durabil-
ity (Anderson & Lev, 2003) (Krantz T.L., 2004) 
(Krantz, Cooper, Townsend, & Hansen, 2003) 
(Krzan, Kalin, & Vizintin, 2006) (Moorthy & 
Shaw, 2012) (Design Unit, 2015).

In general, however, there is lack of systematic 
research and mathematical modelling to help the 
understanding about how coating on gear surface 
works. The added complexities regarding gear 
mesh mechanism with a combination of sliding 
and rolling, often under heavy Hertzian stresses 
with the presence of lubricant, make it more so. 
This paper provides more findings about the posi-
tive influence that a WC/C coating has on gear 
performance.
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The rotation speed of test gears is adjustable as the 
rig is powered by an inverter-fed induction motor 
through a pulley. The lubrication oil temperature is 
regulated by the use of electric heaters and water-
cooled heat exchangers. The running of test gears 
started from “zero” torque, followed by a pro-
grammed running-in procedure involving ramp-
ing up rotation speed and torque step-wisely, until 
the steady test condition has been reached with all 
essential test parameters i.e. rotation speed, torque 
and oil temperature being under close control.

2.2 Test gear

Test gear pairs were 6mm module, 28.1° helix, 
44 mm facewidth, with 23 teeth for pinions and 
24 teeth for wheels. Test gear were made of case 
carburising alloy steel 18CrNiMo7-6, case carbu-
rised, direct quenched and tempered to surface 
hardness of 700–750 Hv. The metallurgic quality 
was characterised and deemed to comply with ISO 
6336-5:2003. All gears were form ground using 
a vitreous grinding wheel to achieve an accuracy 
grade 5 according to ISO 1328-1:2013, and a Ra 
flank surface roughness of 0.40–0.50 μm comply-
ing with ISO 4287:1997. Test gears were tip relieved 
and crowned in order to simulate realistic wind 
turbine gearbox applications. There were 4 pairs 
of test gears used for this investigation. 2 pairs in 
as-ground condition were used to generate baseline 
data while another 2 pairs were coated and tested 
comparatively.

2.3 Coating

The PVD coating applied to gear teeth in as-ground 
condition was a WC/C based, thus a mixture of 
metal and diamond-like carbon. The coating was 
designed to provide reduced adhesive wear. Accord-
ing to the coating service provider, the hardness of 
the coating is believed to be 8-12 GPa and the coef-
ficient of friction (dry) vs. steel 0.1–0.2. By section-
ing coated gear teeth the thickness of coating was 

found to be 2-3 μm by light microscopy inspection 
(Figure 2). After the application of coating slight 
drop of surface hardness (less than 50 Hv) was 
found but no significant of change of microstruc-
ture was observed. It can be seen with the aid of a 
focus variation microscope that after coating gear 
tooth flank surfaces were smoothed up (Figure 3).

2.4 Oil and temperature

A mineral based extreme pressure heavy duty 
gear lubricant was used. This oil is intended for 
highly loaded enclosed gears and bearings with a 
40°C/100°C viscosity of 320/25 mm2/s. The inlet 
temperature of the lubrication oil was set and 
maintained as 90°C.

Figure 1. Illustration of a Design Unit 160 mm centre 
distance back-to-back gear performance test rig.

Figure 2. Light microscope image revealing section of 
gear tooth and the coating on top (nital etched). The 
thickness of the coating is 2-3 μm.

Figure 3. Images generated by a 3D focus variation 
optical instrument revealing the surface texture change 
from as ground (a) to WC/C coated (b) gear flank sur-
faces (image size: 4.64 mm × 1.62 mm).
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3 RESULTS AND DISCUSSIONS

The averaged loss of gear profile, quantified at test 
intervals using a GMI, is shown in Figure 4. Each 
value shown in the vertical axis is the averaged loss 
of gear profile at mid facewidth position of every 
tooth of all 4 test gears involved in each test (two 
gearboxes each containing two gears). Loss of pro-
file of coated gears were normalised against base-
line gears in as-ground condition. It was obvious 
that coating gear tooth flank surfaces with WC/C 
has resulted in much reduced loss of tooth profile, 
this trend became more like so especially in the 
range of longer running cycles which exceeded 24 
million cycles.

The flank surfaces of as-ground gears were 
found to degrade continuously with the increase of 
running cycles. Measurable micropitting appeared 
after the first 8 million cycles of running, it is 
believed that micropitting have started earlier and 
found to be progressive, which has caused increased 
loss of gear’s involute profile. Macropitting was 
found appearing at the edge of micropitted area 
once the profile loss has reached a critical level as 
shown in Figure 5.

The flank surface of WC/C coated gears were 
found to be largely intact at the end of gear test-
ing i.e. after 48 million running cycles. A photo 
of typical appearance of a gear tooth surface at 
the end of gear testing is shown in Figure 6. It 
was observed that coated gear flank surfaces have 
been run in fairly quickly, believed to be within 
the first 8 million cycles, and after that coated sur-
faces have remained un-changed for the rest of the 
test. Although it was found that coating has been 
removed especially at the dedendum of a gear but 
this material removal only limited to the thickness 

of the coating itself. Surface fatigue phenomenon 
that would normally appear on the as-ground gear 
tooth surface such as micropitting and macropit-
ting (Figure 5) did not occur at all.

The mechanism of improved gear performance 
as a result of coating both gears with WC/C is 
not understood but believe to be involving a non-
fatigue, however wear-like process. Much more is 
needed to do in order to fully understand the inter-
ference between coated surfaces, coated surface 
and lubricant, as well as the influence of coating 
debris carried by the lubrication oil.

4 CONCLUSIONS

Coating a pair of case hardened gears after grind-
ing with WC/C results in much reduced loss of 
profile that would normally be significant in as-
ground condition due to progressive micropitting 
and macropitting.

Compared with conventional case hardened 
gears in as-ground surface condition, additional 
WC/C coating leads to the change of gear surface 
contact failure mode from fatigue to wear related.

Figure 4. A comparison between as ground gear and 
coated gears regarding loss of gear profile vs. running 
cycles.

Figure 5. Photo showing typical surface degradation of 
an as-ground test gear after its being run for 48 million 
cycles. Gear flank surface is seen to be populated with 
micropitting and macropitting.

Figure 6. Photo showing typical surface condition of a 
WC/C coated test gear after it has been run for 48 million 
cycles at the same test conditions as that for as-ground 
gears. Gear flank surface is seen to have only minor 
wear.
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Analysis of energy dissipation mechanism for gear transmission with 
particle damper under centrifugal field

Wangqiang Xiao, Zhiwei Chen, Tianlong Pan & Yuxiang Huang
School of Aerospace Engineering, Xiamen University, Xiamen, China

ABSTRACT: As a passive damping method, particle damping technology is mainly used in horizontal 
or vertical steady field. However, it is seldom used in the centrifugal field. The particle system under the 
centrifugal loads will show different characteristics, for instance, particles will be extruded at one end 
far away from the center. In this paper, we investigate the gear with drilled via holes filled with damp-
ing particles. We have established an energy dissipation model of particle system by Discrete Element 
Method (DEM). The energy dissipation mechanism and damping characteristics of particle system under 
centrifugal loads in gear transmission are analyzed. The experiments of the gear system for different fill-
ing rate of particle are also conducted. The results show that the filling rate of particles is an important 
parameter of the particle damping in centrifugal field. An improper value of the filling rate would signifi-
cantly reduce the damping effect. The results have important significance for the application of particle 
damping in centrifugal field.

Keywords: Centrifugal field, Gear transmission, Particle damping; Discrete Element Method (DEM), 
Vibration reduction

friction and inelastic collision (Dragomir, Sinnott, 
Semercigil, & Turan, 2012; Lu, Masri, & Lu, 2011; 
Nayeri, Masri, & Caffrey, 2007; Bai, Shah, Keer, 
Wang, & Snurr, 2009). The particle damping pos-
sesses several advantages such as remarkable effect 
of vibration reduction, wide frequency domain of 
application (Lu, Z., Lu X. L., & Yan, W. M. 2013; 
Panossian, H.V. 1992) and good adaptability to 
temperature range (Guyomar. & Badel, 2006; Li. & 
Darby, 2006), etc.

In designing the gear, several holes are often slot 
on the web in order to lose weight. In the proc-
ess of gear meshing, the single teeth meshing and 
double teeth meshing is conducted alternatively. 
The transfer path of vibration is tooth surface → 
lightning hole → axle → bearing → bearing ped-
estal → gearbox. Filling particles to the lightning 
hole can effectively reduce the vibration, since the 
lightning hole is closest to the vibration source and 
it is a vital place of vibration transfer.

The particle damping is mainly applied to the 
horizontal or vertical steady field. However, the 
particle system under the centrifugal loads will 
show different characteristics. For example, parti-
cles will be extruded at one end far away from the 
gear center and the change of load will cause dif-
ferent motivation, etc. To sum up, the energy dis-
sipation mechanism of particles and the movement 
characteristics of particles under centrifugal loads 

1 INTRODUCTION

With the development of gear transmission toward 
high speed and heavy load, the vibration of tooth 
surface becomes more and more severe. It would 
not only shorten the life of the gear, but also cause 
a lot of noise. In gear transmission, the motiva-
tion of time-varying mesh stiffness (Wan, Zi, Cao, 
He, & Wang, 2013; Yu, Shao, & Mechefske, 2015) 
is the crucial factor to cause vibration and noise of 
tooth surface.

Main measures to reduce the vibration and 
noise of gear system can be divided into active 
and passive vibration control. The active vibration 
control is to optimize the parameters of gear such 
as modification of gear tooth. For gear transmis-
sion, the defect is that it is complex to calculate the 
parameters, and it is difficult to meet the require-
ment of high precision, high efficiency, and heavy 
load. Moreover, the active vibration control is 
expensive.

Particle damping (Friend, & Kinra, 2000; 
Papalou, & Masri, 1998; Saluena, Poschel, & 
Esipov, 1999; Shah et al., 2011) is a passive damping 
technique through which a high level of mechani-
cal damping can be achieved. Besides, it is an 
effective and simple measure for vibration reduc-
tion. The particles in the enclosure space dissipate 
the mechanical system energy by interaction of 
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are of an important guiding significance for the 
application of particle damping.

In this paper, the theoretical analysis on the gear 
and particles system was carried out. The numerical 
simulation is combined with gear vibration experi-
ment. Based on discrete element method (Friend, & 
Kinra, 2000; Saeki, 2005; Lu Z, Masri, & Lu, 2011; 
Zhang, Chen, Wang, & Li, 2014), we studied the 
damping mechanism of the inelastic collision and 
friction of particles under centrifugal load. A way 
of calculation on energy dissipation of particle 
damping in centrifugal field is presented. The role 
of centrifugal load in natural frequency and other 
modal parameters of gear system are analyzed. 
The influence of particle filling rate on gear vibra-
tion is revealed.

2 THE DISCRETE ELEMENT MODEL OF 
PARTICLES UNDER CENTRIFUGAL 
LOADS

At present, although the simulation method used 
in particle damping have given many new insight, 
they are essentially phenomenological, and the 
results are difficult to extrapolate beyond their 
respective experimental conditions. Recently, the 
Discrete Element Method (DEM) (Cundall, & 
Strack. 1979; Malone, & Xu, 2008) which can take 
interaction between particles into account, has 
been used to perform studies of particle dampers 
(Hu, Huang, & L, 2008; Lu, Lu, & Masri, 2010; 
Lu, Lu, & Yan, 2013; Saeki, 2005).

The basic principle of Discrete Element Method 
(DEM) can be segmented into three parts. Firstly, 
dividing the research object into small independent 
units; secondly, based on the interaction between 
particles units and Newton’s second law, the stress 
and displacement of all particles units at each time 
can be calculated using dynamic or static relaxation 
iteration method; finally, updating the position of 
all particles units (Xu, Zhu, & Zhang, 2013). By 
tracking and calculating the micro motion of each 
particle unit, the law of macroscopic motion of 
the whole particle system can be presented. The 
basic assumption of discrete element method is 
that velocity and acceleration is constant at any 
time step.

3 CONTROL MODEL OF GEAR IN 
CENTRIFUGAL FIELD

The simplified model in Figure 1 represents a gear 
equipped with particle damper in the lightening 
hole. And a certain number of particles are placed 
in the particle damper. The motion equation of the 
primary system can be expressed by

M X C X K X F M ge eM X C e eK X M x
�� �+ +C XC FF= ∑∑  (1)

where Me, Ce and Ke represent mass, damping, and 
stiffness, respectively; X X, �  and ��X  represent dis-
placement, velocity and acceleration, respectively; 
�xg refers to acceleration of the ground; and ∑F is 
the contact force acting on the gear by particles, 
which is the linkage between particles and primary 
system.

Main parameters of gear transmission system 
are listed in table 1.

Three types of gear model were conducted over 
some rotary velocities from 0 RPM to 1000 RPM. 
Three damper models with different equivalent 
mass are shown in Figure 2.

The mass of dampers are given by

M
M
M

1M
2M
3M

=
=
=

⎧
⎨
⎪⎧⎧
⎨⎨
⎩⎪
⎨⎨
⎩⎩

0
0 031365
0 06273

kg
kg

kg
.
.

 (2)

For each model, the analysis of modal using the 
software ANSYS is carried out. The first order 
natural frequency under different rotational speed 
can be obtained. The first mode of gear model 

Figure 1. Gear model equipped with particles.

Table 1. Main parameters of gear.

Gear Material
Modulus 
m/mm

Number 
of teeth z

Tooth 
width 
b/mm

Driving gear 45cr 4.5 24 20
Driven gear 45cr 4.5 24 20

Figure 2. Different damper model.
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(a) under different rotation speed can be given in 
Figure 3.

Based on the data obtained by finite element 
analysis, for each model, the curves of first order 
natural frequency under different rotational speeds 
were fitted. fni = fni (Ω) for i = 1, 2 and 3, then

fnff
1

3 45 10 5 37 10 2 32
10 7 699

9 3 6 2

4
≈ − 10 +2

× +10 4
. .45 10 510 .

.
5 375 37 10 6×10 65 37 ×10.5

Ω  (3)

fnff
2

3 71 10 5 61 10 2 98
10 7 568

9 3 6 2

4
≈ − 10 +2

× +10 4
. .71 0 5×10 .

.
5 615 61 10 6×10 65 61×10.5

Ω  (4)

fnff
3

3 65 10 5 51 10 2 795
10 7 555

9 3 6 2

4
≈ − 10 +2

× +10 4
. .65 10 510 .

.
5 515 51 10 6×10 65 51×10.5

Ω  (5)

For single-degree-of-freedom mass-spring-
damping system, the equivalent stiffness of gear in 
terms of equivalent mass MeM  is given by

K fe nK nff
i

fnff
i ( )e( )e i fnff ( )M meM iMMn ( me m+MeM 22 ( )M +M m+M 2  (6)

The equation (6) can be written in matrix 
format
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Solving for Me
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 (8)

The numerical values of equivalent mass MeM  of  
model in equation (8) can be calculated at discrete 
values of equation 3, 4 and 5. The result is depicted 
in Figure 4.

For numerical purposes, equation (8) can be 
approximated with a polynomial

MeM ( ) . .
. .

) . Ω
Ω

+Ω ×
+ ×. +

−+ ×
−

7 202 10 7 877 10
6 049 10 1 3396

9 3ΩΩΩ 6 2Ω
5  (9)

In accordance with simulation data, we can 
calculate the damping factor. This is calculated at 
every measured data point j at rotation velocity. 
The damping factor can be written as

C f M me nC fC f e jj jnff MMfnff ⎡⎣⎡⎡ ⎤⎦⎤⎤ζ fff ( )j  (10)

with ζ the critical damping ratio, i = 1,2,3 and 
j = 0, …, N.

According to the discrete point data of equiva-
lent stiffness and equivalent damping, the equiv-
alent stiffness of the system in terms of rotation 
speed is shown in Figure 5, and the damping 

Figure 3. First mode of gear under different rotation speed.

Figure 4. Equivalent mass of model (a).

Figure 5. Equivalent stiffness.
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factor in terms of rotation speed is presented in 
Figure 6.

The polynomial of equivalent stiffness and 
damping factor can be expressed by

KeK Ω
Ω

( )Ω +Ω ×
+ × + (

−+ ×
−

1 8313 10 2 4386 10
2 8989 10 3 1225

8 3ΩΩΩ 5 2Ω
4

. .+Ω8313 10 2
. .Ω× +8989 10 3 KN m))

 (11)

CeC Ω Ω
Ω

( )Ω ≈ − × Ω
− × +Ω ( )

Ω9 239 10 031 0
2 354 10 0 1302

10 3 610 2

5
. .× +Ω239 0 1
. .× +Ω354 0 0 ⋅  

(12)

4 CONTACT FORCE MODEL OF 
PARTICLES

The soft ball model is adopted in this paper. Using this 
model, the contact force during the collision can be 
worked out by the overlap between particles. Accord-
ing to the relationship between force and displace-
ment, the force of particles can be calculated by the 
displacement. The displacement used in this process 
can be figured out according to Newton’s second law.

The equation of particle motion is written as

m F
I M

i i iFF

i iI f-iMM

��

��
δ i

θi

= ∑
= ∑

⎧
⎨
⎧⎧
⎨⎨
⎧⎧⎧⎧

⎩
⎨⎨
⎩⎩
⎨⎨⎨⎨  (13)

where ��δ iδδ  is the acceleration, ��θ iθθ  is the angular accel-
eration and mi is the mass; Ii is the moment of iner-
tia of particle i, ΣFi is the force on the center of 
mass of particle i and ΣMf−i is the force moment on 
the center of mass of particle i.

To get the updating speed �δ iδδ  from every iterative 
time step, the equation (13) is integrated in central 
difference method.

( ) ( ) [ ]
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� �
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]]N Δt
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 (14)

where Δt is the time step and N is the corres-
ponding time.

The equation about displacement δi can be 
obtained by integrating the equation (14).

( ( ) ( )

( ) ( ) ( )

δ δ) ( δ

) (

i N)) +1 i N) i N+1
2

i N)) +1 i N)
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2

+)( N)
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⎩
⎪
⎨⎨

⎩⎩

�

�

Δ

Δ

t

ti

 (15)

Thus, the new displacement value of particle 
can be gained, and the new force value can be cal-
culated according to the relationship between force 
and displacement. In this way, the motion of each 
particle at any time could be traced in the process 
of discrete element method.

Based on Hertz contact theory, the DEM con-
tact model among particles, and between par-
ticle and damper boundary can be simplified as 
Fig. 7.

Considering an elastic parameter k and a 
damping parameter , the normal force of  con-
tact Fn is

F F Fn nFF k nFF c+FnFF k
 (16)

with Fnk the non-linear Hertz elastic force

F
k
knkFF n nkk

n nkk
particle-particle
particle-damper

=
⎧
⎨
⎧⎧

⎩
⎨⎨

δn

δ

3 2

3 2( )nδn2
 (17)

where δn is the overlapped part of two units, kn is 
the normal equivalent stiffness of particles.

k
G

Rnkk =
2

3
2

( )−1
 (18)

Where R is the equivalent contact radius, G  is the 
shear modulus and ν  is the Poisson’s ratio of two 

Figure 6. Equivalent damping factor.

Figure 7. DEM contact model.
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units in contact model. The modulus of elasticity 
can be expressed as E G2( )1 .

The damping force Fnc in the normal direction 
is defined as

FncFF crit nζ δcccrit n
�  (19)

where ζ is the critical damping ratio. In this paper, the 
particles have same radius, so ζ can be written as

ζ
π

ζ
π

ppζζ pp

pdζζ pd

=
−

=
−

⎧

⎨
⎪
⎧⎧
⎪
⎨⎨
⎪⎪

⎩
⎪
⎨⎨

⎪⎩⎩
⎪⎪

5
3

1

5
3

1

e

e
 (20)

where epp is the coefficient of restitution (Friend, & 
Kinra, 2000) for particle-particle contact and epd 
for particle-damper contact. Critical damping ccrit 
is defined as

c mk

c mk
crit n nmkk

crit t tmkk
−

−

⎧
⎨
⎪⎧⎧
⎨⎨
⎩⎪
⎨⎨
⎩⎩

2

2
 (21)

The contact tangential stiffness kt is defined as

k
dF
d

ktkk nkFF
n nkk= =

δ
δ n

3
2

1 2  (22)

The mass factor of two units in contact model 
is given by

m
m m

m m

m
= +

⎧

⎨
⎪
⎧⎧

⎨⎨

⎩
⎪
⎨⎨

⎩⎩

i jm

i jm

i

particle-particle

particle-damper
 (23)

The calculation of tangential force is a complex 
task. The tangential force is related to the relative 
motion of its neighboring units. Also, it is under 
the influence of friction. As a consequence, the 
increment of tangential force has a linear relation 
with tangential displacement increment, which 
expressed as

Δ ΔF kt tF kF k tδ t  (24)

The physical meaning of the equation (24) is 
that tangential stiffness of two particles in touch 
remains constant with each time step. However, 
in the whole computing process, the tangential 
stiffness is a variable quantity. During the contact 
process of particles, the normal stiffness and tan-
gential stiffness are both related to the overlap in 
normal direction

5 DETERMINATION OF MOTIVATION OF 
TIME-VARYING MESHING STIFFNESS 
FOR GEAR SYSTEM

The motivation of gear transmission meshing 
should be determined before simulating the motion 
of particle system. Firstly the kinematics and 
dynamics simulations on gear system are carried out 
using software ADAMS. Then the angular veloc-
ity and angular acceleration of driving and driven 
gear under different load and speed can be obtained. 
Finally the motivation of time-varying meshing is 
imported to the discrete element software PFC3D.

Figure 8 presents the dynamic model of gear 
system. The rotary pair is imposed on driving and 
driven gears. The motion is imposed on driving 
gear, and the load torque is imposed on driven gear 
using a Step Function.

Based on the Hertz contact theory, the contact 
stiffness K can be given as

K R E
4
3

1 2  (25)

with 1 1 1

1 2R R11 R22

= + , where R1 and R2 are the equiva-

lent contact radius.
The equivalent elastic modulus can be expressed 

as

1
1 2E E1 E2

= ( )1 1
2

+ ( )1 2
2)1 (1 22−  (26)

The materials of two gears are identical, and 
the elastic modulus Ε1 = Ε2 = 2.06 GPa and the 
Poisson's ratio v1 = v2= 0.3. The time step length 
of the dynamic model of gear system is set as 

Figure 8. Dynamic model of gear system.
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0.0001s. As the impact exists during every tooth 
meshing, the speed of driven gear shows fluctua-
tion changes.

During gear transmission, the mesh stiffness 
excitation is reflected on the angular acceleration 
of driven gear. If  the driving gear speed is con-
stant, the change of angular acceleration of driven 
gear will show different characteristics while load 
is different. From Figure 9 and Figure 10, there 
is a great difference in the magnitude distribu-
tions of angular acceleration. Under the first-
stage load (3400 N⋅mm), the angular acceleration 
reaches a maximum of 1.1 × 106 deg/sec2. Under 
second-stage load (14000 N⋅mm), the angular 
acceleration reaches a maximum of 2.0 × 106 deg/
sec2. Figure 11 shows the mean square value of 

acceleration under different load. It shows that 
the motivation of gear meshing will greatly change 
under constant rotational speed with different 
load. The mesh stiffness excitation can be obtained 
by the dynamics simulations of gear system in 
ADAMS.

6 CALCULATION OF ENERGY 
CONSUMPTION OF PARTICLES

By the ADAMS model, the speed change of gear 
transmission under different load and rotational 
speed can be gained. On the basis of the dynamic 
results of gear in ADAMS, we can analyze the 
energy dissipation mechanism of particle damper 
with different filling rate in the lightening hole 
using PFC3D.

6.1 Determination of the time step

One of the key issues of discrete element simula-
tion is to determine the Rayleigh time step. The 
Rayleigh time step is the maximum value simulat-
ing the quasi static particles. During the time step, 
the coordination number (the total contact number 
for each particle) of each particle keeps greater 
than 1. The Rayleigh time step is given by

T R
GRTT ⎛

⎝
⎛⎛⎛⎛
⎝⎝
⎛⎛⎛⎛ ⎞

⎠
⎞⎞⎞⎞
⎠⎠
⎞⎞⎞⎞ + −πRR ρ ν

1
2

11631 0( .0 . )8766  (27)

where R is the radius of particle, ρ is density of 
particle material.

6.2 Calculation of energy consumption

We input the periodic speed variations of driven 
gear into discrete element model, then the impact 
caused by time-varying meshing stiffness can be 
simulated. In this paper, during three tooth mesh-
ing periods, the total energy loss and number of 
collision for particle system with different filling 
rate are recorded by discrete element method.

The material of particle is stainless steel, the 
density ρ is 7800 kg/m3, the diameter d is 3 mm, 
Poisson's ratio v is 0.3, and the shear modulus G 
is 79 MPa. The specific parameters of particle-
particle contacts and particle-damper contacts are 
listed in table 2.

In order to acquire the effect of the particle fill-
ing rate on energy dissipation, the filling rates of 
particle should be calculated by the volume of hole 
and particle. The drawings of four types of filling 
rate are shown in Figure 12

According to the parameters in table 3, the total 
energy loss of particles in gear transmission can 

Figure 9. Angular acceleration of driven gear under 
first-stage load (500 RPM).

Figure 10. Angular acceleration of driven gear under 
second-stage load (500 RPM).

Figure 11. Mean square value of acceleration under 
different load (700 RPM).
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be calculated by the discrete element method. The 
energy loss results are clearly shown in Figure 13 
with different filling rates, when the driven gear is 
under second-stage load and the rotational speed 
of driving gear is 700 RPM.

6.3 Analysis of energy loss

Total energy loss of gear transmission during 
three-teeth meshing is calculated using discrete ele-
ment method. The total energy loss in terms of the 
rotational speed, filling rate are presented under 
two types of load in Figure 14.

The particle system dissipates energy mainly 
through the interaction of friction and inelastic 

Table 2. Parameters of particle contact.

Particle- 
particle 
contacts

Particle- 
damper 
contacts

Coefficient of restitution e 0.7 0.7
Damping ratio ζ 0.015 0.015
Friction coefficient μ 0.2 0.2

Figure 12. Different filling rates.

Table 3. Parameters of DEM.

 Parameters of gear system Ω = 700 RPM

Equivalent stiffness Ke Ke ( ) . . . . ( /KNKK) Ω1 8313 10 2 4386 10 2 8989 10 3 12258 3Ω 5 2Ω 4 mm) 8.831
Equivalent damping Ce C me ( ) ( /N s9 239 10 0 130210 3 61 031 10 2 52 3 4 10 )) 0.3022
Equivalent mass Me Me ( ) . . . . ( )KgKK) Ω7 7202 10 7 877 10 6 049 10 1 33969 3Ω 6 2Ω 5 2.5706

Figure 13. Total energy loss with different filling rate.

collision. The third-stage load (36000 N⋅mm) 
example shows the collision numbers of particles 
in Table 4.

From Table 4, when load and filling rate are 
constant, the number of collisions of particles 
decreases with the increase of rotational speed. It 
is observed in Figure 14 that when load and filling 
rate are constant, the higher the rotational speed, 
the larger the energy loss. There are two reasons.

On one hand, when rotational speed is higher, 
the impact of single tooth and double teeth mesh-
ing is greater and the collisions of particles are 
more frequent. So the total energy loss is actu-
ally more than that of low rotational speed. On 
the other hand, the centrifugal force on particles 
increase with the increase of rotational speed, 
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which will result in the increase of the normal force 
and friction force at the contact interface among 
particles and between particle and damper wall.

Figure 14 give a preview of that the total energy 
loss increases with the increase of load, when rota-
tional speed and filling rate are constant. That is 
because when the load becomes bigger, the impact 
of gear meshing is greater and the movement of 
particles in lightening hole is more intense. It will 
lead to the increase of total energy loss.

It can also be obtained in Figure 14 that when 
load and rotational speed are constant, the total 
energy loss first increases and then decreases with 
the filling rate increasing. When the filling rate is 
less than 50%, the effect of vibration reduction of 
particle damping is undesirable. It can be concluded 
that the optimal filling rate is about 70% under the 
first-stage load, and is about 75% under the second-
stage, and about 85% under the third-stage load. The 

results can provide guidelines for the application of 
particle damping to centrifugal field.

7 EXPERIMENTAL VERIFICATION

Experimental device are composed of a GCL-
100 A gear bedstead from Kecheng wireless sen-
sor from BenetechCo., a signal collecting device, 
analysis software from COINV Co., and the exper-
imental gear. The experimental system diagram is 
demonstrated in Figure 15.

A representation of the installation for gear 
transmission system is shown in Figure 16. 
A method of mechanical energy closure flow is 
adopted in the gear bed stand, which can save 
much energy in repeated test.

The spur gear is adopted in experiment as shown 
in Figure 17. The material of gear is 45 Cr. The 

Figure 14. The total energy loss under first-stage load 
and third-stage load.

Table 4. Number of particle collisions under third-
stage load.

Filling 
rate

RPM
30% 50% 70% 90%

 700 9833 16400 21792 27051
 900 8717 14805 19216 24083
1100 7575 12724 17039 20772

Figure 15. Experimental system diagram.

Figure 16. Installation of gear transmission system.

Figure 17. Gear with different particle filling rate.
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modulus mg of gear is 4.5 mm, the tooth number 
Z is 24, the pressure angle α is 20° and the tooth 
width b is 20 mm. Eight via holes of Φ = 15 are 
drilled on the gear. Four threaded holes of Φ = 4.5 
are drilled on both sides of the gear. After filling 
damping particles, screws to fix baffle ring on both 
sides of gear, thus ensure that particles in centrifu-
gal field will not leak.

The gears with different particle filling rate are 
presented in Figure 17. The material of particles is 
stainless steel. The diameter of particle is 3 mm. 
For each experiment, the number of particle in the 
damper hole must be identical to keep the dynamic 
balance of gear transmission.

Due to the resonance in rev. stop phase, the 
gear bed stand will create unstable dynamic signal. 
The experiment data is recorded, after 20 seconds, 
when the speed and load reached to the steady 
data. Each test is conducted five times, taking the 
average value of five times as the test results. Data 
measured in experiment is the vibration velocity in 
three directions. The damping effect is

D
E E

E
iE

= 0EE

0EE
 (28)

where E0 is the total kinetic energy of original 
structure, Ei is the total kinetic energy of system 
with particles. E0 and Ei can be given by

E M v0EE 21
2 t tMM v 0  (29)

E M vi tE MM ti
1
2

2  (30)

With Mt is the mass of test system, thus the 
damping effect could be written as

D
v v

v
= ti t0

t0

2 2v
2

 (31)

Figure 18 shows the total energy loss contrast 
of the simulation and test datasets under second-

stage load using double coordinate system, with 
simulation value of total energy loss on left axis 
and test value of damping effect on the other. The 
rotation speed of driving gear is 300 RPM, 700 
RPM and 1100 RPM. When the load is constant, 
with the rise of the rotation speed, the motivation 
and vibration of gear system will become severe. 
Figure.18 presents that the damping effect will 
become better with the rotation speed increas-
ing. The damping effect is not very good at low 
rotation speed. The greater the rotation speed, the 
higher the total energy loss.

From Figure 18, the simulation and experimen-
tal results show that under second-stage load, the 
damping effect is not very good when the filling 
rate is less than 50%. If  the filling rate reaches 
about 70–80%, the damping effect will begin fall-
ing. Under second-stage load, according to test 
data in Figure 23, it can be summarized that the 
optimal filling rate is about 60% when the rotation 
speed at 300 RPM, about 75% when the rotation 
speed at 700 RPM, and about 80% when the rota-
tion speed at 1100 RPM.

It is also observed in Figure 18 that the trend of 
simulation and test data are similar. As the filling 
rate increasing, the total energy loss and damping 
effect first increase and then decrease. As a result, 
the theoretical model established in this paper can 
be used to analyze the influence of particle filling 
rate on damping effect, which will provide theory 
basis for the applications of vibration reduction of 
particle damping in centrifugal field.

8 CONCLUSION

Based on discrete element method, a way of cal-
culation on energy dissipation of particle damping 
in centrifugal field is presented. The influence of 
particle filling rate on gear vibration is revealed. 
When load and rotational speed are constant, the 
total energy loss first increases and then decreases 
with the filling rate increasing. When load and 
filling rate are constant, the higher the rotational 
speed, the larger the energy loss. The total energy 
loss increases with the increase of load, when rota-
tional speed and filling rate are constant.

Experiments have proved that particle damping 
under centrifugal loads can effectively reduce the 
vibration in gear transmission. The filling rate of 
particles is an important parameter of the particle 
damping in centrifugal field. An improper value of 
the filling rate would reduce the total energy loss 
and the damping effect for gear transmission. For 
different rotation speed and load, we should choose 
the optimal particle filling rate to effectively reduce 
the vibration of gear primary system. The results 
will provide theory basis for the applications of 

Figure 18. The contrast of the simulation and test 
dataset under second-stage load.
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particle damping for gear transmission in centrifu-
gal field.
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ABSTRACT: A simulation software is being developed to estimate the power loss in poly-v belt trans-
missions. The theoretical models have been implemented considering different types of power losses tak-
ing place in a Front Engine Accessory Drive (FEAD). Even though power losses in a FEAD come from 
different phenomena, the analyses in this paper are focused on the elastomeric belt hysteresis due to 
dynamic bending. Experimental tests are performed in order to determine the intrinsic loss modulus of 
the belt elastomeric constituent causing the loss of energy. This study is conducted to determine a power 
loss map of the system considering different transmission designs. With the power losses changing with 
the varying FEAD geometry the present effort highlights the geometrical parameters of the poly-V belt 
transmission of importance with regard to the power losses.

transmission were done by Gerbert 1999. However, 
only flat and V belts were considered. Further-
more, constant elastomeric properties (storage and 
loss modulus) were used even though polymeric 
materials are known to exhibit complex time and 
temperature dependent hysteretic properties. Sev-
eral authors (Chen et al. 1998, Greenberg et al. 
1995) studied the global efficiency of belt trans-
mission and therefore the global power loss. In the 
case of poly-V belts, some experimental studies 
were carried out on the analysis of the pulley-belt 
slip (Manin et al. 2009) and on the pulley-belt fric-
tion coefficient identification (Cepon et al. 2010). 
Recently, the speed losses in poly-V belt drives 
with two equal-sized pulleys have been studied by 

1 INTRODUCTION

Poly-V belts are nowadays widely used in the auto-
motive industry and are considered to be an essen-
tial part of the power transmission of vehicles.

In most cases, on the front engine of vehicles, 
power is delivered with a single poly-V (serpentine) 
belt from the crankshaft to the individual acces-
sories such as the compressor, the alternator, the 
water pump, etc.

The system including all the individual acces-
sories is commonly called Front Engine Accessory 
Drive (FEAD), see Figure 1.

In order to properly transmit power, poly-V belts 
are generally made of reinforced elastomer; more 
precisely, unidirectional reinforcing tension mem-
bers are inserted to bear the tension in the longi-
tudinal direction. The elastomeric matrix provides 
good compliance to bend easily when running on 
and off  the pulleys and a high friction surface of 
contact which interacts directly with the pulleys.

Nowadays, new environmental regulations push 
truck and car manufacturers to reduce the power 
losses of their engines. Thus, the presented work 
aims at participating in this challenge by develop-
ing a method for predicting power losses in poly-V 
belt FEAD and ultimately providing guideline to 
minimize it. Little is reported on the topic in the 
literature, with much more that can be found on 
the belt dynamics, noise, vibration and durability. 
Most of the works related to power losses in belt 

Figure 1. Example of a FEAD.
(source: www.renault-trucks.com).
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(Balta et al. 2015). The present paper focuses on 
the power loss related to the dissipation of the belt 
submitted to dynamic bending, following up the 
model developed by Manin et al. 2014.

2 POWER LOSSES IN BELT 
TRANSMISSIONS

Similarly to other power transmissions, the energy 
lost by a functioning FEAD has several origins: 
hysteresis of the belt elastomer, belt-pulley slip or 
losses from the mechanical components of the sys-
tem in general (bearings, tensioner).

The present paper focuses on the hysteresis belt 
bending phenomenon. Indeed energy is dissipated 
when the belt runs on and off  the pulleys due to 
the hysteretic behavior of its constitutive elas-
tomer. Ultimately, an associated goal is to analyze 
the impact of changing a FEAD design parameter 
(belt-pulley wrap angle) on the power loss.

In power transmission (FEADs) when the belt 
is loaded in different modes (e.g. bending: belt 
running on and off  the pulleys) power is lost by 
hysteresis. This is because the constitutive elasto-
meric material exhibits a viscoelastic yet dispersive 
behavior, which loses energy as heat when the load 
is applied then removed, Figure 2.

According to Meyers & Chawla (1999) the 
amount of energy lost is equal to �σ εσσ d  or using 
some trigonometric relations from the triangles in 
blue, Figure 2, the energy lost can be quantified 
by:

Wh aWW = ′′π E′ εa
2  (1)

Where E” is the loss modulus and εa a given 
strain value for which the power loss by hysteresis 
is intended. It is worth noting that εa is imposed by 
the design of the FEAD.

In this paper, bending is the only deformation 
mode under consideration and results from the 
belt running on pulleys, Figure 3.

Thus, the strain value εa in equation 1 can be 
calculated from the beam bending theory:

εa
x
R

=  (2)

Where 1/R is the “curvature” and x the through-
thickness distance from neutral axis of the belt, 
where the axial strain equals zero.

For flat belts made of homogeneous isotropic 
material, the tension in a belt takes place as 
described in Figure 3 (left). Nevertheless, for the 
case of the serpentine belts of interest and depicted 
in Figure 4, the neutral axis coincides with the cord 
layer.

Moreover, the maximum strain value, leading to 
the maximum energy loss by bending hysteresis of 
the belt elastomer is:

εpoly V
bending

=
( )+

R
+

 (3)

Where Hb and Hc are the belt thickness (Fig. 4) of 
the middle and rib layer respectively, and R is the 
pulley pitch radius.

Equation 1 suggests that the elastomer loss mod-
ulus ′′E  has to be evaluated on top of the strain 
value. It is worth mentioning that the loss modulus 
usually depends on the strain amplitude, the angu-
lar frequency and the temperature (Eq. 4).

′′ ( )(E′′ = f  (4)

Figure 2. Typical Strain-Stress hysteretic behavior of a 
viscoelastic material.

Figure 3. Bending theoretical aspect when a belt is run-
ning on pulleys.

Figure 4. Serpentine belt cross section: location of the 
neutral axis and key geometric parameters.
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Thus, the loss modulus of the constitutive 
materials and the strain resulting from the system 
geometry, are used to determine energy losses due 
to belt bending hysteresis following the equation 
derived here after (Eq. 5):

W E(T, ) .B dx + B

E B dx

hbWW a2 eq
0

H
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a

t

b
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 (5)

Where Whb represents the energy loss per belt 
unit length. The integral terms in equation 5 must 
be calculated over the whole FEAD path, since 
each accessory drive, due to its unique radius, 
imposes a different strain value.

Note that in the equation 5, it was assumed that 
the loss modulus ′′E  depends heavily and exclu-
sively on the temperature (T) and the angular fre-
quency ( )ω π . Indeed the loss modulus( )′′ )′′  
of  the elastomeric belt does not change much 
within the realistic range of strain (εa) experienced 
by the belt, so its variation will be neglected in the 
following. In addition, concerning the ribs layer (Hc 
thickness in Figure 4), the equivalent belt width Beq 
is also considered when calculating power losses, 
it is because of the lack of material between the 
ribs. Since empty areas do not contribute to the 
energy loss (Whb). Once the energy loss has been 
calculated, the power loss can also be determined 
according to the following equation:

P W VhbPP hbWW .  (6)

Where Phb is the bending hysteresis power loss 
and V the belt linear velocity.

3 CASE STUDY

The FEAD under consideration is a simple 3 pulleys 
system as depicted in Figure 5. Pulley 1 is assimilated 
to the driving pulley and the two others are accessory 
driven pulleys: alternator, compressor, etc.

At rest, the tension interacting in a belt strand 
and so-called installation tension, is constant and 
equal to To in every belt span of the FEAD, see 
Figure 5.

Once the FEAD is put to work, a new set of 
tensions takes place with tension decreasing from 
F1 to F3, corresponding to the tightest and slackest 
strands respectively.

According to some medium truck duty cycles, 
a truck engine operates at idling and ambient 

Figure 5. Installation tension (To) of the initial system 
at rest.

Figure 6. FEAD without Idler pulley in operation 
(config.1).

temperature most of the time, so that the following 
FEAD working conditions are considered:

An idler is added to the initial system, as shown 
in figure 7, in order to evaluate the effect of the 
FEAD design on the power loss performance. 
Compared to the initial configuration, the same 
setting tension To is considered.

Note, that there are several interests of intro-
ducing an idler pulley: vibration and noise reduc-
tion in critical belt spans, prevent collision with 
the surrounding parts, increase of wrap angles 
and therefore decrease of setting tension. Here, we 
focus only on the consequences in terms of bend-
ing hysteresis power loss.

Considering the new design, new values of arcs 
of contact (from Fig 6 to 7), different from the ones 
of the initial design, are obtained, as illustrated in 
Figure 8 where the driven pulley in the two con-
figurations is presented.

For each pulley the arc of contact (φi) is an 
important FEAD parameter to guarantee the 
power transmission. It is directly related to the 
transmission layout. The geometric and operating 
parameters considered are detailed in Table 2.

Table 1. FEAD work conditions.

Work temperature (T) 20°C

Engine speed (ω) 600 rpm Driver (pulley 1)
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4 BELT ELASTOMER LOSS MODULUS

As mentioned above, the elastomer viscoelastic 
behavior has to be determined to calculate power 
losses in a FEAD. Thus, Dynamic Mechanical 
Analysis (DMA) tests are performed on the belt 
elastomer for temperatures and frequencies con-
sistent with the engine operation point: the temper-
ature equals to 20°C and the frequency depends on 
the layout (table 3) and the engine speed (table 1).

When the belt is winding accessory drives, bend-
ing frequencies Ωb i_  (table 3) of a belt small ele-
ment can be calculated as follows:

Ω
φb i

i iφφ
V

R_ =
•

 (7)

Where V is the belt linear velocity and φi iφφ R•  the 
arc of contact of the pulley “i”, where bending 
takes place when the system is running.

The belt material must be tested in DMA follow-
ing the values of temperature and frequencies from 
table 3. Experimental data of the serpentine belt 
material (rubber EPDM-PET) show that the top 
layer material (Ht thickness, Fig. 4) differ from the 
bottom layer comprising the middle and ribs layer 
(Hb and Hc thickness, Fig. 4). Then, the power dis-
sipation also differs in these layers.

Since DMA experiments cannot be performed 
for testing frequency greater than 20 Hz, thermo-
simplicity principle will be used to extract material 
parameters coinciding with the FEADs working 
conditions.

The temperature and strain are fixed at 20°C 
and 0.5%, respectively. The strain is a mean and 
constant value, see assumption made in section 2, 
representing what happens in a real FEAD when 
the engine is running. The applied methodology 
to obtain data from DMA is depicted in Figure 9 
and 10. The loss modulus was measured for tem-
perature ranging from 0 to 50° C, and frequencies, 
equal to 0.2, 2 and 20 Hz.

Thus, the time-temperature equivalence prin-
ciple (Meyer et al. 1999) was used to predict the 
viscoelastic behavior of the material at Tref = 
20°C over a broad range of frequencies by shift-
ing (a a a a and aT Ta Ta TC C C CT C0TT C T 3TC 0 C TT 5TTC 0T T °

aTa TCT TTCTT ) the data 
obtained for other temperatures (0, 10, 30, 40 and 
50°C). Thus, the master curves for each material 
were obtained (Fig.10). Finally, empirical equa-

Figure 7. FEAD with idler pulley in operation 
(config. 2).

Figure 8. Zoom in the arc of contact (φ) from third pul-
ley. (A) Config. 1 (B) Config. 2.

Table 2. FEAD geometric and operating parameters.

Pulley
Diameter 
[mm]

Torque [N.m]

Configuration 1 Configuration 2

1 (Driver) 200 83.34 83.34
2 (Driven) 120 50 50
3 (Driven) 120 50 50
4 (Driven) 70 0

Table 3. Accessory drive operation frequencies.

Config. 1 [Hz] Config. 2 [Hz]

Pulley 1 23.4 18.2
Pulley 2 58.1 58.1
Pulley 3 58.1 37.9
Idler Pulley 104

Figure 9. Data from DMA test in a Poly-V belt rib layer.
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tions describing the elastomer loss modulus as a 
function of the bending frequency were obtained.

From the belt top Ht layer material (Fig.4):

′′ = ( )E′H b= ( it
2 78 1• ( ) +b• ( i 75

0 1073
.)b( i 1) +b( i_

.
 (8)

From the middle Hb and ribs Hc layer material 
(Fig.4):

′′ = ( )E′H or H b ib bor H 4 56 3• ( ) +b i 89
0 1214

. .( )b i56 3( ) +b i_

.
 (9)

The aforementioned fits are combined with 
equation 5 to predict the power loss of the FEADs 
coming from bending of the elastomeric belt.

5 RESULTS & DISCUSSION

In the case of configuration 1, if  the engine runs 
at idle (table 1) with a driving torque of 83.3 N.m 
according to the first configuration, the power 
generated equals 5236 Watts. In details, 79.7 Watts 
(1.5% of the total amount) is lost by bending hys-
teresis of the belt elastomer. The power loss map 
displayed in Figure 11, depicts the amount of 
energy loss by hysteresis bending in the different 
pulleys: 14% (11.4 Watts) of the total amount of 
power losses is lost in the first pulley and 43% (34.1 
Watts) are lost in the second and third pulleys.

The table 4 provides an overview of the power 
losses in the FEAD without and with the idler 
pulley.

In the case of configuration 2 where the driv-
ing torque equals 83.3 N.m as well, 5236 watts of 
power are generated. However, 183.3 watts (3.5%) 
are lost by bending hysteresis of the belt elastomer, 
almost two times greater than the bending hyster-
esis energy lost in the first configuration.

Also, similar to the latter case, now 6% (or 11.2 
watts) of the total amount of power losses (183.3 
watts) is lost in the region of the first pulley and 

Figure 10. Loss modulus master curve and associated fit.

Figure 11. FEAD (config. 1) with its bending power 
loss map.

Table 4. Summary of power losses by bending 
hysteresis.

Available engine power (600 rpm): 5236 W

Total amount of power losses: Config. 1 Config. 2

79.7 W 183.3 W

Lost amount 
in Watts

% of the total 
amount of power 
losses

Config. 1 Config. 2 Config. 1 Config. 2

Pulley 1 11.4 11.2 14 6
Pulley 2 34.1 34.1 43 19
Pulley 3 34.1 33.0 43 18
Idler pulley 105 57

19% (34.1 watts), 18% (33 watts) and 57% (105 
watts) are also lost in the region of the second, 
third and fourth pulleys, respectively.

The following provides an overview of the 
power losses in the FEAD with an idler pulley 
introduced.

From FEAD designs 1 and 2 it can be noted that:

• Power losses by bending hysteresis
 on pulley 2 do not change;
 on pulleys 1 and 3 do not change much.

• Bending hysteresis losses increased by a 2 factor 
when the design is changed, and an idle added.

However, adding an idler pulley usually decreases 
the setting tension and therefore increases the 
system durability. Hence, a compromise has to be 
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found between minimizing power losses and maxi-
mizing the belt life.

6 CONCLUSIONS

The power losses due to the belt bending hysteresis 
have been investigated in this paper. The research 
was done in the frame of the belt Front Engine 
Accessory Drive used in trucks. The belt elastom-
ers intrinsic properties was accounted for. More 
precisely, the belt elastomer loss modulus was 
determined by DMA experiments. The depend-
ency on frequency has been highlighted and imple-
mented in our modeling.

The developed theory has been applied to a case 
study where two different belt transmission con-
figurations were analyzed in terms of power losses 
resulting from dynamic bending of the belt. The 
FEADs under consideration are made of 3 and 4 
pulleys respectively, the extra pulley corresponding 
to an idler. Due to this design change, wrap angles 
are increased, and therefore, more power can be 
transmitted. However, supplementary belt bend-
ing is added to the system, and consequently more 
power is lost by hysteresis.

Increasing the capacity of power transmission 
in FEADs requires the increase of the wrap angles 
which can be achieved by adding an idler pulley to 
the system. In the example of this paper, the influ-
ence of doing this in terms of power loss is that in 
the region of the second pulley, Figures 11 and 12, 
the power loss remains constant, since bending is not 
added when the idler pulley is introduced. However, 
in the region of the pulleys affected by the change 

(3th and 4th pulleys) losses do not change much, 
but the major difference is an increase in power 
losses due to a new pulley. The smaller the diameter 
of the added pulley, the larger the power loss.

In the case of poly-V belt (power) transmissions 
a compromise needs to be made: indeed increasing 
the belt wrap angles (by adding new idlers pulley), 
suggests that the installation tension ( )ToT  can be 
decreased to transmit the same power or maintained 
to transmit a higher power. The chosen scenario will 
affect the amount of energy lost. Ultimately, the 
present paper provides insights in terms of prevail-
ing parameters with respect to power losses.

NOMENCLATURE

To Installation tension
Fi Force in a belt strand “i”
Ti Driving or resisting torque on shaft “i”
E” Loss modulus
Hb Belt middle layer thickness
Ht Belt top layer thickness
Hc Belt rib layer thickness
B Belt width
Beq Equivalent belt width in the rib layer
Bd Rib equivalent width
ω Accessory drive angular velocity
εa Belt strain
α Belt wedge angle
n Number of ribs
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Efficiency modeling and analysis for the nutation drive with double 
circular arc spiral bevel gears
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ABSTRACT: Efficiency is one of the most important characteristics of a gear transmission system. 
This paper focuses on the efficiency modeling and analysis for the nutation drive with double circular arc 
spiral bevel gears. The transmission efficiency formula of the nutation drive system is deduced according 
to the planetary gear drive with small tooth number difference. Then, a meshing efficiency model of the 
double circular arc spiral bevel gear is established for the nutation drive system. Further, dynamic and rel-
ative sliding velocity analyses are carried out for the double circular arc spiral bevel gear pair. The meshing 
efficiency formula of double circular arc spiral bevel gear is set up by considering the tooth profile normal 
force, relative sliding velocity and sliding friction coefficient. Finally, the efficiency analysis influenced by 
the nutation angle, gear spiral angle, cone distance and friction coefficient between the meshing gear pairs 
are discussed.

and analyze the performance of the nutation gear 
transmission system.

2 TRANSMISSION EFFICIENCY FOR THE 
NUTATION DRIVE SYSTEM

The nutation drive system is shown in Fig. 1, can 
be converted into an equivalent planetary gear 
drive with small tooth number difference when the 
nutation angle ϕ is reduced to zero degree.

The transmission ratio of the nutation drive sys-
tem can be given as

1 INTRODUCTION

As an important form of mechanical transmis-
sion, gear transmission is widely used in various 
industrial fields. The calculation and analysis of 
gear meshing efficiency are of great importance 
and have attracted intensive attentions from the 
academic society.

Yao et al. (2005) proposed a method for calcu-
lating the meshing efficiency in gear transmission. 
Yuan et al. (2012) set up a computing model of 
friction power loss for a spiral bevel gear by con-
sidering the relative sliding velocity, normal load 
and friction coefficient. They analyzed the fric-
tion power loss by taking the spiral bevel gear of 
a helicopter tail reducer as a research object. Peng 
et al. (2013) analyzed the transmission efficiency of 
a spiral bevel gear transmission by using the prin-
ciple of the planetary gear drive with small tooth 
number difference, and deduced the transmission 
efficiency formula according to the converting 
mechanism method. Zhao et al. (2009) proposed 
a calculating formula of meshing efficiency for an 
internal gear pair.

According to the above literatures, the calcu-
lation methods of gear transmission efficiency 
mainly include the converting mechanism method, 
the transmission ratio method and the coincidence 
degree of freedom method. However, there is no 
efficiency analysis of double circular arc spiral 
bevel gear for the nutation drive. Therefore, this 
paper aims to propose a meshing efficiency model 

Figure 1. The schematic diagram of nutation drive sys-
tem and planetary gear drive with small tooth number 
difference.
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where zi (i = 1,…,4) is the tooth number of gear i 
(i = 1,…,4); ωH represents the angular velocity of 
the carrier; ω4 represents the angular velocity of 
gear 4.

The output power of the gear 4 can be obtained 
as

P M4 4P MP 4ω4  (2)

where M4 represents the output torque.
In the converting mechanism, the output power 

can be given as the follow

P MH
H4 4P MP 4M4M ( )H( 4 H4 −4  (3)

The output power between the nutation gear 
train and its converting planetary mechanism can 
be given as

P
P

M
M

i
H

H
Hi

4PP

4PP
4 4M

4 4M 41= = −1( )H4 H4 −
ω4  

(4)

When 0 <iH4 <1 or iH4 <0, the transmission 
efficiency of the converting mechanism can be 
given as

ηHηη f

H
f

Pf

P PH
f

= −1
4PP

 (5)

Where Pf represents the friction power loss, and 
can be given as

P
P

fPP
H H

H
H

H

H
= =4 4PP 4M4M)HH ( )H( )44 ( )H−1

ηHH
HH − 4

HH

ηHH
 (6)

The transmission efficiency of the planetary 
gear train can be given as

η ω
Hη f

f f

Pf

P Pf

M
M Pf

4
4PP

4 4ωM
ω

1= −1 =
−

−M ωωω
 (7)

By combining Eqs. (2), (6) with (7), ηH4 can be 
obtained as

η η
Hη

Hηη

H
HiH

4
41 i

=
HiH 4 ( )η( H 1HηHηη

.  (8)

Similarly, when iH4 >1, the transmission efficiency 
of the planetary gear train can be obtained as

η
ηHη

Hηη H
Hi4

4

1
=

+ i ( )ηHηη11
.  (9)

3 MESHING EFFICIENCY ANALYSIS 
FOR DOUBLE CIRCULAR ARC SPIRAL 
BEVEL GEAR

3.1 Load analysis for double circular arc spiral 
bevel gear

The load diagram of spiral bevel gear is shown in 
Fig. 2.

In Fig. 2, Ft represents the tangential force; Fx 
represents the axial force; Fτ represents the radial 
force; Fn represents the resultant force; β represents 
the spiral angle; αn represents the pressure angle; μ 
represents the sliding friction coefficient; δ1 repre-
sents the pitch cone angle of gear 1; ω1 represents 
the angular velocity of gear 1.

Ft, Fx, Fτ can be further expressed as

F
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F
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F
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 (10)

where T represents the torque; dm represents the 
pitch circle diameter.

The plus or minus can be obtained in Table 1.

3.2 Relative sliding velocity analysis for double 
circular arc spiral bevel gear

In order to obtain the relative sliding velocity 
between the gears pair, internal double circular arc 

Figure 2. The load diagram of spiral bevel gear.
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spiral bevel gears were unfolded into cylindrical 
gears pair in Fig. 3.

In Fig. 3, K represents the meshing point; P 
represents the pitch point; N1N2 represents the 
theoretic meshing line; O1 and O2 represent the 
center of gear 1 and gear 2 respectively; rv1 and rv2 
denote the reference radius of gear 1 and gear 2 
respectively.

For the virtual gears, the reference radius of 
gear 1 and gear 2 can be expressed as

r
R

r
R

vrr

vrr

1
1

2

2
2

2

=

=

⎧
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⎪
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β

 (11)

where R represents the cone distance; δ2 represents 
the pitch cone angle of gear 2.

The virtual number of teeth can be expressed as

z
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For the spiral bevel gears pair, the reference 
radius of gear 1 and gear 2 can be expressed as

r R
r R
1 1r Rr
2 2r Rr{ sin

sin
δ1
δ2

 (13)

Assuming that ω1 and ω2 represent the input 
and output angular velocities of spiral bevel gears 
pair respectively; ωv1 and ωv2 represent the input 
and output angular velocities of cylindrical gears 
pair respectively. And we can get

ω γ ω ω δ
ω γ ω ω δ

v vωω
v vωω

r Rω
r Rω

1γ vγγ 1 1ωω 1 1δδRωω
2γ vγγ 2 2ωω 2 2δδRω
= ωωω
= ωωω{ sin

sin  (14)

By combining Eqs. (11) with (14), the input and 
output angular velocities of cylindrical gears pair 
can be represented as

ω ω δ β
ω ω δ β

vωω
vωω
1 1ωω 1δδ
2 2ω 2δδ{ cosδδδ

cosδδδ  (15)

Fig. 4 demonstrates the relative sliding velocity 
analysis of the meshing point.

As shown in Fig. 4, α1 and α2 represent the pres-
sure angle in meshing point of gear 1 and gear 2 
respectively; v1 and v2 represent the resultant veloc-
ities in meshing point of gear 1 and gear 2 respec-
tively; vt1 and vt2 represent the tangential velocities 
in meshing point of gear 1 and gear 2 respectively; 
va1 and va2 represent the normal velocities in mesh-
ing point of gear 1 and gear 2 respectively.

Table 1. The judgment method of load direction.

T rotation direction Fx Fτ

clockwise right-handed + –
left-handed – +

anticlockwise right-handed – +
left-handed + –

Figure 3. The virtual gear diagram of double circular 
arc spiral bevel gear.

Figure 4. The relative sliding velocity analysis of the 
meshing point.
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Gears pair meshing efficiency generally can be 
expressed as the ratio between the output power 
and the input power. Thus, the meshing efficiency 
can be obtained as the follow

′ = − =η′′ μ1
N
N

N
NinNN

outN

inNN
 (21)

where Nμ represents the relative sliding friction 
power loss; Nin represents the input power; Nout 
represents the output power. And there is

N v
N FV
F F F F

n tv
inNN t tFFVV

n tFF x tFF FF n
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By combining Eqs. (17), (21) with (22), the 
meshing efficiency of double circular arc spiral 
bevel gear can be obtained as

′ = − −η′′
μ β

α
μ1 1− =μ 11

2

N
N

v
vinNN nα

t

tcos
 (23)

3.3 The influence factors of the transmission 
efficiency

As shown in Eqs. (8) and (9), the transmission 
efficiency ηH4 decreases with the increment of 
the transmission ratio iH4. In the following part, 
the influence of  design parameters such as the 
nutation angle ϕ, spiral angle β, cone distance 
R and friction coefficient μ on the transmis-
sion efficiency of  nutation drive system will be 
analyzed. For simplicity, iH4 is set to 78 and 105 
respectively.

3.3.1 The influence of nutation angle
Assuming that the spiral angle β=25°, pressure 

angle αn = 24°, friction coefficient μ=0.01, cone dis-
tance R1 = 60 mm and R2 = 50 mm. The transmis-
sion efficiency is plotted as the follow.

From Fig. 6, the transmission efficiency ηH4 
decreases with the increment of the nutation angle. 

Figure 5. Position analysis of the meshing point.
Figure 6. Relationship between transmission efficiency 
and nutation angle.

One can get the following relationship
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For the virtual gears, the tangential velocities of 
gear 1 and gear 2 can be expressed as

v v r
v v r

t v v

t v

1vv 1v 1 1 1

2vv 2v 2 2
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And the relative sliding velocity can be expressed 
as

vt t t| |v vvtv −v 2tvtv  (18)

Fig. 5 demonstrates the position analysis of the 
meshing point.

As shown in Fig. 5, Oa and Of represent the 
geometry centers of convex arc and concave arc; 
ρa and ρf represent the radii of convex arc and con-
cave arc; xa and xf represent the offsets of convex 
arc and concave arc.

One can get the following relationship
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By combining Eqs. (15), (16), (18) with (19), the 
tangential velocities of gear 1 and gear 2 can be 
expressed as
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Thus, a smaller nutation angle should be chosen in 
order to improve the transmission efficiency.

3.3.2 The influence of spiral angle
Assuming that the nutation angle ϕ=5°, pressure 

angle αn = 24°, friction coefficient μ = 0.01, cone 
distance R1 = 60 mm and R2 = 50 mm. The trans-
mission efficiency is plotted as the follow.

From Fig. 7, the transmission efficiency ηH4 
decreases with the increment of the spiral angle. 
Thus, a smaller spiral angle should be chosen in 
order to improve the transmission efficiency.

3.3.3 The influence of cone distance
Assuming that the nutation angle ϕ=5°, spiral 

angle β=25°, pressure angle αn = 24°, and friction 
coefficient μ=0.01. The transmission efficiency is 
plotted as the follow.

From Fig. 8, cone distance has almost no influ-
ence on transmission efficiency.

3.3.4 The influence of friction coefficient
Assuming that the nutation angle ϕ=5°, spiral 
angle β=25°, pressure angle αn = 24°, cone distance 
R1 = 60 mm and R2 = 50 mm. The transmission 
efficiency is plotted as the follow.

From Fig. 9, the transmission efficiency ηH4 
decreases with the increment of the friction coef-
ficient. Thus, in order to improve the transmis-
sion efficiency, the friction coefficient should be 
reduced.

According to the above analysis, friction coef-
ficient has the biggest influence on transmission 

efficiency. Thus, the quality and lubrication of 
tooth surface should be improved to reduce the 
relative sliding friction coefficient and improve the 
transmission efficiency.

3.4 Example

This paper take the nutation gear reducer as an 
example, and the design parameters as shown in 
Table 2.

Assuming that μ=0.01, the first pair bevel gear 
pair meshing efficiency can be obtained as

′ = =η′′
μ β

α
1 1− −

μ β 0 99891

2cos
.

nα
t

t

v
v

 (24)

And the second pair bevel gear pair meshing 
efficiency can be obtained as

′′ = =η′′
μ β

α
1 1− −

μ β 0 99873

4cos
.

nα
t

t

v
v

 (25)

The transmission efficiency of the converting 
mechanism can be obtained as

η η ηHηη ′ ′ηη ηη ′ = 0 9976.  (26)

The transmission efficiency of nutation drive 
system can be obtained as

η η
Hη

Hηη

H
HiH

4
41 i

0 8015=
HiH 4

=
( )ηH 1HηHηη

.  (27)

Figure 7. Relationship between transmission efficiency 
and spiral angle.

Figure 8. Relationship between transmission efficiency 
and cone distance.

Figure 9. Relationship between transmission efficiency 
and friction coefficient.

Table 2. The design parameters of nutation gear 
reducer.

ϕ 5° z3 26 ρa 1.3 mn

β 25° z4 28 xa 0.0163 mn

αn 24° mn 2.5 mm ρf 1.41 mn

z1 30 R1 60 mm xf 0.0285 mn

z2 32 R2 50 mm iH4 105
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4 CONCLUSIONS

This paper derives the formula of transmission effi-
ciency and meshing efficiency of double circular 
arc spiral bevel gear in nutation drive. Load analy-
sis and relative sliding velocity analysis are carried 
out for the double circular arc spiral bevel gear pair. 
It can be concluded that a smaller nutation angle, 
a smaller spiral angle, and a smaller friction coeffi-
cient help to improve the transmission efficiency.
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A new calculation method of meshing efficiency for spur gear based on 
EHL model

Jian-fei Yang, Feng-xia Lu, Qin-wei Zhang & Wei-ping Liu
Nanjing University of Aeronautics and Astronautics, Nanjing, China

ABSTRACT: In order to meet the demands of high power density aviation transmission, more accurate 
meshing efficiency for the gear is of great importance. Time-varying friction coefficient along the mesh-
ing line is achieved considering the micro features of tooth surface and lubricant characteristics based on 
the EHL model. According to the meshing performance for spur gear, tooth surface load distribution is 
derived. Combining with the time-varying tooth load and friction coefficient, a new calculation method 
of meshing efficiency for spur gear is proposed which establishes the integral model of the input and 
output power during a meshing period. The new method is validated by comparing with two National 
Standard and experimental data in literature. The obtained results show that the new meshing efficiency 
calculation method is in good agreement with the experimental data, and the forecasting accuracy is sig-
nificantly higher than two National Standards.

Keywords: elastohydrodynamic lubrication, friction coefficient, tooth surface load distribution, meshing 
efficiency

a new calculation model of meshing efficiency for 
spur gear is proposed considering the time-varying 
friction coefficient and time-varying tooth load 
distribution. The gear meshing efficiency could be 
obtained by integral of the input and output power 
along the line of meshing period, and the simula-
tion results also illustrate the validity of modeling 
by comparing with National Standards and experi-
mental data.

2 MESHING POWER LOSS MODEL FOR 
SPUR GEAR

The gear end-face for external meshing pairs is 
shown in figure 1. N1N2 is theoretic meshing line, 
B1B2 is the actual meshing line, the axis e along the 
meshing line direction is established, the pitch point 
P is the origin of the coordinate. Ra1 and Ra2 are 
radius of addendum circle. Rw1 and Rw2 are radius 
of pitch circle. Rb1 and Rb2 are radius of based cir-
cle. ω1 and ω2 are angular velocity of gear 1, 2. αw 
is the actual meshing angle. × is the arbitrary point 
in the approach region, y is the arbitrary point in 
the recess region.

Meshing power loss includes the sliding power 
loss and rolling power loss. Because the rolling 
power loss has a small portion in gear meshing 
power loss, it is often ignored. A meshing period is 
divided into B2C2, C2P, PC1 and C1B1 as Fig.2.

1 INTRODUCTION

As an important transmission form, gear drive is 
widely used in automotive, aerospace and ship, 
etc. The meshing efficiency calculation for gears 
is widely concerned by domestic and foreign 
scholars. Buckingham (Earle Buckingham 1949), 
Merrit (Merritt H.E., 1946), Niemann and Winter 
(Niemann G., and Winter H., 1989) introduced 
several friction power loss model for gears based 
on the assumption that the friction coefficient 
remained constant along the meshing line. ISO 
standards and National standards are originated 
from the above formulas. Xu (Xu 2007) discussed 
several friction coefficient formulas obtained by 
experiments, in which the friction coefficient varied 
along the meshing line. Chen Xinbo (Chen X 2013) 
established a spur gear dynamic efficiency model 
which assumed the total normal load is constant 
Fn = 2M1/(d1cosαw), and the empirical formula of 
gear friction coefficient put forward by Benedict 
and Kelley is adopted. Based on EHL theory, Xu 
(Xu 2005) proposed an accurate gear EHL (elasto 
hydrodynamic lubrication) friction coefficient 
computational approach which incorporates the 
tooth surface microscopic features, lubricating oil 
character of non-newtonian fluid.

However, few literatures in the past research 
considered the normal load varies along the mesh-
ing line under constant input torque. Therefore, 
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2.1 EHL friction coefficient model

The friction coefficient model based on EHL is 
proposed by Xu as follows:

μ = ( )e P( ) SR v v Rf ((
hPPb b

e
b b b2bb 3bb
6b 7bb 8bb

0  (1)

Where v0 is the lubricant dynamic viscosity; ve 
is entrainment velocity; R is the curvature radius; 
S  is RMS values of surface roughness; SR is slide 
to roll ratio given by the following equation:

SR
v

v
s

r

=
2  (2)

Where vs and vr are the relative sliding velocity 
and rolling velocity of meshing point respectively. 
Ph is the maximum Hertz pressure obtained by the 
following equation

P
WE

RhPP =
2πRR

 (3)

Where W is the unit normal load of the gear tooth; 
E is the equivalent elastic modulus of two contact 

tooth surfaces. The formula of f(SR,Ph,v0,S) could 
be calculated by the following formula:

f
b e b e

h
SR P SPP

lb b SR Pb SR PP
l

b 1hhb SR PP og 0

5 9b eb bb
( )SR P vhPP v,PhPP SSS bbbb ( )v0v

+ +b e SR PhPP ogb eb 10− ( )v0v0  
(4)

The values of b1, b2,…, b9 are given in Table 1.

2.2 Time-varying load distribution model

The contact ratio of gear pairs is greater than 1. It 
leads to the single tooth and double teeth alternat-
ing meshing during a meshing period, supposing 
that input moment M1 is shared equally by two con-
tact teeth involved in double teeth meshing area.

The load of mesh point x in approach region 
and point y in recess region are shown in figure 2 
and figure 3. Friction angle ρ is equal to actan μ. 
Normal load Fn acts on the meshing line. Thus, the 
resultant force Fx and Fy at contact point x and y 
are the vector sum of normal load and friction. It 
should be noted that Fn is time-varying determined 
by Fx and friction angle ρ.

The stress of gear 1 was analyzed, in approach 
region, input torque M1 is assumed by the sin-
gle gear tooth under the single tooth meshing. 
Therefore the following formulas are deduced:

h
R

F h M

F
M

R

xh bR

x xFF

bR

= ( )R eb w xe+R w

+
=h

⎧
⎨
⎪
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⎨⎨
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⇒
=

+

b

2

1MMxh =h

1MM 2

1

1

RbRbbR
μ22

μ22

x1FF

cos ρ
b

F F M
Rbb

( )RbR 1bR tatt nαw xe+

=cos ρF
μμ( )t αtab w xR e+t αtan wR

⎧

⎨
⎪
⎧⎧
⎪
⎨⎨
⎪⎪

⎩
⎪
⎨⎨

⎪⎩⎩
⎪⎪

nxFF 1 1FFFF 1MM
μμ b

 

(5)

Where Fx1, Fnx1 are resultant force, normal load in 
single tooth meshing area respectively, hx is arm of 
force of gear 1 as shown in Fig.3.

In double teeth meshing area, the input torque M1 
is shared equally by the two teeth, the following for-
mulas are derived:

Figure 1. External meshing gear pairs schematic.

Figure 2. Single and double teeth alternating meshing.

Table 1. Parameters in EHL 
model.

Parameter Value

b1 −8.9164
b2 1.0330
b3 1.0360
b4 −0.3540
b5 2.8120
b6 −0.1006
b7 0.7527
b8 −0.3909
b9 0.6203
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h
R

F h M

F
M

R

xh bR

x xF hF

xFF
bR

= ( )R eb w xe+R w

+

=h

⎧

⎨
⎪
⎧⎧
⎪
⎨⎨
⎪⎪

⎩
⎪
⎨⎨

⎪⎩⎩
⎪⎪

⇒
=

+
−

b

2

1MM

2
1MM 2

1

1

2
1

2

RbRbbR
μ22

μ22

μμμ

F M
RnFF

bR
1MM

μ2

( )R eαb wαα x( )
=

μμμ( )αR eb w xe1b t +αR wt( )

⎧

⎨
⎪
⎧⎧

⎪
⎨⎨
⎪⎪

⎩
⎪
⎨⎨

⎪⎩⎩
⎪⎪

x2

 (6)

Where Fx2, Fnx2 are resultant force, normal load 
in double tooth meshing area respectively.

Similarly, in the recess region, the reluctant force 
and normal load are obtained in the single tooth 
meshing area as:
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Where hy is arm of force of gear 1 as shown in Fig.4.

The reluctant force and normal load are obtained 
in the double teeth meshing area as:
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2.3 Derivation of gear meshing efficiency formula

As shown in Figure 1, coordinate system is estab-
lished along the meshing line. In the approach 
region, input power Wx1 is obtained as:
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Where Tx1 is driven moment of gear 1exerted by 
Fnx and μFnx.

In the approach region, output power Wx2 is 
obtained as:
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Figure 4. Load distribution of gear 1 in recess region.

Figure 3. Load distribution of gear 1 in approach 
region.
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Where Tx2 is driven moment of gear 2 exerted by 
reaction of Fnx and μFnx.

In the recess region, input power Wy1 is derived as:
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In the recess region, output power Wy2 is derived as:
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(12)

Finally, the calculation formula of meshing effi-
ciency for spur gear is obtained as:

η = xW Wx

W W
y

x yWW
2 2WyWW

1WyWW
 (13)

3 COMPARISON AND VALIDATION 
ANALYSIS

According to the deduced formulas above, numeri-
cal simulations are carried out with MATLAB. To 
demonstrate the validation of new method pro-
posed in this paper, the simulation object is chosen 
from Xu (Xu 2005).

3.1 Example parameters

The parameters of simulation example based 
on time-varying tooth load, National standard 
1 (GB/Z 22559.1–2008) and National standard 
2 (GB/Z 22559.2–2008) are the same as follow.

3.2 Simulation results and comparative analysis

Due to the limited test conditions, this paper uses 
the experimental data in literature of Xu (Xu 2005). 
In order to compare with the experimental data, 
the bearing power consumption under the load 
condition should be added in the simulation results 
of time-varying tooth model, National standard 1 
and National standard 2. The calculation formula 
of single bearing power loss is as follows:

P W dB BPP B B ×W d −0 5 10 3ωWB B BWW dW dB BWW d  (14)

Where PB is bearing power losses, μB is the fric-
tion coefficient for the bearing (μB = 0.0011), WB 
is the bearing load, dB is the bearing bore diam-
eter (dB = 30 mm), ωb is the rotational speed of 
bearings.

Finally, the mechanical efficiency of gear pair 
ηm can be defined as

ηm= n P P++ ×
P

B DP PP P×+

DPP
( )11 η1 ηη1 η1  (15)

Where n is bearings amount, PD is input power, 
η is the meshing efficiency of gear pair which is 
calculated by formula (13).

The result comparison of the example simula-
tion, experimental data, National standard 1 and 
National standard 2 are shown in figure 5.

It should be noted that National standard 1 is 
only applicable for a narrow range of working con-
ditions. It could not be calculated above 5000r/min 
for the gear parameters in the paper, so there is 
only part of numerical value about National stand-
ard 1 in figure. a, figure. b and figure. c. Similar-
ity, there is no numerical value about National 

Table 2. Calculation parameters of meshing efficiency.

Parameter Value

Module (mm) 3.95
Pressure angle (°) 25
Gear ratio 1
Number of teeth 23
Diameter of pitch circle (mm) 90.86
Diameter of base circle (mm) 82.34
Diameter of addendum circle (mm) 100.34
Diameter of dedendum circle (mm) 81.3
Crest width (mm) 6.435
Tooth width (mm) 26.7/19.5/14.2
Center distance (mm) 91.5
Surface roughness (μm) 0.32
Equivalent elastic modulus (pa) 2.276 × 1011

Lubricating oil viscosity (pa⋅s) 0.0347
Lubricant density (g/cm3) 0.82
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Figure 5. Comparative analysis of experiment data, the simulation data, National standard 1 and National standard 2.
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standard 1 in figure. d, figure. e and figure. f, 
because the corresponding speed is 6000r/min.

Under constant speed of 6000 r/min, National 
standard 2 shows that gear meshing efficiency grad-
ually reduced with the torque augmenting, whereas 
a contrary trend is observed from the data of time-
varying tooth load model. The two conclusions are 
completely opposite. The reason is that the friction 
coefficient of National standard 2 will increase 
with the torque augmenting under the condition of 
constant rational speed, and growth rate of friction 
power loss is greater than that of input power, so 
the meshing efficiency decreases in National stand-
ard 2. However, in time-varying tooth load model, 
the EHL friction coefficient will decreases with the 
load augmenting under normal conditions, further-
more the meshing efficiency will increase.

It is apparent that meshing efficiency based on the 
new method is in good agreement with the experi-
mental data, and the forecasting accuracy is obvi-
ously higher than two kinds of National Standard.

4 CONCLUSION

In this paper, a new method for calculating the 
meshing efficiency of spur gears is derived con-
sidering EHL friction coefficient and time-varying 
tooth load distribution. Moreover comparative 
analysis has been researched among experiment 
data, simulation data of new method and National 
standards. Analytical results indicate that the time 

varying load model based on EHL is more accurate 
for the prediction of efficiency.
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Calculation of the behavior of oil churning and its loss in a gear box 
by a moving particle method—the first result of both calculation and 
experiment
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Tokyo Institute of Technology, Japan
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JNC Corporation, Japan
IGSSE, Tokyo Institute of Technology, Japan

ABSTRACT: Oil churning in gear system results in a major loss in the form of heat that cannot be 
utilized. Hence, it is essential to analyze the oil movement, but it is relatively difficult to assess the dynam-
ics of oil. In this study, we conduct an experiment to understand the role of numerical analysis in produc-
ing qualitative and quantitative solutions for this problem. The experiment includes a simple transparent 
gearbox, in which a pair of parallel axis gears are installed and operated at the designated oil level to 
realize the oil bath lubrication. A television camera is used to observe the dynamic movement of the oil. 
The oil churning loss is obtained from the measured loss in torque at the output shaft by subtracting 
other auxiliary losses due to friction at the bearings and tooth-tooth meshing. A commercial simulation 
package of the Moving Particle Semi-implicit (MPS) method is used for the numerical calculation, where 
the oil is regarded as an assembly of identical small spheres. The results are compared across various 
conditions with respect to the oil viscosities and oil levels by considering the immersed depth of the gear 
wheel. The results indicate that the loss values are essentially in good agreement, but the tendency of 
loss against speed or viscosity shows some differences. There is agreement between the experimental and 
simulation results, as observed in the visual dynamic behavior. However, this is insufficient, as the objec-
tive involves utilizing the calculation as a design tool. Nevertheless, the results indicate the potential of the 
MPS method for the qualitative and quantitative assessment of oil churning in gear systems.

assuming the liquid surface of the oil [1]. However, 
the applicable empirical formula was reported only 
for cases with particular specifications [3].

The devised particle method has recently been 
utilized in various fields [7,8], as it can handle 
events such as significant changes in liquid surface 
levels [4,5,6]. Previous studies are seen calculating 
the churning torque loss of the oil bath operation 
for a single gear by using the particle method simu-
lation. These studies compared the simulation to 
experimental results under only a few conditions 
[9]. Consequently, there is room for exploring the 
usefulness of the loss estimation.

In this study, the usefulness of the particle 
method analysis for calculating losses due to lubri-
cating oil churning of the gear system via an oil 
bath lubrication method was investigated and a 
condition with low losses was assessed. The par-
ticle method analysis was evaluated by comparing 
the state of the churning torque loss and the appar-
ent liquidity for a single stage parallel shaft gearing 

1 INTRODUCTION

In the design stages of motor vehicle development, 
it is important to estimate and take account of 
the losses due to gearing. Loss due to churning of 
lubricating oil is one of the main sources of losses 
in a gearbox when operated from low to medium 
speed. Additionally, windage loss becomes signifi-
cant when the gears are operated at high speeds [1]. 
Gears can be lubricated by several lubrication 
methods including grease lubrication, oil bath 
lubrication, and jet lubrication. Oil bath lubrication 
is generally used in gear systems of automobiles 
operating at driving speeds [2].

Oil churning in a gearbox is a complex process. 
Hence, several experimental studies for estimat-
ing churning loss have been performed. However, 
very few analytical studies have been conducted [3]. 
Studies have estimated oil agitation loss in the oil 
bath lubrication method for a gearbox. An estima-
tion equation was reported under the condition 
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system. The lubricating oil viscosity, lubricating oil 
volume, and driving speed were set as parameters 
and the reproducibility of the trend of changes for 
the oil churning loss with respect to changes in the 
parameters was assessed.

2 SIMULATION

2.1 Simulation conditions

Fig. 1 shows the schematic of the gear system, and 
Table 1 shows the gear data. An oil level of “0” indi-
cates the tooth top contact oil level at stationary 
state. The axial clearance between the gear and the 
wall of gearbox was set as 15 mm. The rotation of 
the left gear (Fig. 1) in the clockwise direction indi-
cates a “positive rotation”. The target speed of the 
rotation was achieved accelerating linearly in 0.5 s. 
The target speed was held for 2 s. The target speeds 
were set at 500 rpm, 1000 rpm, and 2000 rpm. 
The radius of the lubrication oil was modeled 
2 mm. The gear and gearbox were treated as a 
polygon wall. The density of the oil was 890 kg/m3. 
Table 2 shows the combination of the simulation 
parameters. The calculation time interval was set 

as 0.2 ms. In the simulation, the contribution of 
surface tension was not considered. The stationary 
churning torque was calculated as a mean torque 
from 1.0 s to 1.5 s. Particle movement was also dis-
played on video as distribution of particles.

2.2 Simulation results

Fig. 2 shows the change in torque with respect to 
time at 1000 rpm, h = 40, and at a kinematic viscos-
ity of 100 cSt. A small variation was observed in 
the torque until 1 s. After this, the torque became 
stable and nearly stationary.

Fig. 3 shows the distribution of particles at 1.5 s 
from the front and side views of the gearbox where 
the velocity value is colored. The position and 
speed of the particles were approximately sym-
metrical in the views from the front and the sides. 
Hence, the flow symmetry is considered reasonable 
since the model is symmetrical in terms of the front 
and side views.

Fig. 4 shows the velocity vectors of the particles 
in the mid plane with thickness of 1 mm. Particles 
close to the teeth of the gear rotated along the tan-
gential direction of the gear. Particles that hit the 
wall of both sides were divided into flows toward 
the upper and lower directions.

Table 1. Gear data.

Gear 1 (spur)

Helix angle   0
Rack shift coefficient   0
Number of teeth  30
Pressure angle (normal)  20°
Module (normal)   4
Face width [mm]  20
Working pitch circle diameter [mm] 120
Addendum circle diameter [mm] 128

Table 2. Combination of simulation parameters.

Gear Speed n
[rpm]

Oil level
h [mm]

Kinematic 
viscosity ν [cSt]

Gear 1 ±500, ±1000, ±2000 20, 40 30, 100, 300

Figure 1. Schematic of the gear system.

Figure 2. Churning torque at 1000 rpm, viscosity of 
100 cSt and h = 40.

Figure 3. Appearance of particles at 1000 rpm, ν = 100, 
and h = 40.
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Be seen that are divided into streams to be 
pushed back to the lower.

3 EXPERIMENT

3.1 Gear system

Fig. 5 shows an overall view of the experimental 
apparatus used in this study, and Fig. 6 depicts 
a cross-sectional view of the gearbox with gear 
specifications set to those shown in Table 1. The 
material used was S45C (0.45% carbon steel). The 
servomotor functioned as a drive source via a 
torque meter that was connected to the gearbox. 
Additionally, the end of the driven shaft was free. 
A non-contact seal having an inner diameter (ϕ31) 
with a labyrinth shape was used for preventing the 
leakage of lubricating oil from the gearbox, given 
the influence on the torque negligible. The holding 
cap nut from the shaft end fixed the cantilevered 
gear shaft. Torque, rotational speed, and lubri-
cating oil temperature were measured and the oil 
movement was observed with video recorder.

3.2 Lubrication oil

Three types of lubricating oil with ISO viscosi-
ties grade of VG8, VG90, and VG32 were used. 
Table 3 shows the various properties of the lubri-
cating oil. The relationship between kinematic vis-
cosity v and the temperature T was approximated 
by the Walther–ASTM formula shown in Equation 
(1) below, where c and c’ are constants present in 
each lubricating oil:

log log( . ) log( . )ν + = + +0 7 273 15c c T′  (1)

Fig. 7 shows the relationship between kin-
ematic viscosity v and temperature T as given by 
the Walther–ASTM formula of the lubricating oil 
used in the experiment. The kinematic viscosity 
during the actual operation was estimated based on 
this relationship. Every lubricating oil had mixed 
defoamers. As a result, foam was hardly observed 

Figure 4. Velocity vector of particles in the specified 
area at 1000 rpm, viscosity of 100 cSt, and h = 40.

Table 3. Properties of lubricating oil.

VG8 VG32 VG90

Density [kg/m3] 860 864 870
Kinematic viscosity

(40°C) ν [cSt]
 8.24  31.6  90.1

Kinematic viscosity 
(100°C) ν [cSt]

 2.29   5.38  10.8

Figure 6. Cross-section of the gearbox.

Figure 5. General view of the test rig.

Figure 7. Relationship between kinematic viscosity v 
and temperature T as given by the Walther–ASTM for-
mula with varying oil viscosities. Three different ISO vis-
cosities of VG8, VG90, and VG32 were used.
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in the experiment and the increase in volume due 
to the foam was not detected.

In the gear system, the mechanical losses con-
sisted of bearing losses, gear meshing losses, and 
churning losses. The loss without lubrication oil 
was measured at first and subtracted from the loss 
with the lubrication oil to estimate the churning 
loss. Fig. 8 shows an example of the torque with the 
lubrication versus time and temperature. Although 

the measurement at high speed gave stationary 
state. The results after 800 s was regarded as steady 
results.

4 DISCUSSION—COMPARISON OF 
SIMULATION AND EXPERIMENT

The experimental and simulated results were com-
pared. Fig. 9 shows the relationship between the 
churning loss torque T and viscosity v for a positive 
rotation. Fig. 10 depicts the relationship between the 
churning loss torque T and viscosity v for a negative 
rotation. The solid and dashed lines were deter-
mined by the logarithmic approximation curve.

In the experimental results for 500 rpm and 
1000 rpm, churning torque losses showed a loga-
rithmic increase with respect to viscosity. This was 
similar to the simulation results. A comparison of 
the absolute values of the loss indicated that the 
values of the experimental results were thrice those 
of the simulation results at the maximum value. 
Conversely, the experimental results at 2000 rpm 
showed a very different trend since they did not 
indicate a logarithmic change, thereby deviating 

Figure 8. Variation in the experimental torque and 
temperature for oil (VG32, h = 40) at (a) 500 rpm, 
(b) 1000 rpm, and (c) 2000 rpm.

Figure 9. Relationship between churning torque and 
viscosity at a positive rotation: (a) h = 20, (b) h = 40.
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considerably from the approximation curve. Addi-
tionally, the experimental results at 2000 rpm 
showed generally smaller losses at 300 cSt than at 
30 cSt. On the other hand, the simulation results 
showed a monotonically increasing trend. With 
respect to the absolute value of the loss, the experi-
mental results at a high viscosity were significantly 
lower than the simulation results.

The appearances of the oil in experiment and 
in simulation results, as seen from the front view 
for different viscosities, are compared in Figs. 11 
and 12 for positive rotation. In Fig. 11, the oil 
level h observed in the front view is almost equal 
for the experiment and the simulation. In contrast, 
in Fig. 12 for higher viscosity, the oil level in the 
experiment was higher by Δh' when compared to 
that for the simulation. In contrast to this, amount 
of flying oil seems smaller in the experiment than 
in the simulation. This accounts for not consid-
ering the effect of wind in the simulation. In the 
experiment, wind was generated in the circumfer-
ential and radial directions when the gear churned 
air. The occurrence of wind appeared to push 
away the oil around the gear so that the oil is not 
attached to the gear surface. Furthermore, strong 

Figure 11. Experimental and simulated appearance of 
oil (VG32, ≈ 70 cSt) or particles (100 cSt) at h = 20.

Figure 10. Relationship between churning torque and 
viscosity at a negative rotation: (a) h = 20, (b) h = 40.

Figure 12. Experimental and simulated appearance of 
oil (VG90, ≈ 200 cSt) or particles (300 cSt) at h = 20.

wind occurred at high operating speeds. As the 
result the oil level under high viscosity condition 
became apparently invariable. On the contrary, 
high viscosity oil hardly dropped once it attached 
to the wall surface. Therefore, if  there was no wind 
inside the gear box, oil attachment became larger 
as the increase in speed. Consequently, the differ-
ence in the oil level, denoted by Δh’, was observed 
in the high-viscosity condition in Fig. 12 and it 
increased with the increase in operating speed. Fur-
thermore, the reductions in the attachment area of 
the oil reduces churning torque loss. Hence, the 
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churning torque loss was small at a high viscosity 
of the oil in the high-speed operation. The findings 
in this paper support the experimental report by 
Kolekar et al., who discovered the effect of air on 
the churning loss by driving a single gear in an oil 
bath gear box [10].

5 CONCLUSIONS

The results of this study validated the MPS method 
for the churning loss of oil bath lubrication in a 
gear system. The churning losses and movement of 
the lubricant oil in the experiments were compared 
to those in the simulations under various condi-
tions. The results indicated that the motions of the 
lubricants appeared almost similar to each other 
even in the simulations where the fluid was consid-
ered as a bulk of rather large particles.

The churning loss torque calculated in the simu-
lation logarithmically increased with the viscosity. 
Conversely, it increased exponentially in relation to 
speed and was proportional to the oil level. How-
ever, an interesting behavior was observed in the 
experiment, wherein the increasing rate against 
viscosity at 2000 rpm was negative, especially in 
the high-viscosity region. This could be due to the 
effect of strong winds along the circumference of 
the gear body. Future studies could resolve this 
phenomenon.
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Efficiency modeling and experiment of the 2-speed AMT for pure 
electric vehicle

Dongpo Hu, Yonggang Liu, Datong Qin & Bing Wang
State Key Laboratory of Mechanical Transmissions, Chongqing University, Chongqing, P.R. China

ABSTRACT: The application of 2-speed AMT (Automatic Manual Transmission) for Pure Electric 
Vehicle (PEV) has become a hot topic to many auto companies recently. The 2-speed AMT can decrease 
the performance requirement of the motor and make the motor working with high efficiency. So it has a 
good application prospect in the PEV. For a better economic performance of the PEV equipped with the 
2-speed AMT, it is necessary to study on the efficiency of 2-speed AMT. In this paper the variation of the 
2-speed AMT efficiency is achieved from experimental data. The simulation of the theoretical efficiency 
model is carried out to identify the effects of churning loss, meshing loss and bearing friction loss on effi-
ciency. Furthermore, the difference of the efficiency for the first gear and second gear of the 2-speed AMT 
is also analyzed. The experimental results and the theoretical results have a good consistency. The results 
show that churning power loss is the main power loss when the 2-speed AMT works at low torque and 
high speed. The meshing power loss is the main power loss when the 2-speed AMT works at high torque 
and low speed. The efficiency of the 2-speed AMT decreases as the input speed increases, and increases as 
the input torque increases. Moreover, the variation rate of the second gear efficiency is higher than that 
of the first gear efficiency.

equation, Reynolds equation, energy equation 
and the rheological equation. But the rheological 
parameters can not be obtained accurately and 
the rheological equation is not perfect at present, 
so it is difficult to apply the above method in 
practical engineering. Therefore, for the engineer-
ing application, many scholars around the world 
are using the method of  experimental analysis to 
establish the empirical formula of  rolling bearing 
friction torque, such as the formula proposed by 
Harris (1984) for calculating the bearing friction 
torque. The influence factor of  churning power 
loss is more complex, at present it is mainly cal-
culated by the experience formula. In this paper 
the efficiency calculation model of  the 2-speed 
AMT is established, and the simulation result of 
the model is used to analyze the transmission effi-
ciency of  the 2-speed AMT.

2 2-SPEED AMT EFFICIENCY MODEL 
AND TEST BENCH

2.1 Transmission parts efficiency analysis

2.1.1 Gear meshing power loss
The gear meshing process is a process of both slid-
ing and rolling of teeth. So the gear meshing power 
loss is composed of the sliding friction power loss 
and the rolling friction power loss (Zhebo 2004). 

1 INTRODUCTION

The power loss of the vehicle transmission system 
has important effect on the vehicle fuel economy 
and the reliability of the transmission device (Mi 
2012). Research on single power loss of every 
transmission parts can provide reference for the 
design of the transmission. At present the study is 
mainly on individual power loss like gear meshing 
power loss, churning power loss and bearing fric-
tion power loss (Wangping 2014).

The study of  gear meshing power loss is mainly 
focused on the experiment method and the theo-
retical derivation. Y. Michlin and V. Myunste 
(2002) proposed a method to analyze the power 
loss of  rolling and sliding friction by using kin-
ematics and geometry. In their method the fric-
tion coefficient between tooth surfaces is taken 
as a constant in order to simplify the calculation. 
But the friction coefficient between teeth is asso-
ciated with rolling speed, sliding speed, gear posi-
tion and load variable. Bearing friction torque 
is an important factor determining bearing heat 
and power loss, and it is also an important index 
to evaluate the bearing life. At present, the bear-
ing friction torque is researched by the way of 
the combination of  the theoretical analysis and 
experiment. The distribution of  shear stress of 
bearing is calculated through the film thickness 
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The total power loss of gear meshing can be 
expressed as follows (Xi and Datong 2010):

P = P P+H RP PP P+  (1)

where PH is the sliding friction power loss, kW; PR 
is the rolling friction power loss, kW.

2.1.2 Churning power loss
Churning power loss is one of the important com-
ponents of transmission power loss. Gear churning 
power loss is affected by many factors, including 
the Lubricating oil viscosity, modulus of gear, gear 
circumferential speed, gear pitch diameter, the 
tooth surface width, spiral angle and immersion 
depth etc. The deeper the depth of the gear dipped 
in the oil and the higher the speed of the gear, the 
greater the churning power loss will be.

The formula for calculating the churning power 
loss associated with the flank of the gear is as fol-
lows (Yong 2013):
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The formula for calculating the churning power 
loss associated with the gear meshing surface is as 
follows (Yong 2013):
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where fg is the immersion factor of gear; v is the 
kinematic viscosity of lubricating oil, m2/s; D is the 
gear pitch circle diameter, mm; Ag is the configura-
tion coefficient; Rf is the roughness factor.

Churning power loss is the sum of PJ1 and PJ2.

P P PJ JP J+PJP 1 2PJP+  (4)

2.1.3 Bearing friction power loss
In this paper, the bearing friction power loss cal-
culation method of SKF is used. This calcula-
tion method is based on the type classification of 
friction. In this model the friction torque can be 
accurately calculated according to the different seal 
lubrication forms of the bearing. SKF introduced 
the calculation formula is as follows (Aihua and 
Chengjiu 2008):

M M M M Mish rs rr sM l seal dM rag+Ms rM r +MsM eal∅ish∅ ∅  (5)

where M is the total friction torque, Nmm; ∅ish is 
the reduction coefficient of heating of bearing oil; 

∅rs is the reduction coefficient of bearing lean oil 
backfill; Mrr is the friction torque caused by rolling 
friction, Nmm; Msl is the friction torque caused by 
sliding friction, Nmm; Mseal is the friction torque 
caused by sealing ring, Nmm; Mdrag is the friction 
torque caused by the splashing of oil, Nmm.

The total friction power loss of the bearing is 
P = 1.047 × 10−7 M × n, Kw.

2.2 2-speed AMT efficiency model

In this paper, the structure of the 2-speed AMT 
is shown in figure 1. In order to study the power 
loss of this transmission, the transmission speed 
and torque of each shaft are analyzed at first 
gear and second gear respectively. When the first 
gear and second gear have the same input speed 
n and input torque T, the torque and speed trans-
mitted by the three parallel shafts are as shown in 
table 1. In the table iz1 is the transmission ratio of the 
first gear, iz2 is the transmission ratio of the second 
gear, i0 is the transmission ratio of the final drive.

It can be seen from table 1 that the torque trans-
mitted by first gear is greater than that by second 
gear and the speed transmitted by second gear is 
greater than that by first gear due to first gear ratio 

Figure 1. Structure figure of the 2-speed AMT.

Table 1. Rotation speed and torque of the shafts of the 
first and second gears.

Location

First gear Second gear

Rev Torque Rev Torque

I axle n T n T
II axle n

izi 1

T × izi 1
n

izi 2

T × izi 2

III axle n
i izi 1 0ii

T × i i×zi 1 0ii× n
i izi 2 0ii

T × i i×zi 2 0ii×
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iz1 is greater than second gear ratio iz2. This makes a 
difference in the efficiency loss of the first gear and 
the second gear. To establish the efficiency calcula-
tion model of the 2-speed AMT, It needs to ana-
lyze which parts cause power loss. In this paper, the 
2-speed AMT has 6 gears and 8 bearings. Table 2 
lists the gears and bearings which cause the loss of 
power when the transmission operates in first gear 
and second gear, respectively.

When the transmission is working in first gear 
and second gear, the speed of needle bearings on II 
axle is the same as the II axle speed. Therefore, the 
friction power loss of needle bearings is very small, 
so that it can be ignored.

According to the analysis of the power loss con-
stitutions of the 2-speed AMT, the 2-speed AMT 
efficiency loss model can be established.

2.3 2-speed AMT efficiency test bench

The schematic diagram of test bench is as shown in 
figure 2, and the test bench is as shown in figure 3. 
The test bench is mainly composed of the driving 
motor, 2-speed AMT, the inertia flywheel group, 
loading device, data acquisition system and con-
trol system. The driving motor is controlled by the 
motor controller. Inertia flywheel group is used 
to simulate vehicle inertia. The loading device 
dynamometer is used to simulate the resistance 
power of the vehicle. The sensors installed in the 
test bench are 2 speed/torque sensors and 1 tem-
perature sensor. The control system is developed 
by dSPACE.

3 COMPARATIVE ANALYSIS OF 
EFFICIENCY TEST RESULTS 
AND SIMULATION RESULTS

3.1 Analysis on the variation of the 2-speed AMT 
efficiency

3.1.1 Variation of the efficiency with different 
input speed

The test data and simulation data of the efficiency 
are shown in figure 4 and figure 5. Because there 
is error in the bench test, there is a little difference 
between the test data and the simulation data. 
However, the overall efficiency changing tendency 
of the test results is the same as the simulation 
results. Simulation results can be used to analyze 
the transmission efficiency of the 2-speed AMT.

At the given input torque and lubricating oil tem-
perature, the transmission efficiency of the first gear 
and second gear is decreased with the increase of 
the input speed. The changing curve of the first gear 
power loss with the input torque of 60Nm and oil 
temperature of 75°C is given in figure 6 as an exam-
ple. With the increase of the input speed, the power 
loss of the internal components of the transmission 
is increasing. In particular, the increase speed of 
the churning power loss is very fast. Although the 
input power is also increased with the increase of 
the input speed, figure 6(b) shows that the relative 
increase speed of the loss power is faster than that 
of the input power. Finally, with the increase of 
the input speed, the efficiency of the transmission 
is gradually reduced. Meanwhile figure 6(a) shows 
that the meshing power loss is the main power loss 
of the transmission when the transmission speed is 
low, and churning power loss is the main power loss 
when the input speed is high.

3.1.2 Variation of the efficiency with different 
input torque

The test data and simulation data of the efficiency 
changing with the input torque are shown in 
figure 7 and figure 8.

Table 2. Power loss constitutions of the first and second 
gears of the 2-speed AMT.

Power loss First gear Second gear

Gear meshing power 
loss

First gear pair and 
main reducing 
gear pair

Second gear 
pair and 
main 
reducing 
gear pair

Churning power loss 6 gears 6 gears
Bearing power loss 7 bearings 7 bearings

Figure 2. The schematic diagram of the 2-speed AMT 
test bench.

Figure 3. The picture of the 2-speed AMT test bench.

ICPT2016_Book.indb   399ICPT2016_Book.indb   399 9/29/2016   11:26:23 AM9/29/2016   11:26:23 AM



400

At the given input speed and lubricating oil 
temperature, the transmission efficiency of the 
first gear and second gear is increased with the 
increase of the input torque. The changing curve 
of the first gear power loss with the input speed 
of 4000r/min and oil temperature of 75°C is given 
in figure 9 as an example. The meshing power 
loss and the bearing power loss increase with the 

increase of the input torque. Because the churn-
ing power loss is mainly related to the input speed, 
so the churning power loss is almost unchanged. 
With the input torque increases, the input power 
also increases accordingly, and the total power 
loss increases. Figure 9(b) shows that the relative 
increase speed of the power loss is slower than that 
of the input power. Finally, with the increase of the 
input torque, the efficiency of the transmission is 
gradually increased.

3.2 Comparative analysis on the efficiency of the 
first gear and the second gear

3.2.1 Comparative analysis on the efficiency 
at different input speed

Comparisons of test and simulation data of effi-
ciency at different input speed are shown in figure 10 
and figure 11. When the input speed is low, the effi-
ciency of second gear is higher than that of first 
gear. When the input speed is high, the efficiency of 
first gear is higher than that of second gear at low 
input torque, and that of the second gear is higher 
than that of the first gear at high input torque. The 
changing curve of the power loss with low input 
speed (1000r/min) is given in figure 12.

When the input torque and input speed are 
same, the meshing power loss of the first gear is 
higher than that of the second gear, and the churn-
ing power loss of the second gear is higher than 
that of the first gear. As the churning power losses 
are all very small at low input speed, the difference 

Figure 4. Test results of the 2-speed AMT efficiency 
variation with input speed.

Figure 5. Simulation results of the 2-speed AMT effi-
ciency variation with input speed.

Figure 6. Curves of the first gear power losses with the 
input torque of 60 Nm and the oil temperature of 75°C.

Figure 7. Test results of the 2-speed AMT efficiency 
variation with input torque.

Figure 8. Simulation results of the 2-speed AMT effi-
ciency variation with input torque.

Figure 9. Curves of the first gear power losses with the 
oil temperature of 75°C and input speed of 4000r/min.
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of the power losses is mainly dominated by the 
meshing power loss. So the first gear efficiency is 
higher than the second gear efficiency at this situa-
tion. The changing curves of the power losses with 
high input speed (4000r/min) are given in figure 13. 
The churning power losses of the second gear are 
higher than that of the first gear. The differences 
of power losses are mainly dominated by churning 
power losses when the input torque is low. So the 
first gear efficiency is higher than the second gear 

efficiency at this time. As the meshing power loss 
of the first gear increases faster than that of the 
second gear, the efficiency of the second gear will 
be higher than that of the first gear when the input 
torque exceeds a certain value.

The efficiency of the 2-speed AMT increases as 
the input torque increases, and the increasing rate of 
the second gear is higher than that of the first gear.

3.2.2 Comparative analysis on the efficiency 
at different input torque

Comparisons of test data and simulation data at 
different input torque are shown in figure 14 and 
figure 15. When the input torque is low, the first 
gear efficiency is higher than the second gear effi-
ciency at high input speed, and the second gear 
efficiency is higher than the first gear efficiency at 
low input speed. When the input torque is high, 
the second gear efficiency is always higher than 
the first gear efficiency. Because churning power 
losses and meshing power losses of the first gear 
and second gear are all small when the input speed 
and input torque are all very low, as it shown in 
figure 16.

Figure 10. Test results of the 2-speed AMT efficiency 
with different input speed.

Figure 11. Simulation results of the 2-speed AMT effi-
ciency with different input speed.

Figure 12. Curves of the 2-speed AMT power losses 
with the oil temperature of 65°C and input speed of 
1000r/min.

Figure 13. Curves of the 2-speed AMT power losses 
with the oil temperature of 65°C and input speed of 
4000r/min.

Figure 14. Test results of the 2-speed AMT efficiency at 
different input torque.
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The churning power loss of the second gear 
increases faster than that of the first gear with 
the increase of input speed. When the input speed 
exceeds a certain value, the efficiency of the first 
gear will be higher than that of the second gear. 

When the input torque are high(60Nm), the mesh-
ing power loss of the first gear is obviously higher 
than that of the second gear, as shown in figure 17. 
So the second gear efficiency is higher than the 
first gear efficiency at this situation.

The efficiency of the 2-speed AMT decreases 
while the input speed increases, and the decreasing 
speed of the second gear is higher than that of the 
first gear.

4 CONCLUSION

1. The analysis method of power loss of transmis-
sion has been introduced in this paper. The effi-
ciency calculation model of the 2-speed AMT 
has been established.

2. The efficiency test bench for the 2-speed AMT 
has been established. The efficiency experiment 
for the 2-speed AMT has been conducted. The 
experiment results agree with the simulation 
results of the 2-speed AMT efficiency model. 
Therefore, the effectiveness of the theoretical 
efficiency model has also been proved.

3. The efficiency of the 2-speed AMT decreases as 
the input speed increases, and increases as the 
input torque increases. Moreover, the efficiency 
variation rate of the second gear is higher than 
that of the first gear.

4. The churning power loss is the main power loss 
when the 2-speed AMT works at low torque 
and high speed. The meshing power loss is the 
main power loss when the 2-speed AMT works 
at high torque and low speed. When the input 
torque, input speed and lubricating oil tem-
perature are the same, the churning power loss 
of the second gear is always higher than that of 
the first gear, and the meshing power loss of 
the first gear is always higher than that of the 
second gear.
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How can the simulation of rolling bearing friction support increased 
energy efficiency of transmissions?
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ABSTRACT: To enable a detailed calculation of rolling bearing friction, Schaeffler has developed an 
analytical friction model and implemented this in its in-house calculation programs BEARINX (quasi-
static simulation) and CABA3D (dynamic simulation). Of course, these simulations are validated with 
several test results on test-rig level. However, the open questions are: What level of accuracy can these 
methods give for real applications, where not all boundary conditions are known well on test rigs? And 
what is then the benefit in real life? How can modern simulation tools support the development of energy-
efficient solutions? Another issue is that the validation of this friction simulation was done with bearings 
with bore diameter from roughly 15 to 160 mm. Therefore, another question is: Can we extrapolate this 
calculation method even to bigger bearings?

spinning friction, differential slippage, and sliding 
at the roller/rib contact of cylindrical or tapered 
roller bearings are all taken into consideration dur-
ing this process (see figure 2) (Koch, O. & Plank, R. 
et al. 2009). Churning losses and sealing friction 
can also be calculated (Bakolas, V. & Koch, O. 
2011).

In contrast to the catalog methods of the bear-
ing manufacturers, the procedure developed by 
Schaeffler for calculating rolling bearing friction is 
therefore characterized by a significantly improved 
model quality and a provision for numerous 
additional influencing factors, such as tilting of 
the bearing rings, internal geometry of the bear-
ing (including rib geometry and profiling), seal-
ing, lubrication conditions, and clearance (see 
Figure 3).

1 INTRODUCTION

1.1 Drivers for energy efficiency

Even in the current situation with decreasing 
energy prices, there is still a huge need for increased 
efficiency in transmissions. This is driven by legal 
regulation regarding CO2-emissions as well as by 
the quest for ever increasing power densities. Keep-
ing in mind that rolling bearings cause roughly the 
same amount of power loss than the gears, this 
means that we need proper simulation tools to 
minimize bearing friction. The well-known cata-
log equations of the bearing manufacturer are not 
sufficient because these equations are empirically 
derived and do not directly consider the influence 
of the inner geometry of the bearing. This means 
that it is not possible to develop friction-optimized 
bearings by this approach.

1.2 Friction in rolling bearings

To enable a detailed calculation of the rolling bear-
ing friction, Schaeffler has developed an analytical 
friction model and implemented this in its in-house 
calculation programs Bearinx (quasi-static simu-
lation) and Caba3D (dynamic simulation) (see 
figure 1). Based on the load distribution in the 
bearing and allowing for a suitable rheology model 
and the elastohydrodynamic theory, friction is 
determined at the individual sliding/rolling contact 
points. Material hysteresis, lubricant compression, Figure 1. Schaeffler simulation chain.
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The friction calculation has been validated by 
means of extensive tests. First, the friction model 
has been validated using measurements of elemen-
tary test rigs like 2-disc or ball-on-disc test rigs. 
This is necessary to ensure that the friction model 
is able to simulate the traction in a single contact. 
It is not sufficient to do the validation only with 
measured bearing friction torques. Figure 4 shows 
that the friction model fits very well to the test 
results of a 2-disc test rig.

Second, the friction model has been validated 
using a lot of friction torque measurements of roll-
ing bearings. Figure 5 shows an example of com-
parison of Bearinx calculation and measurement 
for tandem ball bearings and tapered roller bear-
ings for different load cases.

1.3 Needs for further investigations

Most of the validation on bearing level has been 
done with bearings with bore diameter from 15 to 
160 mm. Test rigs for larger bearings are seldom 
and the tests are expensive. Even if  we talk about 

large-sized bearings, e.g. main bearings for wind 
turbines, there were no suitable test stands existing 
all over the world three years ago. Therefore, one 
open question is: Can we extrapolate this calcula-
tion method even to bigger bearings?

Another issue is that the validation work was 
made at test stands, where all the operating condi-
tions of the bearing are very well known. In real 
application the bearing loads of customer specifi-
cations are often rough estimations. Another dif-
ference between the tests for validation and real 
applications is the detailed knowledge about all 
the oil properties. For the friction model a lot of 
very detailed oil parameters, like Eyring stress or 
limiting shear stress—both as a function of tem-
perature and pressure—are needed. These data 
cannot be found in the lubricant data sheet and are 
even unknown from the lubricant manufacturer. 
Therefore, another open question is: What level of 
accuracy can this friction calculation give for real 
applications, where not all boundary conditions 

Figure 2. Considered sources of friction in Bearinx 
and Caba3D.

Figure 3. Friction computation with Bearinx com-
pared with catalog calculation.

Figure 4. Comparison of Bearinx  computed and 
measured friction coefficients from a 2-disc test rig.

Figure 5. Comparison of Bearinx computed and meas-
ured friction torques on bearing level.
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are known well on test rigs? And what is then the 
benefit in real life? How can modern simulation 
tools support the development of energy-efficient 
solutions?

2 MATTER OF SCALE

2.1 Large-sized bearing test rig ASTRAIOS

The large-sized bearing test rig ASTRAIOS 
(see. figure 6), developed and commissioned by 
Schaeffler, can be used to test all bearing types with 
an outside diameter of up to 3,5 m under the con-
ditions that are typical in particular for the rotor 
bearings of wind turbines. The loads introduced 
in order to simulate the actual conditions reach 
an order of magnitude far in excess of the values 
that are familiar in day-to-day applications. The 
maximum possible forces are up to 6000 kN, and 
the moments are up to 15000 kNm. It is thus pos-
sible, for the first time, to carry out specific testing 
under actual loads and moments of yaw bearings 
for 3 MW turbines, pitch bearings for 3,6 MW tur-
bines, and main bearing arrangements for 6 MW 
turbines (Lösche, T. & Koch, O. et al. 2013).

2.2 Validation of BEARINX friction calculation 
using measurements from ASTRAIOS

With the test rig ASTRAIOS, it has become pos-
sible for the first time to validate simulation meth-
ods like the friction calculation even for large-sized 
bearings by experiments. In case of the Bearinx 
friction calculation, a lot of tests at different load 
conditions have been performed. Figure 7 shows 
exemplarily the friction torque over speed of a 
wind turbine main bearing, a two row tapered 
roller bearing, both measured and calculated. The 
Bearinx calculation fits very well with the experi-
mental results from ASTRAIOS over the whole 
speed range. Even the minimum of the Stribeck 
curve is nearly identical. This means that the 
Bearinx friction calculation, which is based on 

physical principles, can be used even for large-sized 
bearings (Koch, O. & Bohnert, C. et al. 2015).

3 MATTER OF OPERATING CONDITIONS

3.1 Applicability of friction calculation

Generally, it is pretty clear that the result quality 
of any simulation cannot be better than the quality 
of the input parameters. That means, for instance, 
if  the lubricant properties of the oil in the applica-
tion are not known very well, the absolute value 
of the friction torque, predicted by any physical 
model, will also have some offset to the real fric-
tion behavior.

However, in most cases, this does not really mat-
ter, because, in product development, engineers 
are usually doing relative comparisons (What is 
the effect of  changing this design feature?). And 
if  we are talking about relative comparisons, the 
offset from the absolute friction torque between 
simulation and real application is not of  inter-
est and has no influence on the result. The fol-
lowing example gives an insight into how to use 
the Bearinx friction calculation in daily design 
works.

3.2 Example: development of high-value tapered 
roller bearings

Many transmission shafts are supported by tapered 
roller bearings. This bearing type is very robust, has 
a high load carrying capacity with a small radial 
design envelope, and can be mounted easily.

Owing to the use of  better materials in con-
junction with an optimized heat treatment, the 
High-Value Tapered Roller Bearing (HV-TRB) 
has a higher performance density for the same 
bearing size. As a result, the operating life is 
increased several times for the same bearing size, Figure 6. Large-sized bearing test rig ASTRAIOS.

Figure 7. Comparison of Bearinx computed and meas-
ured friction torques of  a wind turbine main bearing.
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or the bearing size and thus the bearing mass can 
be reduced. It is also possible to increase the mean 
specific bearing load with the same performance 
capability. The design of  the bearing arrangement 
can therefore be reassessed with a specific focus 
on improved efficiency. The optimum of  operat-
ing life, rigidity, and efficiency can be determined 
using Bearinx.

It is important that all the various operating 
conditions such as traction, thrust, partial load, 
full load, and bearing preload at assembly and in 
operation are taken into consideration. The opti-
mization was done with regard to all individual 
parameters of the entire internal construction of 
the tapered roller bearing.

With the HV-TRB, a reduction of up to 35% 
in friction compared with the previous smooth-
running bearings is achieved (see Figure 8). In 
the example of a gearbox, the effectiveness of the 
optimization measures on the output shaft and 
differential shaft was checked and verified. First, a 
theoretical redesign was carried out using Bearinx, 
with the objective of the maximum reduction in 
friction. It is necessary that the required operating 

life is still securely achieved. In the second stage, 
the actual reduction in friction was determined 
in component tests under various load and speed 
cycles. This showed a good correlation with suf-
ficient accuracy between the calculation and the 
test rig results (see Figure 9). Finally, the HV-TRB 
bearings were tested in the transmission in rela-
tion to efficiency and operating life. The expecta-
tions were completely fulfilled here too, leading to 
implementation in volume production (Koch, O. & 
Böhm, F. et al. 2013).

4 CONCLUSION

Schaeffler has developed an analytical friction 
model, which is implemented in the simulation 
tools Bearinx and Caba3D. Therefore, it is pos-
sible to calculate the friction torque of individual 
bearings, the dissipated bearing power for entire 
gearboxes, as well as the resulting CO2 emissions.

This paper shows that the friction model is also 
valid for large-sized bearings. The friction torques 
calculated with Bearinx fits very good to measure-
ments from ASTRAIOS, the powerful large-sized 
bearing test rig from Schaeffler.

Even if  no details regarding the operating con-
ditions are known, the Bearinx friction calculation 
can be used for relative comparisons, as shown in 
the example of the development of the high-value 
tapered roller bearing.

Therefore, simulation with Bearinx or Caba3D 
supports product optimization at an early design 
stage.
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Analysis of the effect of the parameters of gear on mesh efficiency
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ABSTRACT: Mesh efficiency of a gear is a critical evaluating indicator of the design of gear and even 
gearbox. At the preliminary design stage of gear, the choice of gear parameters generally considers only 
bending strength and contact strength, neglecting the effect of gear parameters on mesh efficiency. Based 
on the Anderson-Loewenthal formulas, which is a theoretical method of calculating power loss, this paper 
analyzes the effects of parameters of gear on mesh efficiency (such as tooth number, pressure angle, helical 
angle, and tooth width) and working condition (such as input rotation speed, transmitted power, and viscos-
ity). Finally, general conclusions of gear parameters and working condition affecting the mesh efficiency are 
discussed and can be applied in gear parameter optimization design aiming at improving mesh efficiency.

Keywords: gear parameters; mesh efficiency; effect analysis

used: Morozumi Muneharu’s formulas (Japan), 
Kudravcev’s formulas (Soviet Union), Tuplin’s for-
mulas (Britain)[2], Klein’s formulas (Germany), and 
Anderson-Loewenthal’s formulas[3–4]. The Ander-
son-Loewenthal formulas (or method) are com-
monly used in gear efficiency calculation, which 
includes sliding loss, rolling loss, and windage loss. 
The calculation result of the Loewenthal-Anderson 
method is more accurate than other methods and it 
was verified by many experiments.

The sliding loss and rolling loss in the Ander-
son-Loewenthal method are calculated by the 

1 INTRODUCTION

Gear transmission is an important mechanical driv-
ing mode in helicopter gear reducer. With the devel-
opment of the transmission technology, demands 
on the transmission efficiency become higher and 
higher. On the one hand, improving the transmission 
efficiency can raise the utilization of engine power, 
therefore improving the operational performance of 
the helicopter. On the other hand, it can decrease the 
transmission cooling requirements and reduce the 
amount of oil in the lubrication system.

In order to improve the efficiency of the trans-
mission system, many approaches have been 
made by researchers at home and abroad, such 
as improving the machining quality of gear sur-
face and reducing gear friction coefficient. At the 
preliminary design stage of gear, the choice of 
gear parameters generally considers only bend-
ing strength and contact strength, neglecting the 
effect of gear parameters on mesh efficiency[1]. In 
this paper, the influence of gear parameters design 
and selection on meshing efficiency is studied and 
analyzed. Then, the general regularities of gear 
parameters affecting the transmission efficiency 
are concluded. These conclusions can be applied 
in gear parameter optimization design aiming at 
improving the gear meshing efficiency.

2 MESH EFFICIENCY 
CALCULATION METHOD

At present, there are a variety of methods calculat-
ing the mesh efficiency of a cylindrical gear based 
on empirical formulas. Five of them are commonly Figure 1. Process of Loewenthal-Anderson method.
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numerical integration of instantaneous loss along 
the meshing line, and simplified later. The slid-
ing and rolling speed of the mesh point on the 
1/4 meshing line is used as the average sliding and 
rolling speed to calculate the losses. The difference 
between this method and the numerical integra-
tion method is in the range of 0.1%. The rolling 
loss is carried out according to the Crook method. 
Crook[5] believes that the rolling loss is propor-
tional to the midpoint of the EHD (Elasto-Hydro-
Dynamic model) film thickness. The EHD film 
thickness is calculated by the Hamrock method. 
The windage loss is calculated by turbine disk’s 
experimental windage loss data, considering the 
oil and gas in the gearbox. The density and viscos-
ity of the inside air have been amended. In sum-
mary, the process to calculate the mesh efficiency 
using the Loewenthal-Anderson method is shown 
in Figure 1.

3 EFFECTS ON MESH EFFICIENCY 
BY GEAR PARAMETERS

In this paper, the effects of the parameters of gear 
and working conditions on the mesh efficiency are 
analyzed taking a typical cylindrical gear as the 
study object. The main parameters of cylindrical 
gears include tooth number, pressure angle, helical 
angle, and tooth width. The main parameters of 
working conditions include input rotation speed, 
transmitted power, and oil viscosity.

In order to discuss the influence of the param-
eters on the mesh efficiency, specific parameters 
are set. The gear parameters are shown in Table 1 
and the working condition parameters are shown 
in Table 2.

3.1 Effect of tooth number on mesh efficiency

In order to study the effect of tooth number on 
mesh efficiency, the transmission ratio (named as 
i) is set to be a constant 2 (i = 2). We assume that 
gear 1’s tooth number changes from 25 to 55 and 
other parameters are the same as the parameters in 
Tables 1–2. The mesh efficiency has been calculated 
using MATLAB by the Anderson-Loewenthal 
method. The variation in mesh efficiency with the 
tooth number is shown in Figure 2.

As can be seen from Figure 2, along with the 
increase in the tooth number, the mesh efficiency 
also increases. However, they are not directly pro-
portional. The mesh efficiency improved rapidly 
when the tooth number is small, while the tooth 
number gets larger, the mesh efficiency increases 
slowly.

3.2 Effect of pressure angle on mesh efficiency

Gear pressure angle is usually chosen from the 
design manual, which cannot be arbitrarily set. 
Aiming at studying the influence of mesh effi-
ciency on pressure angle of  gear, the pressure 
angle is chosen from the common sequence: 
20/22.5/25/30(°) and other parameters are the same 
as the parameters listed in Tables 1–2. The varia-
tion in mesh efficiency with the pressure angle is 
shown in Figure 3.

As can be seen from Figure 3, along with the 
increase in pressure angle, the mesh efficiency 
increases. From the perspective of the Anderson–
Loewenthal formulas, the main explanations are as 
follows: along with the pressure angle increasing, 
the average normal load decreases and then the 
average sliding loss decreases. The average sliding 

Table 1. Gear parameters.

Item Gear1 Gear2

Tooth number 28 57
Modulus  3  3
Pressure angle /mm 25 28
Helical angle /° 20 20
Tooth width /° 10 10

Table 2. Working condition parameters.

Item Value

Input rotation speed/(r/min) 5000
Transmitted power/kW 1000
Oil viscosity/MPa.s 8.23 Figure 2. Variation in mesh efficiency with the tooth 

number.
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loss accounted for total power loss, resulting in 
a decrease in the total power loss. Therefore, the 
mesh efficiency increases.

3.3 Effect of helical angle on mesh efficiency

Assume that the helical angle changes from 0° 
to 30° and other parameters are the same as the 
parameters listed in Tables 1–2. The variation in 
mesh efficiency with the helical angle is shown in 
Figure 4.

As can be seen from Figure 4, along with the 
increase in helical angle, the mesh efficiency 
increases. From the perspective of the Anderson-
Loewenthal formulas, the main explanations are 
as follows: along with the pressure angle increas-
ing, the friction coefficient decreases and then the 
average sliding loss decreases, thus resulting in an 
increase in the mesh efficiency.

3.4 Effect of tooth width on mesh efficiency

We assume that the tooth width changes from 
5 mm to 70 mm and other parameters are the 
same as the parameters listed in Tables 1–2. The 
variation in mesh efficiency with the tooth width is 
shown in Figure 5.

As can be seen from Figure 5, the mesh effi-
ciency increases when the tooth width goes larger. 
From the perspective of the Anderson-Loewenthal 
formulas, the main explanations are as follows: on 
the one hand, the average rolling loss increases with 
the increase in tooth width. On the other hand, the 
friction coefficient decreases at the same time, thus 
reducing the average sliding loss. However, the lat-
ter one is in domain, resulting in an increase in the 
mesh efficiency.

4 EFFECTS OF WORKING CONDITIONS 
ON MESH EFFICIENCY

4.1 Effect of input rotation speed on mesh 
efficiency

We assume that the input rotation speed 
changes from 1000 r/min to 25000 r/min and 
other parameters are the same as the parameters 
listed in Tables 1–2. The variation in mesh effi-
ciency with the input rotation speed is shown in 
Figure 6.

As can be seen from Figure 6, when the speed is 
1000–2000 r/min, the mesh efficiency increases rap-
idly, while it decreases slowly when the speed is above 
20000 r/min. From the perspective of the Ander-
son-Loewenthal formulas, the main explanations 
are as follows: on the one hand, the torque decreases 
with the increase in speed when the transmitted 
power is constant. Then, the average normal load 

Figure 3. Variation in mesh efficiency with the pressure 
angle.

Figure 4. Variation in mesh efficiency with the helical 
angle.

Figure 5. Variation in mesh efficiency with the tooth 
width.
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decreases, resulting in a decrease in the average slid-
ing loss. On the other hand, the sliding and rolling 
loss increase along with the speed. The former is in 
domain when the speed is low and when the speed 
reaches a certain value the latter is in domain.

4.2 Effect of transmitted power on mesh 
efficiency

We assume that the transmitted power changes 
from 200 kW to 1200 kW and other parameters 
are the same as the parameters listed in Table 1–2. 
The variation in mesh efficiency with the transmit-
ted power is shown in Figure 7.

As can be seen from Figure 7, the mesh effi-
ciency decreases along with the increase in 
transmitted power. From the perspective of  the 
Anderson-Loewenthal formulas, the main expla-
nations are as follows: along with the increase in 

transmitted power, the normal load goes larger 
and then the friction coefficient increases, result-
ing in an increase in the sliding loss and a decrease 
in the mesh efficiency.

4.3 Effect of oil viscosity on mesh efficiency

We assume that the oil viscosity changes from 
3 MPa.s to 70 MPa.s and other parameters are the 
same as the parameters listed in Table 1–2. The 
variation in mesh efficiency with the oil viscosity is 
shown in Figure 8.

As can be seen from Figure 8, the mesh efficiency 
increases along with the increase in oil viscosity. 
From the perspective of the Anderson-Loewenthal 
formulas, the main explanations are as follows: the 
friction coefficient decreases with the larger viscos-
ity, then the sliding loss decreases, and the mesh 
efficiency increases.

5 CONCLUSION

The effects of  gear parameters on mesh effi-
ciency are always neglected in the traditional 
process of  gear design, resulting in wasting of 
energy and economic loss. Using the theoreti-
cal calculation method is more efficient than the 
experimental method to compute the gear mesh 
efficiency. In the paper, the relationship between 
mesh efficiency, and main gear parameters and 
working condition is presented based on the 
Anderson-Loewenthal formulas. The conclu-
sions which can be drawn from the calculation 
and analysis above are as follows:

1. The mesh efficiency increases along with the 
increase in tooth number. However, they are not 
directly proportional.

Figure 6. Variation in mesh efficiency with the input 
rotation speed.

Figure 7. Variation in mesh efficiency with the trans-
mitted power.

Figure 8. Variation in mesh efficiency with the oil 
viscosity.
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2. Increasing the pressure angle, helical angle, and 
tooth width to a certain extent is helpful to 
improve the gear mesh efficiency.

3. The mesh efficiency increases along with the 
input rotation speed getting larger at the begin-
ning stage. However, when the speed increases to 
a certain value, the mesh efficiency will decrease 
slowly.

4. Decreasing the operating temperature to 
increase the oil viscosity is also helpful to 
improve the mesh efficiency.
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ABSTRACT: As electromechanical transmission has become a hot spot of research on tracked vehicle 
transmission, a new scheme for double-motor coupling drive transmission was put forward. The effi-
ciency of the power coupling mechanism for double-motor coupling drive transmission of tracked vehi-
cles was analyzed based on the graph theory. The equations of the mechanical efficiency were constructed 
by using the graph theory and the methodology of fundamental circuits for gear trains. The theoretical 
analysis model of transmission efficiency in various driving modes for tracked vehicles was established to 
predict the total power loss of planetary gear sets, which realized the automatic kinematic analysis and 
efficiency of the coupling mechanism. The efficiency of the power coupling mechanism in pivot turning 
was focused in this paper, which provided the reference for research on the composite electromechanical 
drive technology of tracked vehicles.
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of tracked vehicles has become the focus of inter-
est, more attention should be paid to the efficiency 
of the drive system for tracked vehicles, which 
will be beneficial to improve the performance of 
vehicles.

The double-motor coupling drive transmission 
scheme put forward in this paper consists of a 
coupled Planetary Gear Transmission (PGT) and 
single PGTs. The PGT can offer the possibility of 
achieving a given gear ratio with the smaller weight 
and size than an ordinary gear train. The topologi-
cal synthesis of kinematic chains can be described 
clearly using the graph theory. In the literature 
[6–8], some general programmable procedures have 
been described for the kinematic analysis, static 
force analysis, and power flow without friction of 
spur gear epicyclic gear trains, directly from the 
kinematic structure. A study [9] has proposed the 
characteristic representation code based on the 
perimeter topological graph to establish a one-
to-one correspondence with a kinematic chain, 
which was used in the development of a program 
that sketches the topological graphs of kinematic 
chains automatically. Another study [10] has 
established the graph theory based on topological 
synthesis and explicitly represented a new graph 
representation for planetary gear trains to enable 

1 INTRODUCTION

With the development of electric drive technology 
and the breakthrough in the research on electric 
weapons, electric tracked vehicles have become the 
focus of interest [1]. Recently, many researchers 
have done much work to study the electric drive 
technology of tracked vehicles. The improvement 
of the power utilization ratio of motors is indispen-
sable to enhance the practicality of transmission 
systems on electric drive tracked vehicles. There-
fore, more attention has been focused on how to 
take advantage of the double-motor coupling drive 
transmission scheme and improve the power utili-
zation ratio of motors at all operation conditions. 
The literature [2] has put forward a two-mode, 
compound-split, electromechanical transmission 
that is suitable to be used with track-laying vehi-
cles, contributing to the silent operation. Studies 
[3, 4] have analyzed the system efficiency of a plan-
etary coupling drive system with dual motors on 
an electric bus based on the standard city suburban 
cycle in single-motor mode and dual-motor mode. 
The kinetic equations and the overall efficiency 
formula of a dual-motor coupling powertrain have 
been analyzed and derived in the literature [5]. 
Although the study on the electric drive technology 
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the subsequent topological analysis steps to be per-
formed in a systematic, unambiguous way. In the 
literature [11], the efficiency of complex gear trains 
taking into account loss sources such as gear mesh-
ing friction, bearing friction, and seal friction has 
been presented based on graph and screw theories. 
Only a few studies have focused on the system effi-
ciency of the planetary coupling drive system with 
dual motors, especially that of electromechanical 
transmission for tracked vehicles.

In this paper, the efficiency of the power cou-
pling mechanism for double-motor coupling drive 
transmission of tracked vehicles was analyzed 
based on the graph theory. The graph theoretic 
model of a coupled PGT was constructed by using 
the graph theory and the methodology of funda-
mental circuits for gear trains. Furthermore, the 
angular velocity and torque equations were derived 
for the kinematic analysis. Finally, the efficiency of 
the coupled PGT scheme considering only gear 
meshing was computed based on the kinematic 
analysis. The simulation of transmission efficiency 
was carried out using the Matlab/Simulink plat-
form, which realized the automatic kinematic anal-
ysis and the efficiency of the coupling mechanism. 
The theoretical analysis model of transmission 
efficiency in various driving modes for tracked 
vehicles was established to predict the total power 
loss of planetary gear sets. The efficiency of the 
power coupling mechanism in pivot turning was 
focused in this paper, which provided the reference 
for research on the composite electromechanical 
drive technology of tracked vehicles. Research on 
more accurate analysis of efficiency for the power 
coupling mechanism is ongoing.

2 KINEMATIC ANALYSIS

Graph theory has been adopted for clearly con-
veying functional characteristics of gear trains in 
various fields. Graph representation is used as an 
abstract model of kinematic chains and mecha-
nisms, contributing to the creative stages of the 
mechanism design in this section. Here, the graph 
theoretic model of a coupled PGT was constructed 
by using the graph theory and the methodology of 
fundamental circuits for gear trains.

2.1 Graph theoretic model

The double-motor coupling drive transmission 
scheme consists of two motors, several single PGTs 
and a coupled PGT. In this powertrain, electric 
motors are connected to the sun gear of a single 
PGT. The coupled PGT in the middle can com-
bine power from two electric motors/generators, as 
shown in Fig. 1.

The representation of PGTs by means of the 
graph theory is a common utility for the systematic 
structure and kinematic analysis. A graph features 
vertices representing the bodies and edges repre-
senting the links that connect the vertices in pairs. 
The transmission structure of a 2 K-H dual PGT 
is shown as an example in Fig. 2. According to the 
definition of the graph representation presented in 
[12], the dual planetary gear system shown in Fig. 2 
(a) can be transferred as the graph model shown 
in Fig. 2 (b). The circuit consisting of the turning 
pair and gear pair edges is termed the fundamental 
circuit (f-circuit). In each f-circuit, there is only one 
vertex called the “transfer vertex” that bridges the 
center distance of the gear pair members. As for 
the power coupling mechanism for double-motor 
coupling drive transmission of tracked vehicles 
analyzed in this paper, there are four f-circuits in 
the graph model.

2.2 Angular velocity equations

In the graph theory, any circuit is composed of 
three components of a pair of meshed gears and 
a planet carrier. For each f-circuit, if  the angular 
velocities of components i, j, and k are expressed 
as ωi, ωj, and ωk, respectively, and components i 
and j are a pair of meshed gears, the angular veloc-
ity equation is given by:

Figure 1. Double-motor coupling drive transmission 
scheme.

Figure 2. Structure diagram of a 2 K-H dual PGT and 
the graph model.
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ω i iωω j ii j kωi+ i( )ji 0ωkω =ωkω)  (1)

where rij = ± Zj /Zi, with Zi and Zj being the number 
of teeth on gears i and j, respectively. The positive 
and negative sign indicates that the gear pair is 
internal or external meshing, respectively.

The angular velocity equations of the four cir-
cuits for the power coupling mechanism shown in 
Fig. 1 are presented in Table 1. The parameters H, 
p, r, and s are the carrier, planet, ring, and sun gear 
of each circuit, respectively.

The angular velocities of components H1 and 
H2 that represent the left and right output angular 
velocities, respectively, can be obtained by combin-
ing all the equations given in Table 1 as follows:
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3 TRANSMISSION EFFICIENCY OF THE 
COUPLED PGT SCHEME

According to the energy conservation law, the 
torque of each component in the coupled PGT 
scheme can be obtained by combining the torque 
equilibrium equations corresponding to the four 
f-circuits and the equilibrium equations of the 
internal torque. Finally, the equation of transmis-
sion efficiency is derived by considering only gear 
meshing.

3.1 Torque relations

For the equilibrium of the PGT, the sum of tor-
ques must be equal to zero:

Mi jM kM+M jM = 0  (3)

where, Mi, Mj, and Mk are the torques on the sun, 
carrier, and ring, respectively.

According to the energy conservation law, the 
total power of the converted mechanism must be 
zero:

P Pi jPP k fPP+PjP =PfPP 0  (4)

Or M M M Pi iM j j k kM fi j +M jωM j jM =PfPP 0  (5)

where Pi, Pj, and Pk are the power on the sun, car-
rier, and ring, respectively. If  the meshing loss is 
only taken into account in the power losses, the 
power loss Pf can be expressed as follows:

P Mf iP MP i k ij( )i k ( )ij−i k− i  (6)

where ηij represents the fixed axis meshing effi-
ciency of the gear pair.

The torque equations can be obtained by sub-
stituting Equations (3) and (6) into Equation (5) 
as follows:

M Mi iM j ii ji
k

jiji =M jM 0  (7)

where ηκ
ijη  represents the fixed axis meshing effi-

ciency of the gear pair. The parameter κ is the effi-
ciency exponent, which can be defined according 
to the literature [14] as follows:

κ =
+ ( )ω
− ( )ω

⎧
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⎩
⎨⎨

1 0• ( )ω ω ≥
1 0• ( )ω ω <
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i (ωω• (ωω ω

 (8)

The torque equilibrium equations correspond-
ing to the four f-circuits Circuit I, Circuit II, Cir-
cuit III and Circuit IV are given by:
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The torque equations of the coupled PGT 
scheme can be expressed as:

M
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The equilibrium equations of the internal torque 
are as follows:

Table 1. Angular velocity equations of four circuits.

Fundamental circuit Angular velocity equations

Circuit I ω ωp rω ωω Hω66
1

47
19 1 0− +ωrω66

1 =

Circuit II ω ω ωp sω ωω Hω30
1

49
19 1 0−ω =

Circuit III ω ωp sω ωω Hω30
2

49
19 2 0+ −ω sω30

2 =

Circuit IV ω ωp rω ωω Hω66
2

47
19 2 0− +ωrω66

2 =
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The torques of components H1 and H2, which 
represent the left and right output torques, respec-
tively, can be obtained by combining all the equa-
tions from (9) to (11) as follows:
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(12)

3.2 Efficiency equation

As there are two power sources in the double-motor 
coupling drive transmission scheme, the overall 
efficiency ηsys is directly influenced by the power 
split between the two power sources. The overall 
efficiency is defined as follows:

ηsys
out

in

Po

Pin

= −  (13)

where Pout and Pin are the systematical output power 
and input power, respectively.

By substituting Equations (2) and (12) into 
Equation (13), the efficiency of the coupled PGT 
scheme considering only gear meshing can be com-
puted as follows:

η
ω

ω ω
η

η

η

sys

H Hω H Hω

s s s s

p r
kηη

p s
kηη s

M MωH ω

M Mω

M

=

= −

−

1 1H HH H 2 2H

1 1s 2 2s

1 1rr
1kk

1 1s
3kk

66

30

30
1

p spp
kηη p r

k

p s
k s s s

s

M

M

2 2s
2

2 2rr
4

2 2s
2 1 2s

66

30
11
27

16
272

+
+

⎛

⎝⎜
⎛⎛

⎝⎝

⎞

⎠⎟
⎞⎞

⎠⎠
⎛
⎝
⎛⎛⎛⎛
⎝⎝
⎛⎛⎛⎛ ⎞

⎠
⎞⎞⎞⎞
⎠⎠
⎞⎞⎞⎞η k

η k
ω ω+

1 111 2 2

2 2

4

2 2

2 2

1 1

3

1 1

166

30

30 66

30

ω ω
η

η

η η
1

3 66

η

s s1 s

p r2 2

kηη

p s2

k2ηη s

p1
ηη

1

k3η 3
p r1 1

k1ηη

p

M

M

+

−

−
+

1 111

3 1 1 2

1 1 2 2

16
27

11
27s

kηη 3 s s1 s

s s1 s s2

M

M M

⎛

⎝⎜
⎛⎛

⎝⎝

⎞

⎠⎟
⎞⎞

⎠⎠
⎛
⎝
⎛⎛⎛⎛
⎝⎝
⎛⎛⎛⎛ ⎞

⎠
⎞⎞⎞⎞
⎠⎠
⎞⎞⎞⎞+ω ω+

ω ωM

 
 

(14)

4 SIMULATION

Since there are two motors in the power coupling 
mechanism, the overall efficiency is directly influ-
enced by the power split between the two power 
sources. The simulation of transmission efficiency 

was carried out using the Matlab/Simulink plat-
form, which realized the automatic kinematic anal-
ysis and the efficiency of the coupling mechanism. 
The efficiency of the power coupling mechanism in 
pivot turning is focused in this section to provide 
the reference for greater energy saving.

4.1 Efficiency model of the coupled PGT scheme

The power losses of a PGT are mainly the friction 
loss between the meshing teeth, the fiction loss in 
the bearings and the churning loss. Therefore, the 
efficiency of the coupled PGT scheme was simu-
lated by taking into account all the three kinds of 
losses using the Matlab/Simulink platform.

4.1.1 Efficiency between meshing teeth
The efficiency between meshing teeth can be calcu-
lated as follows:

η μijηη v mμ zH1  (15)

where the average coefficient of friction μmz can be 
calculated using the original Schlenk’s equation, 
presented in the literature [15], as follows:

μ
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ηmz
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where
Fbt/vSC is the operating condition,
b ⋅ ρC is the gear geometry,
η is the dynamic viscosity,
Ra is the average surface roughness,
XL is the lubricant parameter.
The tooth load factor Hv can be calculated 

according to Ohlendorf [16] as follows:

H
Z iv aH
Z i

=
⋅⎛

⎝⎜
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⎝⎝

⎞
⎠⎟
⎞⎞
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π ( )i +i ( )a− + +ε εa + ε

1ZZ 1
2

2ε 2εε  (17)

with i being the gear ratio, Z1 the number of teeth 
of the pinion, εa the transverse contact ratio, ε1 the 
addendum contact ratio of the pinion, and ε2 the 
wheel.

Based on the above calculation, the efficiency 
model of gearing mesh can be built and the flow-
chart is shown in Fig. 3.

The efficiency between the meshing teeth of 
the coupled PGT can be obtained, as shown in 
Fig. 4.

4.1.2 Efficiency at bearings
The efficiency at the bearings ηbearing can be calcu-
lated as follows:
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where
′ni  is the bearing rotational speed,

Te and ne are the output torque and rotational 
speed of the bearing, respectively,

Tmi is the bearing friction torque.
The efficiency at the bearings of the coupled 

PGT is shown in Fig. 5.

4.1.3 Efficiency with churning loss
In general, the churning loss is lower than the fric-
tion loss between the meshing teeth. Therefore, the 
empirical formula for the churning loss is given by:

ηYηη bhv
P

= −1 0 4
10

3 2

6

. /

 (19)

where b is the width of the tooth under oil, h is the 
depth of the gear under oil, v is the circumferential 
velocity, and P is the input power.

The efficiency with churning loss is shown in 
Fig. 6.

The overall efficiency of the coupled PGT 
scheme taking all the three kinds of losses into 
account is shown in Fig. 7. Compared with the 
results shown in Figs. 4, 5 and 6, the friction 
loss between the meshing teeth is the main part 
of the power losses of the coupled PGT scheme, 
which has a great impact on the overall efficiency. 
Therefore, the design of gear pairs is vital for the 
improvement of the overall efficiency.

4.2 Case study

Pivot turning is significant to the theoretical 
analysis of  tracked vehicles in the turning process, 

Figure 3. Flowchart of the efficiency model of gearing 
mesh.

Figure 4. Efficiency between the meshing teeth of the 
coupled PGT.

Figure 5. Efficiency at the bearings of the coupled 
PGT.

Figure 6. Efficiency with churning loss.
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which is the focus of  small radius turning. In pivot 
turning, double motors are capable of  executing 
turns at a turning radius of  0. Meanwhile, the 
forces of  the inside and outside tracks are equal 
and opposite. Since the closed power flow that 
increases the force of  the carrier and bearings of 
the planetary gear is inevitable in pivot turning, 
the efficiency is the lowest. As shown in Fig. 8, 
the efficiency of  the coupled PGT scheme in pivot 
turning decreases obviously. The efficiency of  the 
double-motor coupling drive transmission scheme 
in pivot turning is shown in Fig. 9. In pivot turn-
ing, the power loss of  the coupled PGT scheme is 
the main part of  the double-motor coupling drive 
transmission.

5 CONCLUSION

1. The graph theoretic model of a coupled PGT 
was constructed by using the graph theory and 
the methodology of fundamental circuits for 
gear trains. The four f-circuits were constructed 
to express the topological synthesis of kinematic 
chains.

2. The angular velocity equations were derived for 
the kinematic analysis. The angular velocities 
of output components that represent the left 
and right output angular velocities, respectively, 
were obtained. The kinematic analysis of each 
component could be achieved through the four 
f-circuits.

3. The torque equations of the coupled PGT 
scheme were obtained according to the energy 
conservation law. The efficiency of the coupled 
PGT scheme considering only gear meshing 
was computed based on the angular velocity 
and torque equations.

4. The theoretical analysis model of transmission 
efficiency in pivot turning for tracked vehicles 
was established to predict the total power loss 
of the planetary gear sets. The simulation of 
transmission efficiency was carried out using 
the Matlab/Simulink platform, which realized 
the automatic kinematic analysis and the effi-
ciency of the coupling mechanism.
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On optimum profile relief  in thin-rimmed spur and helical gears
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ABSTRACT: This paper is aimed at analyzing the optimum profile modifications minimizing the time-
variations of transmissions errors for thin-rimmed gears in contrast with those defined when considering 
solid gears. To this end, an original hybrid gear model is employed which combines lumped parameter 
elements, finite elements, condensed sub-structures along with a specific mortar-based mesh interface 
which eliminates the numerical errors induced by direct collocations between tooth contact and gear body 
degrees-of-freedom. Two thin-rimmed gear examples are considered: a) a spur gear with a thin cylindri-
cal rim and b) a helical gear with a thin conical rim. Numerical results in terms of transmission error are 
compared with the analytical findings derived for solid gears. It is found that, in case of spur gears and 
cylindrical rims, the analytical and numerical findings are very close whereas the results for the helical gear 
with a conical thin rim substantially deviate from those obtained for a rigid gear body, suggesting that 
extrapolations to helical gears with flexible bodies are not always possible.

tion of optimum profile modifications retransmis-
sion error variations. To this end, a gear body 3D 
finite element model is condensed and introduced 
in a hybrid dynamic model whose results are com-
pared with those obtained for solid gears using the 
Master Curves defined by Velex et al. (2011).

2 DYNAMIC MODEL

A hybrid lumped parameter-finite element 
dynamic model is considered in which the hous-
ing and bearings are simulated by lumped stiffness 
elements and the shafts are discretized in beam 
elements. A specific gear element is introduced 
which is derived from the formulation of Velex & 
Maatar (1996) for solid pinions and gears. In 
order to incorporate deformable gear bodies, the 
initial 6 rigid-body Degrees-of-Freedom (DOF) 
are replaced by the master node DOFs of a sub-
structure (Herting 1985) which is constructed from 
a 3D finite element model of the flexible wheel (3 
translational DOFs per node). The modified gear 
element therefore connects the 6 DOFs at the pin-
ion center (still considered as solid) to the DOFs 
of the sub-structured deformable gear body via 

1 INTRODUCTION

Profile modifications are usually needed in spur 
and helical gears transmitting significant power 
in order to avoid corner contacts and reduce mesh 
excitations. Numerical models and analytical devel-
opments (Maatar & Velex 1996, Baud & Velex 2002, 
Ajmi & Velex 2005, Abousleiman & Velex 2006, 
2007, Bettaieb & Velex 2006, Bettaieb et al. 2007) 
have been proposed for solid gears which include 
closed-form formulae defining the set of optimum 
symmetric profile reliefs minimizing transmission 
error time-variations (Master Curves, according to 
Bruyère et al. 2015, Velex et al. 2011).

The present paper concentrates on helicopter 
transmissions for which mass reduction is critical, 
thus leading to light-weight, thin-rimmed gears 
with webs that are notably thinner than tooth face 
widths. Webs can be cylindrical, particularly for spur 
gears, but more complex geometries (conical, etc.) 
can also be employed. In such conditions, the classic 
approach based on rigid-body mechanics cannot be 
applied any longer and gear body vibrations must 
be taken into consideration (Mounetou et al. 2014).

The main objective of this paper is to analyze 
the influence of flexible gear bodies on the defini-
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a time-varying non-linear mesh interface model 
(Winkler foundation accounting for distributed 
mesh stiffness and tooth shape deviations) as sche-
matically represented in Figure 1.

The normal deflection Δ(Mij) at any discrete cell 
j of  line of contact i of  the Winkler foundation in 
the plane of action (Fig. 2) reads:

Δ( ) ( ) ( ))ij ij ijδ δ( )((( −)( 0δδ  (1)

with δ the normal approach minus δ0 the initial 
tooth gap.

This normal deflection can be re-written as:
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with n1 + n2 = 0, the outward unit normal vector 
to the pinion and gear tooth flanks, u1(O1), ω1: dis-
placement, rotation at pinion center and u2(Mij): 
gear tooth displacements projected on the plane 
of action linked to the degrees of freedom of the 
sub-structure.

(2) can finally be expressed as:

Δ( ) ( ) ( ))ij
T

ij ij−V X( )( X( )(VT )( δ0δδ  (3)

with: V(Mij) structural vector and X = {u1(O1) ω1  
u2(Mij)}T, DOF vector at pinion center and on the 
contact lines on the gear side.

The models of discretized contact lines and 3D 
continuous FE elements for gear body are incom-
patible and direct collocation generates numeri-
cal errors such as spikes on the quasi-static and 
dynamic local load distributions. A mortar inter-
face (schematically represented in Fig. 3) is there-
fore introduced to smoothen the transition between 
the discretized lines of contact with displacement 
u2(Mij) and the sub-structure nodes X2 (Guilbert 
et al. in prep).

This interface leads to a modified expression of 
the normal deflection of the form:
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with V*(M), extended structural vector, Xm = {u1(O1) 
ω1  X2}T modified DOF vector, 1/L I32 M33: mor-
tar interface contribution (Guilbert et al. in prep) 
and P(Nrij): derived from the FE shape functions 
(Dhatt 1981).

The global mesh stiffness and global mesh force 
can thus be written in terms of the modified struc-
tural vector as:

12 0
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Figure 1. Gear element.

Figure 2. Discretised plane of action.
Figure 3. Gear element displacement scheme (Guilbert 
et al. in prep).
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The global model is built by assembling the shaft, 
lumped parameters along with the gear element, 
leading to the following equations of motion:
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with X: the physical DOF vector, Φ: the modal 
DOF. Subscripts b and n refer to the boundary and 
modal DOFs in the sub-structure.

The system is solved by combining a Newmark 
time step integration scheme (Velex & Maatar 
1996) and a normal contact algorithm which con-
trols that all the contact forces between the mating 
teeth are compressive.

3 MODEL GEOMETRY

The two gears defined in Table 1 are considered. 
The spur gear baseline design has a cylindrical web 
(Fig. 4) whereas the helical gear is mounted on a 
conical web (Fig. 5).

4 NUMERICAL SIMULATIONS

The main objective is to analyze the influence of thin 
rims/webs on profile modification optimization in 
contrast with the results derived from the so-called 

Master Curves (Bruyère et al. 2015) for rigid gear 
bodies. Symmetric linear profile reliefs are consid-
ered (identical on pinion and gear tooth tips) so 
that they can be characterized by two parameters 
only: a) a dimensionless extent of modification Γ 
(fraction of the active profile) and, b) the ampli-
tude of modification at tooth tip E (expressed in 
m). Systematic sweeps over the two parameters 
have been performed and the level curves of the 
RMS of quasi-static transmissions errors are plot-
ted in the plane (E, Γ). The corresponding Master 
Curves (i.e., the optimum reliefs when considering 
solid gears) are directly superimposed on these dia-
grams. The first set of results in Figure 6 deals with 
a rigidified sub-structure (whose Young’s modulus 
was set to 4.1014 Pa) and shows that, for the (a) 
spur and (b) helical gear examples, the optimum 
reliefs obtained by numerical simulations corre-
spond to those given by the Master Curves, thus 
confirming that both the analytical approach and 
the sub-structuring technique are sound.

Comparisons have been extended to the thin-
rimmed spur gear example (with deformable body) 

Figure 4. Cylindrical rim (Spur gear example—dimen-
sions are in mm).

Figure 5. Conical rim (Helical gear example—dimen-
sions are in mm).

Table 1. Gear data.

Spur gear Helical gear

Pinion Wheel Pinion Wheel

Module m (mm) 1.5 1.5
Number of teeth 45 86 45 86
Pressure Angle 

(°)
25. 25.

Helix Angle (°) 0. 10.
Addendum 

coefficient
0.9447 1.

Deddendum 
coefficient

1.1933 1.25

Profile shift 0.341 m 0.481 m 1.m –2.5 m
Fillet Radius 0.25 m 0.25 m
Rim width b (mm) 11.5 9.5 25. 20.
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and the results in Figure 7 show that, here again, 
there is a good agreement between the numerical 
and analytical findings for rigid gear bodies. Some 
slight differences can be noticed in terms of com-

binations of optimum relief  but it is believed that 
the analytical results can still be used, at least, at 
the early stage of design.

The situation is different when it comes to the 
helical gear example with conical web as illustrated 
in Figure 8. A clear shift is observed between the 
optimum reliefs derived from the Master Curves 
(rigid gear bodies) and those given by numerical 
simulations. In this case, the presence of a compli-
ant web moves the optimum profile modifications 
towards the larger amplitudes of relief  at tooth 
tips. Extrapolations from the analytical results 
should therefore be employed with care.

5 INFLUENCE OF HELIX ANGLE

From a physical viewpoint, it can be inferred that 
the larger discrepancies noted for the helical gear 
with conical web may be caused by non-uniform 
tooth load distributions. The axial force compo-
nent combined with the web geometry can lead to 
gear web distortions hence misalignments under 
load and uneven tooth load patterns. In these con-
ditions, conic webs are critical and, for one given 
helical gear geometry, an influence of the cone 
angle on load distributions, hence on transmission 
errors, is expected. In what follows, the web geom-
etry is kept constant and the helix angle is varied 
between 0 and 30°.

Figure 9 shows the RMS TEs and the corre-
sponding Master Curve for a spur and a helical 
gear with conical webs. It appears that the trans-
mission error levels for a spur gear with a conical 
web (a) are different from those with a cylindrical 
web (and from the Master Curves) and the level 
curve distribution is close to what was reported for 
the previous helical gear example. Figure 9-b has Figure 6. RMS TEs and Master Curves for rigid body 

(E = 4.1014Pa) (a) spur and (b) helical gear (β = 10°).

Figure 7. RMS TEs and Master Curve for thin-rimmed 
spur gear.

Figure 8. RMS TEs and Master Curve for helical thin-
rimmed gear.
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been obtained with a larger helix angle (β > 10°) 
and it is observed that the optimum area is nearer 
to that determined for rigid gear bodies.

These two sets of results confirm the combined 
influence of web conicity and helix angle suggest-
ing that, for a given helical gear, there exists a pref-
erential web geometry (or vice versa). Based on the 
results in the previous figures, it can be said that 
the best helical angle for this conical web design is 
larger than 10° which also corresponds to a case 
where the optimum reliefs are close to those defined 
by supposing that gear body deflections can be 
ignored. It can also be deduced that, for the same 
web design, rather contrasted transmission error 
signals can be found depending on tooth macro-
geometry thus making it difficult to define general 
rules for optimizing tooth profile modifications.

Further simulations have been performed using 
the cylindrical web in Figure 4 with several helical 
gears with β = 10°, 20° and 30°. The corresponding 
TEs contour plots in Figure 10 clearly reveals that 
the agreement between the numerical and Master 
Curve results has been downgraded for helical 
gears. This remark supports the idea of a com-

bined influence of helix angle and web geometry, 
and ultimately that of tooth load distribution.

6 CONCLUSIONS

A hybrid FE/lumped parameter model has been 
briefly presented and used in order to optimize 

Figure 9. RMS TEs and Master Curve for (a) β = 0° 
and (b) β > 10° helical angle and conical rim.

Figure 10. RMS TEs and Master Curve for (a) β = 10°, 
(b) β = 20°, (c) β = 30° for the straight thin rim.
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profile modifications in thin-rimmed spur and hel-
ical gears. The structural deflections of gear bodies 
are introduced by using a substructure technique 
and connecting the sub-structure master nodes to 
the mesh interface. The time-varying discretized 
contact lines and the 3D FE being not compat-
ible, a mortar-based technique has been employed 
to realize a smooth transition between these two 
models and avoid artificial numerical load spikes.

The model has been validated by considering 
a rigidified sub-structure whose results compare 
very well with those given by the classic rigid-body 
approach. Two deformable web/rim geometries 
have been tested for a variety of gears: a cylindrical 
(straight) web and a conical one. Apart from the 
spur gear-cylindrical web combination, significant 
deviations have been observed between the opti-
mum reliefs found by numerical results and those 
given by the Master Curves (or considering solid 
gears with rigid bodies). By combining different 
web/gear geometries, it is found that these two fac-
tors are influential on transmission error as they 
can both induce web distortions and tooth mis-
alignments under load. It is also observed that, for 
a given helical gear, the conicity angle of the web 
can be adjusted so that TEs level curves compare 
reasonably well (or better) with the results obtained 
for rigid bodies. The results presented herein prove 
that thin-rimmed gears are specific with regard to 
profile modifications versus transmission errors.

The influence of web/rim deflections must there-
fore be taken into account in any realistic attempt 
to define optimum reliefs and formulae/results 
derived for solid gears can hardly be extrapolated.
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Fillet geometry modeling for nongenerated gear tooth surfaces
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ABSTRACT: The geometry of the fillet of gear tooth surfaces is obtained as a result of the process of 
gear generation. In this case, it can be modeled by using the principles of the theory of gearing from the 
generating surfaces of the tool. However, when gear tooth surfaces are not the result of such a process of 
generation, usually the active tooth surface is obtained by other means including the theoretical definition 
of the surface as in the case of spherical involute bevel gears or by freeform design of the active gear tooth 
surfaces. For all those cases, the geometry for the fillet is needed if  bending stresses are to be evaluated by 
finite element analysis or if  the 3D model of the gear is the targeted geometry for molding, forging or 3D 
printing. In this work, the fillet geometry modeling by using Hermite curves is proposed and applied to 
several cases of design, including straight bevel gears. Application of Hermite curves in fillet gear mod-
eling allows the design of smooth curves based on a small number of user-controlled parameters, usually 
the initial and final tangent weight of the curve. Fillet geometry definition by using Hermite curves allows 
bending stresses to be considerably reduced.

is where contact stresses are obtained. The fillet is 
the portion of the gear tooth surfaces that joins the 
active tooth surface with the root land. It is gen-
erated by the edge profile of the generating tool 
blades or surface. This is where maximum bend-
ing stresses are obtained. Finally, root land is the 
portion of the surface that joins the fillets of two 
consecutive gear teeth.

When considering gear tooth geometries for man-
ufacturing by forging, molding or 3D printing, the 
designer has freedom to apply any micro-geometry 
modification to the gear tooth surfaces by using an 
approach called freeform design. In this case, the 
geometry of the fillet has to be adjusted to the new 
active tooth surface in order to avoid discontinui-
ties on the gear tooth surfaces. Also, new profiles 
or curves can be proposed and modeled seeking to 
minimize gear stresses and therefore increasing the 
endurance and life of the gear drive. One example 
is the application of spherical involutes as refer-
ence surfaces for straight bevel gears. However, if  
bending stresses are to be evaluated, a profile for 
the fillet has to be proposed, modeled, and used as 
part of the gear tooth geometry.

Many models to estimate bending stresses are 
based on the consideration of gear tooth as a can-
tilever beam and the load is applied on the tip of 
the tooth. This basic model is also used as starting 
point for the estimation of bending stresses accord-
ing to international gear standards. Although this 

1 INTRODUCTION

Gear tooth surfaces consist of four parts from top 
to bottom: Top land, active tooth surface, fillet and 
root land (see Figure 1). The top land is the surface 
at the top of a gear tooth. For external gears, it 
is part of the external surface of the blank before 
the process of generation. The active tooth surface 
is where the bearing contact between pinion and 
gear occurs. Contact patterns are always developed 
and represented on the active tooth surface and it 

Figure 1. Representation of main gear tooth surfaces.
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approach provides simplicity, it has low accuracy 
since stress concentration phenomena prevails at 
the fillet area (Spitas & Spitas 2007).

A more elaborated numerical calculation of 
the stress field at the fillet area is necessary when 
the Finite Element Method (FEM) is being used 
for finite element analysis (Spitas & Spitas 2007). 
Spitas, Costopoulos & Spitas (2001) carried out a 
comparative study between the structural proper-
ties of the standard trochoidal filleted teeth gener-
ated by hobbing and a proposed circular filleted 
involute teeth. They demonstrated that the circular 
design surpasses the traditional trochoidal design 
in spur gears tooth fillet in terms of fatigue endur-
ance without affecting the pitting resistance. In 
(Spitas & Spitas 2007), a comparison was made 
between standard and modified trochoidal designs 
for gear tooth fillets and their circular fillet alter-
native designs in terms of bending strength. Again, 
they demonstrated that the circular gear tooth fil-
let exhibits improved strength over its trochoidal 
counterpart that, in cases, can be as high as 31%.

Kapelevich & Kleis (2002) have also sepa-
rated the design of the active tooth profile with 
the geometry of the fillet. With their Direct Gear 
Design approach for spur and helical gears, differ-
ent profiles for the fillet geometry can be selected 
(parabola, ellipse, cubic spline, etc.) in order to 
maximize bending fatigue resistance and mesh 
stiffness.

In this work, application of Hermite curves for 
modeling the fillet surface is proposed and applied 
to several cases of design, including straight bevel 
gears. Application of Hermite curves in fillet gear 
modeling allows the design of smooth curves based 
on a small number of user-controlled parameters, 
usually the initial and final tangent weights of the 
curve. Finite element analysis will be used to inves-
tigate the influence of different gear fillet profiles 
on bending stresses.

2 DEFINITION OF HERMITE CURVES

Hermite curves are defined by two points P0 and 
P1 and two tangent vectors T0 and T1 (Han 2011, 
Rovenski 2010, McConnel 2006). The basic data 
for definition of the fillet geometry by a Her-
mite curve are represented in Figure 2. The fillet 
geometry joins the lower boundary of the active 
gear tooth surface with the root surface and the 
initial and final tangent vectors can be considered 
as known all over the upper and lower boundary 
of the fillet surface. Therefore, Hermite curves are 
very suitable for providing the fillet geometry in 
those cases where fillet is not generated by the cut-
ting action of the hobbing tool mainly directed to 
produce the active gear tooth surfaces.

Given points P0 and P1 and two tangent vectors 
T0 and T1 (Figure 2), the Hermite curve between 
those points is defined by

r P
T TT

( )t ( )t ( )t t+
+ ( )t t tt + ( )t t

t PP) (0PP t+
t 0TT 1TT

1PP  (1)

Where 0 1. Functions

b t t1bb 3 2t2 3tt3 1t3 +  (2)

b t t1bb 3 2t2 3t3  (3)

b t t t1bb 3 2t2−t3  (4)

b t t1bb 3 2t−t3  (5)

are called blending functions that weight the effect 
of the given initial and final points as well as the 
tangent vectors. Figure 3 shows a graph of the 

Figure 2. Basic data for definition of the fillet geometry 
by a Hermite curve.

Figure 3. Blending functions for Hermite curves.
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blending functions for Hermite curves where the 
influence of each of the given points and vectors 
as a function of the parameter t along the curve 
can be observed.

For modeling the fillet of a gear tooth, let the 
coordinates of point P0 be denoted as ( , , ).,,P , P0 0P PP Py,

0PP  
Similarly, we will consider coordinates of point P1PP  
as ( , , ),,,P , P1 1P PP Py,

1PP  and the components of the tan-
gent vectors as ( , , ),,T , T0 0T TT Ty,

0TT  and ( , , ),,T , T1 1T TT Ty,
1TT . 

The coordinates of a point P  of  the fillet will be 
obtained as a function of parameter t  as follows:

x b b x b b xP b P b T( )tt = +b xb + +b xb2bbPb x +b xPb xb 3 4bTb x +b xTb xb
0 1PP2PP 0 1TT4TT  (6)

y b b y b b yP b P b T( )tt = +b yb + +b ybbbPb y +b yPb yb 3 bTb yb +b yTb yb
0 1

yPP2PP 0 1
yTT4TT  (7)

z b b z b b zP b P b T( )tt = +b zb + +b zb2bbPb z +b zPb zb 3 4bTb z +b zTb zb
0 1PP2PP 0 1TT4TT  (8)

Figure 4 shows different geometries for the fillet 
of a spur gear when considering various values of 
the modules T0 and T1 of tangent vectors T0 and T1. 
Regarding the geometries represented in Figure 4, 
the modules of tangents T0 and T1 were kept equal. 
In this work, T0 has been obtained as the tangent 
at the lower point of the active tooth profile, then 
normalized and multiplied by the corresponding 
tangent weight t0 and the module m of  the gear 
drive. Similarly, T1 has been obtained as tangent 
to the root circle at P1, also normalized and mul-
tiplied by the corresponding tangent weight t1 and 
module of the gear drive. This operation scales the 
tangent modules T0 and T1 so that similar values 
of the tangent weights varying from 0.5 to 1.5 can 
provide suitable fillet profiles for almost any gear, 
no matter its size. Initial and tangent weights t0 and 
t1 are considered the two design parameters for the 
fillet of the gear.

3 THE PARTICULAR CASE OF STRAIGHT 
BEVEL GEARS

Straight bevel gears have teeth that are straight and 
tapered. When considering the proposed approach 
for modeling the fillet in straight bevel gears, keep-
ing tangent weights constant along the face width 
makes the fillet geometry change along the face 
width due to the fact that the size of the tooth at 
the heel is larger than that at toe of the tooth as 
shown in Figure 5.

In order to solve this issue, we take advantage 
that Hermite curves are scalable. In this case, if  
we denote as s  the distance from the apex of the 

Figure 4. Different possible geometries for the fillet by 
using Hermite curves. In this graph, the module T0 has 
been considered equal to the module of T1.

Figure 5. Fillet geometry of a straight bevel gear if  tan-
gent weights are kept constant along the face width.

Figure 6. Fillet geometry of a straight bevel gear with 
adjusted tangent weights along the face width.
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pitch cone of the gear to a point of the fillet and 
assume that A0 is the outer cone distance, weights 
of tangents for the fillet profile should be adjusted 
according to the following equation, being t0

′  and 
t1

′  the provided design values for the initial and 
final tangent weights of the fillet profile on the 
outer section corresponding to the heel.

t t
s

A
t t

s
A0 0t

0AA 1 1t
0AA

t t0t ′ ′s ,  (8)

Figure 6 shows the fillet of a straight bevel gear 
when tangent weights are varied according to 
Equation (9) along the face width.

4 FINITE ELEMENT ANALYSIS

The finite element method has been used to per-
form stress analysis for all cases of design that will 
be described below. Automatic parametric genera-
tion of finite-element models of cylindrical gears 

Figure 7. Finite element model with five pairs of con-
tacting teeth.

Table 1. Basic design parameters of the investigated 
spur gear set.

Parameter Pinion Gear

Number of teeth 21 34
Module [mm] 2.5
Addendum coefficient 1.00  1.00
Dedendum coefficient 1.25  1.25
Profile shift coefficient 0.18292 –0.18292
Face width [mm] 19
Normal pressure angle [deg] 20
Center distance [mm] 68.75
Edge radius coefficient  0.38
Young’s Modulus [GPa] 210
Poisson’s ratio  0.3
Applied torque [Nm] 175 –

has been carried out taking into account the ideas 
shown in (Litvin & Fuentes 2004, Litvin, Fuentes, 
Gonzalez-Perez, Carvenali, Kawasaki & Hands-
chuh 2003).

Finite element models comprising five pairs 
of contacting teeth have been employed to avoid 
influence of the boundary conditions on the 
results. The model size consists of 190610 elements 
and 232352 nodes. Figure 7 shows the finite ele-
ment model of a cylindrical spur gear set. Gear 
active tooth surfaces have been defined as master 
surfaces, while pinion active tooth surfaces have 
been defined as slave surfaces. Three-dimensional 
solid elements of type C3D8I (Abaqus 2016) have 
been used, being hexahedral first order elements 
enhanced by incompatible deformation modes in 
order to improve their bending behavior. Pinion 
and gear material is steel defined with elastic mod-
ulus of 210 GPa and Poisson ratio of 0.3.

5 NUMERICAL EXAMPLE

The basic design parameters of the investigated 
gear set are shown in Table 1.

As a baseline reference, the stress analysis for the 
trochoidal gear tooth fillet, as generated by a rack 
cutter with an edge radius coefficient of 0.38 has 
been studied. For this case where the fillet is a by-
product of the generating process, the maximum 
bending stress at the fillet surface is 259 MPa.

In this work, 25 cases of design will be consid-
ered comprising 5 different values of the initial tan-
gent weight t0 from 0.7 to 1.1 with a step equal to 
0.1, in combination with the same 5 values for the 
final tangent weight t1 of the Hermite curve. For all 
cases of design, the evolution of maximum contact 
and bending stresses is obtained so that the maxi-
mum value of the stress along the cycle of meshing 
of the gear is always obtained.
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Figure 8 shows the gear tooth fillets for three 
cases of design where t t0 1t 0 7=t1t . ,7  t t0 1tt 0 9=t1t .  
and t t0 1t 1 1=t1t . . As noticed, the lower the tangent 
weight is, the more gentile connection from the 
active tooth surface and the root surface is made.

Figure 9 shows the 3D surface plot of the bend-
ing stresses at the gear tooth fillet for 25 different 
combinations of tangent weights, varying from 0.7 
to 1.1. Figure 10 represents the same results as a 
contour plot. Notice that the bending stresses are 
reduced considerably for the lower values of tan-
gent weights. It can be predicted that even lower 
values of tangent weighs may yield lower bending 
stresses. However, the limit for tangent weights has 
to be found considering that the fillet profile must 
provide a gear mesh with sufficient radial clearance 
to avoid tip-fillet interference.

By considering the results shown in Figure 10, 
we notice that given a tangent weight t0, for lower 
stresses we should consider the lower t1 possible. 
Tangent weight t0 should be obtained mainly con-
sidering the avoidance of tip-fillet interference. 

Figure 8. Comparison of geometries of fillets for the 
pinion considering t0 = t1 = 0.7, t0 = t1 = 0.9 and t0 = t1 = 
1.1.

Figure 9. 3D surface plot of bending stresses as a func-
tion of tangent weights t0 and t1.

Figure 10. Contour plot of bending stresses as a func-
tion of tangent weights t0 and t1. Values of bending 
stresses are represented in MPa.

Figure 11. 3D surface plot of contact stresses as a func-
tion of tangent weights t0 and t1.

Once t0 is selected, t1 should be chosen as the low-
est possible value.

A maximum bending stress of σ bσ = 313 36.  
MPa is obtained when considering t t0 1tt 1 1=t1t . .1  
A minimum bending stress of σ bσ = 243 36.  MPa 
is obtained when considering t t0 1tt 0 7=t1t . .7  This 
reduction represents a 22. %33  from the maxi-
mum value of all 25 cases considered but only a 
6%  with respect to the baseline design when the 
trochoidal curve for the fillet is considered.

Figure 11 shows the 3D surface plot of con-
tact stresses at the actives surfaces of the pinion 
for all cases of design. Figure 12 represents the 
same results as a contour plot. Contact stresses, 
although in a very small percentage, are also influ-
enced by the geometry of the fillet. For larger val-
ues of t0 and t1 we can find lower values of contact 
stresses. Although the tendency is opposite to that 
needed to reduce bending stresses, the influence of 
the geometry of the fillet on the contact stresses is 
always below 1% .

Figure 13 represents the evolution of bending 
stresses all over one cycle of meshing for a pinion 
with a trochoidal fillet in comparison with 5 dif-
ferent geometries considering Hermite curves for 
fillet profile. It can be observed that the trochoi-
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dal surface yield a bending stress evolution similar 
to the case of design with t t0 1t 0 8=t1t . . Detail A 
in Figure 13 shows the influence of the contact of 
gear tip with the bottom part of the pinion active 
tooth surface on stresses on finite elements belong-
ing to the fillet surface as shown in Figure 14.

6 CONCLUSIONS

An approach for modeling the fillet geometry for 
non-generated gear tooth surfaces has been pro-
posed. Based on the performed research work, the 
following conclusions can be drawn:

• The fillet geometry has an important influence 
on bending stresses. Hermite curves have been 
used as fillet geometry and by considering lower 
values of tangent weights, a reduction of bend-
ing stress as high a 22.3% has been obtained with 
respect to the maximum value corresponding to 
higher values of tangent weights.

• Contact stresses are influenced as well by the 
geometry of the fillet although such influence 
can be neglected as it is always lower than 1%.

• Modeling of fillet geometry by Hermite curves is 
an efficient way to provide gear geometric mod-
els with fillets when the surfaces are not designed 
to be generated by a cutting or grinding tool.
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Analysis and optimization of contact ratio of asymmetric gears
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ABSTRACT: The contact ratio of the spur gears is a critical parameter that affects gear drive perform-
ance. The influence of this parameter on the gear drive load capacity, efficiency, and noise and vibration 
is well known. There are studies [1–3] dedicated to the analytical and experimental comparison of gears 
with low and high contact ratios. The dynamics and efficiency of high-contact-ratio asymmetric tooth 
gears were described in [4, 5].

These publications explore the contact ratio using a very similar evaluation approach. The gears are 
designed traditionally based on a preselected basic (or generating) rack. This makes the contact ratio 
dependent on the number of teeth of mating gears, basic rack addendum, and X-shifts. A contact ratio 
is considered nominal, as it is designed without influence of deflections under the operating load. Com-
parable gear sets with different contact ratios are identical in numbers of teeth, tooth size, modules, and 
diametral pitch.

Such comparisons might have some theoretical value, but for practical gear design, equalizing some 
performance parameters in comparable gears is more important. For example, high-contact-ratio gears 
provide load sharing between two or three pairs of teeth, increasing the load capacity. However, when they 
are compared with high-pressure-angle and low-contact-ratio gears (assuming identical numbers of teeth 
and tooth sizes), the mesh efficiency of high-contact-ratio gears is significantly lower, because of their long 
tooth addendums and low pressure angle. Now a gear designer faces a dilemma: what is more important, 
high load capacity or high gear efficiency? Comparing gear sets with identical numbers of teeth and tooth 
size shows that it is impossible to simultaneously maximize both of these performance factors.

This article presents an analysis of asymmetric tooth gears considering the effective contact ratio that 
is also affected by bending and contact tooth deflections. The goal is to find an optimal solution for high 
performance gear drives, which would combine high load capacity and efficiency, as well as low transmis-
sion error (which affects gear noise and vibration).

ε ϕ ϕ
αeαα z

= =1ϕϕ

1

2ϕϕ

2360 / /z1 360
,  (2)

where:
φ1 and φ2—pinion and gear engagement angles;
360/z1 and 360/z2—pinion and gear angular 

pitches.
Transmission error is [7]

rbrr= rrr 2 2 1( )2 1 ,u2 1
 (3)

where:
θ1 and θ2—driving pinion and driven gear rota-

tion angles;
rb2—driven gear base radius.
A typical transmission error chart is shown in 

Fig. 1.
The effective contact ratio and transmission 

error are influenced by manufacturing tolerances 
and operating conditions, including deflections 

1 EFFECTIVE CONTACT RATIO AND 
TRANSMISSION ERROR

The Direct Gear Design method [6] defines the 
nominal contact ratio for external gears as

ε
π

α αα =
z α −a aαα w

1
2αaαα

2
(tan tα +αααα ( )+ u+1 tan )αwα ,

 
(1)

where:
αw—operating pressure angle;
αa1 and αa2—outer diameter profile angles;
U = z2/z1—gear ratio, z1 and z2—numbers of 

teeth of mating pinion and gear.
Effective contact ratio can be defined as the 

ratio of the tooth engagement angle to the angu-
lar pitch. The tooth engagement angle is a gear 
rotation angle from the start of the tooth engage-
ment with the mating gear tooth to the end of the 
engagement. The effective contact ratio is
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under load, temperature, etc. of the gears and other 
gearbox components. In this article, only bending 
and contact tooth deflections are considered for 
the definition of the effective contact ratio and 
transmission error. Each angular position of the 
driven gear relative to the driving gear is iteratively 
defined by equalizing the sum of the tooth contact 
load moments of each gear to its applied torque. 
The related tooth contact loads are also iteratively 
defined to conform to tooth bending and contact 
deflections, where the tooth bending deflection 
in each contact point is determined based on the 
FEA-calculated flexibility and the tooth contact 
deflection is calculated by the Hertz equation.

2 COMPARABLE GEAR ANALYSIS

Comparable gear sets’ macrogeometry is defined by 
the Direct Gear Design method [6]. It allows hav-
ing the drive flank nominal contact ratio as one of 
the gear design input parameters. The mating gears 
have optimized root fillets. The specific sliding 
velocities are equalized to maximize gear mesh effi-
ciency, which for external spur gears is equal to [7].

E f H H
H Hw

s tH HH

s tH HH
= × − ×f +⎛

⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

100 1
2

2 2H+
cos

%,
αw

 (4)

where:
f—average friction coefficient;
Hs—specific sliding velocity at start of approach 

action

Hs wH a w× ×( )uu (tan ta − an );αaw × (tan a αw  (5)

Ht—specific sliding velocity at end of recess 
action

H ut wHH a w× ×( )uu (tan ta − an ) / .αw a×w (tan a αw  (6)

Maximum gear mesh efficiency is achieved when 
the specific sliding velocities Hs = Ht are equalized. 

Then maximum mesh efficiency for external spur 
gears can be defined from equations 4–5 (consider-
ing also equation 1) as

E f u
u z

= × − ×
⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

100 1
2 1

εα))u %, (7)

All comparable gear sets are assumed to have 
identical maximized mesh efficiency E, average fric-
tion coefficient f, and gear ratio u. Then, according 
to equation 7, the nominal contact ratio is inversely 
proportional to the pinion’s number of teeth

εα

z
E u

f uπ
const

1

1
100

2−1= ⎛
⎝
⎛⎛
⎝⎝

⎞
⎠
⎞⎞⎞⎞
⎠⎠
⎞⎞⎞⎞ =

)u
. (8)

The criterion 8 is used to analyze parameters 
of  external spur gear sets with asymmetric teeth. 
Comparable asymmetric tooth gear sets have dif-
ferent numbers of  teeth and identical center dis-
tance aw, gear ratio u, coast flank pressure angle 
αwc, minimal pinion and gear tooth tip thicknesses 
tha1 and tha2 that are required to avoid the harden 
through tooth tips for the carburized harden 
gears, average friction coefficient f  and gear mesh 
efficiency E, pinion and gear material proper-
ties, and equalized specific sliding velocities Hs 
and Ht. The face widths b1 and b2 are defined to 
approximately equalize the pinion and gear tooth 
bending stresses considering the optimized root 
fillets.

If  the center distance is identical for all gear sets, 
the operating modules are inversely proportional 
to the numbers of pinion teeth and defined as

m
a

z
w=

2

1( )u+1
.  (9)

The operating pitch diameter tooth thickness 
ratio

TTR th= 1 2hh / ,th2thh  (10)

where:
tha1 and tha2—pinion and gear tooth thicknesses 

at the operating pitch diameters.
The operating pitch diameter tooth thickness 

ratio value is selected to provide equalized specific 
sliding velocities Hs and Ht and identical pinion 
and gear tooth tip thicknesses tha1 and tha2.

The maximized drive flank pressure angle αwd is 
defined to achieve minimal contact stress. It must 
also provide the nominal drive contact ratio εαd 
defined by equation 8 and the preselected values of 
the coast flank pressure angle αwc.

The asymmetry factor is

Figure 1. Transmission error chart; Δ—distance in 
microns between actual tooth contact point and ideal 
contact point.
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K wc wd= cos / .wdα αwc /wc cos w
 (11)

The bearing load is

F T bd2000 1 1TT bd/ ,dbdd 1dbdd  (12)

where T1—pinion operating torque in Nm, dbd1—
pinion drive flank base diameter in mm.

Load sharing factor is

L FcFF max / ,F  (13)

where Fcmax—maximum contact load in the single 
tooth set contact. If the drive flank effective contact 
ratio εαde < 2.0, the load sharing factor L = 1.0. Sim-
ilar to the effective contact ratio and transmission 
error, the load sharing factor is defined accounting 
only for the bending and contact tooth deflections.

The Fig. 2 presents gear parameter charts defined 
to satisfy criterion 8 and the following preselected 
comparison conditions: center distance—150 mm; 
gear ratio—2:1; coast pressure angle—15°; pinion 
and gear face widths—35 mm and 30 mm; tooth 
tip thickness—0.30⋅module; average friction coef-
ficient—0.05; gear mesh efficiency—99%; pinion 
and gear material properties: modulus of elastic-
ity—207,000 MPa, Poisson ratio—0.3; pinion 
torque—1500 Nm.

The Fig. 2 charts indicate that with increasing 
numbers of pinion teeth, the tooth thickness ratio 
TTR also increases slightly, the drive flank pressure 
angle αwd gets lower but the nominal and effective 
contact ratios εαd and εαde grow. As a result of the 
drive flank pressure angle reduction, the bearing 
load F is noticeably reduced, but the equalized spe-
cific sliding velocities Hs and Ht increase because 
of the increased contact ratios.

Four gear sets are selected to define the trans-
mission error under variable operating load and to 
find a gear set with the optimal contact ratio. Gear 
set #1 has a 15-tooth pinion and 30-tooth gear 
with a low contact ratio (εαd = 1.19 and εαde = 1.33). 
Gear set #2 has a 19-tooth pinion and 38-tooth 
gear with a medium contact ratio (εαd = 1.51 and 
εαde = 1.69). Gear set #3 has a 23-tooth pinion 
and 46-tooth gear with a transitional contact ratio 
(εαd = 1.83 and εαde = 2.04). It is called transitional 
because it has a nominal contact ratio < 2.0 and 
an effective contact ratio under the given operating 
load > 2.0. Such gear sets under low load have one 
or two mating tooth pairs in contact. When the 
load is increased to its operating level and tooth 
deflections are increased, the gears are engaged in 
the two or three mating tooth set contact. These 
results in tooth load sharing and a single-tooth 
load reduction. Finally, gear set #4 has a 27-tooth 
pinion and 54-tooth gear with a high contact ratio 
(εαd = 2.15 and εαde = 2.40).

Figure 2. Main gear parameter charts; a—module and 
tooth thickness ratio; b—drive and coast flank pressure 
angles, and nominal and effective drive contact ratios; 
c—bearing load and specific sliding velocities; 1–4—four 
gear sets selected to define the transmission error under 
variable operating load.

The Fig. 3 shows the selected gear set meshes at 
the same scale. Arrows indicate the driving pinion 
torque direction.

Main gear parameters vs. pinion operating 
torque for gear sets 1–4 are shown in Figs. 4–6.
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Figs. 7 and 8 present the transmission error 
charts of gear sets 1–4 at different driving torques.

The Fig. 6b charts clearly indicate that with 
increasing operating torque, the transmission error 
of gear sets 1, 2, and 4 increases as well. In gear set 
3 the transmission also increases until the effective 
contact ratio exceeds 2.0 and the gear engagement is 
converted from the 1–2 mating tooth pair contact to 
the 2–3 mating tooth pair contact. Then the trans-
mission error of gear set 3 decreases slightly, stays 
flat, and then gradually increases. Within the oper-

Figure 4. a—nominal and effective contact ratios; 
b—load sharing factor.

Figure 5. Pinion (a) and gear (b) bending stress charts.

Figure 6. a—contact stress; b—transmission error.

Figure 3. Selected gear sets.
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Figure 7. Transmission error charts: a—gear set 1; 
b—gear set 2.

Figure 8. Transmission error charts: a—gear set 3; 
b—gear set 4.

ating torque range, gear set 3’s transmission error is 
the lowest in comparison to the other gear sets.

3 SUMMARY

The article presents an analysis of  nominal and 
effective contact ratios of  several sets of  spur 
asymmetric tooth gears with equal maximized 
gear mesh efficiencies but different tooth sizes. 
This analysis has defined the main gear perform-
ance parameters, including tooth bending and 
contact stresses and transmission errors under 
variable operating load, accounting for bending 
and contact stress deflection. It demonstrated that 
transitional contact ratio gears appeared to be an 
optimal solution within the operating load range, 
providing minimal transmission error, bending 
stress that is lower than that of  gear sets with 
medium and high contact ratio gears, and contact 
stress that is lower than that of  gear sets with low 
and medium contact ratio gears. These transi-
tional contact ratio gears with relatively constant 
transmission error within operating load range 
are potentially good for tooth flank microgeome-
try optimization for additional transmission error 
reduction. This analysis confirms the article [3] 
conclusion that gears with integer values for the 
contact ratio are inherently quiet, when the effec-
tive contact ratio is considered instead the nomi-
nal contact ratio.

The presented contact ratio analysis and optimiza-
tion method is equally applicable and can be very ben-
eficial for directly designed symmetric tooth gears.
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A study on the influence of web thicknesses on static transmission 
errors of spur gear drives

J. Wang & Z.M.Q. Li
Nanjing University of Aeronautics and Astronautics, Nanjing, Jiangsu, China

ABSTRACT: A gear transmission system is one of the important parts in transmission machinery and 
static transmission errors have a great influence on the vibration of gears. In this paper, the effects of web 
thicknesses on static transmission errors are studied by deriving a formula of static transmission errors 
considering web thicknesses. A comparison of static transmission errors obtained for different web thick-
nesses is made and the optimized static transmission error can be obtained by changing the web thick-
nesses. And then, a comparative calculation of a one-stage gear transmission system with and without 
varied values of web thickness is performed and the results indicated that the vibration of the gear system 
will be reduced by changing web thicknesses during gear transmission.

2 STATIC TRANSMISSION ERROR 
CALCULATION

The gear web will produce deformation during 
transmission; however, the traditional method to 
calculate gear deformation always ignores web 
deformation. In order to study the influence of web 
thicknesses on web deformations, a kind of gear 
web is designed in this paper, as shown as figure 1; 
the web is divided into 5 pieces and the thickness 
of each piece is 3 mm. The web thicknesses can 
be changed by bringing different pieces in contact 
with the gear ring. Figure 2 is one of the typical 

1 INTRODUCTION

A gear transmission system is one of  the most 
widely used drive systems in the industry. How-
ever, the vibration caused during gear transmis-
sion will have an adverse effect on its capability 
and lifetime. Hence, many scholars have been 
studying the dynamic behaviors of  gear drives in 
different cases (Ma et al. 2012, Wei et al. 2014, 
Subramanian et al. 2014) and discussing about 
finding an efficient way to reduce the vibration in 
gear drives. Applied damping on gears is one of 
the widely used methods to reduce the vibration 
(Zhong et al. 2011, Stefano et al. 2012). Tooth 
profile modification is also commonly used to 
reduce the vibration (Liu et al. 2007, Chen et al. 
2014). However, the way to reduce the vibration 
by changing gear structures has not been studied 
till now. Therefore, in this paper, a new method 
to reduce gear vibration by changing web thick-
nesses is proposed. First, the method to calculate 
static transmission errors considering web defor-
mations is established. Then, an attempt is made 
to reduce the static transmission errors by chang-
ing the web thicknesses using actuators. Finally, 
the optimized static transmission error is used 
as an excitation to calculate the dynamic mesh 
force. The calculation results show that there 
is a certain decrease in the dynamic mesh force 
exerted while changing the web thicknesses dur-
ing gear transmission and the gear vibration will 
be reduced with a decrease in the dynamic mesh 
force. Figure 1. Gear web.
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elements of the web, where h is the thickness of the 
web, b is the arc length of arbitrary sections, r is 
the radius of arbitrary sections, and α is the angle 
of the element.

According to mechanics of materials, the tor-
sion deformation of gear webs can be expressed as 
follows:

ϕ
π

= −
⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

T
Ghππ r r4

1 1

1rr2
2rr2

 (1)

Where, G is the shear modulus of the gear mate-
rial, T is the input torque of the gear, r1 is the inner 
radius of the web, and r2 is the outer radius of the 
web, as shown in figure 1.

Hence, the web deformation in the mesh line is 
as follows:

δ
πw bδδ T
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Where, rb is the radius of the base circle.
Based on the ishikawa model (Zhu 1992), the 

rectangle bending deformation δBr can be expressed 
as follows:

δ ω
Brδ n xω

f
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Where, Fn is the normal load of gear tooth; E 
is the elastic modulus; hx, hr, and sf are geometric 
parameters of gears; and ωx is the acting angle.

The trapezoid bending deformation δBt can be 
expressed as follows:
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Where, hi is the geometric parameter of gears.
The share deformation δs can be expressed as 

follows:

δ
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Where, ν is the Poisson ratio.
The deformation caused by tooth base rotations 

δG can be expressed as follows:

δ ω
πGδδ n xω
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3
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The contact deformation δh12 can be expressed 
as follows:

δ
πhδ nFn

Eππ12

4
= ( )ν2νν1−

 (7)

Thus, the total deformation of the gears con-
sidering the web thickness can be expressed as 
follows:

δ δ δ δ δ δ δ2δ δδ δ δ δ δ+δδ +δδ +δδδδ Btδδ s Gδ δδδ h wδδ1δ 2 +δ 1δ 2  (8)

The static transmission error can be defined as 
the differences between actual contact points and 
theoretical contact points and it can be expressed 
as follows:

e = −δ δ− κ2 1δ δδ δ  (9)

Figure 2. A typical element of the web.

Table 1. Geometric parameters and operating 
conditions.

Names Values

Modulus m (mm) 3
Tooth number of pinions Zp 23
Tooth number of gears Zg 97
Pressure angle α (°) 25
Mass of pinions mp (kg) 0.394
Mass of gears mg (kg) 0.663
Power P (kW) 75
Input speed n (r/min) 4400
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Where, δ1 is the deformation of pinions and κ 
denotes the mesh errors caused during manufac-
turing and installation stages.

In order to study the influence of web thick-
nesses on static transmission errors, an example is 
simulated and the geometric parameters and oper-
ating conditions are listed in Table 1.

Based on the parameters listed in table 1 and the 
formula of static transmission errors, the curves of 
static transmission errors of one mesh cycle in dif-
ferent web thicknesses are shown in figure 3.

According to figure 3, the values of static trans-
mission errors will be reduced with an increase in 
web thicknesses and the lines of static transmis-
sion errors are parallel to each other. Hence, the 
peak-to-valley value of each static transmission 
error is not changed.

In order to reduce the peak-to-valley value of 
static transmission errors, we can change web thick-
nesses during gear transmission by using actuators; 

figure 3 shows the static transmission errors with 
web thicknesses changing from 15 mm to 3 mm. 
When comparing figure 4 and figure 3, the peak-
to-valley value of the static transmission error will 
be reduced while the web thickness is varied.

3 DYNAMIC SIMULATION

In order to discuss the influence of web thicknesses 
on the dynamic behaviors of gear drives, a single 
stage gear dynamic model with five degrees of 
freedom has been established by using the lumped 
mass method, as shown in figure 5.

The mathematical equations of the dynamic 
model with five degrees of freedom can be 
expressed as follows:
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 (10)

Where, Tp and Tg are the input and output 
torsions, respectively; kpy and kgy are the bending 

Figure 3. Graph showing static transmission errors in 
different web thicknesses.

Figure 4. Graph showing an optimized static transmis-
sion error.

Figure 5. Schematic of a dynamic model.
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rigidities of the pinion and the gear respectively; 
cpy and cgy are the bending damping values of the 
pinion and the gear, respectively; mp and mg are the 
masses of the pinion and the gear, respectively; Ip 
and Ig are the moments of inertia of the pinion 
and the gear, respectively; km is the mesh stiffness; 
cm denotes the mesh damping value; kw is the web 
torsion stiffness; cw is the web torsion damping 
value; and Fm is the dynamic mesh force and can be 
expressed as follows:

F k
c

m mF kF

m

kmk ( )y r y ep by rr p pb g bg g+yy −
+ c ( )r epy bprr p gy bg g+ypy

y rp brr g g− y
y rgy bgrr g−y

 (11)

Where, rbp and rbg are the base circle radii of 
the pinion and the gear; θp and θg are the torsion 
degrees of freedom of the pinion and the gear; and 
yp and yg are the bending degrees of freedom of the 
pinion and the gear.

According to equation (10), the geometric 
parameters and operating conditions are listed in 
table 1, the base parameters are shown in Table 2, 
and the dynamic mesh forces can be simulated as 
shown in figure 6.

As illustrated in figure 6, the dynamic mesh force 
in the mesh frequency will be reduced while the web 
thicknesses are changed during the gear transmis-
sion. Hence, the gear vibration will be reduced if  
web thicknesses can be changed during gear trans-
mission, and the more web thicknesses can be var-
ied, the more efficiently vibration will be reduced.

4 CONCLUSION

In this paper, the influence of web thicknesses on 
static transmission errors of spur gear drives was 
discussed. The formula to calculate the static trans-
mission error by considering gear web thickness 
is deduced. And then, based on the formula, the 
curves of static transmission errors in different web 
thicknesses are simulated and the optimized curve 
can be obtained by changing web thicknesses. The 
dynamic mesh forces are simulated and the results 
reveal the following:

1. Web thicknesses have a great influence on static 
transmission errors and the values of static 
transmission errors will be reduced with an 
increase in web thickness values.

2. The peak-to-valley values of static transmis-
sion errors can be decreased by changing web 
thicknesses during gear transmission by using 
actuators.

3. The dynamic mesh force will be reduced while 
the web thicknesses are varied during gear 
transmission and the vibration will be reduced 
at the same time.
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A study on transmission performances of helical gears with azimuth 
deviations on tooth flanks

Yajun Liu, Min Zhang, Meng Chen, Zhaoyao Shi & Jiachun Lin
Beijing Engineering Research Center of Precision Measurement Technology and Instruments (Beijing University 
of Technology), China

ABSTRACT: The azimuth deviation on tooth flanks is a significant factor in transmission performances 
for helical gears. A simulating investigation is performed using the TCA (Tooth Contact Analysis) tech-
nique for the kinematic effects on the helical gears with azimuth errors based on ISO-GPS (Geometrical 
Product Specification) standard. In this work, firstly, the parabolic modification of a tooth surface for 
the design model is established; secondly, the homogeneous coordinate transformation matrix is employed 
for the azimuth deviation modeling based on the space rigid body kinematics method; and thirdly, the 
influence of the azimuth deviations on the transmission performance is studied with the tooth contact 
analysis technology.

Keywords: azimuth deviation, tolerance modeling, tooth contact analysis, transmission error

constructed a parametric model of the tooth sur-
face and established the tolerance mathematical 
model of the tooth surface of helical gears. How-
ever, previous studies lack the consideration of the 
influence of the deviation on the performance of 
the gear during gear transmission, which is not 
conducive to the tolerance design.

In order to investigate the influence of the azi-
muth deviations of tooth surfaces on the kinematic 
performance of helical gears, this paper is organ-
ized as follows: (1) a parametric tooth surface 
model with parabolic profile modification of heli-
cal gears is established; (2) an azimuth deviation 
modeling method is proposed to improve the equa-
tions of tooth surfaces with manufacturing error 
information; (3) the TCA method is introduced 
to analyze the transmission performance of heli-
cal gears with azimuth deviations; and afterwards, 
(4) a comprehensive case study is performed to 
verify the proposed methods.

2 ESTABLISHING PARAMETRIC 
EQUATIONS FOR TOOTH SURFACE 
OF HELICAL GEARS

The new generation of the GPS system, through 
parameterization and mathematical methods, imple-
ments the function specification, design specification 
and certification standard of the geometric product 
unified, and the “functional description—design 
specification—inspection certification” consistent 

1 INTRODUCTION

A gear is one of the most widely used transmis-
sion parts in mechanical transmission systems. 
Nowadays, all the standards for gear tolerancing 
are grounded on the measurements point of view 
instead of design intentions[1]. According to the 
new generation of ISO-GPS (Geometrical Product 
Specification) standards, designers should take the 
functional analysis and verification requirements 
into account at the product designing stage. Con-
sequently, the traditional gear tolerancing methods 
are unable adapt to the requirements of Computer 
Aided Tolerancing (CAT) technologies. Therefore, 
a parametric modeling method is introduced in 
this paper, which is based on the various geometric 
errors of gears to help in realizing the computer 
aided tolerance analysis and the gear pair meshing 
analysis with tolerance information.

In this regard, a large amount of research has 
been conducted by both domestic and foreign schol-
ars. Dantan[2] took the straight tooth bevel gear as 
the research object and established the GeoSpelling 
model of profile deviation and deviation between 
teeth profiles. Jerome Bruyere[3], by using TCA and 
Monte Carlo simulation, realized the statistical 
tolerance analysis of straight bevel gears. Canhui 
Wu[4] from Beihang University combined the GPS 
theory with the face gear tooth surface detection 
and established a face gear tooth surface detection 
method. Xusong Xu[5] from Zhejiang University, by 
using the method of tolerance domain modeling, 
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expression. During the design phase, designers 
define elements of the various operations and 
determine geometric elements of the maximum 
deviation in meeting the functional requirements 
of the premise to guide the design tolerances based 
on the geometrical product functional require-
ments, using the surface model to simulate the real 
surface of the workpiece.

In order to employ the tooth contact analysis 
technology to simulation analysis of the gear tooth 
surface model, it needs to obtain the practical 
application of the gear tooth surface model of the 
parametric equation and the tooth surface normal 
vector. But in the practical application of gears, 
there are considerable parts of the gear tooth pro-
file modification. In order to improve the applica-
bility of the method and easy to solve the problem, 
this paper assumes that the gears are generated 
by the rack cutter, and the pinion gear profile is 
modified. Through modeling the rack cutter pro-
file, the parameters of the gear tooth surface and 
the tooth surface method are derived by means of 
the coordinate transformation method and mesh-
ing theory.

2.1 Establishing tooth surface equations for the 
rack cutter

The pinion is in the shape of a parabola along the 
tooth profile and the profile of the big gear is in 
the form of the standard parabola.

The tooth profile coordinate system of the 
dressing tool is established, as shown in figure 1, 
which is the tooth profile of the pinion and that 
of the gear. In the figure 1, Ssi (i = 1,2) is the coor-
dinate system built on the i-th tooth profile; usi is 
the direction parameter along the i-th tooth pro-
file; a1 is the profile of the pinion tooth profile 
modification parabolic coefficient, the vertex of 
the parabola at Osl; wo is half  of the dividing line 
on the thickness of the rack cutter; and mn is the 
normal modulus of the rack; wo = π ∙ mn/4.

The equation of the tool tooth profile 1 of the 
pinion rack and the equation of the tool tooth 
profile 2 of the great gear rack, in the coordinate 
system Ss1, Ss2 are expressed as Equation 1 and 
Equation 2.

rsrr
T( )us1usu = [ ]u a us s1a 1

2 0 1− usu1aa 1 0  (1)

rsrr
T( )us2usu = [ ]us2 0 0 1− 0 0  (2)

By means of coordinate transformation, the 
equations of tooth profile 1 and 2 in the coordinate 
system Ss1, Ss2, respectively is expressed as follows:

r M rtrr t sM srr1s 1( )us1usu = ( )us1usu  (3)

r M rtrr t sM srr2s 2( )us2usu = ( )us2usu  (4)

Where, Mt1s1 is the transformation matrix of the 
coordinate system Ss1 to the coordinate system Ss2; 
αn is the normal pressure angle; and Mt2s2 is the 
transformation matrix of the coordinate system 
Ss2 to the coordinate system St2;

By using the coordinate system in Figure 2, the 
rack cutter tooth surface equations will be derived. 
In Figure 2, Sdi (i = 1,2) for processing the i-th gear 
rack is the fixedly connected coordinate system; lti 
denotes tooth surface parameters of the i th rack, 
β denotes the helix angle of gear; and Md1t1, Md2t2 
denote the transformation matrices from the coor-
dinate system Sti and the transformation matrix 
from the coordinate system Sdi; the tooth surface 
equations of the gear cutter are given by the fol-
lowing Equation 5 and 6:

r M rdrr dM t t1dM 1 1rtrr( )u lsu tll1su , ( )us1  (5)

r M rdrr dM t t2dM 2 2rtrr( )u lsu tll2su , ( )us2  (6)

Correspondingly, the tooth surface unit normal 
vectors are given by Equations 7 and 8.
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= =Nd
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∂
∂

∂
∂
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Figure 1. Schematic of the pinion and great gear rack 
tool profiles.

Figure 2. Schematic of a rack tooth surface-derived 
coordinate system.
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2.2 Equations of the gear tooth surface

Through the gear rack cutter and gear blank of the 
exhibition into motion processing, the pinion and 
the gear tooth surface equation can be deduced 
based on the gear rack processing principle and 
meshing principle.

In Figure 3, Sci and Sdi respectively denotes the 
i-th gear and chip rack which is fixedly connected 
to the dynamic coordinate system, the Sn, Sm are 
the fixed coordinate systems; li is the i-th gear rack 
cutting along the direction of ydi displacement; ϕI is 
the rotation angle of the i-th gear; and ri is the i-th 
gear pitch circle radius. The meshing equation of 
the gear and cutting rack can be obtained by using 
the Willis theorem.

f 0di ddd idd( )si ti i, ,ti ϕ  (9)

where, vdi is the relative motion speed of the i-th 
gear and its chip rack is expressed in the i-th rack 
coordinate system in the development process and 
ndi is relative to the tooth surface normal vector at 
the i-th rack.

The meshing equations of the finishing gear are 
as follows:
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β
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Then, the following pinion tooth surface equa-
tion can be obtained:
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The unit normal vector is as follows:

n L L nc n dL nL 1dn( )us1usu 1,ϕ1 = ( )us1c n1L d  (13)

Where, Mcln is the transformation matrix of the 
coordinate system Scl to the coordinate system Sn; 
Mndl is the transformation matrix of the coordinate 
system Sn to the coordinate system Sd1; L1n, Lnt1 is 
the last column of the 3 × 3 matrix in the matrix 
M1n, Mnt1 to yield the following equation:
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The parametric equation of the gear is as 
follows:

r M M r
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The unit normal vector is:

n L L nc mdL dL 2nd( )us2usu 2,ϕ2 = ( )usu 2c m2L  (16)

Mmd2: the transformation matrix of the coordi-
nate system Sd2 to the coordinate system Sm; Mc2m: 
the transformation matrix of the coordinate system 
Sm to the coordinate system Sc2; Lc2m, Lmd2: matrix 
Mc2m, Mmd2 remove the last row of the last column 
of the 3 x 3 matrix.

There:
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3 AZIMUTH DEVIATION MODELING

For a workpiece, in order to enable it to meet the 
functional requirements, a series of GPS specifi-
cations are needed to control the response of the 
element characteristics, including the workpiece 
dimension tolerance, geometric tolerances and Figure 3. Schematic of the gear generating principle.
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surface topography tolerances, and so on. For the 
workpiece’s GPS specification set and its functional 
requirements are linked, thus the surface error of 
gear will directly affect the tooth contact zone size, 
status and location characteristics, furthermore 
affect the gear bearing capacity, service life and the 
transmission quality.

In the gear transmission, the actual working 
surface is the gear tooth meshing surface, but 
the installation and positioning of  the gear is 
based on the central hole as the reference. Gear 
machining generally is in the gear blank process-
ing out of  the hole, whereas the hole and the 
end face as locating datum to the processing of 
tooth surface. Because of  the machining error, 
the inner hole relative to the ring gear must exist 
variation geometry, and the geometrical devia-
tions reflect in the central axis of  the tooth ring 
should be relative to the inner centre hole of  the 
shaft axis direction or position deviation. On the 
other hand, the gear in the assembly is also both 
the inner hole and end face for the positioning 
of  the base to carry out the positioning of  the 
gear.

As shown in figure 4, the dotted line is the the 
ideal surface model, and the solid line and the 
center line for specification surface model.

In the specification surface model, Δθx, Δθy, and 
Δθz, respectively, describe the direction deviation 
of the mesh surface relative to the reference ele-
ment and Δx, Δy, Δz describe the deviation of the 
displacement. In order to describe the deviation 
between the gear meshing surface and the position-
ing elements, based on the three-dimensional space 
rigid body kinematics the homogeneous coordi-
nate transformation matrix is used in ths paper to 
describe the meshing surface of the gear relative to 
the orientation of the positioning elements of the 
deviation.

The orientation tolerance modeling of  the 
tooth surface is based on the assumption of  a 
small displacement. The tolerance value of  the 
component is much smaller than the size of  the 

component. At the same time, it is assumed that 
the rigidity of  the component is large enough 
and the deformation of  the component can be 
ignored with respect to the tolerance value. The 
4 × 4 homogeneous coordinate transformation 
matrix is used to describe the relationship of  the 
rigid body in three dimensional space. In order 
to model the azimuth deviation more directly, 
a coordinate system is established; the central 
axis of  the inner hole is the zi axis and the coor-
dinate system Si is established. The relationship 
between the gear ring and the inner hole is shown 
in Figure 5.

According to the small displacement assump-
tion, sin(Δθ) = Δθ, cos(Δθ) = 1 The coordinate 
transformation matrix of the SciS ( )i =  trans-
formation from the coordinate system to Si is 
expressed as follows:
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(18)

Where, Δθ θΔx yθθ ,θΔ yθΔ  and Δθzθ  reflect the direc-
tion deviation of the gear ring with respect to the 
inner hole and Δ Δx yΔ ,yΔ  and Δz reflect the position 
deviation of the gear ring with respect to the inner 
hole.

Figure 4. Schematic of a gear geometry specification 
model.

Figure 5. Schematic showing the relationship of the 
orientation coordinates between the gear ring coordinate 
system and the inner hole coordinate system.
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4 PARAMETRIC MODEL OF TOOTH 
SURFACE TOLERANCE

4.1 Cylindrical helical gear modeling with 
azimuth deviations

To summarize, in the new generation GPS stand-
ard system, the inner hole axis is the datum and 
the parameters of the mathematical model of the 
information of the deviations of the gear ring rela-
tive to the inner hole orientation are as follows:

r Rl c1rr 1R rl cR rr 1( )u ls t1us 1 1,ltll 1 1 ( )ls ts 1 1ϕu lt1us 1 1,ltll 1  (19)

n L c1 1c1cL n 1L n 1ncnLL( )us1us ,ϕ11 ( )s1 1s ϕu 1 1us1LLLLL  (20)

The tooth surface function equations of the 
gear are as follows:

r Rl c2rr 2R rl cR rr 2( )u ls t2us 2 2,ltll 2 2 ( )ls ts 2 2ϕu lt2us 2 2,ltll 2  (21)

n L c2 2c2cL n 2L n 2ncnLL( )us2us ,ϕ22 ( )s2 2s ϕu 2 2us2LLLLL  (22)

In order to simulate the meshing characteristics 
of the two tooth surfaces, a coordinate system is 
established in Figure 6, which converts the tooth 

surface equations and normal vectors of two gears 
to the fixed coordinate system Sf.

In Figure 6, S1 and S2 are the coordinate systems 
which are respectively connected with gear 1 and 
gear 2; Sp is the auxiliary coordinate system of the 
fixed coordinate system Sf; Φ1 and Φ2 is for the two 
gears of the corners; and Δe is the center distance 
error for two gears.

In the coordinate system Sf, the tooth surface 
equations of the gear 1 are expressed as follows:

r M r u lf sr u t1rr 1sr ur ,ltllM fM( )u ls t1us 1 1,ltll 1 ( )Φ ( )u lsu t1 1ltll( )  (23)

n Ls f1 1 1nf 1 1LLL( )usus ϕ Φ ( )11 ( )s1s 1ϕu 1us 1,  (24)

In the coordinate Sf, the tooth surface equa-
tion of gear 2 and the normal vector equations are 
expressed as follows:

r M r u lf sr u t2rr 2sr ur ,ltllM fM( )u ls t2us 2 2,ltll 2 ( )Φ ( )u lsu t2 2ltll,( )  (25)

n L ns fL2 2 2( )usus ϕ Φ = ( )2  (26)

Where, Mf1 is the homogeneous coordinate 
transformation matrix of the coordinate system S1 
associated with the pinion to the fixed coordinate 
system Sf; Lf1 is the last row and the last column 
of the 3 × 3 order matrix Mf1, Mf2 is the homo-
geneous coordinate transformation matrix of the 
coordinate system S2 associated with the big gear 
to the fixed coordinate system Sf Mf2 = MfpMp2; 
Lf2 is the last row and the last column of the 3 × 3 
order matrix Mf2.

4.2 Simulations of gear kinematic performances  
using Tooth Contact Analysis (TCA) 
techniques

In the coordinate system Sf, by using the tooth 
surface continuous tangent contact, the following 
equations are obtained:
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⎩⎩⎩⎩
⎨⎨⎨⎨⎨⎨⎨  (27)

Six scalar equations can be obtained from the 
above equations. Because n1f = n2f = 1, five inde-
pendent scalar equations are obtained. There are 
six unknown parameters in the equations, with 
the diameter of Φ1 as an input. By solving non-
linear equations, we can get two tooth surface 
contact points, and then at a certain step change 
Φ1, the equation should be solved continuously 
until the calculated contact point beyond the 
tooth surface boundary. Due to the existence of 
machining error and installation error, there is a Figure 6. Schematic of a gear mesh coordinate system.
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transmission error during the rotation of the gear. 
That is, when the pinion is turned to a certain 
angle, the difference between the big gear and the 
ideal angle is defined as the transmission error. The 
formula is expressed as follows:

ΔΦ2
1

2

= ( )Φ Φ2Φ 2
0ΦΦ − ( )Φ Φ1 1Φ0Φ N1

N2

 (28)

Where, Φ1
0 is the gear rotation angle correspond-

ing to the gear angle at Φ2
0 0= . − < <

π π
N N2NN 2

2NN
Φ .

5 CASE STUDIES

In the case of a pair of spur bevel gears, the design 
parameters are shown in Table 1 and the error val-
ues in the table are set as the reference error val-
ues. The gear ring position characteristic deviation 
values of the large gear and pinion are the same. 
Details of the specific deviations are shown in 
Table 2.

As shown in Figure 7, on the basis of the ref-
erence parameters, different modification coeffi-
cients are set. Besides the range of deviations and 
the installation center distance deviation of the 
transmission error graph, it can be seen that the 
proper modification coefficient has a significant 
improvement in the quality of the transmission.

To explore the influence of the azimuth devia-
tions on the transmission performance, add the 

reference azimuth characteristic deviation value 
to the deviation values of the big gear and pin-
ion, as shown in Table 2. In order to facilitate the 
research, assuming the range of deviations will not 
affect each other. The parabolic modification of 
the tooth surface for the pinion is 0.5.

As shown in Figure 8, respectively, on the 
X-axis, Y axis, and Z axis directions, the angle 
error increases one times after and the datum error 
comparison. According to Figure 8, in the com-
parison, a low transmission error is observed on 

Table 1. Geometric parameters of gear pairs.

Design parameters 
(reference parameters)

Numerical 
value

Pinion gear tooth number z1 30
Gear tooth number z2 90
pressure angle α/(°) 20
module mn/mm 2.5
Helical Angel β/(°) 15
Tooth width B/min 38
Modification coefficient a1/mm 0.05

Table 2. Gear reference deviation information.

Deviation information
Numerical 
value

Δθx /(”) 100
Δθy /(”) 100
Δθz /(”) 100
Δx/(mm) 0.01
Δy/(mm) 0.01
Δz/(mm) 0.01
Installation center distance deviation: Δe/mm 0.25

Figure 7. Graph showing the rotation angle errors of 
different modification coefficients under the reference 
error parameter.

Figure 8. Graph showing the transmission error when 
increasing the rotation angle error.
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the X axis rotation angle and the effects of Y axis 
errors on the transmission error is relatively large, 
but the direction of the Z axis deviation on the 
transmission error has the greatest impact.

In order to explore the influence of the displace-
ment error on the transmission error, respectively 
on the X, Y, and Z directions, the displacement 
deviation increases one time and then it is com-
pared with the previous one. As shown in Figure 9, 
we can find that the influence of the displacement 
error on the transmission error is smaller than that 
of the angle error.

6 CONCLUSION

Based on the new generation GPS tolerance sys-
tem, the computer simulation of gear tolerance 
modeling is carried out. Thus, we can achieve the 
mechanical performances of helical gears with 
tolerance information of the final behavior of the 
products in the design stage.

In this work, firstly, a parametric model is estab-
lished, which contains the information of the azi-
muth deviation of the gear tooth profile. Secondly, 
the effect of azimuth deviation on the kinematic 
performance of helical gears is studied.

Through the simulation of the gear model with 
azimuth characteristic deviation, it can be found 
that the appropriate tooth surface modification can 
improve the transmission performance of the gear. 
At the same time, through the simulation of the 
azimuth deviation, it shows that the angle deviation 
along the axial direction of the gear is the biggest 
influence factor on the transmission performance of 
the gear and the influence of the angle deviation on 
the transmission performance is greater than that of 
the displacement deviation. In gear processing, it is 

appropriate to increase the limit of the angle devia-
tion of the axial direction of the gear center shaft 
and relax the limit of the radial direction deviation 
of the gear, which can increase the transmission 
performance of the gear at the same time.
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ABSTRACT: To measure and evaluate the pitch deviations of automotive gears rapidly is a key problem. 
Two measures are used to solve this question. Firstly, a specific rapid inspection machine for automotive 
gears based on the Gear Integrated Error (GIE) technology is developed. The efficiency of the rapid 
inspection machine is fairly high. The rotational speed of the master worm is up to 200 rpm. Under this 
condition, a profile of a tooth flank can be measured in 0.3 second. The machine can acquire analyti-
cal results including pitch deviations rapidly. Secondly, a new approach of gear evaluation and a set of 
new parameters of the pitch deviations are proposed in this paper. The values of the new parameters are 
more stable than those of the traditional parameters and are relatively not sensitive to random errors of 
the measurements. The principles of the new evaluation system of gear accuracy based on the statistical 
analysis are described and the definitions of the new parameters of pitch deviations are proposed. And 
then, the rapid inspection machine of automotive gears based on the GIE technology is introduced as an 
ideal instrument that can acquire pitch deviations much more quickly than others. For the verification of 
both the effect of the new parameters of pitch deviations based on statistical analysis and the efficiency 
of the rapid inspection based on GIE, a series of measuring experiments are performed under different 
conditions. A comparison of the results shows that the new parameters are suitable to evaluate the pitch 
deviations of gears under the condition of high efficiency measurements.

Keywords: gear accuracy, pitch deviation, evaluation system, statistical analysis

measurements to obtain many parameters of gear 
accuracy. But it is obviously impossible to bring all 
the gears to measuring rooms and the efficiency of 
the GMC is too low to carry out a rapid inspection. 
Therefore, GMCs are not appropriate instruments 
to achieve rapid inspections in a manufacturing 
scene. Meanwhile, the traditional rapid inspection 
machines based on single flank rolling inspection 
or double flank rolling inspection cannot provide 
analytical results, such as profile deviations and 
pitch deviations. On the other hand, there are some 
disadvantages in the traditional method that act as 
barriers for evaluation of gear accuracy. According 
to current standards of gear accuracy[2], the maxi-
mum deviation is the only value used to calculate 
a parameter. The disadvantages of this approach 
lie on two aspects. Firstly, most measured data 
of flanks make no contribution to the results of 
evaluation before they are dumped. Secondly, the 

1 INTRODUCTION

The accuracy of gears is a key element that influ-
ences the Noise, Vibration, and Harshness (NVH) 
properties of the transmission systems in many 
applications, especially in automotive transmission 
systems. In particular, the evaluation of the pitch 
deviation is one of the most important tests on 
gears[1]. The manufacturing of automotive gears 
is a typical mass production process. More than 
30,000 pieces of automotive gears can be produced 
in a factory per day. This situation has brought 
to us the following question: how to measure and 
evaluate the pitch deviations of automotive gears 
rapidly? On one hand, the common instruments 
used in gear inspection cannot be a solution to the 
question because of some disadvantages. The most 
widely used equipment is the Gear Measuring 
Center (GMC), which can perform analytical 
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final results of evaluation are very sensitive to the 
uncertainty of measurement[3]. As a result, single 
pitch deviations are ignored in practice frequently 
because their values are almost as tiny as the uncer-
tainties of the instruments.

In order to solve the problem of measuring 
and evaluating the pitch deviations of automotive 
gears rapidly and reliably, two measures are imple-
mented in our laboratory. Firstly, a specific rapid 
inspection machine for automotive gears based on 
the Gear Integrated Error (GIE) technology[4] has 
been developed in our laboratory. The machine can 
realize on-line rapid inspections accompanied by 
an industrial robot that replaces work pieces auto-
matically and obtain analytical results including 
pitch deviations. Secondly, a new approach of gear 
evaluation and a set of new parameters of the pitch 
deviations are proposed in this paper. The values 
of the new parameters are more stable than those 
of the traditional parameters and are relatively not 
sensitive to random errors of the measurements. 
It means that, by using the new parameters, the 
results of one time measurements will be more 
identical to the average results of multiple meas-
urements than ever.

In this study, the principles of the new evaluation 
system of gear accuracy based on statistical anal-
ysis are described and the definitions of the new 
parameters of pitch deviations are proposed. And 
then, the rapid inspection machine of automotive 
gears based on the GIE technology is introduced as 
a proper instrument that can acquire pitch devia-
tions more quickly than others. For the verification 
of both the effect of the new parameters of pitch 
deviations based on statistical analysis and the 
efficiency of the rapid inspection based on GIE, 
a series of measuring experiments are performed 
under different conditions. The comparison of the 
results shows that the new parameters are suitable 
to evaluate the pitch deviations of gears under the 
condition of high efficiency measurements.

2 STATE-OF-THE-ART EVALUATION 
METHODS OF PITCH DEVIATIONS

The specifications of gears are assessed by using 
Gear Measuring Instruments (GMIs), Coordi-
nate Measuring Machines (CMMs), or other spe-
cialized instruments[5]. Because the tolerances of 
gears are very small, the precision of the instru-
ments demanded in gear measuring is very high. 
The results of the measuring must be validated by 
means of calibration rigorously. In the case of pitch 
deviations measurement, special calibrated artifacts 
with high accuracy are used as standards[6, 7]. If  an 
artifact is unavailable, a product gear with rela-
tively high accuracy can be adopted as the standard 

after being calibrated in another instrument with 
smaller uncertainty[8]. And a self-calibration tech-
nique can be used to evaluate the pitch measure-
ment accuracy of GMIs. The self-calibration 
technique does not require the calibrated values 
of the artifacts; thus, the evaluation of the pitch 
measurement accuracy with small uncertainty can 
be expected[5, 7, 9, 10]. The self-calibration technique 
requires numerous measurements taken at differ-
ent orientations of the artifact and it is unsuitable 
for use on the factory floor.

The most widely used gear accuracy stand-
ards are the ISO standards[2] and the correspond-
ing standards of individual countries, such as 
DIN, AGMA, and GB standards[11–13]. There are 
some studies about how to apply Geometrical 
Product Specifications (GPS) to gears[14], but the 
using range of GPS to gears is very limited till 
now[15]. Some reasons are that the GPS standards 
are undergoing development and are not mature 
enough to be used in complex parts like gears. And 
therefore, ISO standards and their equivalents or 
approximations, such as DIN, AGMA, JIS, and 
GB standards are the generally acknowledged gear 
evaluation systems[3].

There are other disadvantages of these evaluation 
systems of gear accuracy besides those mentioned 
above. When it comes to evaluating the errors of 
the profile or helix of a gear’s flanks, according to 
current ISO standards, only one profile curve and 
one helix curve will be measured at the pre-deter-
minant position of a flank and at most four flanks 
of a gear will be measured. When it comes to evalu-
ate the errors of pitch, only one point or a small 
area of each flank will be measured. Therefore, it is 
obvious that the results are subject to the random 
manufacturing errors of the gears.[3]

The influence of the random errors of manufac-
turing and measuring can be neutralized by repeat-
ing the measurement numerous times, as foresaid, 
but as a result, the efficiency is very low usually. 
The efficiency and accuracy of measurement con-
tradict each other and therefore, it is difficult to 
acquire accurate results of pitch deviations in high 
efficiency measurements.

3 PRINCIPLE AND METHODS

3.1 Principle of gear accuracy evaluation based 
on the statistical analysis

The evaluation system of gear accuracy based on 
the statistical analysis was proposed by authors in 
2014[3]. The principle of the gear accuracy evalua-
tion based on the statistical analysis is described 
as follows:

The real flanks are the result sequences of 
a manufacturing process with an intention to 
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produce identical flanks based on the same 
theoretical flank model. For the purpose of eval-
uating the gear accuracy based on the statistical 
analysis, a new notion should be built that all of 
the real flanks of one or a sequence of manufac-
tured gears, as the result of a specific manufacture 
process with deviations from the identical theoreti-
cal flank model, can be considered as a stochas-
tic process. Therefore, the systematic and random 
parts of the errors of manufacture and measure-
ment could be calculated by using statistical analy-
sis methods. And then, the evaluation of the gear’s 
working performance and the analysis of the man-
ufacture process could be accomplished in a new 
and better way than usual.

As described in another paper of the authors, 
the discrete data of the flanks errors of  gear teeth 
can constitute a 3D structure (see Figure 1 of 
Ref[3]). A mathematical model is built to express 
the 3D-structured errors of  the flanks. The model 
is the foundation to express and process the dis-
crete data of the measurements of  the stochastic 
process. There is a lot of  valuable information 
included in this 3D structured data. The tradi-
tional para meters of  the gear’s evaluation system 
can also be derived from the 3D structured data 
easily. Based on the statistical analysis, a respect-
able sum of innovative parameters can be defined 
(see Table 1 of  Ref[3]).

3.2 Parameters of pitch deviations based on the 
statistical analysis

According to the definitions standardized in 
ISO 1328-1[2], the pitch deviations of a gear are 
calculated based on the coordinates data of a 
single point for each of the flanks. Therefore, the 
parameters are subject to the random errors of 
measuring and manufacturing.

The statistical parameters of pitch deviations 
proposed in this paper are calculated by using the 
error data of the profile measurement; therefore, 
the 3D structure of data in contribution[3] can be 
simplified to a structure in the 2D plane (as shown 
in Fig. 1). This simplification is based on the con-
sideration that it is difficult and time-consuming 
to measure the topological data of all flanks in 
practice and it is relatively easy to measure all pro-
files of the flanks with a rapid inspection machine 
based on the GIE technology.

Let ei,j denote the error data of the Point (j) 
on a flank of Tooth (i), where i z1 2, , , ,z  and 
j n1 2 .n  Here, z denotes the teeth number 

of the gear and n denotes the number of points 
measured of each profile of the teeth flanks. And 
then, the error data of all flanks of the gear can be 
represented as the following matrix:
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 (1)

A lot of valuable information can be derived 
from Eq. (1), such as the 2D structured data of 
E2D. For example, the length of the arc between 
Point (i, j) and Point (i-1, j), denoted by Arc (i, j), is 
deduced from the matrix E2D by using the follow-
ing equation:

Arc zi j i j j /e e ri j i j jrj i( )i j, j e  (2)

Where, rjr  denotes the radius of Point (j) from 
the center of the gear.

According to the specifications in ISO 1328-1[2], 
the individual single pitch deviation of Tooth (i), 
fpi, is defined as the algebraic difference between 
the actual pitch and the corresponding theoretical 
pitch in the transverse plane on the measurement 
circle of the gear.

If  Point (j) denotes the point on the measure-
ment circle of the gear, the following relation can 
be obtained:

rc d zpiff M( )i j /dMd)j − dd  (3)

Where, dMd  is the diameter of the measurement 
circle of the gear.

The individual cumulative pitch deviation, Fpi, 
which is defined as the algebraic difference, over 
a sector of n adjacent pitches, between the length 
and the theoretical length of the relevant arc, can 
be deduced by using the data of fpi, according to 
ISO-10064-1[16].

Figure 1. Schematic of the error data of teeth flanks in 
the 2D plane.

ICPT2016_Book.indb   457ICPT2016_Book.indb   457 9/29/2016   11:33:29 AM9/29/2016   11:33:29 AM



458

Based on the principle of evaluation method of 
statistical analysis, the parameter of the individual 
single pitch deviation of Tooth (i) based on statisti-
cal analysis, fpμi, can be defined as follows:

f
np iff

j

n

μp ip i = ( )Arc zj( )i j
=

∑1
1

rjr)j  (4)

And then, based on the statistical analysis, fpμi, 
which is the individual cumulative pitch deviation 
of Tooth(i), can be deduced by the data of fpμi by 
using the following equation:

f fpFF p p ifμ μfi pff μ μfp iiff+f μfpff fpff μ+  (5)

The parameters of pitch deviations based on the 
statistical analysis proposed above are calculated 
not only by using the errors of the measurement 
circle, but also by using the errors of the whole 
profiles of a transverse plane of the gear. These 
parameters are supposed to be not sensitive to the 
random errors in the measuring and manufactur-
ing, but as sensitive as the traditional parameters 
to the systemic errors of the gears and the instru-
ments. The effects of the proposed parameters 
are verified by performing a series of experiments 
under different conditions.

4 A RAPID INSPECTION MACHINE 
BASED ON THE GIE TECHNOLOGY

As foresaid, the error data of profiles of all flanks 
of the gear are required to perform the evaluation 
of pitch deviations based on the statistical analysis. 
These data can be derived by analyzing the prod-
uct gears on Gear Measurement Centers (GMCs) 
or Coordinate Measurement Machines (CMMs), 
but their efficiency is very insufficient to perform a 
high-speed inspection for the demand of the manu-
facturing industry. For this reason, a specific rapid 
inspection machine for automotive gears based on 
the Gear Integrated Error (GIE) technology has 
been developed in our laboratory. The machine 
can realize on-line rapid inspections accompanied 
by an industrial robot that replaces work pieces 
automatically and performs measurements of all 
profiles of the gears. The rapid inspection machine 
based on the GIE technology is shown in Fig. 2. 

The efficiency of the rapid inspection machine 
is fairly high. The rotational speed of the master 
worm is up to 200 rpm. Under this condition, 
a profile of a tooth flank can be measured in 
0.3 second. Fig.3 shows the profiles of all flanks of 
a gear analyzed by using the machine. The gear is 
used in the experiments and the parameters of the 
gear are shown in Table 1.

Figure 2. Picture of the mechanical structure of the 
rapid inspection machine.

Figure 3. Graph showing the errors of all profiles of a 
product gear (Teeth number = 40).

Table 1. The parameters of the worm and gear used in 
experiments.

Symbol Item/Units Worm Gear

Z Number of teeth 3 40
mn Normal module/mm 2 2
Β Helix angles/degree 83.107 −30.5
Α Pressure angle/degree 19.5 19.5

Hand of spiral right Left
D Reference diameter/mm 50 92.847
da Tip diameter/mm 54 96.5
df Root diameter/mm 45 87.847
αt Transverse pressure angle/

degree
71.28 22.342

βb Base helix angles/degree 69.362 −28.582
A Center distance/mm 71.423
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5 EXPERIMENTS AND ANALYSIS

Repetitive measuring experiments have been 
conducted to verify the effect of the new param-
eters of pitch deviations. In order to guarantee 
the accuracy in comparing, a specific function is 
designed in the software of the rapid inspection 
machine such that the GIE curves are started at 
the same angular position exactly. It means that 
the single pitch deviation curves and cumula-
tive pitch deviation curves that are measured in 
a sequence are started at the same angular posi-
tion of the gear, consequently. To avoid the influ-
ence of ambient parameters, the rapid inspection 
machine is deployed in a workshop at a constant 
temperature range of 20 ± 5 °C. The product gear 
is fixed on the spindle through all experiments and 
there is no existence of the errors of re-mount. But 
because the machine is deployed in a workshop, 
some of the measured data could be influenced by 
the vibrations that are passed through the ground; 
the odd values, which are very rare, of the results 
are eliminated before analyzing the data. The main 

parameters of the master worm and product gear 
are listed in Table 1.

The measuring experiments are divided into 
three groups and each group of experiments was 
conducted under a different rotational speed of the 
worm. The three speeds of the worm are 60 rpm, 
120 rpm, and 200 rpm. For each worm speed, the 
measuring experiments are conducted repetitively 
for more than 20 times. The results are stored in 
the format of GIE curves of the single transverse 
plane with double directions[4]. And then, for each 
of the GIE curves, the traditional parameters of 
pitch deviations, fpiff  and Fpi, and the new para-
meters of pitch deviations based on statistical 
analysis, fpμi and Fpμi, are calculated together. It 
means that for each pitch of the gear, and for each 
speed, there are twenty values of every one of the 
parameters. Therefore, the median and standard 
deviation of every one of the 20 values of one com-
bination of conditions are calculated too. Both of 
the parameters of the left flanks and right flanks 
are derived, but only the data of left flanks are pre-
sented in this paper.

Figure 4. Graph showing the median and standard deviation curves of fpiff  and fp iff μii  of  different worm speeds.
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The median and standard deviation of the 
twenty values that belong to a combination of the 
conditions are calculated and shown in Fig. 4. It 
can be seen that the medians of fpiff  values are more 
scattered than that of fp iff μii  values in every worm 
speed and the standard deviations of fpiff  values 
are bigger than that of the fp iff μii  values. It can be 
seen also that the amount of the random errors are 
decreased with an increasing in the speed. The prob-
able reason for this unexpected phenomenon is that 
the inherent frequency of the measuring system is 
lower than 35 Hz and the influence of the vibration 
is relatively bigger on the measurements under low 
worm speed conditions than on the measurements 
under high worm speed conditions. Especially, 
when the worm speed is 200 rpm, the standard devi-
ations of the proposed new parameter fp iff μii  are less 
than 0.14 μm. Therefore, the new parameters make 
it possible that the results of one or two measure-
ments can be used to replace the average results of 
many times of measuring in practice.

By comparing the results of the medians of two 
kinds of parameters shown in Fig. 5, it can be seen 
that the trends and shapes of the median curves 
of fpiff  and fp iff μii  are in agreement with each other. 
The values of fp iff μii  are a little lesser than those of 
fpi, but the difference is less than 3σ ( . )σ μ.7. mμμ  
of  fpiff  values. Therefore, it can be considered that 
the difference between the new parameters and the 
traditional ones are not significant.

It should be mentioned that the evaluation and 
analysis elaborated above is about the parameters 
of the single pitch deviation. In practice of the 
accuracy evaluation of the automotive gears of 
grade 5∼6 (ISO), because the individual adjacent 
pitch difference, fuiff  (see ISO 1328–1[2]), is usu-
ally very small (close to two or three microns), the 
random error of the measuring will influence the 
shape of the fpiff  curves. And so, only the maxi-
mum variations of fpiff  is used in the evaluation 
and the shapes of the fpiff  curves are ignored. But 
the fp iff μii  curves shown in Fig. 4 and 5 are much 
more stable such that the shape of the fp iff μii  curves 
can be used to evaluate and analyze the perform-
ance of the gear transmissions.

6 CONCLUSIONS

The new parameters of gear pitch deviations based 
on the statistical analysis and a new mathematical 
method to represent the gear errors of a transverse 
plane are proposed in this paper. The definitions 
of the new parameters are presented based on the 
mathematical method.

The repetitive experiments of measuring are 
conducted by using the rapid inspection machine 
for automotive gears developed in our laboratory. 
The machine is based on the GIE technology of 
gear measurement. Both the new parameters and 
the traditional ones of pitch deviations are derived 
by using the GIE curves measured. The values and 
curves of the new and traditional parameters are 
compared and the results show that there is no 
significant difference between the shapes, trends, 
and values of the median curves of the new para-
meters and the traditional ones. The standard 
deviations of the new parameters are smaller than 
the traditional ones, because the new parameters 
are relatively not sensitive to the random errors. 
And so, the new parameters are more suitable to 
represent the systemic pitch errors of the product 
gears under high-speed measuring conditions. The 
reliability and precision of repetitive measuring 
of the rapid inspection machine are proved in the 
experiments.

More experiments need to be conducted to 
study the relations between the parameters of 
pitch deviations and the performance of noise, 

Figure 5. Graphs showing the comparison of the medi-
ans of parameters fpiff  and fp iff μii .
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vibration, and harshness properties of the gear 
transmissions.
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Modeling on the microscopic geometric morphology of ultrasonic 
grinding gear surface based on grinding wheel micro-morphology

WeiHua Zhou & Jinyuan Tang
State Key Laboratory of High Performance Complex Manufacturing, Central South University, 
Changsha, Hunan, China

ABSTRACT: The microscopic morphology of gear surfaces is directly related to gear drives’ perform-
ances, such as contact fatigue and bending fatigue. It is necessary to model this microscopic morphology 
to study its influence on the corresponding gear drive. Unfortunately, this microscopic morphology gear 
surface has not been modeled strictly due to the complicated calculation process. To solve this problem, a 
new method has been proposed in this paper to model the microscopic morphology of ultrasonic grind-
ing gear surfaces. At the beginning, the microscopic morphology of a grinding wheel surface is obtained 
using a laser scanning confocal microscope. According to the measuring samples, the mathematical model 
of the grinding wheel surface is reconstructed by considering its microscopic morphology. Furthermore, 
the kinematic chain of the ultrasonic grinding process has been derived. According to the grinding wheel 
surface model and kinematical chain, the microscopic geometric morphology of gear surface is obtained 
by Boolean operation. An example is applied to validate the proposed approach.

ultrasonic grinding and ordinary grinding, ultra-
sonic grinding not only enables the material’s shear 
failure, but also makes the material fatigue failure 
occur in the high-frequency vibration and acceler-
ates the material removal [3–5]. In addition, ultra-
sonic grinding can greatly improve the grinding 
force and the surface quality of the workpiece, and 
reduce grinding heat and grinding wheel wear. Brehl 
[6] researched on many processing modes of ultra-
sonic grinding and concluded that it can reduce the 
force and roughness, improve the quality of surface, 
and suppress machining burr. Prabhakar [7] proved 
that the rate of material removal of ultrasonic 
grinding is far greater than the ordinary grinding 
process in the same processing condition through 
experiments. Tawakoli [8] conducted the ultrasonic 
dry grinding experiments on 42CrMo4, and the 
result showed that the grinding force assisted with 
ultrasonic grinding was reduced by 60% compared 
with ordinary grinding, and the roughness value of 
Rz was also significantly reduced.

Obviously, the tooth surface is related to contact 
fatigue, the bending fatigue, and other perform-
ance parameters. However, the research on mor-
phology of tooth surface is less, and the modeling 
of roughness has been focused: Ming [9] estab-
lished the roughness modeling of face gear with 
the grinding wheel model based on the numerical 
theories. Chen [10] built the tooth surface rough-
ness model based on generating grinding gear with 
the random  distribution of the abrasive grains.

1 INTRODUCTION

Gear is one of the most important and widely used 
basic transmission parts, and its capability directly 
determines the performance of the transmission 
system. As the traditional gear manufacturing 
technology cannot meet the modern industrial 
demand for hard tooth surface and high precision 
gear products, the introduction of special working 
technology is very necessary. Ultrasonic assisted 
manufacturing not only can reduce the cutting force 
and the surface hardening, but also can improve 
the quality of surface, the service life of the tool 
and the machining efficiency. Many scholars have 
made many researches on introducing the ultra-
sonic technology into gear manufacturing: Yi [1] 
compared the difference between traditional gear 
hobbing and ultrasonic assisted gear hobbing, and 
concluded that ultrasonic vibration-assisted hob-
bing greatly reduces the cutting force, cutting heat, 
and surface roughness, prolonging the service life 
of the cutter. Yang [2] curried out experiments on 
normal gear lapping and ultrasonic assisted gear 
lapping, and the result indicates that ultrasonic 
assisted gear lapping can reduce tooth lateral devi-
ation, improve tooth contact pattern, and reduce 
the surface roughness.

Although ultrasonic assisted grinding technol-
ogy is less studied, there is a unique advantage in 
ultrasonic vibration-assisted grinding: due to the 
difference in material removal mechanism between 
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This paper builds the modeling of microscopic 
geometric morphology of ultrasonic grinding gear 
surface based on the true morphology of grinding 
wheel measured.

2 RECONSTRUCTION OF GRINDING 
WHEEL

The morphology of the grinding wheel, especially 
the altitude distribution has a direct impact on the 
grinding surface. Although the real topography 
can be measured using a laser scanning confocal 
microscope, the surface of the grinding wheel can-
not be obtained for the limitation of the measure-
ment range. Moreover, the manufacturing process 
of grinding wheel makes the distribution and shape 
of the abrasive grain conform to a certain statisti-
cal law. In addition, the complete characterization 
of the autocorrelation function and the height 
distribution function can be used in any stable 
stochastic process. Therefore, this paper chooses 
the MA model based on time series, inputting the 
autocorrelation function of the real grinding wheel 
surface, and reconstructing the height distribution 
function and the autocorrelation function by the 
linear transformation method.

Using the Laser Scanning confocal Microscope 
(LSM 700), the conical surface grinding wheel was 
measured, and the actual grinding wheel surface 
can be obtained as shown in Figure 1.

The measured range is 2.5 mm*2.5 mm, the data 
point resolution is 512*512, and the matrix of the 
grinding wheel topography is Z (N * M). Then, 
the grinding wheel model according to the statisti-
cal law of grinding wheel is constructed by linear 
transformation [11]. Steps are as follows:

1. Calculating standard deviation, skewness, 
and kurtosis of the discrete point of grinding 
wheel.

2. Obtaining the autocorrelation matrix of the real 
surface according to Equation (1).
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3. The solution of nonlinear equation (2) derived 
from the autocorrelation matrix
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4. According to the standard deviation, skewness, 

and kurtosis of discrete points, the modified 
skewness and kurtosis value can be calculated 
from equation (3) as follows:

SK SK

K
K

zK i

q
i

zK i

q

i

q

j i

q
i

=

( )i

q
i

=

=

=i

−

+i

∑

∑ ∑i

q
i= i ∑

1
3

3
2

0 1

1

1

θ

i

θqq∑i + ∑1

η

η
2 222

2

θ j

( )1
2θ 22

i

q
iθ

=∑

 (3)

where SKη  is the skewness, Kη  is the kurtosis, SKzK  
is the modified skewness, and KzK  is the modified 
kurtosis.
5. Using the Johnson conversion system and the 

corresponding system formula to produce non-
Gaussian sequence.

6. Calculating the surface of grinding wheel topog-
raphy, which is based on the autocorrelation 
function and the height distribution function, 
according to equation (4).

Figure 1. Actual morphology surface of grinding 
wheel.

Figure 2. Reconstructed surface morphology of the 
grinding wheel.
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zi j l i k j ll
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where η  is the standard normal distribution.
The result of linear transformation is shown in 

Figure 2. Importing data to MATLAB, the final sur-
face of grinding wheel is shown in Figure 3 by trans-
forming coordinates of reconstructing surface.

3 KINEMATIC ANALYSIS OF 
ULTRASONIC VIBRATION-ASSISTED 
GRINDING

As shown in Figure 4, the modeling in this paper is 
based on the generating gear grinding method with 
the ultrasonic vibration along the axis of grinding 
wheel. The coordinate axes of gear surface and 
grinding wheel are o xyz−  and o − x y z1 1y 1.  Fixing 
the coordinate axes o xyz,−  the relative motion 
between the grinding wheel and the gear can be 
divided into four parts:

1. the rotation of the grinding wheel
2. ultrasonic vibration along the axial
3 the development of grinding wheel and gear
4 the reciprocating motion of the grinding wheel 

along the tooth width direction.

For the convenience of calculation, the height of 
the topography of the grinding wheel is neglected.

The coordinate of point A on the grinding wheel 
is ( , , ),,,0 0y, 0  and after the rotation of the grind-
ing wheel, the transformation can be expressed as 
equation (5):
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where ns  is the speed of the grinding wheel.
Urasonic vibration is along the x-axis, and the 

transformation can be expressed as equation (6):
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where A is the ultrasonic amplitude and f is the 
ultrasonic frequency.

According to the theory of engagement, the con-
tact point moves along the line of action, and the 
starting point of grinding wheel and tooth surface 
is A ( )x y zGW GW GW0 0yGW 0,0yGW  and B ( , , ).,,GR G GR0 0y, GR 0

The coordinate of K in o − x x x1 1 1x xx  and o − x y z1 1y 1  
can respectively be expressed in equations (7–9).

 (7)

ϕ ω+t ( )0 t  (8)

x r
y y

z r

GR bsrr

GR GR
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cos s( in

ϕ) −
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⎨
⎪
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⎨⎨

⎩
⎪
⎨⎨

⎩⎩

 (9)

where α 0α  is the pressure angle of B and ϕ  is the 
rolled angle.

As shown in Figure 5, considering the actual 
cutting depth, the real coordinate of B can be cal-
culated from equations (10–11).

Figure 3. Final surface morphology of the grinding 
wheel.

Figure 4. Process of ultrasonic grinding gear.
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where hmah x  is the the maximum height of mor-
phology of the grinding wheel, miu is the actual 
cutting depth, dgd  is the radius of curvature, and 
( )x y zb by b,by  is the coordinate of point of tangency 
of basic circle.

Moreover, the transformation can be expressed 
as equations (12–13).

θ ϕ0  (12)

x x
y y

z z x

gr

gr GW GW

3 2x

3 2y

3 2

= +x2x ( )xGW GWx

= +z2z xGW +((

zGW−

si czGW+n osθ

))

θ ))θ
 (13)

where θ0 = taper angle of grinding wheel.
Iaddition, the reciprocating motion of grinding. 

wheel can be expressed in equation (14):

x x
y vt

z z
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4 3y

4 3z
= +y3y

⎧
⎨
⎪
⎧⎧
⎨⎨
⎩⎪
⎨⎨
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 (14)

where v is the velocity of the grinding wheel along 
the y-axis.

4 ENVELOPE OF INVOLUTE TOOTH 
SURFACE

Owing to the complexity of actual grinding proc-
ess, simplification is needed, which is expressed as 
the following assumptions:

1. the effect of ploughing on the removal of mate-
rial is not considered

2. the wear of the grain abrasion and vibration of 
the machine tools is ignored

3. the grinding wheel is fully rigid.

The microscopic morphology of gear surface is 
the result of many complex Boolean operations on 
the space trajectory of the grinding wheel topog-
raphy. Therefore, the grinding process can be dis-
cretized in time and space. The time discretization 
is to analyze the effect of grinding on the profile 
of gear surface at different times. In addition, as 
shown in Figure 6, spatial discretization is to grid 
the gear surface.

As the involute arc length is proportional to the 
rolled angle, to ensure the uniformity of the grid, 
the θsθ 2θθ  can be uniformly valued, and then the vec-
tor θ can be reversed.

The coordinates of every grid point wp,q can be 
described as equation (15):
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⎪⎪ θ (P (θθ (i

 (15)

where is the gear base radius, θPθ  is the rolled angle 
that shows the p value, dgd  is the length of the tooth 
width, and d is the grid size.

The height of grid points is denoted as w hp,q. As 
the tooth surface is a curved surface, its height 

Figure 5. Relative movement situations.

Figure 6. Meshing of gear.
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direction is obviously the normal of the surface, 
and the numerical value is the radius of curvature.

The intersection of the grinding wheel morphol-
ogy and tooth surface can be divided into one by 
one region adjacent to the grid point. As shown 
in Figure 6, EFGH B B B BE FB G HB  is the adjacent 
area of the grid points K. Four points denoted as 
EFGH on the tooth surface can be obtained by 
substituting θ pθ q± ±( )0 5 0 5. , .q ± 0  into equation 15 and 
BE BF BG BH are the points on the ground circle 
responding to EFGH,  where θ pθ ±0 5.  expressed the 
average value of θ  and θ pθ ±1.

As shown in Figure 7, a grinding wheel topog-
raphy point A (x, y, z) has been analyzed. Then, 
to search all the grinding wheel topography in the 
area EFGH B B B BE FB G HB ,  the method can be 
divided into two passes:

1. Judge intersection of the grinding wheel topog-
raphy and tooth surface intersection.

2. Search the point in the space region 
EFGH B B B BE FB G HB

θAθ = ( )x ytan (x−1  (16)

′ = ⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

−θAθ bsrb

x z+
cot 1

2 2+ z+
 (17)

As shown in equations (16–17), if  θAθ  is greater 
than ′θAθ , point A is inside the tooth surface.

Moreover, if  the A point coordinates meet the 
following equations (18–20), this point is in the 
region EFGH B B B BE FB G HB

y yE Fy≤ ≤  (18)

z ≥ −( ) +−− zE p) Etan .θ p 0 5.  (19)

z zF p F≤ ( )x xF− ++tan .θ p 0 5.  (20)

As shown in equation (21), the point ′K  can 
be calculated by searching the minimum distance 
between point B and all grinding wheel topogra-
phy points in the area EFGH B B B BE FB G HB .  The 
new grid point height ′wp qww  is equal to the length 
of BK ′.
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where dd BK ′  is the the minimum distance between 
point B and grinding wheel topography points.

By traversing all the mesh points which contact 
the grinding wheel topography at a certain time 
and accumulating the results at all times, the micro-
scopic geometric morphology of gear surface can 
be enveloped.

The parameters of simulation of ultrasonic 
grinding are shown in Table 1.

The result of simulation is shown in Figure 8, 
and local morphology of simulation is shown in 

Figure 7. x-o-z plane of EFGH B B B BE FB G HB .

Table 1. Related parameters of simulation.

Name Value

Modulus 3 mm
The teeth number of gear 21
Slant angle of wheel spindle 20°
Tooth width 18 mm
Speed of grinding gear 1500 r/min
Linear velocity 2.75 mm/s
Cut-off 20 um

Figure 8. Result of simulation.

ICPT2016_Book.indb   467ICPT2016_Book.indb   467 9/29/2016   11:35:29 AM9/29/2016   11:35:29 AM



468

The simulation of ultrasonic grinding gear is 
shown in Figure 8, and the texture of the gear sur-
face satisfies the expectations. In addition, com-
paring Figures 9 and 10, it has been concluded 
that the ultrasonic grinding can reduce the residual 
height. As shown in Figure 11, the roughness of 
the ultrasonic grinding gear is better than that of 
the normal grinding gear within limits.
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Figure 9. Normal generating grinding gear.

Figure 10. Ultrasonic generating grinding gear.

Figure 11. Result of simulation.

Figures 9 and 10. The roughness results for simula-
tion are illustrated in Fig. 11. Each sample length 
is 0.5 mm, and cut-off  is 20 um.

5 CONCLUSION

Based on the true morphology of the grinding 
wheel measured, this paper builds the modeling of 
microscopic geometric morphology of ultrasonic 
grinding gear surface.
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Investigation of the spline design of a turbo-shaft engine

Bing Chen
China Aviation Powerplant Research Institute, Zhuzhou, P.R. China

ABSTRACT: Splines used in a turbo-shaft engine should meet the high requirements for centering, 
torque transmission, angular displacement compensation, durability, and reliability. Based on the inves-
tigations on the centering mechanism of side fit, major diameter fit, and the angular displacement com-
pensation mechanism of crowned tooth, a spline parameter design program was developed and applied to 
the power turbine shaft-output shaft spline pair design of a turbo-shaft engine. Experiments were carried 
out to investigate the angular displacement compensation ability and the fatigue life was tested along with 
engine long-term tests, which indicate that the designed spline can meet the high requirements of the next-
generation turbo-shaft engines for sophisticated spline.

tooth engagement and load sharing in involute 
splines.

A spline used in turbo-shaft engine works at 
high rotating speed and subjects to heavy load and 
it should meet the high requirements for center-
ing, torque transmission, angular displacement 
compensation, durability, and reliability, which 
greatly increase the difficulty of spline design. 
In the present study, the centering mechanism of 
side fit, major diameter fit, and the angular dis-
placement compensation mechanism of crowned 
tooth has been investigated based on which a 
spline parameter optimal design procedure has 
been proposed and it was applied to the power 
turbine shaft-output shaft spline pair design of a 
turbo-shaft engine. Experiments were carried out 
to investigate the angular displacement compensa-
tion ability and the fatigue life.

2 AVIATION INVOLUTE SPLINE

Involute splines are designed based on a spiraling 
curve, creating a rounded gear tooth that is smooth 
(see Fig. 1). The curving profile of an involute 
spline is similar to a gear tooth except rounded for 
a smoother mating during rotation, it can be pro-
duced by the same techniques and equipment as is 
used to cut gears, which assure good manufactura-
bility, good interchangeability, and high precision, 
they have a self-centering action under load even 
when there is backlash between mating members. 
Other features of involute spline are compact-
sized, high compressive strength, high bending 
strength, high load capacity, long fatigue life, and 
credited with the function of angular displacement 
compensation.

1 INTRODUCTION

Involute splines are widely used in turbo-shaft 
engines. The development of the next-generation 
turbo-shaft engine has a tendency of higher speed, 
lighter weight, and longer life, which put forward 
more and more strict requirements on the spline 
design. Involute spline has been academically paid 
attention heavily due to its excellent perform-
ance of centering, angular displacement com-
pensation, and durability. Zella L[1] compared the 
torque transmitting performance with different 
connect structures. Mizuno[2] introduced a tooth 
surface finishing method with a new tool of  a vitri-
fied cubic boron nitride wheel for involute internal 
spline. Wavish[3] carried out a multi-axial fretting 
fatigue test for spline coupling contact. Williams[4] 
investigated the development of a representative 
test specimen for frictional contact in spline joint 
couplings using finite element analyses, Compari-
sons of spline root torsional stresses are made with 
photo-elastic measurements. Zella L[5] analyzed an 
involute spline by using finite element method, 
one is axisymmetrically loaded and another is 
non-axisymmetrically loaded. Burgtorf[6] calcu-
lated involute splines with profile according to the 
German standard DIN 5480 under elastic material 
behavior. Jacek Kroczak[7] presented the analysis 
of  the tolerance system of involute splines, which 
explain the concept of  effective variation, actual and 
effective tooth size. Chase[8] developed a new model 
to carry out variation analysis of  tooth engage-
ment and loads in involute splines. Kahraman[9] 
proposed the piecewise linear dynamic model 
of  a spline joint subjected to both backlash and 
circumferential tooth position errors. Silvers, J[10] 
investigated a new statistical model for predicting 
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The tooth of involute spline can be divided into 
two kinds, straight tooth and crowned tooth, see 
Fig. 2, with straight tooth in bold, crowned tooth 
in bolt. Compared with straight tooth, crowned 
tooth has the advantages of better contact con-
dition, stronger ability of angular displacement 
compensation, longer fatigue life, and lower noisy.

3 ANALYSIS OF CENTERING AND 
ANGULAR DISPLACEMENT 
COMPENSATION OF INVOLUTE SPLINE

Involute spline with its centering automatically and 
long fatigue life, tool economy and interchange-
ability are widely applied in turbo-shaft engines. 
The American National Standard ANSI B92.1-
1970 (R 1993) presented two types of fit: side fit 
and major diagram fit.

3.1 Side fits

As shown in Fig. 3, in side fit, the mating members 
contact on the sides of the teeth only, major and 
minor diameters are clearance dimensions. The tooth 
sides act as drivers to transmit loads and centralize 
mating splines. As shown in Fig. 4, the volute line 
is so curved such that, when loaded, the radial com-
ponent Fr1FF

� �� �� �
 will act to every tooth of internal and 

external splines. When the center of the internal 
spline is offset from that of external, the resultant 

force Fr1FF
i=1

n � �� �� �
∑  will make the mating splines be 

centralized and make every tooth uniformly loaded, 
so it can reduce bending stress and compressive stress.

This type of fit requires pitch circle to have high 
concentricity and major and minor diameters have 
clearance in order to void the limit to centering. As 
the major diameter circle accuracy is not high, thus 
manufacturability and the economy are good.

3.2 Major diameter fit

As shown in Fig.5, in this fit, the mating members 
contact at the major diameter for centralizing. The 
sides of the teeth act as drivers in order to trans-
mit torque loads. The minor diameters are clear-
ance dimensions. The major diameter fit provides 
minimum effective clearance so that it allows for 
contact and location at the major diameter with a 
minimum amount of location or centralizing effect 
by the sides of the teeth.

If internal major diameter and pitch diameter 
are accurately concentric and external major diam-
eter and pitch diameter are also accurately concen-
tric, the forces acted by the sides of the teeth tend 
to keep them be centered. If there exist a small 

Figure 3. Side fit.

Figure 4. Self-centering.

Figure 1. Involute spline.

Figure 2. Straight tooth and crowned tooth.
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eccentricity between the internal and external 
major diameters, the self-centering action of the 
teeth sides make a tiny movement between internal 
and external members until contact occurs when 
the centering action of major diameter will work. 
In the case of diameter fit with high concentricity 
between pitch circle and basic circle, side centering 
will actually work but with a certain amount lower 
concentricity, major diameter centering will actually 
work instead. If major diameters exceed tolerance, 
major diameter centering will fail to work, instead 
side centering will play its role; consequently, major 
diameter fit has higher robustness and reliability.

3.3 Angular displacement compensation of 
crowned tooth

As described earlier, the tooth of involute spline 
can be divided into two kinds, straight tooth and 
crowned tooth. In straight-tooth condition, when 
spline couplings are theoretically sized and slightly 
loaded, internal and external teeth will contact 
uniformly on the whole contact line. But due to 
manufacturing variations and working deforma-
tion, the two contact lines will not parallel that 
will cause teeth interference and stress concentra-
tion. In crowned-tooth condition, as illustrated in 
Fig. 6, the internal gears are straight toothed and 
the external gears are crowned toothed. When 
spline couplings are theoretically sized and slightly 
loaded, internal and external teeth will contact uni-
formly at the midpoint. In the actual working con-
dition, due to manufacturing variations and torque 
load, the contact point will drift. When the deflec-
tion angle θ is limited in a certain range (see Fig.6), 
the contact point will roll from point A to point B 
smoothly without teeth interference and stress con-
centration. Therefore, crowned tooth has stronger 
ability of angular displacement compensation.

4 MAJOR DIAMETER FIT SPLINE 
DESIGN

The coverage of data directly provided by ANSI 
B92.1-1970 (R 1993) is limited for major diameter 

fit spline design, and sometimes the formulas listed 
in Table 1 and Tab.2 should be used. A c++ language 
program, which uses the formulas listed in Table 1, 
was developed in order to make the spline design 
convenience and fast. The program was used to the 
design of power turbine shaft-output shaft spline 
pair design of a turbo-shaft engine.

5 INVESTIGATION OF EXPERIMENT

Experiments were carried out to verify the abil-
ity of angular displacement compensation of the 
designed crowned-tooth spline. The experimental 

Figure 5. Major diagram fit.
Table 1. Formulas for involute spline basic dimensions.

Symbol Formula

Pitch dia. D N/p
Base dia. Db D cos(α)
Major dia.(in) Dri (N + 1.0)/p
Form dia.(in) DFi (N + 0.8)/p–0.004 + 2cf

Minor dia. (ex) Di (N – 1.0)/p
S5max Svmin + (m + λ)
30° Svmin 0.5π/p
37.5° Svmin (0.5π + 0.10)/p
45° Svmin (0.5π + 0.20)/p
tvmax 0.5π/p–cv

37.5° tvmax (0.5π + 0.10)/p
45° tvmax (0.5π + 0.20)/p
tmin tvmax – (m + λ)
Major dia.(ex) Do (N + 1.0)/p–0.0001
Form dia.(ex) DFe (N – 1)/p–2cF

Minor dia. (in) Dre (N–1.35)/p–0.004
–2(m+λ)/tan30°

Figure 6. Crowned-tooth contact status.

Table 2. Values of cv(× 1000).

p cv

2.5/5; 3/6 0.20N+18
4/8; 5/10 1.5N+16
6/12; 8/16 0.10N+14
10/20; 12/24 0.07N+14
16/32–48/96 15
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apparatus is shown in Figure 7, in which “D” 
means vibration displacement amplitude measure-
ment, and “z” and “y” are the displacement direc-
tion. The test rotor mainly consists of disks, shafts, 
bearings, and bearing carriers. The power is input 
on the left of the output shaft and the vibration 
displacements are measured at points 1, 2, and 3. 
The power turbine shaft with external crowned-
tooth spline and the output shaft with straight-
tooth spline are connected.

As illustrated in Fig. 8, the position of point A 
is not changed but that of point B changes, so that 
the power turbine shaft and the output shaft are no 
longer co-axial, the angle between the two shafts 
increases with ZB.

The measured and normalized vibration dis-
placement amplitudes of points shown in Fig.8 at 
specified operating speed are listed in Tab.3. From 
Tab.1, it can be seen that the change in ZB nearly has 
no influence on the vibration displacement ampli-
tudes, which indicate that crowned-tooth spline has 
good angular displacement compensation ability.

The designed spline has successfully gone through 
fatigue life test along with engine long-term tests.

6 CONCLUSION

The centering mechanism of side fit, major diame-
ter fit, and the angular displacement compensation 
mechanism of crowned tooth was investigated. 
Experiments were carried out to investigate the 
angular displacement compensation ability and 
the fatigue life was tested in engine long-term tests, 
the following conclusion can be made:

1. Major diameter fit has higher robustness and 
reliability compared with the other fit.

2. Crowned-tooth spline has stronger ability 
of angular displacement compensation than 
straight-tooth one.

REFERENCES

 [1]  Zella L. Kahn-Jetter., Eugene Hundertmark. and 
Suzanne Wright. Comparison of torque transmit-
ting shaft connectivity using a trilobe polygon 
connection and an involute spline, J. Mech. Des, 
V122(1), 2000.

 [2]  Mizuno Sadao., Morita Tetuya. and Ariura 
Yasutsune. A tooth surface finishing method with a 
new tool of a vitrified cubic boron nitride wheel for 
involute internal spline, JSME international journal. 
Series C, Mechanical systems, machine elements and 
manufacturing, V44(2) pp.445–452.

 [3]  Wavish, P. M., Houghton, D., Ding, J. and Leen, S. B. 
A multi-axial fretting fatigue test for spline coupling 
contact, Journal of Engineering Tribology, V216(5) 
2002.

 [4]  Williams, E. J. and McColl, I. R. Development of a 
representative test specimen for frictional contact in 
spline joint couplings, Fatigue & Fracture of Engi-
neering Materials & Structures, V32(4) 2009.

 [5]  Zella L. Kahn Jetter and Sunzanne Wright, Finite 
element analysis of an involute spline, J. Mech. Des., 
V122(2) 2000.

 [6]  Burgtorf, U., Dietz, P. and Garzke, M. Calculation 
of involute splines under elastic material behav-
iour, International Design Conference—Design '98, 
Dubrovnik, 1998.

 [7]  Jacek Kroczak. and Marian Dudziak. Tolerance 
analysis of involute splines, Proceedings of the 
World Congress on Engineering 2011 Vol III, WCE 
2011, July 6–8, 2011, London, U.K.

 [8]  Chase, K. W. Variation analysis of tooth engagement 
and loads in involute splines. Dept. of Mech. Eng., 
Brigham Young Univ., Provo, UT, USA; Sorensen, 
C.D.; DeCaires, B.J.K.

 [9]  Kahraman, A. A spline joint formulation for drive 
train torsional dynamics models, Journal of Sound 
and Vibration, 241(2), pp. 328–336, 2001.

[10]  Silvers, J., Sorensen, C. D. and Chase, K. W. A new 
statistical model for predicting tooth engagement 
and load sharing in involute splines, AGMA Fall 
Technical Meeting, 10FTM07, 2010.

Figure 7. Experimental apparatus.

Figure 8. Experimental apparatus. (ZA = 0, ZB = −0.05, 
−0.10, 0.0, 0.10, 0.5, 0.70, 1.00).

Table 3. Vibration displacement amplitudes.

Condition D1 D2 D3 D4

Az = 0, Bz = −0.05 0.489 0.526 1.000 0.524
Az = 0, Bz = −0.10 0.533 0.358 1.000 0.800
Az = 0, Bz = 0 1.0 1.0 1.0 1.0
Az = 0, Bz = 0.10 0.644 0.895 0.762 0.500
Az = 0, Bz = 0.50 0.644 0.737 0.762 0.850
Az = 0, Bz = 0.70 0.711 0.842 0.952 0.900
Az = 0, Bz = 1.00 0.844 0.632 0.905 0.800

ICPT2016_Book.indb   472ICPT2016_Book.indb   472 9/29/2016   11:35:48 AM9/29/2016   11:35:48 AM



473

Power Transmissions – Qin & Shao (Eds)
© 2017 Taylor & Francis Group, London, ISBN 978-1-138-03267-5
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involute gears
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ABSTRACT: The standards generally used for calculation methods of the load capacity for involute 
cylindrical gears are ISO 6336-3-2006 (Calculation of load capacity of spur and helical gears-Part 3: 
Calculation of tooth bending strength) and ANSI-AGMA 2001-D04 (Fundamental Rating Factors and 
Calculation Methods for Involute Spur and Helical Gear Teeth); there is no calculation method for large 
modulus gears if  the modulus is greater than 50 mm in ISO 6336. In the present study, the bending 
strength of a large modulus involute cylindrical spur gear is investigated. The root stress along the tooth 
width direction under different load cases is presented based on the Finite Element Method (FEM). An 
experimental platform of the large modulus pinion is established. Combined with the numerical results 
and experimental data, the non-uniform coefficient along the tooth width direction and the root stress 
of pinions under different load cases with different methods are put forward. The results showed that the 
root stress of the large modulus involute cylindrical spur gear is not distributed evenly and its magnitudeis 
larger at the intermediate position and is smaller at both sides along the tooth width direction. It shows 
a symmetrical distribution from the middle to both sides and the maximum root stress is located at the 
intermediate position of the pinion along the tooth width direction. Also, it is noticed that the root stress 
for large modulus involute cylindrical spur gears can still use the ISO 6336 calculation method after the 
root stress is multiplied by using a non-uniform coefficient which is only concerned with design param-
eters and is independent of an external applied load.

Keywords: Root stress; Bending strength; Large modulus involute gear; Cylindrical spur gear; Jack-up 
drilling platform

numerical method, and experimental analysis[5–8]. A 
French engineer, Wilfred Lewis, proposed the can-
tilever beam computational theory to calculate the 
gear bending stress, from which the classical mate-
rials mechanics calculation method was devised 
by continuous improvement[9]. Liang, et al[10], 
represented a modified cantilever beam model 
for the external gear tooth and derived the ana-
lytical equations of the bending, shear, and axial 
compressive stiffness calculations. Pehan, et al[11], 
studied the generation of the fatigue crack at its 
initial position and its effect on crack propagation 
at the tooth root. Wang, et al[12], studied the influ-
ences of design parameters including the number 
of teeth and the pressure angle on the contact and 
bending stresses of the cosine gear drive. Zhang, 
et al[13], tested the bending fatigue characteristics 
of the standard spur gear constructed by using the 
20CrMoH gear steel. The analysis results showed 
that the three-parameter Weibull distribution fits 

1 INTRODUCTION

With the rapid development of the mechani-
cal manufacturing industry in recent years, large 
modulus gears are applied in much major engi-
neering equipment. In some equipment, such as 
the jack-up drilling platform, the gear modulus 
has reached 135 mm in the jacking system[1, 2]. Usu-
ally, the maximum bending stress occurs at tooth 
root areas[3, 4]. The large modulus gear is required 
to transfer power reliably under heavy loading and 
it puts forward higher requirements for the bend-
ing strength calculation. Therefore, it is of great 
significance in the extension of gear life and the 
improvement of the carrying capacity to calculate 
the root stress accurately and design the transition 
curve reasonably for large modulus gears.

Currently, there are four methods for calculating 
the gear bending strength, which are the materi-
als mechanics method, elastic mechanics method, 
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the given stress for the bending fatigue life of the 
20CrMoH carburized gear with better precision 
and adaptability.

The maximum gear modulus is 50 mm and 
the bending strength cannot be calculated if  the 
modulus is greater than 50 mm in ISO 6336-3-
2006 (Calculation of load capacity of spur and 
helical gears-Part 3: Calculation of tooth bending 
strength)[14] and ANSI-AGMA 2001-D04 (Funda-
mental Rating Factors and Calculation Methods 
for Involute Spur and Helical Gear Teeth) stand-
ards[15], whereas it is an important precondition to 
assure the security of transmission to calculate the 
root stress of the large modulus gear. Currently, 
there are few studies on the bending stress for large 
modulus gears and there is no mature method to 
calculate the root stress at the dangerous cross-
section. In the research of large modulus gears, 
numerical analysis is the main calculation method; 
for example, Cao, et al, analyzed the static con-
tact of the large modulus pinion and rack under 
preloading conditions, and analysis was performed 
for pinion models with hardened layers and with-
out hardened layers, respectively[16]. Li compared 
the calculation results yielded by ISO 6336 and 
ANSI-AGMA with the results yielded by FEM 
and he draws a conclusion that the calculation 
methods in ISO 6336 and ANSI-AGMA no longer 
meet with the calculation of the bending strength 
of large modulus gears[17].

In this paper, the bending strength of a large 
modulus involute cylindrical spur gear was inves-
tigated by using theoretical and experimental 
methods. Taking the pinion and rack transmission 
system in one jack-up drilling platform for instance, 
different calculation methods of root stress at the 
dangerous cross-section were proposed. Combined 
with the numerical results and experimental data, 
the root stress of large modulus gears was studied 
in detail.

2 ROOT STRESS CALCULATED BY ISO 
6336 STANDARDS

2.1 Calculation method using ISO 6336 standard 
[14]

The tooth of  the pinion can be simplified into 
a cantilever beam due to the large stiffness of 
the gear body and the maximum stress will be 
located at the root of  the tooth while the load 
is applied to the pinion. There are mainly two 
methods for determining the load position of 
the gear bending strength analysis. One of  them 
is used to load at the addendum of  the tooth, 
and another method is used to load at the high-
est point of  the single tooth meshing zone. The 

tooth deformation cannot compensate the base 
pitch deviation between the two gears after load-
ing if  the precision of  gear transmission is low. 
One pair of  tooth bears the load which should be 
applied to the tooth addendum during analysis 
of  the root stress in this case. If  the precision of 
gear transmission is very high, the coincidence 
coefficient in the double tooth meshing zone 
should be considered and the load should be 
applied at the highest point of  the single tooth 
meshing zone.

The load angle of the involute gear is shown in 
Fig. 1. In Fig. 1, point e is the single teeth meshing 
upper boundary point. The diameter de at point e 
is as follows:
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The coincidence coefficient of the pinion and 
wheel can be expressed as follows:
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In Eq. (1)–(6), db is the base diameter of the pin-
ion, da is the addendum circle diameter of the pin-
ion, pb is the pitch of the base circle of the pinion, ε 
is the coincidence coefficient, x is the modification 

Figure 1. Schematic of the load angle of an involute 
cylindrical spur gear.
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coefficient of the pinion, d is the pitch circle diam-
eter of the pinion, α is the pressure angle, hah*  is the 
addendum coefficient, p is the pitch of the rack, 
z1 is the tooth number of the pinion, and mn is the 
normal modulus.

When the load is applied to the single tooth 
meshing upper boundary point e, the load angle 
αFe can be expressed as follows:

α αFeα e eϕ−α ( )ϕ α eϕ α αi v iα nvii+ i vαα  (7)

α e
b

e

db

de

= arccos  (8)

ϕ π α
= ∠ = +KOI

z z2
2 t  (9)

In Eq. (7)–(9), αe is the pressure angle of the sin-
gle teeth meshing upper boundary point and r is 
the pitch circle radius of the pinion.

Here, the tooth of the pinion is simplified into 
a cantilever beam and the friction force is ignored. 
The normal force is applied to the single teeth 
meshing upper boundary point Fn, which can be 
decomposed into the load in the circumferential 
direction FncosαFe and the radial load FnsinαFe. 
Bending stress σF, compressive stress σy, and shear-
ing stress τ will be generated at the tooth root, as 
shown in Fig. 2.

The bending stress σF can be expressed as 
follows:
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The shearing stress τ can be expressed as 
follows:
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=

F
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The compressive stress σy can be expressed as 
follows:
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In Eq. (10)–(12), h is the bending arm, b is the 
tooth width of the pinion, and s is the tooth thick-
ness at the dangerous cross-section of the pinion.

The bending stress at the dangerous cross-sec-
tion can be calculated by using the recommended 
method with ISO 6336 standards, which can be 
expressed as follows:
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For small modulus gears, the compressive stress 
and shearing stress have little influence on the root 
stress at the dangerous cross-section and they can 
be ignored; only the bending stress needs to be con-
sidered. The root stress can be expressed as σ = σF. 
According to the distributions of stress at the 
tooth root in Fig. 3, for those large modulus gears 
under heavy load, after comprehensively consider-
ing the influences of bending stress, compressive 
stress, and shear stress, based on the third strength 

Figure 2. Schematic of the distribution of stress at the 
tooth root.

Figure 3. Pictures of pinion and rack transmission in 
the jack-up drilling platform.
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theory, the root stress of large modulus gears at the 
dangerous cross-section can be calculated by using 
the following equation:

σ σ σ μ= +σ( ) +F yσσ+σ
2

2( )μτ  (14)

In Eq. (14), “+” is used to calculate the root 
stress at the compression-side of the pinion, while 
“-” is used to calculate the root stress at the tensile-
side. μ is the shear stress coefficient and μ = 0–4; 
according to the Niemann photo-elastic experi-
ment, the value of the shear stress coefficient μ is 
generally 2.5.

2.2 Case study of root stress by using ISO 6336 
standards

The pinion and rack transmission system in the 
jack-up drilling platform is shown Fig. 3. It not 
only needs to carry out the lifting and down of legs 
and deck in the lifting state, but also to support 
the hull deck and related equipment under normal 
lifting and storm load conditions. When compared 
with the generally gear transmission devices, the 
pinion and rack transmission of the jack-up plat-
form has the characteristic of low speed and heavy 
load and the harsh marine environment also has 
a great influence on the opening pinion and rack 
transmission system. It will lead to serious losses if  
the pinion undergoes failure with insufficient bend-
ing strength. Therefore, it is necessary to ensure a 
larger safety coefficient for the bending strength of 
the gear in the jack-up drilling platform.

The geometry parameters of the pinion and rack 
in one 300 ft jack-up drilling platform are listed in 
Table 1. The normal modulus mn of  the pinion and 
rack is 80 mm, and the teeth number z1 of the pin-
ion is 7. The pressure angle α at the pitch circle is 
30°. The normal lifting load generated by a single 
pinion on the rack is 200 tons, the preloading is 
258 tons, and the storm load is 454 tons.

If comprehensively considering the influences of 
bending stress, compressive stress, and shear stress, 
the root stress at the dangerous cross-section of 

the pinion is σla = 680 MPa and σya = 800 MPa. It 
indicates that, the root stress at the compression-side 
is larger than that of the tensile-side of the pinion 
while comprehensively considering the influences of 
bending stress, compressive stress, and shear stress.

In order to illustrate the validity of different 
methods for calculating the root stress of large 
modulus gears, the root stress calculated by using 
the numerical method and experimental results are 
compared with the results acquired by using the 
analytical method in following sections.

3 ROOT STRESS BASED ON THE 
NUMERICAL METHOD

3.1 Meshing position of the maximum root stress

The meshing of the pinion and rack is a dynamic 
process, during which the contact positions and 
the contact areas are constantly changing. As the 
meshing speed of the pinion and rack is relatively 
slow, which is only 0.45 m/min, the static load can 
be used to calculate the transient stress and defor-
mation. For the geometry parameters in Table 1, 
the coincidence degree is 1.02. The pinion and 
rack changes with single-double-single tooth zones 
during the meshing process. The maximum root 
stress in the dangerous cross-section will appear 
at the single teeth meshing upper boundary point 
J. Therefore, the meshing position at the upper 
boundary point J of  the pinion is used to analyze 
the maximum root stress, as shown in Fig. 4.

3.2 Finite element model and boundary conditions

An accurate finite element model is established 
according to the geometry parameters of  the 

Table 1. Geometry parameters of the pinion and rack.

Items Parameters

Normal modulus m/mm 80
Teeth number of the pinion z1 7
Pitch circle diameter of the pinion d/mm 560
Modification coefficient xm 0.3
Pressure angle α (°) 30
Width of the rack br (mm) 127
Width of the pinion b (mm) 245 Figure 4. Schematic of the meshing position of the 

maximum root stress.
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pinion and rack. Due to the large actual size, it 
is hard to analyze an entire gear and rack model 
because of the large amount of computation. 
When the coincidence degree of the pinion and 
rack is slightly greater than 1, a pair of  gear tooth 
is used to analyze the strength from the purpose 
of reducing the calculation and obtain more accu-
rate results at the same time. The pinion material 
is 34CrNi3Mo, and its Young’s modulus and Pois-
son ratio are 2.06e5 MPa and 0.3, respectively. 
The rack material is ASTM517 and its Young’s 
modulus and Poisson ratio are 2.0e5 MPa and 0.3, 
respectively.

During the analysis, all degrees of freedom 
of the round hole on the surface of the pinion 
are restrained and the other two degrees of free-
dom of the two sides except the axial direction 
are restrained. The degrees of freedom in X and 
Z directions of the left end-face of the rack are 
restrained and the degrees of freedom in the Y 
direction are free. Because the storm load is the 
largest load among all the load cases, the storm 
load is applied on the nodes of the upper end-face 
of the rack. The finite element model and bound-
ary conditions are shown in Fig. 5.

3.3 Root stress of the pinion determined by the 
FE method

Numerical calculation results show that the 
maximum root stress at the compression-side 
of  the pinion in the dangerous cross-section is 
844 MPa while it is 630 MPa at the tensile-side, 
and the maximum root stress at the compres-
sion-side is greater than that at the tensile-side. 
The root stress is not distributed evenly and its 
magnitudeis larger at the intermediate position 
and smaller at both sides along the tooth width 
direction. It exhibits a symmetrical distribution 

from the middle to both sides, and the maximum 
value is located at the middle part of  the pinion 
along the tooth width direction. The root stress 
of  the pinion under storm load conditions deter-
mined by using the numerical method is shown 
in Fig. 6.

From the calculation results determined by using 
the analytical method (ISO 6336) and numerical 
method (FEM), it can be seen that the root stress 
at the compression-side is always greater than that 
at the tensile-side. And also, the root stress of the 
pinion calculated by using the analytical method 
is smaller than that obtained by using the numeri-
cal method. When compared with the numerical 
calculation results, the calculation error of the 
root stress at the compression-side is only 5.21% 
and the calculation error of the root stress at the 
tensile-side is 7.94%.

Similar to the storm load, when other loads 
such as 60 tons, 200 tons, 210 tons, 258 tons, and 
454 tons, respectively are applied on the upper end-

Figure 5. Picture of a finite element model and bound-
ary conditions.

Figure 6. Schematic showing the root stress of the pin-
ion under storm load conditions determined by using the 
FE method.
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face of the rack, the values of maximum root stress 
observed at the compression-side are 112.37 MPa, 
372.66 MPa, 391.30 MPa, 481.04 MPa, and 
844.07 MPa, respectively, while the values of root 
stress at the tensile-side are 83.40 MPa, 277.35 MPa, 
291.27 MPa, 358.02 MPa, and 630.04 MPa, 
respectively. The maximum root stress values of 
the pinion obtained under other different loads are 
listed in Table 2. From Table 2, the root stress at 
the tensile-side are larger than that by FEM, but 
errors are less than 8%, while the root stress at the 
compression-side calculated are smaller than that 
obtained by using FEM, but errors are within 6%, 
after comprehensively considering the influences 
of bending stress, compressive stress, and shear 
stress.

Similar to the calculation results under storm 
load conditions and the root stress at the compres-
sion-side is greater than that at the tensile-side. The 
root stress is not distributed evenly and its mag-
nitude is larger at the intermediate position and 
smaller at both sides along the tooth width direc-
tion. It shows a symmetrical distribution from the 
middle to both sides and the maximum stress is 
located at the intermediate position of the pinion 
along the tooth width direction. The values of root 
stress along the tooth width direction under differ-
ent loads are shown in Fig. 7.

Any points at the root of the pinion will under-
take tensile stress and compressive stress at differ-
ent moments. Taking points M and N at the root of 
the pinion, the values of stress obtained at points 
M and N under different loads are shown in Fig. 8. 
It can be seen that with an increase in the load, the 
root stress at the same position increases linearly 
with the load.

From Fig. 7 and Fig. 8, it can be seen that the 
distribution of root stress along the tooth width 
direction is not distributed evenly while the load 
is uniformly applied on the rack. This is mainly 
because the width of the pinion is larger than that 
of the rack and the contact position is in the mid-
dle of the pinion which causes the stress to extend 
along the tooth width direction that influences the 
root stress.

Table 2. Maximum root stress under different loads.

Load cases/ton

Tensile-side Compression-side

FEM /MPa ISO /MPa FEM /MPa ISO /MPa

60 83.40 89.93 112.37 105.91
200 277.35 299.78 372.66 353.03
210 291.27 314.77 391.30 370.68
256 358.00 383.72 481.00 451.88
454 630.00 680.51 844.00 801.38

Figure 8. Graph showing root stress values under dif-
ferent loads by using the FE method.

Figure 7. Graph showing values of root stress along the 
tooth width direction.
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4 EXPERIMENTAL INVESTIGATION AND 
DISCUSSIONS

4.1 Experimental platform and approach

A 300 ft jack-up drilling experimental platform of 
the pinion and rack is constructed in this work. 
The experimental platform is loaded by using a 
hydraulic cylinder which is connected with the rack 
and the maximum load can reach 1500 tons. The 
geometry parameters of the pinion and rack in this 
experimental platform are the same as that of the 
actual jack-up drilling platform, which is listed in 
Table 1. A pair of pinions is symmetrically arranged 
on both sides of the rack. The pinion material 
is 34CrNi3Mo and its ultimate yield strength is 
945 MPa. The rack material is ASTM517 and its 
ultimate yield strength is 630–930 MPa.

The load is only applied on one pinion in the 
above-mentioned calculation; however, the double 
load should be applied on the rack because there 
are two pinions in the experimental platform. Tak-
ing the storm load for instance, the hydraulic cyl-
inder should apply 908 tons during the experiment 
while the storm load is 454 tons in one pinion. The 
experimental platform is shown in Fig. 9.

During the experiment, the electrical strain gauge 
BE120-5 AA is used as the sensor of strain testing. 
SG403/404 wireless strain nodes are selected as the 
collection and transmission equipment. It realizes 
the real-time data recording and storage by using 
the BS903/USB interface wireless gateway to the 
laptop. Eight tooth roots, numbered from A to H, 
on both sides of the two pinions and the rack are 
selected. Six strain gauges, numbered A1-6, B1-6, 
C1-6, D1-6, E1-6, F1-6, G1-6 and H1-6, are placed 
along the tooth width direction at each tooth root. 
For each tooth root, test points 1 and 2 are near 
the inside position, test points 3 and 4 are in the 
intermediate position, and test points 5 and 6 are 

in the outside. There are totally 48 test points and 
the main testing direction of each strain gauge is 
along the direction of the tooth root bending. The 
test points and arrangement of strain gauges are 
shown in Fig. 10.

The strain gauges are divided into four groups 
and each group tests 16 points at the same time 
because of the channel limitation of the testing 
instrument. H1-6, G1-6, and E1-4 form the first 
testing group; A1-6, B1-6, and C1-4 comprise the 
second testing group; D1-6, F1-6, C5-6, and E5-6 
form the third testing group; and A3, B1-3-5, 
C1-3-5, D3, E1-3-5, F3, G1-3-5, and H3 comprise 
the fourth testing group.

Loads are applied seven times for the experi-
ments conducted by the first three groups. The first 
group’s strain gauge is loaded three times under the 
load of 100 tons and one time under the load of 
400 tons, the second group’s strain gauge is loaded 
two times under the load of 400 tons, and the third 
group’s strain gauge is loaded two times under the 
load of 400 tons, respectively. Actually, during 
the first three groups’ experiments, 400 tons is the 

Figure 9. Picture showing the experimental platform of 
jack-up drilling equipment.

Figure 10. Pictures showing test points and arrange-
ment of strain gauges.
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uniform load for each test point. And for the test 
points of the fourth group’s experiment, there are 
four kinds of loads which are 120 tons, 420 tons, 
516 tons, and 908 tons, respectively. And each kind 
of load is applied in two cycles. The load scheme 
of the experiment is listed in Table 3.

The test results of the strain at different test 
points of the two pinions and rack under the load 
of 120 tons are shown in Fig.11. From Fig.11, 
it can be seen that the changing tendency of the 
root stress of the pinions and rack are different. 
The strain of the pinions at the root position 
changes by stair-step or linearly mode, while the 
strain of the rack at the root position presents a 
sine wave mode with no linear change in one cycle 
(see Fig.11 (a)). The changing of the root stress at 
the tensile-side and the compression-side are not 
symmetrical, and the root stress at the tensile-side 
presents square wave mode, while the root stress 
at the compression-side exhibits a sawtooth wave 
in one cycle of the pinion (see Fig.11 (b)). For the 
root stress of the rack, there is an obviously unrea-
sonable fluctuation during one cycle. And also, it 
indicates that the contact position of the rack is 
not continuously changing smoothly in an ideal 
contact mode (see Fig.11(c)).

4.2 Results and discussions

For the root of pinions on both sides of the rack, 
no matter the intermediate position or the edge of 
pinions, the maximum root stress at the tensile-side 
and compression-side approximately vary linearly 
with the applied load. The root stress of pinions 
under different load cases determined by experi-
mental methods are shown in Fig.12. From Fig.12, 
it can be seen that the changing tendency of the 
root stress of the pinions under different loads 
calculated by using FEM (see Fig.7) is almost the 
same as that observed from results obtained by 
experimental methods. The bending parts in Fig.12 
are mainly caused by the load errors.

The root stress of the pinion obtained by exper-
imental methods is between 200 and 410 MPa 

Table 3. Load scheme of the experiment.

Test groups Load cases /ton Times Cycles

1st 100 3 2
400 1 2

2nd 400 2 2
3rd 400 2 2
4th 120 1 2

420 1 2
516 1 2
908 1 2

Figure 11. Graphs showing the strain comparison of 
different test points.

Figure 12. Graphs showing the root stress of pinions 
under different loads obtained by experimental methods.
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obtained by FEM, and the tested root stress at 
the compression-side are almost the same as that 
obtained by FEM. Therefore, the root stress at the 
compression-side can be regarded as the the real 
value of the root stress of large modulus involute 

under the load of 400 tons by. the difference 
of the maximum root stress at the tensile-side is 
10.13 MPa and the difference at the compression-
side is 34.61 MPa. The root stress of the pinion 
obtained by experimental methods is between 
300 and 865 MPa under the load of 908 tons. 
The difference of the maximum root stress at the 
tensile-side is 148.96 MPa and the difference at the 
compression-side is 89.46 MPa. Through the con-
trast analysis, it can be known that the root stress 
at the tensile-side and compression-side of pin-
ions on both sides of the rack are different. With 
an increase in the load, the difference of the root 
stress of pinions is more evident. It shows that the 
partial phenomena of loads are more prominent 
with an increase in the applied load, and the partial 
value of the root stress at the compression-side is 
greater than that of the tensile-side.

The root stress along the tooth width direction 
of the pinion under normal lifting load and storm 
load conditions are shown in Fig.13. Similar to the 
results calculated by using the numerical method, 
the root stress is not distributed evenly and its 
magnitude is larger at the intermediate position 
and smaller at both sides along the tooth width 
direction (see Fig.13(a) and Fig.13(b)). The root 
stress at the compression-side is larger than that 
of the tensile-side at the same axial cross-section 
of the pinion. The maximum stress of 865 MPa 
is located at the compression-side of the pinion. 
According to the arrangement of strain gauges in 
the experiment scheme, test points B3 and G3 are 
at the intermediate position of the tooth root of 
pinions, the root stress of these two points should 
be larger than that of the other points. When com-
paring the tested root stress of these two points 
with the results calculated by using the numerical 
method, the relative errors of the numerical results 
and the experimental results are basically within 
the allowed scope. The relative errrors of differ-
ent test points are different under the same load. 
Taking the load of 454 tons for instance, the rela-
tive error of the numerical results and the experi-
mental results of test point B3 is 19.6%, while the 
relative error of test point G3 is only 6.78% (see 
Fig.13(d)). It shows that the root stress of the pin-
ion is not uniform and appears to exhibit a cer-
tain partial load phenomenon during the meshing 
process. When compared with the experimental 
results, the root stress at the tensile-side calculated 
by using the numerical method is relatively small 
(see Fig.13(a) and Fig.13(c)), while the root stress 
at the compression-side approximately coincides 
with the experimental results, and the stress error 
at the compression-side is less than 7% under all 
kinds of loads (see Fig.13(b) and Fig.13(d)).

The experimental results show that, the tested 
root stress at the tensile-side are greater than that 

Figure 13. Graphs showing the root stress along the 
tooth width direction.
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cylindrical spur gears. Actually, an effective theo-
retical formula should be derived to determine the 
root stress of large modulus involute cylindrical 
spur gears. From the above analysis, when com-
pared with the results obtained by using FEM and 
experimental methods, the root stress calculated 
by ISO 6336 is almost equal to the average value 
obtained through FEM and experimental results 
at the compression-side. The ratios between the 
results of the real value of the root stress and ISO 
6336 under different loads are almost the same 
(see Table 4). The calculation method using ISO 
6336standards can still be used to calculate the 
root stress for large modulus involute cylindrical 
spur gears, but the results must be corrected.

Generally, a non-uniform coefficient KFβ (longi-
tudinal load distribution factor in ISO 6336) which 
is defined as the ratio of the maximum equivalent 
stress and average equivalent stress at the root of 
the pinion to measure the uneven degree of the 
root stress along the tooth width direction accord-
ing to ISO 6336. KFβ is represented as follows:

KFK F

Fave
β

σ F

σ F

= max  (15)

In Eq. (15), σFmax denotes the maximum equiva-
lent stress and σFave denotes the average equivalent 
stress at the root of the pinion.

The value of KFβ is 1.061 at the compression-
side when the applied load is 60 tons. The value of 
KFβ is 1.056 when applied loads are 200 tons and 
210 tons. The value of KFβ is 1.053 when the applied 
load is 454 tons. According to the above analysis, 
the value of KFβ is around 1.06 and it does not 
change significantly with an increase in the applied 
load. And also, KFβ is only concerned with design 
parameters and independent of external applied 
loads. Though there is no calculation and selection 
method of the longitudinal load distribution fac-
tor KFβ for large modulus gears if  the modulus is 
greater than 50 mm in ISO 6336, the root stress for 
large modulus involute cylindrical spur gears can 
still use the ISO calculation method after the root 
stress obtained by ISO 6336 is multiplied by the 

longitudinal load distribution factor KFβ. The value 
of KFβ should be given by detailed design param-
eters (gear, shaft and supporting type, etc.). Differ-
ent design parameters have different KFβ values and 
it should be particularly studied in future.

5 CONCLUSIONS

In this paper, the bending strength for large modu-
lus cylindrical spur gears is studied by using ISO 
and FE methods. An experimental platform of the 
large modulus pinion is established and the root 
stress of the pinion are tested. Some conclusions 
drawn from this work are as follows:

1. When compared with the numerical method, the 
root stress calculated by ISO 6336 is relatively 
small. The error of the root stress at the com-
pression-side is about 5.21% and the error of 
the root stress at the tensile-side is about 7.94% 
in comparison with the numerical results.

2. The root stress is not distributed evenly and its 
magnitude is larger at the intermediate position 
and smaller at both sides along the tooth width 
direction. It shows a symmetrical distribution 
from the intermediate position to both sides 
and the maximum stress is located at the inter-
mediate position of the pinion along the tooth 
width direction.

3. When compared with the tested results, the 
root stress calculated by using the numerical 
method is relatively small at the tensile-side, 
while the root stress at the compression-side 
approximately concides with the tested results 
and it can be regarded as the real value of root 
stress. The root stress calculated by using ISO 
6336standards is almost equal to the average 
value of FEM and experimental results at the 
compression-side.

4. The root stress for large modulus involute 
cylindrical spur gears can still use the ISO cal-
culation method after the root stress obtained 
is multiplied by the longitudinal load distribu-
tion factor KFβ. The value of  KFβ is only con-
cerned with gear design parameters and is 
independent of  an external applied load. Dif-
ferent gear design parameters have different 
KFβ values and it should be particularly studied 
in future.
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Table 4. Comparisons between the results obtained 
using FEM and ISO 6336.

Load/
ton

Real value/
MPa

Average results 
of FEM/MPa

ISO/MPaKFβ

60 112.37 106.20 105.91 1.061
200 372.66 355.78 353.03 1.056
210 391.30 368.52 370.68 1.056
256 481.00 451.97 451.88 1.064
454 844.00 800.05 801.38 1.053
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Multidisciplinary and multiobjective design optimization of advanced 
helicopter power transmission system

Z.Y. Yin, D. Mi, L.Z. Zhang, X.X. Cai & H.M. Wu
China Aviation Powerplant Research Institute, Zhuzhou, Hunan, China

ABSTRACT: The difficulties confronted in the development of advanced helicopter power transmission 
system, such as the sophisticated couplings and the serious index conflicts among disciplines, have lead to 
the research, development, and application of the key technologies of Multidisciplinary Design Optimi-
zation (MDO), and the establishment of MDO-based collaborative design method for helicopter power 
transmission system. In this paper, three engineering examples are presented to show that the introduced 
methodology can improve the design ability of helicopter power transmission system compared with the 
traditional ones and can overcome the difficulties in the development of such system.

The strict requirements for the increasing high 
overall performance of the new generation heli-
copter power transmission system result in unprec-
edented challenges of the design technologies[2]. 
Thus, the introduction of Multidisciplinary 
Design Optimization (MDO) technologies is of 
paramount importance.

MDO is a methodology to design complicated 
engineering system through the thorough explora-
tion and application of the coordination mecha-
nism of discipline interaction and coupling[3,4]. 
During the designing process, MDO considers the 
effects of discipline coupling, balances the conflicts 
between disciplines, and employs MDO strategies 
and optimization algorithms to acquire the sys-
tem optimal solution. The MDO technologies can 
improve the quality of products and shorten the 
development period.

1 INTRODUCTION

Power transmission system, engine, and rotor 
system are the three critical rotational components 
of a helicopter. The functions of the power trans-
mission system are to distribute engine power pro-
portionally to the main rotor and tail rotor, which 
have much lower rotational speed than that of the 
engine, transfer the loads from engine, main rotor, 
and tail rotor to the airframe, and drive helicopter 
accessories[1]. Each type of helicopter has a unique 
power transmission system, with complicated and 
compact structure, long drive train, large transmis-
sion power, high speed ratio, and a large amount 
of heat generated by rotational pairs, especially 
during dry running. The typical configuration of 
a helicopter power transmission system is shown 
in Figure 1.

Figure 1. Schematic of typical power transmission system configuration.
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The disciplines related to the development of a 
helicopter power transmission system consist of 
mechanical transmission, lubrication, heat trans-
fer, structure, strength, vibration, and so on (see 
Figure 2.). Many researchers and engineers have 
focused on the research and application work of 
the single discipline[5–8]; however, reports on MDO 
research are rare. Hence, this paper first illustrates 
how the MDO technologies are introduced for 
the development of helicopter power transmis-
sion system and then establishes an MDO-based 
collaborative design method for helicopter power 
transmission system. As the application of the 
developed method, the MDO of a casing, a main 
drive train configuration, and a gear considering 
the effects of Thermo-Elastic-Hydrodynamics 
(TEHD) are finally presented, which proves that 
the developed methodology can improve the design 
ability of helicopter power transmission system 
compared with the traditional methods.

2 MDO-BASED HELICOPTER 
POWER TRANSMISSION SYSTEM 
COLLABORATIVE DESIGN METHOD

2.1 System decomposition

As is well known, the helicopter power transmis-
sion system or its specific component is a hybrid 
system with both tree-like and network-like fea-
tures, and the example of a simple casing design 
is illustrated in Figure 3. As the most complicated 
system, however, the entire helicopter power trans-
mission system can be decomposed into a series of 
tree-like subsystems to reduce the system complex-
ity (see Figure 4.).

2.2 System modeling

System modeling includes MDO physical modeling 
and MDO mathematical modeling.

2.2.1 MDO physical modeling
MDO physical modeling aims to build analysis 
models, analysis methods, and software system 
covering all the related disciplines, and to exchange 
information between disciplines with high effi-
ciency and fidelity.

The analysis of single discipline is difficult 
because of the structure and load complexity of 
the helicopter transmission system. Moreover, the 
analysis of MDO considering the discipline cou-
pling effects becomes more difficult. Hence, it is 
essential to build a suitable model that can balance 
the computation burden and accuracy. For this, 
two modeling technologies are developed. The first 
one is the variable complexity modeling technol-
ogy, which adopts different complexities for dif-
ferent cases to reduce the total analysis time[9]. For 
example, higher complexity models are employed 
for discipline analysis, while lower ones are utilized 
for information exchange.

Another one is the surrogate modeling which 
uses a simple input–output response to replace a 
complex input–output response to decrease com-
putation burden. The procedure for surrogate 
modeling is as follows:

1. Search the input parameters that influence the 
output significantly through the Design of 
Experiments (DOE) or designers’ experience 
and then determine the input samples.

2. Obtain the output response of all the samples 
by the verified analytical solution, numeri-
cal analysis, and experimental results and then 
choose suitable approximation method to build 
the relationship between inputs and output.

Several surrogate models, such as Second-Order 
Response Surface Modeling (SORSM), BP Artifi-
cial Neural Networks (BP-ANN), Support Vector 
Machine Method (SVMM), and Radial Basis 
Function (RBF), are successfully applied in this 
paper[10–14].

2.2.2 MDO mathematical modeling
MDO mathematical modeling includes the deter-
mination of design variables, constrain conditions, 
objective functions, and MDO strategies. The 

Figure 3. Design architecture of helicopter transmis-
sion system casing (undecomposed).

Figure 2. Relevant disciplines in helicopter power trans-
mission system design.
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design variables could be the structure dimension 
parameters of helicopter power transmission 
system components, lubricant parameters, and so 
on. The constraint conditions could be the limits 
for the component stress, vibration margin, tem-
perature, life, oil flow rate, and so on, while the 
objective functions could be the performance indi-
ces, such as the transmission efficiency, weight, 
and so on.

The traditional optimization problem has only 
one optimization model, although several objective 
functions may be included. However, for a compli-
cated system MDO, there should be a set of opti-
mization mathematical models. Thus, the methods 
to define the system model and subsystem model, 
to exchange information between them, and to 
arrange the analysis sequence are the core issues of 
MDO, that is, the optimization strategy issues. The 
following optimization strategies are investigated 
and applied in this paper.

1. Standard optimization strategy
The standard optimization strategy is a single-level 
optimization strategy with only one optimizer. 
During the optimization process, for the deter-
mined design variables, a full system analysis is 
performed to obtain the objective functions and 
constraint conditions. Then, the results are fed 
back to the optimizer to explore the optimal solu-
tion (see Figure 5). Once coupling relationship 
between two disciplines exists, the physical model 
analysis should be performed iteratively to obtain a 
more accurate result. In general, this optimization 
strategy is applicable for the simple MDO prob-
lems such as the component design of helicopter 
power transmission system.
2. Collaborative optimization strategy
In the Collaborative Optimization (CO) strategy[15, 16] 
(see Figure 6.), design optimization is performed 
by using several optimizers belonging to sys-
tem and subsystem levels. The system optimizer 
obtains the optimal system solution when the con-
straint conditions, that is, the differences between 
the optimization scheme Z given by the system 
level and the optimization scheme Zi given by 
the subsystem level equal zero or is very small 
(i.e. 0.001), are satisfied. The objectives of subsys-
tem optimizers are to minimize the above differ-
ences while meeting the constraint conditions of 
the corresponding disciplines. During optimization 
process, the system-level optimization is first per-
formed, the subsystems are then optimized inde-
pendently and concurrently, and finally the entire 
optimization process is interacted between system 
and subsystems. Finally, the system optimizer 
makes judgment based on whether the consistent 
constraints are satisfied to finish the optimization 
process. CO strategy is applicable for large-scale 
MDO problems; however, the lower efficiency is an 
un-negligible barrier, which should be resolved by 

Figure 4. Design architecture of helicopter transmission system (decomposed).

Figure 5. Procedure of standard optimization strategy.
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some specific approaches. Here, the combination 
of surrogate modeling technologies and CO strat-
egies is mainly employed to reduce the computa-
tional workload.

2.3 System solution

Optimization algorithms are used to solve MDO 
mathematical models. However, it is notable that 
MDO always confronts the multiobjective optimi-
zation issues.

2.4 Optimization algorithm

It is well known that some classic algorithms such 
as Simplex Algorithm (SA)[17] and Sequential 
Quadratic Programming (SQP)[18] algorithm per-
form well in local optimization, whereas inad-
equately in global optimization. However, some 
later developed algorithms such as Genetic Algo-
rithm (GA)[19, 20] and Simulated Annealing (SAN)[21] 
algorithm are just on the contrary.

Practical applications show that only using one 
single optimization algorithm could not get the 
optimal solution sometimes. Therefore, hybrid 
optimization algorithms are adopted, that is, sev-
eral optimization algorithms are incorporated to 
yield better results. For example, the GA is adopted 
first to find the global optimal point, and then the 
SA is adopted to find the final optimal solution 
based on the previous optimal point.

2.5 Multiobjective optimization

In a helicopter power transmission system design, 
conflicts among different objective functions asso-
ciated with different disciplines always exist. There 
is no such optimal design point to make all objective 

functions optimal. Thus, the only practical way 
is to compromise with these objective functions. 
Regarding this issue, the following two methods 
are mainly applied.

The first one is the single-objective conversion 
method. The characteristics of this method is 
“making decision first and then optimizing”, that 
is, the multiobjective functions are converted into 
one single-objective function to be optimized after 
selecting a set of weighted values or sorting the 
objectives according to their importance based on 
designers’ preference. The Weighted Summation 
Method (WSM) is the typical one of such type of 
method. The disadvantages of this method are that 
it depends on designers’ preference, and it is often 
the situation during practical application that 
some sub-objective functions become very poor, 
although the weighted summation objective func-
tion is optimized. To avoid these situations, two 
improved methods—Variable Weighted Summa-
tion Method (VWSM)[22] and Contentment Func-
tion Method (CFM)[23]—are applied to make some 
objective functions not to change too fast when 
performing synchronization optimization.

Another method is the Pareto-based method[24]. 
The characteristics of  this method is “optimizing 
first and then making decision”, that is, designers’ 
preference is not considered during optimization 
process, and all the relevant objectives are opti-
mized to yield a set of  Pareto solutions, which 
are provided to the designer to make the final 
decision. Pareto solution here means that there 
is no best solution, all of  whose sub-objective 
functions are better than those of  the Pareto 
solution. Compared with the single-objective 
conversion method, this method is more effective, 
especially in the helicopter power transmission 
system design.

Figure 6. Procedure of CO strategy.
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3 ENGINEERING APPLICATIONS OF 
HELICOPTER POWER TRANSMISSION 
SYSTEM MDO

3.1 Example I: Casing MDO

Casing part is one of the most critical load-carrying 
components in helicopter power transmission 
system. The geometry and loads of casing is very 
complex, and some lubricating oil holes need to be 
arranged on the casing as well. Consequently, the 
casing development is a typical MDO problem as 
different disciplines are associated with the casing 
designing process and the parameters of these dis-
ciplines are interacted and conflicted mutually.

The Main Gearbox (MGB) lower casing of a 
helicopter power transmission system is schemati-
cally shown in Figure 7. Two ball bearings support-
ing the helicopter main rotor shaft are mounted on 
the central hold of the casing. The bearings need to 
be lubricated and cooled by oil out-flowing from 
the oil hole in the web of the casing. The casing 
is connected with the ring gear located above and 

the subjacent oil sump by bolts installed on the bolt 
holes on the casing flanges. The lower casing carries 
a majority of the loads from the main rotor shaft 
and then transfers it to the adjacent MGB through 
the bolts. This example uses MDO technologies to 
obtain optimal solution with reasonable tempera-
ture, lower stress level, and lighter weight.

3.1.1 System decomposition
The disciplines related to lower casing design 
include structure (involving weight analysis), lubri-
cation, strength, and life, and the optimization 
procedure is illustrated in Figure 8.

3.1.2 System modeling
MDO physical modeling
The primary function of structure design is to 
build a geometry model by using structure mod-
eling parameters, such as the thickness of casing 
wall and radius and angle of oil hole. In the present 
example, the parametric modeling codes are pro-
grammed by using UG/Open external schema 
(it is a set of functions and processes that can be 
called by users through C language programming). 
Besides, the weight information of the model can 
also be obtained from structure design.

The main purpose of lubrication design is to 
determine the proper lubricating type (spray, oil 
ring or mist) and parameters (oil supply rate and 
heat dissipation rate) to form reliable oil film 
during the bearing operation process and then to 
take the friction heat generated by rotating bear-
ings away, consequently to ensure the ball bearing 
mounted on the casing to work properly.

The strength and fatigue life design aim to 
analyze the stress and life of the casing subject to Figure 7. Schematic of the lower casing.

Figure 8. Lower casing optimization procedure.
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specific mechanical loads as well as temperature. 
The three-dimensional Finite Element Method 
(FEM) can be used for casing stress simulation, 
which has high accuracy. However, this method is 
time-consuming and has very high computing cost, 
particularly when facing thousands of optimiza-
tion iterations. Therefore, a developed strength 
surrogate model based on orthogonal Design of 
Experiments (DOE) and Response Surface Mod-
eling (RSM) is applied in the present example. The 
procedure is as follows:

First, calculate the stress of lower casing by 
using commercial FEM package MSC.Nastran 
and then determine the critical area (see Figure 9).

Second, build experiment schemes based on 
orthogonal DOE and then calculate the stress of 
critical area for each scheme. The range analy-
sis is finally utilized to determine the four critical 
parameters (see Figure 10.).

Finally, re-build the experiment schemes with the 
parameters determined above by using orthogonal 
table, and the stress for each scheme is analyzed 
by MSC.Nastran to establish the training samples. 
Then, surrogate model to calculate stress is devel-
oped by using RSM (see Equation 1) to replace the 
traditional Finite Element Analysis (FEA) analysis 
for conducting strength analysis repeatedly during 
the MDO process.

The developed second-order response surface 
model for casing strength analysis is formulated as 
follows (the coefficients are listed in Table 2.):

σ α α α α α
α α

maσσ x ( , , cα α α ) c d α c
c d d c d
c

2 3,αα αα,αα 4 0) cα ) 1 2d c 2 3αα 3 4α c 4α
5 2αd 6 3α 7 4αd
+c0c + +αc αc αα +

+ +αc dααd +
+ 8 2 388 9 2 4 10 3 4

11
2

12 2
2

13 3
2

14 4
2

α α2 32 α2 α α3 4
α α2 13α 22 α 4

22
+ +α α

+2+ +3+ 2α13 3
22
c4c9 α2 +49α α2 4

c d11d11 c12α 2
22 c

 (1)

Comparatively, the computing time consump-
tion of one FEA and one surrogate model calcula-
tion for the casing on the same computer is 15 min 
and several seconds, respectively. Furthermore, 
the later has higher efficiency and the difference 
between both results is within the limit of 5%.

MDO mathematical modeling
Standard optimization strategy discussed above is 
adopted for this example.

The four structure parameters shown in 
Figure 10 and the oil supply rate V are determined 
as design variables and the constraints are casing 
temperature rising, maximum von Mises stress, 
fatigue life, and so on (22 in total). The objective 
of optimization is to minimize casing weight.

Figure 9. Stress distribution of lower casing (unit: 
MPa).

Figure 10. Schematic of lower casing structure 
parameters.

Table 1. Training samples for response surface surro-
gate model.

No. d (mm) α2 (°) α3 (°) α4 (°) αmax (MPa)

1 3 18 20 32 212
2 3.5 15.5 17 26 197
3 3.5 16.5 18 28 202
4 3.5 18.5 20 32 217

.

.

.

.
34 6.5 18 20 29 247
35 6.5 18 18 27 248

Table 2. Calculated coefficients.

Coeff. C0 C1 C2 C3 C4 C5 C6 C7

value −503.6938 2.6708 99.5993 −83.4352 37.5004 4.1861E-01 6.6803E-01 −8.1141E-02
Coeff. C8 C9 C10 C11 C12 C13 C14 –
value 1.3089 −1.2164 1.0542 −1.4317 −2.2998 7.9439E-01 −6.6136E-01 –
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3.1.3 System solution
The GA is used for solving MDO mathematical 
model.

3.1.4 Optimization results
The values of design variables before and after 
optimization are compared in Table 3, and the 
objective value comparison is shown in Table 4.

As shown in Table 4, the volume of lower 
casing is decreased from 12,290,020 mm3 to 
10,706,130 mm3 with a reduction of 12.88%. The 

comparison of casing profiles before and after 
optimization is illustrated in Figure 11.

3.2 Example II: MGB main drive train 
configuration MDO

This example uses the CO strategy introduced 
above and Pareto-based method to solve a multi-
objective optimization problem. The Main Objec-
tive Method (MOM), Fixed Weighted Summation 
Method (FWSM), and VWSM with the same 
MDO strategy are also utilized for comparison.

The MDO is carried out for the MGB main 
drive train of a helicopter power transmission sys-
tem, which includes three-stage reduction trans-
missions. In particular, the first stage is the input 
spiral bevel gear pairs and then the combining spi-
ral bevel gear pairs are adopted as the second stage, 
which is followed by the final planetary gear drive. 
The planetary gears are mounted on the helicop-
ter main rotor through a subpanel. The drive train 
is bilaterally symmetric and half  of the first stage 
and the pinion of the second stage are not shown 
in Figure 12.

3.2.1 System decomposition
The relevant disciplines of the main drive train 
design are structure, mechanical transmission, 
heat transfer, strength, and rotor dynamics. As 
described previously, the drive train has three 
stages. Thus, the main drive train is decomposed 
into one system and three subsystems: first-stage 
bevel gear subsystem, second-stage bevel gear sub-
system, and planetary gear drive subsystem.

3.2.2 System modeling

MDO physical modeling
Structural modeling aims at building the geometry 
model of gears by using typical structure param-
eters, such as the number of teeth, modulus, and 
width of the gear. The weight information of the 

Table 3. Comparison of the design variables.

Design
variables

Before
optimization

Lower 
bound

Upper 
bound

After
optimization

α2 (°) 16.0 15.0 18.5 15.5892
α3 (°) 17.5 17.0 20.0 19.9674
α3 (°) 31.0 26.0 32.0 31.8701
d (mm)  4.5  3.0  6.5  3.0805
V (m/s)  4.0  2.0  5.0  4.666

Table 4. Comparison of objective values.

Objective 
function

Before
optimization

After
optimization

Optimization 
rate

Weight 
(volume, 
mm3)

12,290,020 10,706,130 12.88%

Figure 11. Comparison of casing profiles.

Figure 12. Schematic of main drive train.
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model can be obtained from structure design as 
well.

Mechanical transmission analysis targets on 
the transmission efficiency calculation. In general, 
the gear pair transmission efficiency is obtained 
by the evaluating average sliding and rolling fric-
tion power losses as well as the windage loss. Once 
obtaining the efficiencies of each gear pair in a 
planetary gear drive, the total efficiency can be 
calculated based on the series–parallel relationship 
of the fixed axis gear train. The MGB efficiency 
codes Gear_eff.exe are programmed.

Heat transfer aims at simulating the tempera-
ture distribution of gear pairs under the given 
lubrication conditions. The analysis model of com-
ponent surface convection heat transfer coefficient 

and the heat transfer network are established. The 
temperature field is obtained by formulating and 
solving the steady heat equilibrium equations. The 
temperature codes Gear_heat.exe are programmed 
in MATLAB.

The gear teeth bending, contacting, and scuff-
ing fatigue strength are traditionally formulated by 
empirical equations and then validated with engi-
neering experiences. However, stress of gear web is 
analyzed by employing three-dimensional FEM and 
then the fatigue life is calculated by using the maxi-
mum von Mises stress and the stress-life curves.

The critical speed of the shaft system is calcu-
lated by using FEA, which in turn uses the rigid 
bearing element to simulate the supporters and 
considers the gyroscopic effects as well.

Figure 13. MDO procedure of an MGB main drive train configuration.
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MDO mathematical modeling
One system-level optimization and three subsystem-
level optimizations have their own optimizers and 
discipline analysis models. CO strategy is utilized 
for MDO, and the CO procedure is graphically 
shown in Figure 13.

The procedure of  system-level optimization is 
shown in Figure 14. Design variables, constrain 
conditions, and objective functions are listed in 
Table 5. Specifically, D is the critical outer diam-
eter of  the shaft; d is the critical inner diameter; 
L is the supporting span of  bearings; and i1 and i2 
represent the transmission ratios of  the first- and 
second-stage bevel gear transmissions, respec-
tively. The transmission ratio of  planetary gear 
drive can be calculated by Equation (2) as the 
total transmission ratio of  the MGB is constant. 
Jη1, Jη2, Jη3, Jw1, Jw2, and Jw3 are the consistent 
constraints, which can be formulated by Equa-
tions (3) and (4) and superscript (t) represents the 
parameters transferred to subsystem-level by the 
system-level optimization. The parameters η1, η2, 
and η3 denote the transmission efficiency and w1, 
w2, w3 denote the weight of  gears at each trans-
mission stage. Scr is the critical speed margin, 
which can be expressed by Equation (5) and ω 

and ωcr are the operating speed and critical speed, 
respectively.

The objective function of the system-level opti-
mization is the transmission efficiency divided by 
the total gear weight. It is worth noting that the 
efficiency and weight should be normalized, as 
they do not have the same order of magnitude:

i
i

i i3ii
1 2i ii i

=
⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

 (2)

Figure 14. System-level optimization procedure.

Table 5. System-level design variables, constraints, and 
objectives.

Item Content

Design variables D, d, L, i1, i2

Constraint 
conditions

Consistent 
constraints

Jη1 ≤ 10−6, Jw1 ≤ 10−6

Jη2 ≤ 10−6 , Jw2 ≤ 2.5 × 10−5

Jη3 ≤ 2.5 × 10−5, 
Jw3 ≤ 2.5 × 10−5

Discipline 
constraints

Scs ≥ 20%

Objective function Efficiency/gear weight
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Jηi = (ηi
(t)-ηi)2, i = 1,2,3 (3)

Jwi = (wi
(t)-wi)2, i = 1,2,3 (4)

ScsS cr=
ω ω−

ω
 (5)

Procedure of subsystem-level optimization for 
the first-stage bevel gear is shown in Figure 15. The 
procedures of other two stages are similar and will 
not be shown.

The number of teeth, modulus, teeth width, 
pressure angle, and helix angle, which mainly 
determine the gear transmission efficiency, weight, 
and strength, are selected as the design variables. 
The constraints include the limits for gear meshing 
(e.g. no common factor for meshed gear pair), the 
safety factors of teeth bending fatigue strength, 
contacting fatigue strength, scuffing capability, 
and the low cycle fatigue life of the gears. The 
optimization objective of this subsystem level is 
to decrease the gaps between the obtained effi-
ciency and weight and their allocated values from 
the system level. The design variables, constraint 
conditions, and objective functions of subsystems 

are listed in Table 6. Specifically, Z11, Z12, and Zc3 
are the number of teeth for the first-stage and sec-
ond-stage bevel wheel and ring gear, respectively, 
which are rounded after the calculation of trans-
mission ratio. The planetary gear drive is angle 
positive displacement drive and the pressure angle 
of planetary gears/ring gear can be obtained by 
Equation (6):

cos( )
cos( )

a
a

z z
z z

gp

pc

g p

c p

3

3

3zpz

3zpz
=

+
 (6)

3.2.3 System solution
The GA is used to solve the built MDO model. 
Several methods such as Pareto solutions are used 
for multiobjective optimization.

3.2.4 Optimization results
Eight objective functions, 20 optimization vari-
ables, six consistent constraints, 20 other con-
straints, and approximately 100 dependent 
variables or fixed parameters are included in 
the present optimization. After 21 system-level 

Figure 15. Subsystem-level optimization procedure of first-stage bevel gear.
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and 3,879 subsystem-level iterations, four Pareto 
solutions are chosen from the optimization results. 
The initial values of relevant parameters of main 
drive train and the corresponding values of these 
four Pareto solutions are compared in Table 7, and 
the objective function values before and after opti-
mization are listed in Table 8. On the basis of the 
designers’ experience, the third set of Pareto solu-
tions is selected as the optimal one and the trans-
mission efficiency is increased by 0.12% and the 
weight is reduced by 8.6% in that case.

In order to evaluate the accuracy and advan-
tages of Pareto solution, the optimization results 
are compared with the results obtained by MOM, 
FWSM, and VWSM in Table 9.

As shown in Table 9, the objective gain of the 
first two cases using MOM increases significantly, 
but another performance gain, which has been 
treated as the constraint is very small, even equals 
0. The case 3 employing FWSM has the highest 
efficiency, whereas the weight is higher than the 
initial value. In fact, this is not the optimal solu-
tion, which is resulted from the unreasonable selec-
tion of the weighting factors. Although the same 
initial values of the weighting factors as case 3 are 
adopted in case 4 using VWSM, an optimal solu-
tion similar to the Pareto solution is obtained.

3.3 Example III: Gear MDO considering TEHD

The load of gear mating flank in transmission sys-
tem is quite high. Considering the effects of the 
lubricant on the mating, flank will contribute to a 
more actual loading. Thus, the gear MDO consid-
ering the effects of TEHD is investigated.

3.3.1 System decomposition
The disciplines associated with gears, which consider 
the effects of TEHD, primarily include structure 
(involving weight analysis), heat transfer, strength, 
and TEHD analysis. After system decomposition, 
the optimization procedure is shown in Figure 16.

3.3.2 System modeling
MDO physical modeling
The structure design, heat transfer analysis, and 
strength analysis of the gear are the same as that 
introduced in §3.2.2. However, the TEHD analysis 
is associated with solving the following multidisci-
pline equations simultaneously[25, 26].

Reynolds equation. A Partial Differential Equa-
tion (PDE) employing lubricant film thickness and 
film pressure as the variables.

Energy equation. A PDE to obtain temperature 
distribution.

Elastic deformation equation. To calculate the 
elastic deformation of solid boundaries based on 
the pressure of lubricant film.

Film thickness equation. To calculate the lubri-
cant film thickness distribution based on the elas-
tic deformation of solid boundaries.

Viscosity–pressure/viscosity–temperature equation. 
To calculate the viscosity distribution of the film based 
on the distribution of film pressure and temperature.

Density–pressure/density–temperature equation. 
To calculate the density distribution of the film based 
on the distribution of film pressure and temperature.

The difference method is adopted to solve the 
Reynolds equation and energy equation, while the 
empirical formulations are used to solve the other 
equations.

Table 6. Subsystem-level design variables, constraints, and objectives.

Subsystem Item Content

First-stage bevel 
gear subsystem

Design variables Zs1, bs1, m1, a1, β1

Constraint
conditions

Zs1/ Zl1 ≠ Integer, SH1 ≥ 1.12, SF1 ≥ 1.25, SB1 ≥ 1.3, 
NLcf1 ≥ 6000

Objective functions Minimal Jη1 and Jw1

Second-stage bevel 
gear subsystem

Design variables Zs2, bs2, m2, a2, β2

Constraint
conditions

Zs2/ Zl2 ≠ Integer, SH2 ≥ 1.12, SF2 ≥ 1.25, SB2 ≥ 1.3, 
NLcf2 ≥ 6000

Objective functions Minimal Jη2 and Jw2

Third-stage 
planetary gear 
drive subsystem

Design variables Zg3, Zp3, bg3, bp3, mgp3, mpc3, agp3

Constraint
conditions

Zc3/ Zp3 ≠ Integer, Zg3/np ≠ Integer, Zp3/np ≠ Integer, 
agp3≤0, SH3 ≥ 1.0, SF3 ≥ 1.25, SB3 ≥ 1.3, NLcf2 ≥ 6000

Objective functions Minimal Jη3 and Jw3

*Note: The symbols of these parameters include two parts. The first part includes Z, b, m, a, β, S, J, and N, representing 
the number of teeth, modulus, teeth width, pressure angle, helix angle, safety factor, and low cycle fatigue life, respec-
tively. The second part includes subscript S, l, g, p, c, gp, pc, H, F, B, n, η, and w, representing pinion, wheel, sun gear, 
planetary gear, ring gear, sun gear/planetary gear, planetary gear/ring gear, contacting fatigue strength, bending fatigue 
strength, scuffing capability, number of gears, transmission efficiency, and gear weight, respectively. The numbers 1, 2, 
and 3 refer to the first-, second-, and third-stage transmission, respectively.
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Table 7. Main parameter comparison.

Design 
variable Physical meaning

Before
optimization

Pareto solution

Set 1 Set 2 Set 3 Set 4

Zs1 1st stage pinion teeth number  27  25  27  24  24
Zl1 1st stage wheel teeth number  79  83  74  67  67
Zs2 2nd stage pinion teeth number  19  18  17  17  17
Zl2 2nd stage wheel teeth number  97  88  82  86  86
Zg3 Sun gear teeth number  35  39  33  33  33
Zp3 Planetary gear teeth number  43  43  49  47  47
Zc3 Ring gear teeth number 125 129 136 126 126
a1 1st stage pressure angle  22.5  25.0  22.5  25.0  25
a2 2nd sage pressure angle  20.0  25.0  25.0  25.0  20.0
agp3 Sun gear/planetary gear pressure angle  23.6232  24.0091  24.2173  24.0574  24.0575
apc3 Planetary gear/ring gear pressure angle  15.5952  18.8269  19.0980  18.5119  18.5120
β1 Sun gear/planetary gear helix angle  30.0  31.5  30.5  32.5  32.5
β2 Planetary gear/ring gear helix angle  30.0  33.0  32.0  32.5  35.0
b1 1st stage teeth width (mm)  31.0  29.5  29.5  31.5  31.5
b2 2nd stage teeth width (mm)  54.0  52.0  53.5  53.0  53.0
bg3 Sun gear teeth width (mm)  60.0  61.0  53.0  65.0  59.0
bp3 Planetary gear teeth width (mm)  58.0  61.0  53.0  58.0  59.0
bc3 Ring gear teeth width (mm)  58.0  61.0  53.0  58.0  59.0
m1 1st stage module   3.15   3.00   3.05   3.20   3.15
m2 2nd stage module   5.20   5.25   5.35   5.35   5.30
mgp3 Sun gear/planetary gear module   4.103   4.05   4.10   4.10   4.10
mpc3 Planetary gear/ring gear module   3.902   3.80   3.80   3.86   3.88
L Bearing supporting span (mm) 145 119.3 119.3 119.3 119.3
D Shaft critical outer diameter (mm)  64  60  60  60  60
d Shaft critical inner diameter (mm)  54  52  52  52  52

Table 8. Objective function value comparison.

Optimization
objectives

Before 
optimization

Pareto solution

Set 1 Set 2 Set 3 Set 4

Efficiency  0.9716  0.9735  0.9731  0.9728  0.9720
Weight (kg) 98.03 97.60 92.75 89.61 87.87

Table 9. Comparison of different optimization methods.

Optimization method MOM MOM FWSM VWSM
Pareto solution
(Set 3)

Objective functions Efficiency Weight
Efficiency + 
weight

Efficiency + 
weight

Efficiency + 
weight

Before optimization Efficiency  0.9716
 98.03Weight (kg)

After optimization Efficiency  0.9737  0.9716   0.9745  0.9732  0.9728
Weight (kg) 98.0 87.54 112.75 89.86 89.61

This paper focuses on a planetary spur gear (see 
Figure 17), assuming the line contact of gear mat-
ing flank. Thus, the Reynolds equation and energy 
equation can be simplified as one-dimensional prob-
lem. Also, the TEHD analysis is only conducted on 

the contacting local area to reduce the computa-
tion scale. The obtained film pressure, thickness, 
and temperature rise have the features shown in 
Figure 18. The obtained lubricant status can pro-
vide guidance for the selection of lubricant type.
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Figure 16. MDO procedure.

Figure. 17. FEA mesh (20-node Hex) for a sector of the 
planetary gear (before optimization).

Figure 18. Features of film pressure, thickness, and 
temperature rise distribution.

Figure 19. Design variables and initial values of gear body optimization.
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MDO mathematical modeling
The previously introduced standard optimization 
strategy is used in this example.

Nine variables are used in MDO and their 
initial values are: film viscosity X1 = 12 MPa•S, 
pressure angle X2 = 25°, teeth width X3 = 65 mm, 
radius of  teeth root X4 = 0.3 mm, and the 
remaining five variables of  the gear body shown 
in Figure 19.

The utilized constraints for strength are:
Maximum contacting stress: PMAX ≤1000 MPa.
Maximum temperature rise of the film:
TMAX ≤ 130 °C.
Maximum von Mises stress of the teeth root: 

σrMAX ≤ 510 MPa.
Maximum von Mises stress of the gear body: 

σbMAX ≤ 580 MPa.
Objective function is to minimize the weight
f(X).

Figure 20. Optimized profile of the planetary gear.

Table 10. Searching range of normalized design vari-
ables and values before and after optimization.

Design
variables

Lower
bound

Upper
bound

Before
optimization

After
optimization

X1 0.40 1.5 1.0 0.565
X2 0.88 1.5 1.0 1.457
X3 0.833 1.2 1.0 0.916
X4 0.80 2.0 1.0 1.993
X5 0.0 1.5 1.0 1.488
X6 0.94 1.05 1.0 1.045
X7 0.88 1.11 1.0 1.101
X8 0.88 0.11 1.0 0.878
X9 1.0 1.2 1.0 1.128

Table 11. Comparison of objective.

Before 
optimization 
(kg)

After 
optimization 
(kg)

Reduced 
value 
(kg)

Optimization 
rate
(%)

5.375 4.827 0.548 10.2

3.3.3 System solution
GA is used to solve the developed MDO math-
ematical model. A total of 547 optimization itera-
tions are executed, consuming 3 h and 44 min on 
8-CPU Workstation.

3.3.4 Optimization results
After optimization, PMAX =972.5 MPa, TMAX = 128.3°C, 
σrMAX = 423.3 MPa, σbMAX = 521.7 MPa, which can 
satisfy all constraint conditions. The optimized 
profile of the gear is illustrated in Figure 20. The 
design variables before and after optimization are 
compared in Table 10, and the objective function 
values are listed in Table 11, indicating a weight 
reduction of 10.2%.

4 CONCLUSIONS

Development of a helicopter power transmission 
system faces twofold challenges: (1) to improve 
the overall performance of helicopter power 
transmission system and (2) to reduce the develop-
ment period and cost simultaneously. The MDO 
is supposed to be the best solution to mitigate this 
challenge. The framework of helicopter power 
transmission system MDO has been established 
after research for years, which can be used for engi-
neering applications. The research includes:

The key technologies for advanced helicopter 
power transmission system MDO, such as CO 
strategy, surrogate modeling, and multiobjective 
optimization, are investigated and applied.

The MDO-based helicopter transmission system 
collaborative design method covering lubrication, heat 
transfer, structure, mechanical transmission, strength, 
fatigue life, and rotor dynamics are established.

The integrated software system for advanced 
helicopter power transmission system MDO is 
developed, including original code programming 
and existing code modification.

Three engineering examples demonstrate that 
the introduced methodology can improve the 
design ability of helicopter power transmission 
system and has application prospects.
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Research on the time-varying characteristics and applications of 
curve-face gear pair
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ABSTRACT: The time-varying characteristics of curve-face gear, including varying-spiral features, 
kinematics features, and mechanics status, were analyzed based on the spiral theory. Then, considering the 
specific parameters of eccentricity k of curve-face gear pair, order n1 of non-cylindrical gear, and order 
n2 of curve-face gear, the related simulation results were analyzed. A new method for the manufacture 
and experiment of curve-face gear pair is introduced, and the results verify the correctness of the theory. 
According to these characteristics, some applications of this gear pair, such as aero-engine fuel pump, 
which could overcome some shortcomings of traditional machines, were introduced. Finally, experiments 
related to the time-varying characteristic of the output were conducted and the correctness of theoretical 
derivation was validated.

for gear failure. The finite element static loading 
method is used to study the bending stress of face 
gear. Evidences proved that the bending stress of 
face gear processed by fillet shaper cutters reduced 
about 10% [7]. In the FACET project, the Finite 
Element Analysis (FEA) method is used to calcu-
late the bending stress of tooth root of face gear at 
different meshing locations. The bending stresses 
of the corresponding points are tested to verify the 
calculated results [8]. The efficiency of gear pairs 
has been an important research topic globally. 
Although, several studies have been conducted 
on this subject so far [9−13], many deficiencies 
still exist [14]. Because of the wide applications 
of curve-face gear, impact driller, aero-engine fuel 
piston pump, and in-pipe robot are introduced to 
avoid some existing engineering problems, with 
advantages such as lightweight, simple structure, 
and high reliability.

This study focuses on the time-varying char-
acteristics and applications of curve-face gear 
pair. On the basis of the spiral theory, the time-
varying characteristics of curve-face gear, includ-
ing varying-spiral features (varying lead value, 
varying hand of spiral curve, and varying-spiral 
angle), kinematics features (displacement, veloc-
ity, and acceleration), and mechanics status (trac-
tion force), were analyzed. Then, considering the 
specific parameters of eccentricity k of  curve-face 
gear pair, order n1 of non-cylindrical gear, and 
order n2 of curve-face gear, the related simula-
tion results were analyzed. A new manufacture 
and experiment method for curve-face gear pair is 
introduced, and the results verify the correctness 

1 INTRODUCTION

Curve-face gear is a new type of transmission device 
combining the common transmission characteris-
tics of non-circular gears and face gears, which can 
transfer the motion and power between the inter-
secting shaft and staggered shaft. Because of the 
time-varying characteristic of the output (the com-
mon feature of non-circular gear), higher carrying 
capacity (face gear), lighter weight (face gear), 
and lower processing cost (non-circular gear), it 
is widely used in automation equipment, printing 
machines, instruments and calculating device, tex-
tile machinery, automatic feed mechanism, and so 
on. Recently, the research of curve-face gear has 
mainly focused on the kinematics, strength, tooth 
generation, manufacturing, measurement, Tooth 
Contact Analysis (TCA), and application. Major-
ity of the studies focuses on the time-varying 
characteristics of curve-face gear pair.

Because of the complexity of the design method 
of the non-circular gear, the research of curve-face 
gear mainly focuses on the tooth profile [1–2]. In 
general, the tooth profile of non-circular bevel 
gear was based on the spherical coordinates [3], 
and the arbitrary curve equation of curve-face 
gear was obtained based on the cylindrical coor-
dinates [4]. Tooth width is one of the main factors 
affecting the intensity of tooth root. Because of 
the undercut boundary line, the inner diameter 
of the face gear is limited [5]. As a special type of 
face gear, the tooth width of the curve-face gear is 
also limited by the undercutting phenomenon [6]. 
Breakage of gear tooth is one of the main reasons 
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of the theory. According to these characteristics, 
some applications of this gear pair, such as aero-
engine fuel pump, which could overcome some 
shortcomings of traditional machines (compli-
cated structure, high weight, low efficiency, and so 
on), were introduced. Finally, experiments related 
to the time-varying characteristic of the output 
were conducted and the correctness of theoretical 
derivation was validated.

2 THE CONCEPT OF CURVE-FACE GEAR

2.1 Preparing the new file with the correct 
template

As shown in Fig. 1 (a), curve-face gear follows the 
varying-spiral theory of moving cylindrical driven 
roller and cylindrical spatial CAM mechanism, 
which can achieve composited movement, that 
is, the rotation of intersecting axles as well as the 
movement of output axle. This type of composite 
movement is called as spiral movement with vari-
able hand of spiral, lead value, and spiral angle. 
On the basis of the CAM mechanism, the curve-
face gear pair can be transformed into two gear 
pair types as shown in Figure 1: (1) the mutual 
engagement between a non-cylindrical gear and 
a curve-face gear, which can achieve a single out-
put with time varying and (2) the mutual engage-
ment between a cylindrical gear and a curve-face 
gear depending upon a spring mechanism, which 

Figure 2. Spiral theory of curve-face gear.Figure 1. Curve-face gear drive model.

determines the resistance of gear pair, to achieve 
a composite output with rotation as well as the 
movement of the gear. Both of the engagement 
types have the merits over another type.

3 TIME-VARYING CHARACTERISTICS

Compared with the typical face-gear pair, regard-
less of the geometrical features or motion features, 
curve-face gear obeys the time-varying rule.

3.1 Spiral theory

The meshing rule of the curve-face gear pair can 
be defined as a varying-spiral movement with vari-
able lead and spiral angle. It can be explained by 
the motion trajectory of meshing point P.

As shown in Figure 2a, V is the tangent velocity 
of point P along the spiral line, Va is axial veloc-
ity, Vt is the circular velocity, Rc is the cylindrical 
radius of curve-face gear, p is the lead value, and β 
is the spiral angle.

The motion trajectory of the point P is a 
varying-spiral movement with variable lead value 
and spiral angles, which can be obtained as:

p
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As shown in Figure 2b, according to certain 
rules, the lead value of the spiral pitch curve 
changes with in. Thus, the spiral pitch curve is a 
special motion form of variable lead, and it can 
well satisfy the requirements, where the displace-
ment Y changes with the arbitrary curves.

As shown in Figure 2b, the spiral angle changes 
from 0 to π / 6  with the change of meshing time. 
As a result, it leads to the change of the friction 
and influence the self-locking of the spiral pitch 
curve. This is the main reason for the existence of 
the shock and vibration of curve-face gear.

3.2 Geometrical features

1. Tooth profile
The tooth surface equation [6] is determined by 

the basic parameters θ1, ak, and uk. The numeri-
cal solution of tooth surface can be obtained by 
choosing appropriate radius value first and then 
inversing the values of θ1 and ak:

R
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where ϕ θ ξ θk mϕ θϕ k kθ k ka and f u a 1ξ θmθ k kθ k kand f u− ξξ + kuku , )θ1θθ  is the 
meshing equation.

The discretization of the single tooth of curve-
face gear is shown in Figure 3a. The 3D model 
of curve-face gear was obtained by inserting sur-
face command in Pro/e as shown in Figure 3b. As 
shown in Figure 3b, the teeth of curve-face gear 

uniformly distribute along the tangent direction of 
the pitch curve.
2. Undercutting phenomenon

The tooth surface of the curve-face gear is envel-
oped by the tooth surface of the involute spur gear 
and can be generated by the slotting process. If  
the machining tool is the same as the driving part 
of curve-face gear pair, the gear pair machined 
by the machining tool will be quite sensitive to 
the installation error. Thus, the gear pair cannot 
be applied in the actual case. Therefore, the cutter 
will be reduced one to three teeth compared with 
the theoretical one, and the contact traces of the 
non-circular gear and the curved-face gear will be 
limited in local region.

Figure 4a shows the tooth profile after process-
ing, where ∑A is the enveloped tooth surface of 
curve-face gear meeting the engaging equation 
and ∑B is the undercut tooth surface. The intersect-
ing line of tooth surface ∑A and tooth surface ∑B 
is undercut boundary line. The undercut bound-
ary line can be obtained when both the meshing 
equation and the one-bounded function are equal 
to zero.

The value of one-bounded function G can be 
derived as follows:

G p vf utff ⋅ =v)k k

(D)

1 1p vv 2 0
�� ��� ������

 (3)

where f utff ,u , )k k,θ ,k 1  is the two-bounded function 
obtained from the differentiation of meshing equa-
tion, p

����
 is the relative corresponding curvature of 

Figure 3. Tooth profile of the curve-face gear. Figure 4. Undercutting of the curve-face gear.
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conjugate surface; and v12

(D)������
 is the sliding velocity 

between non-cylindrical gear and curve-face gear.
Figure 4b shows that the maximum undercutting 

diameter R1 is at the tooth-1, which is located at 
the trough position of the pitch curve of the curve-
face gear. Namely, only to ensure that the tooth 
undercutting at trough position does not occur, 
the non-undercutting of curve-face gear would be 
obtained. The study shows that the trough posi-
tion is most prone to interference mainly due to 
the minimum pressure angle. Therefore, in order 
to reduce the maximum undercutting diameter, we 
can increase the pressure angle by expanding the 
centre distance between gear pair.

3.3 Bending stress

Breakage of gear tooth is one of the main reasons 
for gear failure. To avoid early failure, bending 
fatigue strength should be calculated. Because of 
the time-varying characteristic of the pitch curve, 
the calculation of the bending strength is very dif-
ficult, and the method of equivalent is introduced 
to simplify it.

The torque relationship of the gear pair can be 
obtained when the non-circular gear rotates at a 
constant speed as shown in Figure 5a. Fn is the nor-
mal force which can be divided into two perpendic-
ular forces: peripheral force Ft and axial force Fa.

The equation of bending stress can be estab-
lished based on the cantilever beam model. Sup-
pose that the maximum bending moment is located 
on the upper bound of single teeth-meshing area; 
the critical section is determined by the 30° tan-
gent method. Thus, the equation can be expressed 
as follows:

σ ξ ξ ξ ξ
Fσσ )ξ (ξ )ξ ( )ξ

1ξξ 1 1ξ ξξξξ ξ 1ξξ
=

KF Y)ξξξ
b

tFF Fa SaYY
m

 (4)

where K is the load factor, YFaYY Sa( )ξ ξY) (1 1Saξ ξξ YSaYY) (  are 
the equivalence tooth form factor and the equiva-
lence stress correction factor, respectively, b is the 
width of tooth of curve-face gear, and m is the 
module of gear pair.

On the basis on the machinery’s handbook, 
the equivalent tooth form factor YFaYY ( )ξ1  and the 
equivalent stress correction factor YSaYY ( )ξ1  are 
determined by the equivalent radius of tooth 
addendum, equivalent radius of tooth root, and 
pressure angle, all of which change with meshing 
time. As a result, the bending stress of curve-face 
gear is time-varying shown in Figure 5b. And the 
maximum bending stresses of curve-face gear are 
located in the peaks of the pitch.

3.4 Transmission efficient

Transmission efficiency of the gear pair is an 
important research topic. For curve-face gear, the 
transmission efficiency is time-varying, and only 
few relevant studies have been conducted. Thus, 
the research on transmission efficiency of this gear 
pair is particularly important.

The transmission efficiency η of  curve-face gear 
is:

η P P
P

m bP PP P( )t = −1  (5)

The transmission efficiency is determined by the 
power loss of gear drive. The power loss of curve-
face gear pair is mainly composed of meshing loss 
Pm and bearing loss Pb. And the sliding friction loss 
PsPP ( )t  and rolling friction loss PrPP ( )t  are included in 
meshing loss Pm. The sliding friction loss and roll-
ing friction loss are mainly determined by relative 
sliding velocity and relative rolling velocity, respec-
tively, which change with meshing time. Hence, the 
transmission efficiency of curve-face gear obeys 
the time-varying laws.

The change of static efficiency and dynamic effi-
ciency of the retarder with meshing time is shown 
in Fig. 6.

1. As shown in Figure 6, (1) both the static effi-
ciency and dynamic efficiency increase initially Figure 5. Bending stress of curve-face gear.
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and then decrease, whose maximum values are 
located at the nodes of tooth, (2) during the 
meshing period from the trough position to 
peak position of the pitch curve, the maximum 
transmission efficiency is located at the trough 
position while the minimum value is located at 
the peak position.

2. The dynamic average efficiency of curve-face 
gear pair is around 92.5%, which is less than the 
involute gear. The main reason is that the gear 
pair may produce large vibration in the trans-
mission process due to the centrifugal force.

4 EXPERIMENT

4.1 Kinematic test

Laboratory bench set up is shown in Figure 7, 
and the experimental principle is as follows: The 
input signal and an output signal of the gearbox 
can be obtained by torque and speed sensor. Dur-
ing the experiment, the entering motor chooses 
three-phase inverter motor, whose power comes 
from output load. To adjust the size of the load, 
motor speed can realize the constant torque vari-
able speed and constant torque variable speed.

After the output data are processed, the results 
of comparison between the actual ratio and its 
theoretical value can be obtained.

As shown in Figure 8, the theoretical ratio and 
the actual speed obtained from the experiment are 
compared. It is obviously close in terms of trends 
and values, which can prove the correctness of the 
theoretical model.

4.2 Bending stress test

Bending stresses during the meshing process were 
measured under the static load using the strain 
gauge method. Three strain gauges were pasted 

at the root fillet on the compressive side of the 
Hofer’s critical section of every curve-face gear 
tooth in one period as shown in Figure 9. The 
bending stresses of tooth root of the second-
order curve-face gear in one period are measured 
in this test. Non-circular gear and curve-face gear 
are installed on the bevel gear roll tester Y94. The 
30 strain gauges on the curve-face gear are con-
nected with the 60 ports of multi-channel digital 
strain meter DRA-30A using enamel wires. Then, 
static pressure is exerted on the shaft of the curve-
face gear. The bending stresses of the curve-face 
gear in the test can be derived under the driving of 
non-circular gear.

Figure 7. Test of curve-face gear pair.

Figure 8. Comparison of theoretical and actual trans-
mission ratios.

Figure 6. Comparison of static and dynamic 
efficiencies.

Figure 9. Position of strain gauges for bending stress 
test.
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It is seen in Figure 11 that the bending stress 
changes in the large end from No.1 tooth to No.5 
in the half  period. Thus, it is evident that the bend-
ing stresses increase from tooth 1 to tooth 5.

5 APPLICATIONS

Curve-face gear can achieve a composite output 
with the rotation as well as the movement of the 
gear. This composite motion of rotation and axial 
movement can be seen in many occasions.

Piston pump is a variable displacement pump, 
which includes axial and radial pumps. The axial 
piston pump can be divided into swashplate axial 
piston pump and oblique-axis axial piston pump. 
The swashplate axial piston pump is widely used 
in aero-engines, because of its high efficiency, high 
output pressure, and reliability. However, it has the 
following disadvantages: (1) geometric pulsation 
and rotational imbalance, more noise, and high 
vibration [14]; (2) its poor flow pulsation perform-
ance is decided by congenital structural defects 

[15]; and (3) most of the internal parts were con-
nected by friction; thus, the pistons have enhanced 
lubricating properties [16].

In order to improve the pulsating performance 
and efficiency, this paper presents a new structure 
type of aero-engine fuel pump, which is called a 
double-curve-face gear piston pump.

As oil drains continuously, double-curve-face 
gear piston pump works all the time. The struc-
ture diagram of the double-curve-face gear piston 
pump is shown in Figure 12.

As shown in Figure 13, during the operation, 
double-curve-face gear 6 was driven by the input 
shaft 1. Then, five rolling gears were rotated and 
radial reciprocated consequently. Thus, the piston 
is reciprocated, and is limited by the guide chute 14. 
As a result, the rotational motion of input shaft 1 is 
converted into reciprocating motion of the piston.

When the piston moved to the left, the inlet 
valve of the left chamber closed, and the inlet valve 
of the right chamber opened. Then, low-pressure 
oil is filled in the right chamber. With the gradual 
increase of oil pressure in the right chamber, the 
volume of left chamber decreased and the oil pres-
sure in the left chamber increased. When the oil 
pressure reached a certain extent, high-pressure oil 
in the left chamber is discharged from the drain 

Figure 11. Bending stresses in half  period.

Figure 12. Structure of double-curve-face gear piston 
pump.

Figure 13. The working principle of double-curve-face 
gear piston pump.

Figure 10. Bending stress test machine for curve face gear.

1-Curve-face gear; 2-non-circular gear; 3-Multi-
channel digital strain meter DRA-30A; 4-PC-DRA30 
Labview; 5-bevel gear roll tester Y97
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valve. When the piston moved to the right, the inlet 
valve of the right chamber closed, and the inlet valve 
of the left chamber opened. Then, low-pressure is 
filled in the left chamber. With the gradual increase 
of oil pressure in the left chamber, the volume of 
the right chamber decreased and the oil pressure in 
the right chamber increased. When the oil pressure 
reached a certain extent, high-pressure oil in the 
right chamber is discharged from the drain valve. 
With the continuous rotation of the input shaft, 
high-pressure oil is continuously discharged from 
the piston pump.

6 CONCLUSION

In this paper, the time-varying characteristics 
and applications of curve-face gear pair are 
introduced.

1. The research shows that curve-face gear obeys 
the varying-spiral movement with variable lead 
and spiral angle, which explains the self-locking 
phenomenon of non-circular gear.

2. The tooth of the curve-face gear is not in-plane, 
but the distribution along the tangent direc-
tion of the spiral pitch curve is uniform, which 
produces time-varying characteristics of the 
curve-face gear: Along the pitch curve of the 
curve-face gear, (1) the trough position is most 
easily undercut, (2) the bending strength of the 
peak position is the weakest, and (3) the trans-
mission efficiency is the highest in the trough 
position and lowest in the peak position. The 
conclusion above shows that in order to ensure 
the quality of curve-face gear pair, the teeth 
located in the trough and the peak should be 
reasonably designed.

3. Because of the complexity of tooth profile, 
the new manufacture and experiment method 
for curve-face gear pair is introduced, and the 
results verify the correctness of the theory.

4. Because of the composite motion of the curve-
face gear, three applications of curve-face gear 
are introduced to avoid some existing engineer-
ing problems, with advantages such as light-
weight, simple structure, and high reliability.
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ABSTRACT: In this paper, the load sharing technology of split path transmissions structure in helicopter 
main drive system is introduced. To keep the torques balanced in all the paths, the errors, displacement, 
deformations of gears, and other supporting parts that affect load sharing are investigated. Several meth-
ods that ensure load sharing are put forward, and some forecasts are given for the future research.

by analyzing the results. The dynamic model of the 
split path transmission system is established by the 
lumped parameter method. The load sharing coeffi-
cient is defined to measure the load sharing perform-
ance of the system. The effects of meshing stiffness, 
meshing error, installation error, and coupling stiff-
ness on load sharing are investigated, and the corre-
sponding load sharing methods are proposed.

2 DYNAMIC MODEL OF THE SYSTEM

The split path transmission system is shown in 
Figure 1, and the system uses two-stage transmis-
sions. A spur gear, which drives two identical spur 
gears simultaneously, is an input gear. Two identi-
cal double-helical gears drive the output gear at the 
same time. Duplicate gear shaft divides the system 
into two branches.

As shown in Figure 2, to mark the sys-
tem orientation, the transmission system is 

1 INTRODUCTION

Split path transmission system uses two branches 
to transfer power. Because of its large transmission 
ratio, high reliability, low noise, and lightweight [1, 2], 
the split path transmission system has broad appli-
cation prospects in the field of aviation and ship.

The split path transmission system adopts multi 
branches, and the problem of uneven load dis-
tribution among different branches exists [3–5]. A 
large number of scholars have carried out research 
on the load sharing characteristics of the system. 
Kahraman [4–6] presented a study on the load sharing 
characteristics of planetary transmission system. 
Krantz [3] studied the load sharing characteristics of 
the split path transmission system for the first time. 
Both of them measured the transmission system 
load sharing performance by defining system load 
sharing coefficient. Kahraman [5, 6] classified the 
error in planetary transmission system, studied the 
relationship between the types of errors and the load 
sharing coefficient, and pointed out that the error 
of installation of the components in the system is 
the major factor affecting load sharing. Dong Hao 
[7,8] studied the effect of the component error on the 
load sharing characteristics of the split path trans-
mission system by using the static analysis method.

These published studies have predominantly 
focused on the influence of error on the system’s 
load sharing characteristics, but few on the load 
sharing method according to the analysis results. 
The error is considered the main cause of uneven 
loading of the system [3], while studies show that the 
structural parameters of the system also effect load 
sharing [5]. In this paper, a comprehensive analysis of 
the impact factors of the system is carried out, and 
the corresponding load sharing method is proposed 

Figure 1. Configuration of a split path transmission 
system.
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divided into two branches (before-FWD, after-
AFT). The small-sized spur gear (FWD, AFT), 
medium-sized spur gear (FWD, AFT), big-sized 
spur gear (FWD, AFT), small-sized double-helical 
gear (FWD, AFT), and big-sized double-helical 
gear (FWD, AFT) are marked as gears 1–6.

The generalized coordinate system of the trans-
mission system is shown in Figure 2. In the process 
of system modeling, the spur gear is regarded as a 
helical gear with a helical angle of zero. The gener-
alized displacement of the split path transmission 
system is shown in formula (1):

x = [ ] T  (1)

The meshing stiffness matrix and the direction vec-
tor of a single gear pair are obtained from formula (2):

K km iK j mki ij ij ij

ij ij ij ij ij ij

, ,ij mi

cos , cos ,ij sin ,ij co= cos

q qij

q

T

β ϕij sij sinsin β ϕij cos βi s ,ss

cos ,cos , sin

β

β ϕsin β ϕcos β β, cos
ij

ijββ ij ijββ ij ijββ ijβ

⎡⎣⎡⎡

− −cos cosϕsin β cos ⎤⎦⎤⎤
T  (2)

where ij denote the gear i and drive gear j, km,ij is 
the gear varying meshing stiffness, φij is the angle 
measured from the positive y-axis to meshing line 
forward (points from the driving gear), and βij is 
the base circle helix angle.

The coupling stiffness matrix between gears is 
shown in the formula (3):
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where kb,ij, ka,ij, and ks,ij are the bending, tension, 
and torsion stiffness, respectively, and Rb,i and Rb,j 
are the base circle radii of i and j, respectively.

The meshing stiffness matrix and the coupling 
stiffness matrix of the gear pairs are assembled, 
and the assembling method is as follows:

K R K RijR o ij iRii jiioK ∑ T
,  (4)

where Ko,ij (o = m,c) is the meshing stiffness matrix 
and coupling stiffness matrix, respectively, and Rij 
is the assembly matrix.

As shown in formula (5), the assembly matrix Rij 
is a 2 × 6 block sparse matrix, and the dimension of 
each sub-matrix is the same:

R
RijR i

j
=

⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦

0 0R i 0
0 0 0

1R

2

…ii… R1RR …
… …0 …  (5)

R Ri j1RR i R =R jRR ( )[ ]diag  (6)

where j is the column number of the matrix.
The differential equation of vibration is pre-

sented in formula (7):

Mx Cx Kx F F FFK F F+ +Cx = F ( )e( ) ( )e�  (7)

where the total stiffness matrix K = Km+ Kc + Kxy is 
the sum of gear meshing stiffness matrix, a gear 
coupling stiffness matrix, and bearing support 
stiffness matrix, C is the damping matrix, m is the 
mass matrix, F is the load matrix, and F(e) and 
F ( )e  are the elastic force (caused by the error) and 
damping torque array:

F R e q
F R e q

ijR

ijR
( )e
( )e

.,

,

= ( )
= ( )

⎧
⎨
⎪⎧⎧
⎨⎨
⎩⎪
⎨⎨
⎩⎩

Σ
Σ

T

T

km i, j iei j iqi ji

m i, j iei j iqi jiR) Σ
 (8)

where eij is the mesh error and cm,ij is the meshing 
damping.

3 EXCITATION PARAMETER OF THE 
SYSTEM

The external excitation and the internal incentive 
(time-varying mesh stiffness and error) are the 
main factors in the gear transmission system affect-
ing the system vibration. The external excitation is 
determined by the system working conditions. Two 
types of parameters of the internal excitation will 
be explained next.

In this paper, the time-varying meshing stiffness 
of spur gear and double-helical gear is calculated by 
linear programming and finite element method, [9] 
respectively.

Figure 2. The coordinate system of a split path trans-
mission system.
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Meshing error and installation error are the 
main factors that affect the meshing state. The dis-
placement element is given as:

e e eij a ij mei ij= +ea iji, ,ij mi  (9)

where ea,ij is the meshing error and em,ij is the pro-
jection of the installation error along the meshing 
line, which is given as:

e emij mei i j i m j ij mi je (( ) (( ),ij mi,i ( ,ij mi, jsisin(( iij mi i m j,ij mi , jϕ iji − θij mi −(θ ) i ϕm i m j) ((sem i me j) − e in  (10)

where em is the distance between the actual instal-
lation position and the theoretical installation 
location and θm is the phase angle formed by the 
installation error.

4 TRANSMISSION SYSTEM PARAMETERS

The split path transmission system input power Pk 
is 100 kW and input speed n is 3800rpm. The gear 
parameters are listed in Table 1.

In accordance with the parameters shown in 
Table 1, using linear programming and finite ele-
ment method, calculate the spur gear and helical 
gear meshing stiffness as shown in Figure 3.

5 ANALYSIS OF THE FACTORS 
AFFECTING LOAD SHARING 
CHARACTERISTICS

5.1 Factors affecting load sharing and 
performance evaluation of load sharing

The meshing stiffness, which affects the average 
meshing stiffness of the system directly and then 
changes the system dynamic load characteristics, is 
an important part of the system in the total stiff-
ness matrix. The meshing error is an important part 
of dynamic meshing incentive, and is the cause of 
nonlinearity of the system dynamic response, and 
its effect on the dynamic characteristics of the gear 

system is significant. The installation error is com-
mon in all transmission systems, especially in the 
split path transmission system, and its effect on the 
dynamic response of system cannot be ignored. 
The coupling stiffness represents the coupling 
effects between the two stages, and its effect on the 
dynamic characteristics of the split path transmis-
sion system is significant. Therefore, study on the 
sensitivity of the dynamic load characteristics of 
the meshing stiffness, meshing error, installation 
error, and coupling stiffness is necessary.

In order to improve the dynamic performance 
of the split path transmission system, it is neces-
sary to analyze the factors that affect the dynamic 
load and the load sharing characteristics. The 
premise of the impact analysis is the quantitative 
measurement of the dynamic load characteristics. 
Thus, the range of the load sharing coefficient and 
the dynamic load coefficient are defined as the 
measure standard.

Table 1. Gear parameters of the transmission system.

Parameter First stage Second stage

Tooth number 34/107 23/215
(Normal face) modulus/

mm
1.825 1.982

Ratio 3.057 9.348
Helix angle/° 0 30
Pitch circle pressure 

angle/°
22.5 20

Tooth width/mm 24 70

Figure 3. Gear pair meshing stiffness curve.
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The load sharing coefficient of the system is 
defined in formula (11). It can be seen that the larger 
the average load factor, the worse the load sharing 
performance of the split path transmission system:

k
Tuk

inTT
=

( )F FFWD AFWW FT

( )rb Srr

max (FFWFF DW

/
 (11)

where FFWFF DWW  and FAFF T  are the average meshing 
force of the two branches separately, Tin is the 
input torque, and rb,S1 is the base circle radius of 
the pinion.

The dynamic load coefficient range is propor-
tional to the vibration of the system, and is given 
as:

ΔK
FvK ( )

max i
)) =

( )m (FmFF ) ( )Fm ( )FmFF ( ))

0FF
 (12)

where Fm(τ) is time-varying dynamic meshing force 
and F0 is the static load without considering errors 
and deformations.

5.2 Analysis of factors affecting load sharing 
characteristics

According to the effect of the meshing stiffness 
on the load sharing of the system, the following 
two numerical experiments affect analysis: (1) 
Gear meshing stiffness multiplied by scaling fac-
tor of [0.1, 4] in the first stage, and the meshing 
stiffness of the gear pair remains unchanged in the 
second stage. (2) Gear meshing stiffness multiplied 
by scaling factor of [0.1, 4] in the second stage, 
and the meshing stiffness of the gear pair remains 
unchanged in the first stage. Numerical experiment 
results are shown in Figure 4.

According to Figure 4 (a): (1) the dynamic load 
coefficient range and load sharing coefficient are 
sensitive to the change of the gear meshing stiff-
ness in the first stage; (2) with the increase of the 
meshing stiffness, the dynamic load coefficient 
range is increased, which indicates that larger the 
meshing stiffness of the first level, the more obvi-
ous is the vibration of the system; and (3) with 
the increase of the meshing stiffness, there are two 
obvious peak values of the load coefficient.

According to Figure 4 (b): (1) the dynamic load 
coefficient range and load sharing coefficient are 
less sensitive to the change of the gear meshing 
stiffness of the second stage and (2) with increase 
of the gear meshing stiffness in the second stage, 
dynamic load coefficient range decreases first and 
then increases, which indicates that reducing the 
meshing stiffness appropriately can reduce the 
vibration of the system.

Therefore, the reasonable control of the meshing 
stiffness of the first-stage gear pair can be effective 
to obtain better load sharing characteristic.

According to effect of the meshing error on the 
load sharing of the system, the following two groups 
of numerical experiments affect analysis: (1) Gear 
meshing error multiplied by scaling factor [0.1, 4] in 
the first stage, and the meshing error of the gear pair 
remains unchanged in the second stage. (2) Gear 
meshing error multiplied by scaling factor [0.1, 4] in 
the second stage, and the meshing error of the gear 
pair remains unchanged in the first stage. Numerical 
experiment results are shown in Figure 5.

According to Figure 5 (a): (1) the dynamic load 
coefficient range is sensitive to the meshing error of 
the first stage; (2) dynamic load sharing coefficient 
is not sensitive to the meshing error of the first stage; 
and (3) with the increase of the meshing error of the 
first stage, the dynamic load coefficient range and 
the load sharing coefficient increase monotonously.

According to Figure 5 (b): (1) the dynamic load 
coefficient range and the load sharing coefficient 

Figure 4. Analysis of the effect of meshing stiffness on 
average load coefficient.

ICPT2016_Book.indb   512ICPT2016_Book.indb   512 9/29/2016   11:39:26 AM9/29/2016   11:39:26 AM



513

are sensitive to the meshing error of the second 
stage and (2) with the increase of the meshing error 
of the second stage, the average load coefficients 
remain unchanged.

We can conclude that the improvement of the 
machining precision of the first stage can obtain 
better dynamic load sharing characteristics, while 
the pursuit of too much high accuracy of the sec-
ond stage is useless.

When the installation errors are 0, 0.02, 0.04, 
0.06, 0.08, and 0.1 mm, the system’s average load 
factor is shown in Figure 6. Figure 6 (a) shows 
the system with individual errors and Figure 6 (b) 
shows system components with the same installa-
tion error. It is assumed that the error of the dupli-
cate gear shaft is the same.

The phase angle of the installation error is 
0 degrees. When the installation error is 0 mm, the 
transmission system is still uneven, which indicates 
that the power split path gear transmission system 
is a non-balancing system, which is the same as the 
conclusions drawn from Ref. [3].

From Figure 6(a), we can see that the load shar-
ing coefficient increases linearly with the installa-
tion error, and the sensitivity of the load sharing 
coefficient to the installation error of each compo-
nent is different. Large spur gear and small double-
helical gear (AFT) have the most significant impact 
on the load sharing performance of the transmis-
sion system, and the input pinion gear has the least 
influence on the load sharing performance of the 
transmission system.

From Figure 6(b), we can see that the load shar-
ing coefficient increases linearly with the installation 
error. Compared with Figure 6(a), the load sharing 
coefficient of the system is less than that of the large 
spur gear and the small double-helical gear (AFT). 
Therefore, with the existence of installation errors 
of all the components of the system, the influence 
of the components on the load sharing coefficient 
cannot be superimposed, but may be offset.

According to the coupling stiffness of  the 
influence of  the system load characteristics, the 
following two groups of  experimental analysis 
are conducted: (1) The radial coupling stiffness 
is multiplied by the scaling factor of  [0.1, 4] 
based on the original values, and the torsional 
coupling stiffness remains unchanged. (2) The 
torsional coupling stiffness is multiplied by the 

Figure 5. Analysis of the effect of meshing error on 
average load coefficient.

Figure 6. Curves of load sharing coefficient under dif-
ferent installation errors.
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scaling factor of  [0.1, 4] based on the original 
values and the radial coupling stiffness remains 
unchanged.

According to Figure 7(a): (1) dynamic load 
coefficient range is not sensitive to the change of 
the radial coupling stiffness; (2) the load sharing 
coefficient is not sensitive to the change of the 
radial coupling stiffness; and (3) with the increase 
of the radial coupling stiffness, load sharing coeffi-
cient increases monotonously. This shows that the 
appropriate reduction of radial coupling stiffness 
is beneficial to the improvement of the load shar-
ing performance.

According to Figure 7 (b): (1) the dynamic load 
coefficient range is not sensitive to the change of 
the torsional coupling stiffness; (2) the load shar-
ing coefficient is not sensitive to the change of 
the torsional coupling stiffness; and (3) with the 
increase of the torsional coupling stiffness, load 
sharing coefficient increases monotonously. This 
shows that the appropriate reduction of torsional 
coupling stiffness is beneficial to the improvement 
of the load sharing performance.

6 CONCLUSION

In this paper, the dynamic model of the split path 
transmission system is established by the lumped 
parameter method. The influences of the meshing 
stiffness, meshing error, installation error, and cou-
pling stiffness on the load sharing are investigated. 
On the basis of these analyses, the following con-
clusions can be drawn:

1. Through the analysis of the factors affecting 
the load sharing characteristics, the method of 
improving the load sharing performance of the 
system is summarized: suitable meshing stiffness, 
“soft” coupling stiffness, and error control.

2. The investigation of the optimal meshing stiff-
ness, the best coupling stiffness, and the error 
control method are the key points of the 
research on the load sharing of the split path 
transmission system in the future.
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ABSTRACT: A three-dimensional dynamic model of a helical planetary gear system is proposed in this 
paper. The nonlinear, time-variant model under consideration of the vertical, transverse, axial and rota-
tional motions of gears is investigated to analyze the natural modes of the system. The sub-systems such 
as sun-planet pair, ring-planet pair are investigated to formulate the whole system equations. The time-
variant mesh stiffness, coupling stiffness, backlashes, and errors of gear pairs are all modeled. Dynamic 
equations are derived to solve the eigenvalue problems. The results show that the mode types are catego-
rized as 3 classes: axial translational–rotational mode, radical translational mode and planet mode. The 
features of the vibration modes are shown and the influence of meshing stiffness is further detected.

the dynamic response and to avoid resonance. With 
those analyses, researchers further investigated the 
vibration reduction by detecting the dynamic influ-
ences of system parameters, such as mesh stiffness 
fluctuation (Liu and Parker, 2012, Eritenel and 
Parker, 2012), mesh phasing relationships (Inalpo-
lat and Kahraman, 2009) and contact ratios.

Most studies about the helical planetary gear 
are two-dimensional with the effects of gyroscopic 
motion ignored. In this paper, we attempt to estab-
lish a three-dimensional dynamic model of a heli-
cal planetary gear set with the consideration of the 
gyroscopic motion. The free vibration characteris-
tics of the helical planetary gear set are discussed. 
The influence of meshing stiffness on vibration 
modes is further investigated. Hence, the study 
may be useful as a tool to restrain resonances.

2 SYSTEM MODEL AND EQUATIONS 
OF MOTION

2.1 Relative displacements and forces

The dynamic model of the helical planetary gear 
set is shown as Fig 1. The direction of axial deflec-
tion is confirmed by the right-hand rule. Deflec-
tions of members are represented in 4 directions, 
which mean the vertical, transverse, axial, and 
rotational motions of gears are all considered. The 
relative displacements of the nth sun-planet mesh 
and ring-planet mesh can be expressed respectively 
as follows:

1 INTRODUCTION

Planetary gears are widely used in automobile gear-
boxes, transfer cases and hybrid electric vehicles 
because of their high reliability, compactness and 
multiple load path design. The helical planetary gear 
sets are more stationary and reliable. However, com-
pared with simple, fixed-axis gear trains, they suffer 
more strength and vibration which are the major fac-
tors that accelerate damage to facilities. It is essential 
for designers to deeply detect the instinct features 
and reasons of vibration and noise to restrain vibra-
tion and to extend the life of equipment.

Numerous investigations have been conducted 
over the last four decades. Kahraman (Kahraman, 
1994) developed a model to simulate the dynamic 
behavior of a single-stage planetary gear train with 
helical gear with the effects of gyroscopic motion 
ignored. Lin and Parker developed the transverse-
torsional dynamic models of single stage plan-
etary gears with equally spaced (Lin and Parker, 
2000) and diametrically opposed planets (Lin and 
Parker, 1999) and analytically investigated the nat-
ural frequency spectra and vibration modes. Guo 
and Parker developed a purely rotational model 
of general compound planetary gears and classi-
fied all vibration modes into two types (Guo and 
Parker, 2010a) and then studied the sensitivity of 
natural frequencies and vibration modes to inertia 
and stiffness parameters (Guo and Parker, 2010b). 
Lina Zhang et al.(Zhang et al., 2016) presented a 
translational–rotational dynamic model of a two-
stage closed-form planetary gear set to investigate 
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where uj (j = c, s, n) are the absolute torsional dis-
placements of the sun, ring and planet n. xj, yj (j = c, 
s, r) are the radical translational displacements of 
carrier, sun and ring, and ξn,ηn (n = 1,…, N) are 
planet radical translations. zj (j = c, s, r) and vn are 
the axial displacements of central members and 
planet n respectively. The planet n is located with 
an arbitrary spacing angle Ψn. α is the pressure 
angle. β is the helical angle. esn (t) and ern (t) is the 
loaded static transmission error excitation at the 
sun-planet and ring-planet respectively.

The relative displacements of carrier-
planet along xc, yc, zc, and uc are expressed as 
follows

δ ψ ξ ψ η ψcnδδ x c c nψ n nξ ψξ n nη ψη− +ξ ψ nψψ ξnψ ξξ− ξξξ i  (2a)

δ ψ ξ ψ η ψcnδδ y cn c nψ n nξ ψξ n nη ψη−ψψ ξnψ ξξ− ξ  (2b)

δ νcnδδ x c nν  (2c)

δ η ψ ψcnδδ u c n c n cψψ nψηnη +ψ− cx si ψψψψψψ  (2d)

The relative displacements of carrier-
planet along ξn and ηn are written as follows

δ ξ ψ ψpnxδδ n cξ n cψψ nx ψc ψψ−ξ cosψψψψ i  (3a)

δ η ψpnyδδ n c c nψψ c nψu xc−η −ψ+ cx i ψψψψψ  (3b)

The normal meshing forces of sun-planet and 
ring-planet are defined as

F k fsnFF snk sn sn( )bsn δcsn s)b + �  (4a)

F k frnFF rnkk rn rn( )brn δcrn r)b + �  (4b)

where ksn and krn are the mesh stiffness. The nonlin-
ear function of backlash can be expressed as
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δ rrr
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δ δrn rb r+ b r,
0  (4c)

where b is the backlash.

2.2 Equations of the sub-systems

It is considered that the planetary gear set is 
composed by rigid discs and springs which only 
have springiness. The three-dimensional dynamic 
model which considers the vertical, transverse, 
axial, and rotational motions of  gears is based 
on the lumped parameter method. The nonlin-
ear dynamic equations of  a sun-planet pair are 
derived according to the Newton Law. The equa-
tions of  a sun gear are

F c x k x
s s c sy c s

snFF sn s sx sxk s

( )x y xsx c y sx
si
cc

FFF− =k xsxk s∑ 0
2

ψ βsn βcsn os  (5a)

m
F c y k y

s sy c s c sy
snFF sn s sy syk s

( )y x ysy cx sy
cos
cc

FFF+ =k ysyk s∑ 0
2

ψ βsn βcsn os  (5b)

m z F c z ks sz snFF sz s sk z s�� FFF+ =k zsk z sz∑ si β 0  (5c)

( / ) c /r/ c u k u T r/s s/ rr/ s sn scos c u su suk s sTT srr2 �+coscos + =k uk s∑∑ β  (5d)

The corresponding equations of planet n are

mp s c n c n sn
��ξ ηs c � ξ βn sn α( )) 0αβFsnFF� ξΩ =αF2 sββββ i  (6a)

mp n c n c n sn
�η ξn c n�� η βn sn α( )) 0βFsnFF αξ Ω =αF2 cββββ os  (6b)

mp n sn�ν βFn snFF�� F 0β =β  (6c)

I Np pI p sn iNN/ cr u Fpr p sFF n n2 0 1nnn( ) =cFsFF n os β  (6d)

where ψ ψ αsnψψ pn jx jyk kj j−ψ ( )j c r s p, ,jxkjx r  is the 
radical bearing stiffness, kjxk ( )

)
j c r s p= r  is the 

axial supporting stiffness. The nonlinear dynamic 
equations of a ring-planet pair are derived. The 
equations of a ring gear are

Figure 1. The lumped-parameter model of a helical 
planetary gear set.

077_CH134_S8-1-ST.indd   518077_CH134_S8-1-ST.indd   518 9/30/2016   12:12:33 PM9/30/2016   12:12:33 PM



519

m
F c x k

r r c ry c r

rnF rn rx r rkk x rx
( )x y xrx c y rx

cos
cc

FFF− =k xrk x rx∑ 0
2

β ψβ si  (7a)

m
F c y k

r ry c r c ry
rnF rn ry r rkk y ryr

( )y x yry cx ry
cos
cc

FFF+ =k yrk y ryr∑ 0
2

β ψcosβ  (7b)

m z F c z kr rz rnF rz r rk z r�� FFF+ =k zrk z rz∑ si β 0  (7c)

c u k u T rr rn rc u ru ruk r rTT rrrcu Fr rFF n /( )Ir rI / rrrr2 +cFrFF n os + =k uk r∑∑ �β  (7d)

The corresponding equations of planet n are

mp n c n c n rn
��ξ ηn c � ξ βn rn α( )) 0αβFrnF� ξΩ =αβFrnFF2 sβββ i  (8a)

mp n c n c n rn
�η ξn c n�� η βn rn α( )) 0βFrnFF αξ Ω =αF2 cββββ os  (8b)

mp n rn�ν βFn rnFF�� F 0β =β  (8c)

I Np pI p rn/ cr u Fpr p rFF n os , ,n ,2 0 1n, n( ) =cF os …β  (8d)

The theoretical installation center of planet n On 
is fixed on the carrier. The distance between the 
carrier installation center O and On is rc. The non-
linear dynamic equations of a carrier-planet n pair 
are derived. The equations of the carrier are

m c
k c x k

c p cnx

p ck nx cx c ck x cx

�( )x y xcx c cy c cx�� �Ωcc− Ω +
kk+ =k xck x cx

∑
∑ 0

δ c

δ c

 (9a)

m c
k c y k

c p cny

p ck ny cy c ckk y cyc

�( )y x ycy c cx c cy�� �Ωcc− Ω +
kk+ =k yck y cyc

∑
∑ 0

δ c

δ c

 (9b)

m z c k zc cz p cnx pz cnz cc z cz czk c�� � �c+ + +c zc cz =∑∑ δkpzk cδcnx ∑ 0  (9c)

u
c u k u T r

c p cnu

cu c ck u cu c cT rT /
( )I rc cI r/ 2 +

+ +c uc =
∑ ∑pc cnu∑ ∑cpc�� �

�
δkpk c∑cnu +cnu  (9d)

The corresponding equations of planet n are

m
c

p n c n c n

px pnx px pnx

��

�
ξ ηn c � ξn

δ δkpnx pxk p

( )
+ c = 0

2Ωnηc � −η
 (10a)

m
c

p n c n c n

py pny py pny

�

�
η ξn c n�� η

δ δkpny pyk p

( )
+ c = 0

2Ωξ −nξc n  (10b)

m kp n pz cnz pk z cnz� �ν δcn pz c�� δc−δc = 0  (10c)

2.3 Equations of the whole system

The dynamic equations the whole system can be 
derived by assembling the equations above system-
atically. The dynamic equations of the sun gear are

m c k x
F

s s c sy c s s sx sxk s

snFF sn

( )x y xsx c y sx
sin

�)cc + +c xsx
=F si− n∑ 0

2

ψ βsnψ βcsn coscos  (11a)

m c k y
F

s sy c s c sy s sy sykk s

sn sn

( )y x ysy cx sy
cos

�)cc + +c ysy
=FsnFF co+ s∑ 0

2

ψ βsn βcsn oscsn os  (11b)

m z F c z ks sz snFF sz s sk z s�� FFF+ =k zsk z sz∑ si β 0  (11c)

c u k u T rs sn sc u su suk s sTT srrcu Fs sFF n /( )Is sI / rsrr2 +cFsFF n os + =k uk s∑∑ � �β  (11d)

The dynamic equations of the carrier are

m c
k c x k

c c c cy c c p cnx

p ck nx cx c ck x cx
( )x y xcx c y cx �

cc +
kk+ =k xck x cx

∑
∑ 0

2 δ c

δ c

 (12a)

m c
k c y k

c cy c c c cy p cny

p ck ny cy c ckk y cyc

( )y x ycy cx cy �
cc +

kk+ =k yck y cyc

∑
∑ 0

2 δ c

δ c

 (12b)

m z
c z k z

c cz pz cnz

cz c ck z cz
�� �

��
+

+ +c zc =
∑ ∑cp cnz∑ ∑�c δkpzk c∑cnz

0
 (12c)

( / )
/

r/ u
c u k u T r/

c c/ r/ c p cnu

cu c ck u cu c c/T rT /
2 �� �
�

+
+ +c uc =

∑ ∑pc cnu∑ ∑�cpc δkpk c∑cnu +cnu  (12d)

The dynamic equations of the ring gear are

m c x
k x F

r r c ry c r rx r

rxk r rFF n rn

( )x y xrx c y rx
cos

�)cc +
+ −k xk r =∑ 0

2

β ψsin  (13a)

m c y
k y F

r ry c r c ry ry r

rykk r rFF n rn

( )y x yry cx ry
cos

�)cc +
+ +k yk r =∑ 0

2

β ψcos  (13b)

m z F c z kr rz rnFF rz r rkk z r�� FFF+ =k zrk z rz∑ si β 0  (13c)

( / ) cos
/

r/
c u k u T r/

r r/ rr/ r rn

ru r rk u ru r r/T rT r/
2

�+ +c ur =
∑ β  (13d)

The dynamic equations of planet n are

m
k

p n c n c n px pnx

pxk pnx

�� �ξ ηn c � δcpx pξn

δ βpnx α
Ω( )

+ kk ( )sn rn( )F FsnFF rnFF = 0

2

sβ in
 (14a)

m
k

p n c n c n py pny

pyk pny

� �η ξn c n�� δcpy pηn

δ βpny α
Ω( )

+ kk ( )sn rn( )F FsnFF rnFF = 0

2

cβ os
 (14b)

m F kp n sn rn pz cnz pk z cnz� �ν βFn snFF�� β δcpz c δcF −δc =sFrnFFβ −β i 0  (14c)

( / ) c , , ,r/ Np p/ r/ p sn rcos n
2 0 1n, �coscos nβ βcosF cosrFF n−  

 (14d)

The dynamic equations are formulated into matrix 
form to get the natural modes of the system.

Mq q
q T

�� + [ ]c c G+c +
+ [ ]K K Kc

2K − =
c

K ( )t
 (13)

where M is the mass matrix, Kb is the bearing stiff-
ness matrix and Km is the meshing stiffness matrix. 
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Cb and Cm is the corresponding damping matrix. 
G is the gyroscopic matrix and KΩ is the stiffness 
matrix induced by gyroscopic effect. The summa-
tion index n ranges from 1 to N in equations.

3 MODAL ANALYSIS

3.1 Natural mode analysis

The dynamic equations are formulated into matrix 
form to get the natural modes of the system. Cori-
olis accelerations have little influence on the vibra-
tion modes and dynamic response of the system 
as the velocity of carrier is small. By ignoring the 
dampings and excitations, the equations of motion 
and characteristic equations are simplified as

Mq�� + ( )+ q 0=b m+  (15)

0( )K K Mb m i−KmK φ)Mi i  (16)

Parameters of the system are listed in the Table 1. 
Natural frequencies ω iω  and modal vectors φiφ  are 
calculated by solving the Eq. (16). By detecting the 
modal proprieties (multiplicity of the natural fre-
quency and mode shapes of members), the vibration 
modes can be classified into 3 classes: rotational–axial 
mode, translational–tilting mode and planet mode.

Ten natural frequencies with multiplicity m = 1 
are calculated, the related vibration modes are 
axial translational–rotational modes. The main 

feature is that carriers, rings and suns only have 
axial motions. In an axial translational–rotational 
mode, planets all move in phase and have the iden-
tical motion.

There are seven pairs of radical translational 
modes, the corresponding natural frequency mul-
tiplicity are m = 2. In these modes, all central mem-
bers have pure radical translations.

Four degenerate natural frequencies with mul-
tiplicity m = N–3 exist only if  N > 3. Associated 
modes are the planet modes because all central 
members are stationary and only planets have 
modal deflection.

3.2 Influence of meshing stiffness

It can be found that the meshing stiffness have great 
influence on the natural modes of the helical plane-
tary gear. To detect the influence of meshing stiffness 
on modal characteristics, gear systems with variable 
meshing stiffness are investigated. Table 2 lists some 
natural frequencies with N = 5, under different sun-
planet meshing stiffness ksn. The corresponding mode 
shapes are not listed here. It is concluded that value 
of ksn affects the natural frequencies rather than mode 
types. All of the natural frequencies are influenced by 
the meshing stiffness. For example, the magnitude of 
natural frequencies with multiplicity m = 2 increase as 
ksn increases, multiplicity of those natural frequencies 
is invariable simultaneously. So the corresponding 
mode type is still the radical translational mode.

Table 1. Physical Parameters of the example systems.

Parameter Sun Planet Carrier

Mass (Kg) 0.72 0.77 2.04
I (Kg⋅mm2) 43.6 800.85 6815.3
Base Diameter (mm) 11 32.25 57.8

Mesh Stiffness (N/m) ksn = krn = 4.5 × 108

Bearing Stiffness (N/m) k k k
k k

jxk jyk jz

rx ry

=k × = ×
=k ×

( )j c sj( ) ( )j c s1 2 10 8 10
1 3 10

9k = ×9 ( )j c sj 1 8 10. × ( j cj2 10 , .kjzk 1 ,( j c
. 9 999 81 39 8 10, ,1 10 .k k kpx py pz=k 10910

Torsional Stiffness (N/m) k k 0juk cuk( )j s,r =ks r ;

Table 2. Natural frequencies and their multiplicity for a given ksn.

ksn/(N/m)

Natural frequencies (Hz)

m = 1 m = 2 m = N–3

4.5 × 106 359.69 1702 4825.7 6850.4 1606.7 2138.2 6683.5 3332 4792.7 5433.5 6981
4.5 × 107 359.69 1702.1 4831 6852.6 1619.5 2188.5 7097.8 3421.7 5630.5 5719.6 7291.3
4.5 × 108 359.7 1702.1 4831.5 6852.8 1620.5 2195.2 7101 3428.2 5630.6 5721.7 7294
4.5 × 109 359.72 1702.5 4831.5 6852.8 1620.6 2195.9 7101.3 3428.8 5630.6 5721.9 7294.4
4.5 × 1010 359.72 1702.7 4831.5 6852.8 1620.6 2196 7101.4 3428.9 5630.6 5721.9 7294.4
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The influence of krn on modal characteristics 
is also investigated. The results also show that 
krn only has an effect on the values of the natu-
ral frequencies. In summary, natural frequencies 
display an increasing trend as any meshing stiff-
ness increases.

4 CONCLUSIONS

1. A three-dimensional nonlinear dynamic model 
of a helical planetary gear system is developed. 
The models of sub-systems are also established. 
Dynamic equations of the system are derived.

2. The natural modes of the system are investi-
gated. The results show that the mode types 
are categorized as 3 classes: axial translational–
rotational mode (m = 1), radical translational 
mode (m = 2) and planet mode (m = N–3).

3. The influence of meshing stiffness on natural 
modes is further detected. The results show that 
all of the natural frequencies are influenced by 
the ring-planet and sun-planet meshing stiff-
ness. Mode types are fixed. There is an increas-
ing tendency of the natural frequencies when 
the meshing stiffness increases.
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Effects of tooth modification on dynamics of helical gear system
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ABSTRACT: This paper aims to identify the effects of tooth modification amount on the dynamics 
of helical gear system. For this purpose, a driven helical gear pair in a hydro-mechanical transmission is 
taken as a study case for which an Eight Degree of Freedoms (8-DOFs) dynamic model is established by 
considering the bending-rotation-torsion effects. Besides the component deflections, the profile deviations 
from tooth modification are also included and further integrated into the dynamic model to investigate 
their effects on gear dynamics. By taking the dynamic meshing force and dynamic transmission error 
as indices, the influences of tooth modification amounts on the dynamic behaviors of the transmission 
system are explored. The results show that an appropriate gear modification can effectively suppress the 
dynamic responses of helical gear system. And the proposed dynamic model provided theoretical fun-
damentals for vibration suppression, noise reduction and durability enhancement of the transmission 
system in the subsequent design stage.

Dynamic Transmission Error (DTE) to evaluate the 
gear dynamic performance. However, these studies 
did not discuss the influences of tooth modifica-
tion on gear dynamics. More recently, Bahk (2013) 
proved that gear modifications affect the dynamic 
response of gear system significantly.

To have a thorough understanding of the effects 
of profile modification on gear dynamics, a driven 
helical gear pair in a hydro-mechanical transmis-
sion is taken as a case study to investigate the 
quantitative relationship between the tooth modi-
fication amounts and the DTE fluctuation and 
Dynamic Meshing Force (DMF).

For this purpose, an analytical dynamic model 
of the helical gear system is established in which 
the tooth modification amounts are included. The 
differential equations of motion are derived to 
formulate the relationship between tooth modi-
fication and dynamic responses. Accordingly, the 
influence of gear modifications on DTE and DMF 
of the gear system are studied.

2 DYNAMIC MODELLING OF A HELICAL 
GEAR SYSTEM

An Eight Degree of Freedoms (8-DOFs) dynamic 
model for a helical gear system was established 
by Li (Li 1998). The proposed lumped parameter 
model is shown in Figure 1, which considers the 
bending, rotation and torsion of the transmission 

1 INTRODUCTION

Gear system is widely used in various machineries 
and mechanical equipments for kinetic and power 
transmission. Its dynamic behavior has important 
influences on the whole machine (Li 1998). Gear 
modification is considered as one of the most 
effective ways to resist gear abrasion, improve 
driving stability, suppress vibration and reduce 
noise (Geng 1986). Numerous investigations have 
been conducted in the past decades to determine 
the gear modification amounts and their effects on 
meshing characteristics such as load distributions 
and Static Transmission Errors (STE) (Maatar 
1997, Wagaj 2002, Hotait 2008, Duzcukoglu 2008, 
Duzcukoglu 2009).

For example, Sun (2003) studied the tooth pro-
file modification principles under constant load 
conditions by considering manufacturing errors. 
Cai (1991) proposed an optimization method for 
gear modification by taking the torsional vibration 
as the objective function. Chen (2013) considered 
the tooth profile and modification errors to study 
the influence of profile modifications on meshing 
stiffness and load distribution coefficient. Tavakoli 
(1986) optimized tooth modification parameters 
according to their impacts on STE. Though the 
studies of profile modification on gear statics are 
abundant, the investigations of profile modifica-
tion on gear dynamics are quite scare. Kahraman 
(1999), Tamminana (2007) and Hotait (2013) used 
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system. For simplicity, the friction of tooth pair 
surface and the torsion of shafts are neglected; 
and the transversal bending of the shaft and bear-
ings are represented by equivalent spring-damping 
units.

In Figure 1, the subscript ‘p’ and ‘g’ denote the 
pinion and the gear, respectively; Tp is the driving 
torque of the gear system; kij and cij (i = p, g; j = y, 
z) represent the stiffness and damping of corre-
sponding component in related direction; F is the 
DMF of gear meshing; β is the helix angle of base 
circle. The generalized coordinate vector q can be 
expressed as

q = ( )T  (1)

where yi and zi (i = p, g) are the transversal dis-
placements of centroids of the pinion and the gear 
in y and z directions; uix and uiz (i = p, g) are the 
rotational and torsional displacements around x 
direction and along z direction, respectively.

The differential equations of motion of the gear 
system can be deduced as

c y k y F
m z c k z F

r

p py py p py k y pypp

p pz pz p pk z pz

px pr

�� �
�� �

+ +c ypy = −
+ +c zp =

cos
sin

( /I pxI

β
β

p ppppppp x upx px upx px

pz p pz upz pzrp u cpz u kpz

2

2

) spx upx px upx pxu cpx u kpx u u Fpx in
( /pzI pz )��

upxc upx

+ upzc upz

β

upzuuk pz P pu Fpz rp

⎧

⎨
⎪
⎧⎧

⎪
⎨⎨
⎪⎪

⎩
⎪
⎨⎨

⎪⎩⎩
⎪⎪

co /PTP−sβ

 (2)

m y c y k y F
m z c k z F

r

g gy gy g gk y gygg

g gz gz g gk z gzgg

gx gr

�� �
�� �

+ +c yg =
+ +c zg = −

cos
sin

( /IgxI

β
β

p gppgggg x ugx gx ugx gx

gz g gzgg ugz gzrg u cgzg u kgz

2

2

) sgx ugx gx ugx gxu cgx u kgx u u Fgx in
( /gzIgz )��

ugxc ugx

+ ugzc ugz

β

ugzuuk gz g gu Fgz rg

⎧

⎨
⎪
⎧⎧

⎪
⎨⎨
⎪⎪

⎩
⎪
⎨⎨

⎪⎩⎩
⎪⎪

co /gTg−sβ

 (3)

where rpp and rgp are the radii of pitch circle of the 
pinion and the gear; rp and rg are the base circle of the 
pinion and the gear, respectively; cuij and kuij (i = p, g; 
j = x, z) are the damping and stiffness coefficients of 
corresponding component in related directions.

⋅k ( ) ( )tm mkk ( )δ δc( )(t ⋅c ((mc( )t c �  (4)

where km and cm represent the stiffness and damp-
ing of meshing gear pair, respectively; δ(t) is the 
dynamic elastic deformation along the line of 
action; Noting that there are exists inevitable manu-
facturing and assembling errors of gears, shafts 
and bearings, which may yield to increasing vibra-
tion and noise when the gear system is in operation. 
To suppress the internal excitation aroused vibra-
tion, tooth modification is commonly used in gear 
applications.

With the tooth modification, the excitation of 
the gear system can be think that add an additional 
excitation caused by tooth modification on the 
basis of original excitation.

According to elastic mechanics the additional 
excitation of the pinion can be written in the vec-
tor form as

ep( ,q )t) T( )cos , sin , sin , )), cos  (5)

Similarly, the additional excitation of the gear 
can be written in the vector form as

eg ( ,q )t) T( )cos , cos , sin , sin , ))  (6)

where F  is the elastic force along the line of action 
of the gear pair caused by the tooth modification, 
as

F k h⋅k ( )tmkk  (7)

where h(t) is the tooth modification displacement 
along the line of action of the gear pair.

To sum up, the additional excitation aroused 
from the tooth modification can be expressed as

e
T( )q, t ( )e, eeeeep g, e( )tq,qq,q t,q,q,q ( )q,q t  (8)

When take account of the tooth modification in 
the above dynamic model, an additional excitation 
vector e(q, t) will be derived and added to the dif-
ferential equations of motion yields to

m y c k y
m z c k z

y yk
k

p pyy py yy pk yyykk

p pz p pz p pk zzkk
�� � 

�� � 
+ +c ypyy =
+ +c zpz =

( )F F+F cos
( )F F+F si

β
nn

( / ) ( )sin
( / )

β
βr/ F( F

r/
x x xp prr/x /rr/ p p)) up p ux p px

p p/rr/z

2

2



��
+

uuu u k u rp ucz c p uu kkz pz p puz pu z prr+ c uuc p u

⎧

⎨
⎪
⎧⎧

⎪
⎨⎨
⎪⎪

⎩
⎪
⎨⎨

⎪⎩⎩
⎪⎪

( )F FF + FF /TpTTβ

 (9)

Figure 1. Dynamic model of a helical gear system.
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 (10)

The governing equations of motion for the 
helical gear system can be expressed in the matrix 
form as

mq q kq f�� �++ +cq++ + =kq++ ===  (11)

where m, c and k represent the governing mass 
matrix, damping matrix and stiffness matrix, 
respectively, which can be referred to the appendix; 
f is the excitation vector, which includes the addi-
tional excitation from modification and the internal 
excitation of gear system caused by the compre-
hensive deformation along the line of action and 
the external load, which can be referred to the 
appendix.

To obtain the DTE and DMF of the helical gear 
pair, a numerical method of forth order Runge-
Kutta method with variable step size is adopted. 
For this purpose, the equation (11) needs to be 
nondimensionalized and rewritten as

ˆ
⎛ ⎞ ⎛ ⎞

ˆ ⎜ ⎟ˆ
⎛ ⎞ ⎛ ⎞⎛ ⎞ ⎛ ⎞

ˆ +
⎛ ⎞⎛ ⎞

⎝ ⎠ ⎝ ⎠⎜ ⎟⎜ ⎟ˆ⎜⎜ −

⎞ ⎛⎞ ⎛�q = ˆ⎜ ⎟⎜ ⎟ˆ ˆˆ ⎠ ⎝⎠ ⎝⎟ ⎜⎟ ⎜⎟ ⎜ˆ− ⎟⎟ˆ
 (12)

where ˆ ( , )Tq p p( ,,=  is the dimensionless coordinates; 
ˆ ˆ,k ĉ,  and f̂  are the dimensionless stiffness, damp-
ing matrices and excitation vector, which can be 
referred to the appendix.

By solving Eq. (12), the dimensionless dynamic 
displacements can be obtained, which can be trans-
form back to the physical dynamic displacements 
by multiplying the nondimensional coefficients. 
The DTE of the gear pair can get as

e y u
y u u

d y + u
− y + +u

p p px pz

g g gx gz

cos si
si

β βp sz− pz in β β+ pz cu+ pz os
β β+ g sz+ gz in β cocc sβ  (13)

Thus, the dynamic elastic deformation along the 
line of action with modification can written as

δ = ( )e e−d  (14)

where the e(t) is the comprehensive error of tooth 
mesh after modification. Thus, the DMF F  of  the 
gear pair after tooth modification is

F k
k c

⋅k ( ) ( )t
= k ( )e e−e ( )t + c ( )e−e ( )t

m mkk ( )
mkkk (ee m (ee

δ δc( )t ⋅cmc( )t c �
 (15)

3 GEAR MODIFICATION AND ITS 
EFFECTS OF DYNAMIC RESPONSES

3.1 Determination of modification amount

Without loss of generality, a driven helical gear 
pair in a hydro-mechanical transmission is taken as 
an case to demonstrate the tooth modification and 
its effects on gear dynamics. The basic parameters 
of the helical gear pair are listed in Table 1.

In order to reveal the contact status of the 
example system, a Loaded Tooth Contact Analysis 
(LTCA) is carried out with Romax. The LTCA 
result is shown in Figure 2.

As can be clearly seen from Figure 2, the load 
distribution along the tooth face is non-uniform. 
There are partial load along the face width and 
meshing impacts at the enter and exit points.

In order to improve the load distribution, a 
comprehensive modification strategy is proposed 
by the authors in our previous study (Zhang 2015). 
With this strategy, the modification amounts for 
this helical gear system can be determined. To 
be specific, an amount of 15 μm for helix angle 
modification and an amount of 60 μm for profile 
crowning modification are applied to the pinion. 
For clarity, Figure 3 demonstrates the modifica-
tion scheme of the pinion.

Further investigation reveals that the proposed 
tooth modification can effectively reduce the STE 
fluctuation. Figure 4 demonstrates the STE of the 
helical gear system with and without modifica-
tions. Herein, the left vertical axis denotes the STE 
of the gear pair without modification while the 
right vertical axis denotes the STE of the gear pair 
with modification.

As can be observed from Figure 4, the STE fluc-
tuation reduces sharply from 21.43 μm to 1.79 μm 
after tooth modification though the absolute value 
of the STE increases slightly. The reduction of 
STE will reduce the internal excitation of the gear 
pair, thus improve the contact status of the mating 
surfaces. Figure 5 shows the load distribution of 
the gear pair after tooth modification.

Table 1. The basic parameters of the helical gear pair.

Parameters Pinion Gear

Tooth number Z 20 27
Mass m/kg  0.356  0.540
Pitch diameter d/mm 63.485 85.704
Module/mm 3
Helix angle β/° 20
Pressure angle α/° 20
Face width B/mm 15
Input torque Tp/N⋅m 238.73
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As can be seen from Figure 5, the load is evenly 
distributed along the face width. Meanwhile, the 
contact pressure changes smoothly from the start-
ing point to the end point along the profile direc-
tion, indicating there is no meshing impact.

Figure 2. Load distribution of the gear before 
modification.

Figure 3. Modification scheme of the pinion.

Figure 4. STE of the gear pair with and without 
modification.

Figure 5. Load distribution of the gear with 
modification.

From the above discussion, it can be assumed 
that the proposed modification strategy is appro-
priate. The following will explore the effects of the 
proposed modification on the dynamic responses 
of the helical gear system.

3.2 Effects of modification on dynamic responses

DTE is regarded as one of the most influential 
indices for evaluating the vibration and noise of 
a gear system. Therefore, the following will inves-
tigate the influence of tooth modification on the 
DTE of the example system.

The first three orders of DTE harmonics are 
calculated and compared for the helical gear pair 
with and without modification. The results are 
shown in Figure 6.

As can be clearly observed from Figure 6, 
the amplitudes of the first three DTE harmon-
ics decline dramatically, indicating the vibration 
aroused from meshing excitation can be effec-
tively suppressed. To be specific, the amplitudes 
of the first three DTE harmonics are reduced 
from 16.53 μm, 3.66 μm and 1.50 μm to 1.28 μm, 
0.59 μm and 0.02 μm. Meanwhile, the fluctuations 
of the first three orders of the DTE is reduced 
from 9.91 μm, 2.19 μm and 0.90 μm to 0.77 μm, 
0.35 μm and 0.01 μm. The DTE fluctuations are 
only 7.75%, 16.10% and 1.26% of those of the gear 
pair without modification.

DMF is regarded as one of the most important 
indices for evaluating gear dynamics. Therefore, the 
following will investigate the effects of the proposed 
tooth modification on DMF of the example system.

To be general, the first three orders of DMF har-
monics of the helical gear pair are calculated and 
then compared. The results are shown in Figure 7.

As can be clearly observed from Figure 7, the 
amplitudes of the first three DMF harmonics 
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4 CONCLUSIONS

1. A modified analytical 8-DOFs dynamic model 
of a helical gear system is established, which 
includes the effects of tooth modification as 
well as the bending, torsion and rotation deflec-
tions in the transmission.

2. A comprehensive tooth modification strategy is 
proposed to achieve the minimal STE fluctua-
tion and more uniform load distribution of the 
gear pair.

3. By integrating the proposed gear modification 
amounts into the modified dynamic model, the 
effects of tooth modification on DTE and DMF 
of the helical gear system are investigated. The 
results prove that an appropriate modification 
strategy can effectively reduce the dynamic 
response.
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APPENDIX

The governing mass matrix m, damping matrix c, stiffness matrix k. and the excitation vector f.
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Research on dynamic characteristic of wind turbine gearbox 
considering elastic support

S. Wang, H. Bai, C. Zhu, C. Song & H. Liu
The State Key Laboratory of Mechanical Transmission, Chongqing University, Chongqing, China

ABSTRACT: Due to the varying and random wind loads, the dynamic performances of gearbox will 
affect the reliability and service life of the wind turbines directly. In this paper, considering the actual 
installation condition and the elastic support of housing, a coupled dynamic model for the housing-
shaft-bearing-gear transmission system was developed using the lumped parameter method. The external 
excitations of input (output) torque caused by the time-varying wind speed were taken into account, as 
well as the internal excitations caused by the time-varying stiffness and transmission error. The dynamic 
responses and dynamic mesh force of the gearbox were investigated.

elastic support of torque arms. Some components 
will be failure prematurely according to the con-
ventional design method, so that the gearbox can-
not satisfy the requirements of the high reliability 
of wind turbine equipment.

In this paper, a coupled lumped-parameter 
dynamic modal of  a 2 MW wind turbine gearbox 
was developed considering the elastic support 
of  torque arms. Also, the external and internal 
excitations of  the system caused by the time-var-
ying wind speed and transmission error respec-
tively were taken into account. The dynamic 
characteristics of  the wind turbine system were 
investigated.

2 STRUCTURE AND TRANSMISSION 
PRINCIPLE OF WIND TURBINE 
GEARBOX

The gearbox has a three planet low speed stage 
followed by two parallel stages with an overall 
transmission ratio of 1:115.25. The structure and 
principle of the gear transmission system is shown 
in Figure 1.

In the first stage, power is transited to the car-
rier through blades, rotor and main shaft, and then 
transmitted to the sun gear via planets and ring. In 
the second growth stage, power is transited to the 
intermediate gear pair (g1-g2) by sun gear before 
it’s finally delivered to the high speed shaft by high 
speed gear pair (g3-g4). As shown in (Fig. 1), the 
v, Tin and Tout represents the wind speed, the input 
torque and the output torque respectively. The 
detailed parameters of the transmission system are 
listed in Table 1.

1 INTRODUCTION

The gearbox is used to convert the low rotor speed 
to the required high generator speed. Due to the 
elastic support of torque arms with time-varying 
and complicated loads, it has important value to 
investigate the dynamics of the gearbox for the 
reliable design of wind turbine gearbox.

Currently, extensive studies have been performed 
on the speed increasing gearboxes. Zhao & Ji (2015) 
established a wind turbine gearbox transmission 
system which consists of two planetary stages and 
one parallel gear stage, they compared the torsional 
vibration influence of this system among the var-
ied external and internal excitations. A drive train 
model of wind turbine was established by Zhu et al. 
(2014), and they investigated the dynamic charac-
teristics of this model based upon the measured 
load spectrum. Zhai et al. (2015) developed a bend-
twist coupled dynamic model of high-power wind 
turbine gearbox and the dynamic characteristics 
were analyzed. Zhang et al. (2015) established a cou-
pled dynamic model for wind turbine transmission 
system, studied the natural characteristics of the 
system, and the potential resonances of the system 
were detected through Campbell and modal energy 
distribution analyses. Qin et al. (2012) investigated 
the natural characteristics and dynamic responses 
of wind turbine transmission, they considered not 
only external excitations under the control strate-
gies on the time-varying wind speed, some inter-
nal excitations consist of time-varying meshing 
stiffness and transmission error were also taken 
into account. Although the previous researches 
provided the guidance to the wind turbine gearbox 
study, they have not considered the factor of the 
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Figure 1. The transmission principle of wind turbine 
transmission.

Table 1. The geometer parameters of wind turbine gear 
transmission system.

Stage Item Ring gear Sun gear Planet gear

1st Number of teeth 96 21 96
Module (mm) 15 15 15
Pressure angle (°) 25 25 25
Helix angle (°)  8  8  8

2nd Item  Wheel  Pinion
Number of teeth  97  23
Module (mm)  11  11
Pressure angle (°)  20  20
Helix angle (°)  10  10

3rd Number of teeth  103  21
Module (mm)   8   8
Pressure angle (°)  20  20
Helix angle (°)  10  10

Figure 2. The transmission principle of wind turbine 
transmission.

The mesh stiffness of the helical gears were cal-
culated according to ISO 6336-1-2006 standard. 
The transmission error of each gear pair, bearing 
stiffness and damper in corresponding directions, 
the torsional stiffness and damper of shaft were 
calculated by empirical formula (Xing (2007) & 
Qin et al. (2012)). The support stiffness and damp-
ing of torsional arm can be acquired using the 
finite element method.

3 COUPLED DYNAMIC MODAL 
FOR THE WIND TURBINE GEARBOX

The dynamic model is shown in (Fig. 2). A torque 
arm on the two bushings interfaces the gearbox 

and the nacelle. The elastic supports for the bush-
ings were simulated by three spring elements with 
damping at transmission system and housing are 
coupled by the weightless support bearings and 
each support bearing is represented by a spring 
damper relationship at three orthotropic direc-
tions. In (Fig. 2), k1s and c1s denote the torsional 
stiffness and torsional damper between sun gear 
and gear1 respectively, furthermore, k23 and c23 
denote the torsional stiffness and torsional damper 
between gear2 and gear3 respectively. kexk ey ez p p pz, ,ey , p pη δpppp  
and cex ey ez p p pz, ,ey , p pη δpppp  denote the radial stiffness and 
damping of bearings severally (e represents c, r 
(M), s, 1, 2, 3, 4). kx yk z,y  and cx y z,y  denote the stiff-
ness and damping of elastic support respectively. 
Where the kpg and cpg represent the gear mesh stiff-
ness and mesh damp severally, as well as the epg 
denotes the transmission error (pg represents the 
pis, pir, 12, 34).

The model has 39 degrees of freedom totally. 
For the gear transmission system, each gears repre-
sented using three translational coordinates (x, y, z) 
and one rotational coordinate (θz). And the housing 
is represented using three translational coordinates 
(x, y, z). The rotation direction of each component 
are shown in the (Fig. 2). The static coordinates 
oxyz are defined for the sun gear, ring gear and 
carrier with the origin in the center of the carrier 
respectively. The three moving coordinates o zηδ z are 
defined for the planet gears with the origin in the 
center of the planet gears respectively. The positive 
direction of the angular displacement of each com-
ponent is the rotation direction of them. The posi-

ICPT2016_Book.indb   532ICPT2016_Book.indb   532 9/29/2016   11:40:11 AM9/29/2016   11:40:11 AM



533

tive direction of line displacement along the line of 
action is the direction of the tooth surface pressure, 
as well as the positive direction of radial displace-
ment and axial displacement are the positive direc-
tion of their coordinate system respectively. The 
equivalent displacement between each gear pair 
along the line of action can be represented by
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where xps (xpr) is the equivalent vibration displace-
ment between the sun (ring) and the planet gear 
pair along the line of action. Meanwhile, the 
x12(x34) is the equivalent vibration displacement 
between the g1 (g3) and the g2 (g4) gear pair along 
the line of action. ψ iψ  is the position angle of the 
ith planet gear (ψ πiψψ 1−2ππ 3(iππ ) / ). rbj is the base 
radius of each gear. θj is the torsional vibration 
displacements of each gear (j represents c, pi, s, 1, 
2, 3, 4). Xe e eX p p p, Ye , Z , , Ze ee , p ,δ ηp ,p  are the vibration 
displacement of each gear along the direction of 
the axis respectively. α pg  is the helical gear’s pres-
sure angle. β (β1) is the helical gear’s helix angle of 
planetary (parallel) gear stage.

Based on the Newton’s second law, the kinematic 
equations of the components for the transmission 
system are shown in the equations (5)-(36).
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where Ji is the gear’s moment of inertia (i repre-
sents c, s, pi, 1, 2, 3, 4). mp,e is the mass of each com-
ponent. kc (cc) is the torsional stiffness (damping) 
of carrier. Fkpg (Fcpg) is the elastic (viscous) meshing 
force of each gear pair.

x
F c x

kpFF g pk g px g

cpFF g pc g px g�  (36)

Combining the above kinematic equations, the 
systematic kinematic equations of motion can be 
expressed in matrix form as follows:

Mx c x k x F�� x+ c =( )t( )tt ( )t ( )t  (37)

where x, � ��x x,  are the overall displacement matrix, 
velocity matrix and acceleration matrix of the gear 
transmission system respectively.

x Z
Z

c c c c p p p p p p p

p p p p

( ,c , ,c , ,p ,p , , ,p

, ,
θX Y Z, , ,Y , η δ, p pθ η,p δ

θ η, δ
1p,ηp 1Zp, 2pη, 2

2 3p, pp 3 3p,δ ,,, , , ,
, , , , ,

Z , X Y, Z
X, Y Z, X

p s 1, , , , ,, s, s s, s 1 1,YY, 1

2 2, 2 2, 3 3,, 3 3,YY , 4

θ θ, ,X, Y Z, 1, , , ,, Y ,
θ θ, , , ,X Y, Z ,2 , 2 ,YY 3 θ4 4 444 4, ,4 , , )Y Z,4 X Y,M M,YY, M

 
 

(38)
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M is the overall mass matrix of transmission sys-
tem. k(t) (c(t)) is the overall stiffness (damper) 
matrix of the transmission system, composed of 
the gear mesh stiffness (damping) and the bearing 
support stiffness (damping). F(t) is the load matrix 
of the transmission system.

4 EXCITATION ANALYSIS

4.1 External excitation

In this paper, a 30 seconds input torque incentive is 
acquired from the wind speed spectrum. The out-
put torque can be obtained from the input torque 
using the relationship of transmission ratio. The 
results of external excitation for the gearbox sys-
tem are shown in the (Fig. 3).

4.2 Internal excitation

Considering the comprehensive effect of  the time-
varying mesh stiffness and the transmission error 
for the wind turbine gearbox system (Wei et al. 
(2012)), as an example, the internal excitation force 
of  the internal stage gear pair is shown in (Fig. 4).

5 RESULT ANALYSIS

5.1 Dynamic response analysis

Numerical integration applying the explicit 4/5th order 
Runge-Kutta formula is used to solve the systematic 
dynamic model. The vibration acceleration response 
of the system are shown in (Figs. 5(a)–5(g)).

The results from the (Fig. 5) show that the 
frequency, which correspond to a significantly 
vibration amplitude, is mainly the high-speed stage 
mesh frequency (626.5 Hz). For (Figs 5(a), 5(b), 5(c) 
and 5(d)), it was shown that the vibration amplitude 

Figure 3. A 30 seconds input torque incentive.

Figure 4. Internal excitation force of g1-g2.
Figure 5. Vibration acceleration in time domain and 
frequency domain.
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in rotation direction is greater than the orthogonal 
direction; From the (Figs. 5(b), 5(e), 5(f) and 5(g)), 
we can see that the vibration amplitude of compo-
nents increases stepwise from the input at carrier to 
the output at high-speed shaft, it shows that the high-
speed stage vibration will bring greater impact.

5.2 Dynamic meshing force analysis

The dynamic meshing forces response of gear pairs 
can be seen in the (Figs. 6(a)–6(d)).

As shown in (Fig. 6), the frequency responses 
of the sun-planet dynamic mesh force are basically 
the same as the ring-planet, the frequency com-
ponents are mainly the 30.27 Hz, 139.9 Hz and 
626.5 Hz, they correspond to the three gear pair 
mesh frequency respectively. The maximum mesh 
force of the planetary stage gear pair is located at 
the frequency 30.27 Hz. However, for the middle 
and high-speed stage gear pair, they are located 
at the frequency 626.5 Hz. The mean value of the 
three stage gear pairs dynamic meshing forces are 
the 5.44e5N (sp1), 5.52e5N (rp1), 5.03e5N (g1-g2) 

and 1.55e5N (g3-g4) respectively. They are basi-
cally the same as the static mesh force.

6 CONCLUSIONS

Considering the elastic support of house for the 
wind turbine gearbox, a coupled house-gear sys-
tem dynamic model was established using the 
lumped parameter method. By referring to the cal-
culated results, the following specific conclusions 
were obtained.

For the vibration response of the wind turbine 
gearbox system, important frequency components 
within the frequency-domain signal is the high-
speed stage mesh frequency, as well as the dynamic 
meshing response are the three stage gear pairs 
meshing frequency. The vibration amplitude in rota-
tion direction is greater than the orthogonal direc-
tion. Compared with the planetary gear stage and 
the middle gear stage, the acceleration amplitude of 
the high-speed stage is larger, while the acceleration 
amplitude of the middle gear stage is larger than the 
one of the planetary stage. It is just the opposite of 
dynamic mesh forces amplitude. The mean value of 
the three stage gear pairs dynamic meshing forces 
are basically the same as the static mesh force.
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ABSTRACT: The requirement of weight reduction in several application sectors of mechanical engi-
neering imposes additional constraints and targets for the design of all the components of mechanical 
systems. In the field of geared transmissions, weight reduction is achievable through the use of lightweight 
gears. The NVH performance of the transmission is heavily affected by the dynamic contact forces act-
ing on the meshing teeth of the gears and consequently by the operating working conditions. In order to 
predict the dynamic effects of mass reduction on the transmission dynamics, it is important to estimate 
the variable meshing stiffness, which acts as excitation source, in lightweight gears. Analytical models 
typically used for solid gears are not able to properly describe the effects of gear blank topology on the 
dynamic behaviour of the system in such applications. This paper investigates the effect of mass reduc-
tion on the dynamic behaviour of a pair of meshing gears, by means of a multibody gear element, which 
is based on the results of detailed gear contact simulations. High computational efficiency is reached by 
using a spring-damper element with variable stiffness to model the gear meshing process in the multibody 
environment. The variable meshing stiffness is computed in a preparation phase through detailed Finite 
Element (FE) simulations and then stored in lookup tables, which are used at a later stage during the 
multibody simulations. FE simulations allow capturing nonlinear contact effects and meshing stiffness 
dependencies on the operating conditions. An example is analysed to show that gear blank lightweighting 
has a significant impact on the dynamic behaviour of the transmission.

or automotive engineering, where weight reduc-
tion is critical to achieving increased efficiency 
of  the whole system and, consequently, reduced 
fuel consumption and exhaust emissions. For the 
gears, mass reduction can be achieved by blank 
lightweighting, which poses additional challenges 
in the design of  the transmission. On one hand, 
the dynamic simulation tools must be able to 
predict phenomena coming from different blank 
topologies, which can result in additional excita-
tions for the components of  the transmission. 
On the other side, additional orders coming from 
holes and slots in the gear blanks help to distrib-
ute deformation energy on wider frequency bands, 
with a potential positive impact on the overall sys-
tem dynamics.

The transmission error is considered as one 
of  the main excitation sources in a system where 
meshing gears are present (Smith 2003). It can be 
defined as the difference between the actual posi-
tion of  the driven gear and the position it would 
occupy if  the gears were infinitely rigid and the 
teeth profiles are perfectly conjugate. Due to the 
complexity of  several phenomena occurring at 
the same time, dynamic simulations require a high 

1 INTRODUCTION

In order to reduce the development time and limit 
the number of physical prototypes, simulation tools 
play a key role in the different design phases of a 
mechanical transmission. The dynamic behaviour 
of a transmission is a crucial aspect in determin-
ing the quality of the entire system, in which it is 
installed. The forces generated by the meshing teeth 
can propagate along the whole structure and cause 
noise or durability issues. Meshing gears involve 
many complex phenomena as non-linearities due 
to Hertzian stress in the contact region or backlash 
and position-dependent meshing stiffness.

Meshing gears result to be an excitation source 
in the mechanical transmission systems. Periodic 
meshing stiffness variations generate variable 
forces that excite the resonances of the transmis-
sion affecting the NVH characteristics of the 
transmission and stressing all the components with 
dynamic loads.

Along with the dynamic behaviour of  the sys-
tem, an aspect of  primary importance in the design 
of  mechanical transmissions is the weight of  the 
components, especially in such areas as aerospace 
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level of  detail in order to catch the dynamic behav-
iour in a proper way. In the last decades, many 
simulation strategies have been developed. Exam-
ples of  analytical formulations can be found in the 
models developed by Blankenship and Kahraman 
(1995): according to this formulation, the meshing 
gears are represented as a single Degree-of-Free-
dom (DOF) system, where a spring-damper ele-
ment acting along the line of  action represents the 
position-dependent meshing stiffness, while the 
rotating masses are lumped into inertia moments. 
More complex formulations have been developed 
in order to allow taking into account relative 
misalignment between the gears due to compo-
nents flexibility (Cai 1995) or to enable dynamic 
simulations of  planetary gear trains (Kahraman 
et al. 2002). The computational efficiency of  these 
analytical formulations enables their large use for 
the basic analysis of  whine and rattle problems. 
However, they are not intended to be used when 
a high level of  detail is required or when cross-
coupling effects between the meshing gears and 
other structural components of  the transmis-
sion have to be investigated. Moreover, tune all 
the parameters in the models, in such a way that 
multiple phenomena are properly represented at 
the same time, requires a high level of  knowledge 
in the field of  mechanical transmissions in order 
to allow tailoring the proposed formulations to 
the specific application. Additional DOFs can be 
added to the model in order to take into account 
the relative displacement between the gears due to 
static or dynamic deflection of  other components 
in the transmission. Ongoing research activities 
still focus on analytical models, given the compu-
tational efficiency enabled by the lumped param-
eter formulation.

Semi-analytical models based on linear FE 
and non-linear analytical formulations have also 
been developed by Parker et al. (2000) in order to 
increase the computational efficiency in compari-
son to full FE simulations and to provide a higher 
level of accuracy with respect to purely analyti-
cal models. Here the non-linear contact loads are 
computed based on an analytical formulation and 
applied onto the nodes of a coarse FE mesh at a 
later stage in the simulation.

More refined 3D approaches, such as the Non-
Linear Finite Element (NLFE) simulation, pro-
vide a high level of predictive accuracy at the cost 
of huge computational time. This class of simula-
tion approaches are well suited when stress pat-
terns in the contact zones or load paths in static 
conditions have to be investigated. In the case 
of system-level dynamic analysis, the computa-
tional time required by NLFE simulations is pro-
hibitively large for multiple design iterations and 
system-level optimization.

Multibody (MB) simulations enable a trade-off  
between computational efficiency and simulation 
accuracy and, through a flexible representation 
of structural components, allow also taking into 
account system deflections under static and dynamic 
loads.

In mechanical transmissions, the variable mesh-
ing stiffness is one of the major internal excitations 
of the system. The approach used to model it heav-
ily affects the accuracy and the reliability of simu-
lation results. Excessive approximations can bring 
to bad estimation of the real behaviour of the full 
transmission.

In this paper, a MB simulation tool proposed by 
Palermo et al. (2013) is used to predict the dynamic 
behaviour of gears with different blank ligthweight-
ing strategies. This approach is based on a series of 
NLFE static simulations of the meshing gears for a 
discrete number of relative angular positions along 
the meshing cycle. These simulations are used to 
compute the Static Transmission Error (STE) 
curves, from which the meshing stiffness is derived. 
The results are then stored into look-up tables and 
interpolated during the subsequent MB dynamic 
simulations. In this way, time-demanding NLFE 
simulations are limited to a pre-processing phase, 
without jeopardizing the computational efficiency 
of gear meshing dynamic simulations, carried out 
in the MB environment. Using this approach it is 
also possible to take into account the variability of 
the gear blank contribution to the overall mesh-
ing stiffness, which comes from the typical non-
axisymmetric geometry of lightweight gears.

A flowchart of the proposed simulation 
approach is shown in Figure 1.

Figure 1. Phases of the proposed simulation approach, 
combining NLFE and MB modelling.
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2 CASE-STUDY DESCRIPTION

In order to show the capabilities of the method-
ology proposed in this work, two case-studies are 
analysed. In each of them, a pair of spur gears, for 
which the main geometrical properties are listed in 
Table 1, is modelled and analysed. The two gear 
pairs are shown in Figure 2. In both pairs, a light-
weight gear is mashed with a solid gear. In the 
first case study, the blank of the lightweight gear 
is axisymmetric, while in the second case study 
gear lightweighting is achieved through three slots 
in the blank (Figure 2b), which allow achieving a 
more significant mass reduction.

3 ESTIMATION OF THE STE CURVES 
BY NLFE SIMULATIONS

In the pre-processing phase, the STE curves of 
the two gear pairs were computed. The FE mod-
els of the meshing gears, used for NLFE simula-
tions, were created by using 8-nodes hexahedral 
elements, while supporting shafts were represented 
as infinitely rigid. All the simulations were carried 
out by applying a 350 Nm torque on the centre 
node of the pinion while the gear was kept fixed by 
constraining all the DOFs of its central node. In 
order to catch the variability of the meshing stiff-
ness along the meshing cycle, different NLFE static 
simulations were performed, corresponding to 
equally-spaced angular positions of the two gears. 
The effects of the slots in the blank were taken into 
account by covering a number of meshing cycles 
equal to 19. STE curves were computed according 
to the following equation:

TE rbGrr G bP P= rrr θ θrθG brr P P  (1)

where θP and θG represent the rotation of the pin-
ion and of the gear respectively, while rbP and rbG 
are their base radii. In the specific cases analysed in 
this paper, given the kinematic constrains applied 
to the gear, θP is the final rotational displacement 
of the pinion after load application, while θG is 
zero.

An example of the results obtained from the 
NLFE simulation is shown in Figure 3.

By post-processing the results of  the static 
simulations, the STE curves for the two pairs of 

Table 1. Main properties of the gears.

Parameter Value

Teeth number 57
Normal module 2.6 mm
Normal pressure angle 20 deg
Tip diameter 154.5 mm
Root diameter 141.7 mm
Face width 23 mm
Contact ratio 1.45
Working centre distance 150 mm
Material Steel

Figure 2. MB models of the two gear pairs analysed: a) 
axisymmetric lightweight design and b) lightweight gear 
blank with 3 slots.

Figure 3. Example of stress distribution estimated 
by NLFE simulation for the lightweight gear shown in 
Figure 2a in a given configuration.
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meshing gears were derived, as shown in Figure 4. 
It is possible to appreciate that the effect of  gear 
blank topology on the STE curves in the two case-
studies are significantly different. For the gear 
pair of   Figure 2b, fluctuations in the average value 
of  the STE can be noticed. They are due to the 
non-uniform distribution of  the material below 
the loaded teeth, resulting in lower and variable 
meshing stiffness of  the lightweight gear with the 
slots.

The fluctuation effect due to the slots in the 
gear blank is clearly visible from the discrete Fou-
rier transformation of the STE curve, shown in 
Figure 5.

This fluctuation has a periodicity equal to the 
number of slots in the gear blank, which corre-
sponds to an angular frequency of 3 cycles/revolu-
tion for the gear pair of Figure 2b.

4 MULTIBODY DYNAMIC SIMULATION 
OF MESHING GEARS

Dynamic simulations of gear meshing were car-
ried out by using a proper gear contact model, 
i.e. a User Defined Force (UDF) element imple-
mented in MB simulation environment, as pro-
posed by Palermo et al. (2013). In this section, the 
proposed MB formulation is briefly described, and 
the dynamic simulations are illustrated, along with 
the achieved numerical results.

4.1 Multibody formulation of gear meshing

The UDF element used for MB simulation of gear 
meshing has to be defined for each gear pair in 
the model. It computes the gears meshing forces 
derived from the instantaneous conditions and 
determines the proper load location on the teeth 
flanks at the subsequent step of the dynamic 
simulation.

The process of meshing force determination 
starts from the computation of the Dynamic Trans-
mission Error (DTE) between the gears and its 
time derivative. The DTE is derived by comparing 
the position of two reference systems connected to 
the gear bodies with the position of a third refer-
ence system for each time step of the simulation. It 
is computed in a transverse plane, which is tangen-
tial to the pitch circles of the meshing gears, as the 
relative displacement between the two reference 
frames in the tangential direction and accounts for 
two different contributions: the relative rotations 
of the two meshing gears (DTEr) and the relative 
translation in the tangential direction (DTEt), 
according to the following equation 2:

DTE DTT TE DTETr tDTETT= +DTErE  (2)

Figure 4. STE curves for the two gear pairs analyzed: a) 
axisymmetric lightweight design and b) lightweight gear 
blank with three slots.

Figure 5. FFT analysis of the STE curves in angle-
domain for the two gear pairs analysed: a) axisymmetric 
lightweight design and b) lightweight gear blank with 
three slots.
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The gear contact force defined by the UDF ele-
ment is derived from the DTE according to the fol-
lowing formulation:

F
F F F

F kDTETT

F c
dDTE

dt
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where F is the normal contact force, Ftt is the mag-
nitude of the tangential contact force and T is the 
transformation vector from the tangential direction 
to the direction normal to the tooth surface in the 
force application point. Fttk and Fttc represent the 
elastic and the damping components of the tan-
gential contact force. The constants k and c are the 
instantaneous meshing stiffness and the viscous 
damping coefficient respectively. The transforma-
tion vector, which allows computing the radial and 
tangential components of the gear contact force 
for a pair of spur gears, is defined as:
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 (4)

where ϕ is the pressure angle.
The meshing force is applied in the operating 

contact point, which is kinematically derived from 
the gears geometrical parameters and from their 
actual position. For the case studies analysed in 
this work the operating contact point is considered 
to be always located in the middle plane of each 
gear, since gear teeth are spur and no misalignment 
is taken into account.

In case of constant transmitted load, the equiv-
alent meshing stiffness is derived from the STE 
curves that have been previously estimated through 
the NLFE simulations, according to equation 5:

k
F

STETT
ttFF

=  (5)

STE values are stored in lookup tables as func-
tion of the actual angular relative position between 
the gears, i.e. as a function of the gears position 
along the meshing cycle. The meshing stiffness is 
considered to be periodic with respect to the rela-
tive angular position of the gears. For axisym-
metric gear pairs, the angular period of the STE 
is coincident with the length of the meshing cycle. 
If  one of the gears is non-axisymmetric, due, for 
instance, to the presence of holes in the blank, the 
STE angular period does not coincide with the 

meshing cycle and must be calculated based on the 
number of teeth and of holes. The position along 
each STE cycle (PC) is derived as:

PC floor
P

P
P

P= −
⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

⎡

⎣
⎢
⎡⎡

⎣⎣
⎢⎢
⎣⎣⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦
⎥⎥
⎦⎦⎦⎦

1

1
1

1

1
1θP

θP
θ1

θP

θP  (6)

where θ1 is the actual rotational angle and θP1 is 
the angular period of the STE curve. The obtained 
value of PC is between 0 and 1.

4.2 MB simulation and analysis of results

The dynamic behaviour of the meshing gear pairs 
was analysed by means of multibody simulations 
in LMS VirtualLab environment. The MB model 
consisted of a gear pair with perfect revolute 
joints on each gear rotational axis. The effects of 
structural flexibility of supporting shafts or joints 
were not included in the model and hence relative 
misalignments between the gears were not taken 
into account. Moreover, for sake of simplicity, the 
dependence of the meshing stiffness on the applied 
load, which is expected to be variable in dynamic 
conditions, was neglected.

All the MB simulations were performed using a 
loading torque of 350 Nm, corresponding to the 
one used for the computation of the STE curves, 
applied onto the driven gear. The driving gear was 
assigned an angular velocity linearly increasing 
from 0 to 5000 rpm in 80 s, and a sampling fre-
quency of 40 kHz was set. The time histories of the 
estimated DTE, illustrated in Figure 6, show mul-
tiple amplifications of the dynamic response. The 
most significant amplification occurs after about 
45 seconds for the first gear pair (Figure 6a) and 
circa 10 seconds earlier for the second gear pair 
(Figure 6b), corresponding to a rotational speed 
of the gears of about 2800 rpm and 2200 rpm 
respectively. Such effects of dynamic amplification 
are caused by the internal system excitation due 
to the variable meshing stiffness, e.g. by the STE, 
and occur whenever the tooth meshing frequency 
or one of its non-negligible higher order harmon-
ics cross the torsional resonance frequency of the 
system.

Numerical results show also that system reso-
nances are reached at higher rotational speeds 
in the transmission with the axisymmetric light-
weight gear. This is due to the higher value of 
average meshing stiffness estimated for the solid 
lightweight design, which involves a higher value 
of the torsional frequency of the first gear pair as 
compared to the second one.

It is also worthy to notice that the envelope of 
the DTE curves in the proximity of the resonant 
responses is sharper for the first gear pair, while a 
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lower quality factor of  resonance is observed for 
the second gear pair. Such effect is due to the lower 
torsional frequency and to the presence of mate-
rial discontinuities in the blank of the gear with 
slots. The latter phenomenon, as already pointed 
out in section 3, causes a variability of  the average 
meshing stiffness and, in turn, the generation of 
sidebands in the dynamic response of the system.

To further clarify the latter consideration, the 
waterfall diagrams shown in Figure 7 have been 
generated. In the waterfall diagram of Figure 7a 
the fundamental meshing order of the gear pair, 
corresponding to the 57th order of the rotational 
speed, is clearly visible as the main excitation order 
in the system. Significant is also the contribution 
of the 114th order. In the waterfall diagram of 
Figure 7b, additional non-negligible orders show 
up, due to the variability of the average meshing 
stiffness in the second gear pair. In particular, being 
the number of slots in the blank of the lightweight 
gear equal to three, the 3rd order of the rotational 
speed contributes significantly to the dynamic 
response of the system, along with the orders n. 
57 ± 3n (with n = 1,2,..), which are symmetrically 
located on both sides of the meshing order and 
cause a “sideband” effect.

Figure 6. Time histories of the DTE for the two gear 
pairs analysed: a) axisymmetric lightweight design and b) 
lightweight gear blank with three slots.

Figure 7. Waterfall diagrams of the DTE estimated for 
the two gear pairs analysed: a) axisymmetric lightweight 
design and b) lightweight gear blank with three slots.

5 CONCLUSIONS

In this paper the effects of  blank lightweighting 
on the dynamic behaviour of  a pair of  meshing 
gears has been investigated by combining NLFE 
and MB simulation methodologies. Two case 
studies have been analysed, with two different 
lightweight designs: in the first case, an axisym-
metric lightweight gear, with reduced blank thick-
ness, engages with a solid gear; in the second case, 
a much higher weight reduction is achieved in the 
lightweight gear through three slots in the blank. 
The simulation results, analysed in both time and 
frequency domain, show that the dynamic behav-
iour of  the second gear pair is significantly differ-
ent from the one of  the axisymmetric gear pair. 
The variability of  the average meshing stiffness 
during gears rotation, in fact, causes additional 
excitation orders and produces a “sideband” 
effect in the dynamic response of  the second 
transmission.

Next steps of the research presented here will 
investigate the impact of gear lightweighting 
on more realistic application cases, where cross-
coupled effects, coming from the flexibility of 
different components, are taken into account for 
accurate system-level dynamic simulations of 
mechanical transmissions.
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ABSTRACT: A comprehensive dynamic model of a rotor-bearing system has been established to 
investigate the characteristics of the coupled bending and torsional vibrations. Unbalanced force is 
considered during the research as a main reason to cause the coupled vibrations. Hertzian contact force, 
as another important factor in a rotor system supported by ball bearings, becomes nonlinear due to the 
waviness on bearing races and radial clearance, which provide complicated excitations to the rotor-bearing 
system. The numeric technique Runge-Kutta method is used to solve the nonlinear derivative equations 
iteratively. Thus the effects of unbalanced force, nonlinear Hertzian contact force on the dynamic responses 
of the rotor system are observed. Time history, vibration spectrum, phase diagram and Poincaré map are 
employed to reveal the mechanism of the coupled vibrations and to exhibit the relationships among the 
effect of different factors on the dynamic responses of the rotor-bearing system.

balls on the bearings would cause the supporting 
stiffness to vary periodically, and thus exert influ-
ences on the instability region of the rotor.

In a long period of time, average bearing stiff-
ness is used to depict the supporting effect of  sup-
porting bearings on rotors or shafts. Because of 
the considerable errors and limitation of average 
supporting stiffness, Hertzian contact force was 
introduced later. Harsha S P (2004) focused on 
the race waviness of  ball bearings when studying 
the dynamic responses of  a rotor-bearing system. 
He regarded the contact between balls and guiding 
races as nonlinear springs, whose stiffness could 
be calculated through the Hertzian contact theory. 
The research indicated that race waviness on sup-
porting bearing is another cause of the complex 
dynamic behaviors of  the rotor-bearing system. 
Afterwards, Gu X (2014) established a nonlinear 
dynamic model, considering Hertzian contact 
force which is affected by radial clearance, inner 
and outer race waviness, and finite number of 
balls. The contact forces between balls and guid-
ing races become nonlinear due to radial clear-
ance and race waviness, which leads to nonlinear 
supporting forces on the rotating shafts. Then in 
Tsinghua University, Zhang X (2016) studied the 
effects of  waviness amplitude, initial phase angle 
and rotor eccentricity on operation instability 

1 INTRODUCTION

Rotor-bearing system is widely applied in rotat-
ing machinery in modern industry. Because of 
the trend of large-scale and high-speed develop-
ment, more and more problems emerge. In many 
cases, bending vibration and torsional vibration 
on a rotor system encourage each other and cou-
ple together, bringing about severe oscillation, even 
great damage to the equipment. A lot of research 
of coupled bending-torsional vibration on rotor-
bearing system has been done in many literatures.

Broniarek C (1967) studied the instability prob-
lems caused by bending and torsional vibrations on 
a rotor system, and found that the critical state of 
stability contained coupled bending and torsional 
vibrations due to inertia force caused by unbalanced 
mass. Liu Z (2003) carried on a theoretical analysis 
on the dynamic differential equations of nonlinear 
coupled bending and torsional vibrations of a Jeff-
cott rotor. He came to a conclusion that unbalanced 
force is an important factor that causes coupled 
vibrations, and that frequencies of bending and 
torsional vibrations are interconnected in frequency 
domain. Zhang X (2013) did a research work on the 
stability analysis on a rotor-bearing system due to 
time-varying supporting stiffness, and discovered 
that both unbalanced mass and finite number of 
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regions of the rotor system, and concluded that 
amplitude of waviness has a significant influence 
on instability regions, while initial phase angle has 
hardly any effects on the instability regions. Also, 
the width of instability regions changes with rotor 
eccentricity.

This article considers unbalanced force on the 
rotor, and nonlinear Hertzian contact force of 
support ball bearings, and establishes a dynamic 
model of  bending-torsional vibration of a three 
disks rotor-bearing system. Numerical method 
is used to solve the governing equations. Phase 
diagram and Poincaré map are applied to analyze 
the motion characteristic of  the coupled vibra-
tions. Time histories and vibration spectrums are 
adopted to investigate the mechanism of unbal-
anced force and nonlinear Hertzian contact force 
causing coupled bending and torsional vibrations.

2 UNBALANCED FORCE

Unbalanced force is widely seen in rotating 
machinery. Reasons that cause unbalanced force 
can be concluded as rotor mass eccentricity, con-
figurationally asymmetry, processing tolerance, 
improper installation of components, wearing and 
deformation of running component, etc. Mul-
tiple researches have shown that the existence of 
unbalanced force in a rotating system will increase 
extra load and bring about vibrations, which will 
probably lead to components or equipment dam-
age when it becomes severe. Hence, it is of great 
significance to carry on a deep investigation into 
the mechanism of unbalanced force causing shaft-
ing vibration. As unbalanced mass is a major cause 
of unbalanced force, for the consideration of con-
venience and simplification, unbalanced force is 
expressed in the way of unbalanced mass, or more 
specifically, rotor eccentricity.

2.1 Modeling

In order to investigate the mechanism of unbal-
anced mass causing coupled bending-torsional 
vibrations, a three-disk rotor bearing system, with 
eccentricity in each disk is introduced in Figure 1.

where m and J denote mass and moment of inertia 
of a rotating disk, respectively. kt and ct denote tor-
sional stiffness and damping of shaft, respectively. 
ks and cs denote bending stiffness and damping of 
shaft, respectively. kb and cb denote the equivalent 
supporting stiffness and damping of rolling bearing 
that supports each disk, respectively. Subscripts 1, 
2, 3 denote the number or sequence of three disks, 
shaft segments or rolling bearings.

Assume that every disk in the rotor-bearing 
system has an eccentricity value ei (subscript i rep-
resents the sequence of the disks). The force analy-
sis diagram of a single rotating disk is shown in 
Figure 2.

Where oi represents the geometric center of disk, 
c the center of mass, o the origin of coordinates, e 
the eccentricity of disk, ω the rotating speed, θ the 
torsion angle of each disk and ϕ = ωt + θ the tor-
sion angle.

In each disk of the rotor system, three degrees 
of freedom are considered, including two lateral 
DOFs x and y, and one torsional DOF θ. Hence 
in the lumped mass model shown in Figure 1, there 
are 9 DOFs in total are considered. It is shown as 
follows:

q { }x y y x yy yy yx yxx  (1)

According to the force analysis of each disk 
in Figure 2, the coordinates of center mass c is 
expressed as:

x e
y e

c ix
c iy

= +xix
= +yiy{ cos

sin
ϕ

ϕ  (2)

Based on the theorem of motion of center of 
mass and Newton’s Law, the system governing 
equations of disk 1 with eccentricity e1 can be 
deduced as follows:

m
d
dt

k

c k x c x
s

s b b

1

2

2 1ksk

1bk 1 1cb 1 0

( )x e1 1e 1+ + kkk ( )x x1 2x−x1

+ c ( )xxx −xxx +k xbk 1bk =
1

�  (3)

Figure 1. Model diagram of rotor-bearing system. Figure 2. Force analysis diagram of rotating disk.
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m
d
dt

k

c k y c y m
s

s b b

1

2

2 1kskk

1bk 1 1cb 1

( )y e1 1e 1+ + kkk ( )y y1 2y−y1

+ c ( )yyy −yyy +k ybk 1bk +
1

� 11 0g =  (4)

J k
m e x

t t

w

1 1JJ 1t

1 1e ��
ktkk1 1tc

ϕ
ktk 1 ( )θ θ2−1θ1 c 1ctc ( )1 2

� �θ1θ θ2−1θ1

= m e x1e ( )gwy 1( )�� +si cnϕ ( )y gwy 1 + osϕϕ1ϕϕ⎡⎣⎡⎡ ⎤⎦⎤⎤  (5)

The equations of the left two disks are similar 
as disk 1, for the convenience of space saving, they 
are not listed in the paper. For the convenience of 
solution, the dimensionless transformation is given 
as below:

τ ω

τ τ
β θ

τ

=ω =

= = =

t Xωωωω x
d

Y
y
d

X
dX
d

Y
dY
d

d
d

, ,X
d

, ,Y
d

� �dX �
 (6)

Substituting Equation (6) into Equations (3)–(5), 
the dynamic equations can be rewritten in dimen-
sionless form:

�� �X c c X k k X

E
1 1X cX 1 1c 2 1X 11kk 12kk 1XX

1

2

c1c 1 ( )� �X X1 2XXX1XX + +c Xc 1XX ( )X X1 2XX XX−

= E1EE ( )�
11+1 )11 1 1( )+τ β111ββββ + 1 ( )1+E1

��β11 111 ( 11  (7)

�� �Y c c Y k k Y

E
1 1Y cY 1 1c 2 1YY 11kk 12kk 1YY

1

2

c1c 1 ( )� �Y Y1 2YYY1YY + +c Yc 1YY ( )Y Y1 2YY YY−

= E1EE ( )�
11+1 )11 1 1( )+τ β111ββββ − ( )1 G)1+E11 −��β11 1β (111 ( 111  (8)

��

�� ��
β1 1ββ 3 13

1 1 1

( )β1β 2ββ( )� �β β ( )β β1β 2ββ−β1ββ

1= ( )τ β1βτ − ( )τ β1ββτ
β β1β ββ−β1ββ
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2.2 Results

In the rotor-bearing system, parameters are 
given as follows: m1 = 18.35 kg, m2 = 33.52 kg, 
m3 = 20.67 kg, J1 = 0.322 kg ⋅ m2, J2 = 0.265 kg ⋅ m2, 
J3 = 0.301 kg ⋅ m2, kt1 = kt2 = 1.99 × 105 Nm/rad, 
ct1 = 6.803 Nm ⋅ s/rad, ct2 = 6.699 Nm ⋅ s/rad, 
ks1 = ks2 = 4.41 × 106 N/m, cs1 = 64.05 N ⋅ s/m, 
cs2 = 63.068 N ⋅ s/m, kb1 = kb2 = kb3 = 2.95 × 108 N/m, 
cb1 = cb2 = cb3 = 300 N ⋅ s/m. Assume that the eccen-
tricities of disk 1 and 3 are zero and disk 2 0.005 m, 
i.e. e2 = 0.005 m. Equations (7)–(9) are solved by 
Runge-Kutta method to obtain the radial and tor-
sional displacements and velocities of three disks. 

Phase diagram and Poincaré Map are adopted to 
distinguish the motion state of the rotating rotor. 
In order to dig the principle of bending-torsional 
vibration, FFT process is carried out.

Figure 3 gives the time history of lateral vibra-
tion x1 of the first disk, and that of torsional 
vibration of the shaft between disk 1 and 2 (the 
left shaft) at an operating speed of 3000 r/min. It 
can be seen that the rotor system keeps in periodic 
motion, which reveals the steady state of the sys-
tem. More solid conclusions can be made through 
phase diagram and Poincaré map under this work-
ing condition as shown in Figure 4. The phase 
diagrams of x1 and θ1 appear to be a single closed 
curve, and the Poincaré maps are mapped into a 
single point. Both together indicate that under the 
working condition of 3000 r/min, both the bending 
and torsional DOFs of the rotor-bearing system 
proceeds single cycle vibration. In other words, 
rotor-bearing system runs steadily.

Fourier transformation process is taken to 
reveal the mechanism of unbalanced mass causing 
coupled bending-torsional vibration in frequency 

Figure 3. Time histories of lateral and torsional vibra-
tions.

Figure 4. (a) Phase diagram and Poincafé map of x1; 
(b) Phase diagram and Poincaré map of θ1.
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domain. Figure 5 below shows the spectrums of 
bending vibrations x1 and torsional vibration θ1 of 
the rotor-bearing system.

From spectrums above, the main frequencies 
can be obtained. There are three main frequencies 
in the spectrogram of bending vibration, which are 
expressed as fb1 = 50 Hz, fb2 = 479 Hz and fb3 = 643 Hz. 
And the main frequencies of torsional vibration are 
listed as ft1 = 50 Hz, ft2 = 127.5 Hz, ft3 = 232.5 Hz, 
ft4 = 429 Hz and ft5 = 529 Hz. There exists a domi-
nant frequency 50 Hz in both spectrograms, which 
is the operation frequency at the rotating speed of 
3000 r/min. Use fr to denote the operation frequency, 
i.e. fr = 50 Hz. During the several frequencies of tor-
sional vibration, ft2 and ft3 are natural frequencies, 
which only relate to the internal parameters of the 
rotor itself, and won’t change with the rotating speed. 
The last two order frequencies ft3 and ft4 are deeply 
related to frequencies of bending vibration of the 
system. In terms of numerical values, it can be found 
that ft4 = fb2 − fr, ft5 = fb2 + fr. In other words, bend-
ing vibration with second order frequency fb2 will 
cause torsional vibration with frequency ft4 and ft5, 
on the other hand, torsional vibration of frequency 
ft4 and ft5 will lead to bending vibration of frequency 
fb2 of the rotor-bearing system. This explains the 
mechanism of coupled bending-torsional vibrations 
of rotor-bearing system in frequency domain when 
unbalanced mass of disks are considered.

3 HERTZIAN CONTACT FORCE

Rolling element bearing is an important component 
that supports rotors in rotating machinery. A roll-
ing element bearing consists of rollers, carrier, inner 
and outer races. In a rotor-bearing system, bearings 
are used to support the revolving rotor and reduce 
friction force. As for a deep groove ball bearing, the 
supporting effect turns into a radial bearing force. 
An average numeric value is usually used to represent 
the bearing stiffness to the rotor when the system is 
running. Some empirical formulas are worked out 
by scientists to simulate bearing stiffness of differ-
ent bearings. However, the genuine bearing stiffness 
of ball bearings is connected to multiple factors, 

because of which it becomes time-varying and non-
linear. Therefore, the classical way of computing 
bearing stiffness is of limitation and lack of accu-
racy. From another perspective, supporting force 
of ball bearing is the summation of contact forces, 
which exist between the various components of the 
bearings, i.e. rolling elements, races and rotors.

3.1 Waviness model

Hertzian contact is a complicated process of elastic 
deformation. Waviness is the irregularities that gen-
erated during the grinding and honing process of the 
bearings components. Because of the characteristics 
of processing, waviness is the global sinusoidally 
shaped imperfection on the guiding race surface of 
the bearing components. Waviness is an important 
source of vibration in ball bearings. The nature of 
the effect of race waviness on the Hertzian contact 
force lies in that it makes the geometrical profile of 
the contact surface time-varying and nonlinear, and 
hence the contact force itself. Zhang X (2013) stud-
ied the effects of waviness amplitude and phase angle 
of an angular ball bearing on the dynamic stability 
of a rotor-bearing system, and found that waviness 
amplitude has a great influence on the system stabil-
ity while the phase angle can be negligible.

Surface waviness exists in each component of 
ball bearing, inner and outer guiding races, rolling 
balls. In order to study the mechanism of waviness 
causing coupled bending and torsional vibrations 
qualitatively, only outer race waviness is consid-
ered. Use Ao to denote the waviness amplitude. 
The wavelengths of the imperfections are much 
larger than the dimensions of the Hertzian contact 
areas between the balls and guiding races. Use N to 
denote the wave number, which means the number 
of waves per circumference. Use λ to denote the 
wavelength. Hence, the waviness of outer race can 
be simply express as:

W A
L

o oW AW ⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

sin 2π LL
λ

 (10)

where L = Roθi, λ = 2πRo/No Ro denotes the radius 
of outer race; θi is the contact angle between ith 
ball and the guiding race.

Assume that the outer race of ball bearing is 
fixed rigidly to the support, while the inner race is 
fixed rigidly to the rotating shaft, which means the 
outer race is stationary and the inner race revolves 
with the shaft externally. Therefore, the rotating 
speed of outer race ωo = 0, hence the linear speed 
vo = 0; the rotating speed of the inner race ωi = ω 
(the angular speed of shaft), hence the linear speed 
vi = ωRi, where Ri represents the radius of inner 
race. The linear velocity of the carrier can be there-
fore express as follows:

Figure 5. Spectrums of bending and torsional 
vibrations.
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v
v v

c
i ov

=
+
2

 (11)

From the geometrical relationship, it is known 
that the radius of the carrier is the summation of 
radii of inner and outer races, which is

R
R R

cR i oR R
=

2
 (12)

In that way, the angular velocity can be easily 
deduced as:

ω ωcωω i

o i

Rii

R Ro io i

 (13)

Use z to denote the number of rolling balls in 
a deep groove ball bearing. At time t, the contact 
angle θi is expressed as:

θ ω π
i cθ ωθ t

z
+ωcω t ( )i −

2  (14)

Substituting Equation (14) into Equation (10), 
the expression of the outer race waviness can be 
deduced as:

W A N t
zo oW AW c +tA NoA ( )i −⎡

⎣⎣⎣
⎤
⎦⎥
⎤⎤
⎦⎦

⎧
⎨
⎧⎧
⎩
⎨⎨

⎫
⎬
⎫⎫

⎭
⎬⎬si ω π2  (15)

3.2 Restoring force

Assume all the contact between balls and guiding 
races satisfies the Hertzian Contact Law. When 
the balls and races suppress each other, a restor-
ing force is generated. The resultant force of every 
ball in a bearing provides the supporting forces to 
the rotating shaft in a rotor-bearing system. Since 
the restoring force is affected by race waviness and 
radial clearance, it becomes time-varying and non-
linear. Therefore, the support forces are named 
nonlinear Hertzian contact force.

Assume there is no slippage between rollers 
and the guiding races, and neglect the influence of 
lubricating oil. According to the Hertzian Contact 
Law, the restoring force at ith ball is

F KbK n
θFF i bi K ( )iθ iiγ θ +

 (16)

In the equation above, Kb is the Hertzian contact 
stiffness, which can be computed with the method 
put forward by Harris T A (2006). Ball bearings 
adopted in the rotor-bearings are deep groove ball 
bearing with nominal code 61818. According to 
the parameters of 61818, Kb = 2.708 × 109 N/m1.5. 
γθi denotes the elastic deformation of contact bod-
ies at θi. n is the load deformation coefficient, which 

assigns a value of 10/9 for a roller element bear-
ing and 3/2 for a ball element bearing. The sub-
script “+” expresses that the contact deformation 
between two contact bodies exists when γθi > 0, and 
doesn’t exist when γθi ≤ 0.

Figure 6 shows the simplified contact deforma-
tion relationship of balls and guiding races in a 
bearing. x and y represent the vibration displace-
ments of two lateral orthogonal DOFs of a rotat-
ing disk. According to the geometrical relationship, 
the elastic deformation of ith ball with the guiding 
races is obtained:

γ θ θθγγ i iθ iθθyiθ +θ ( )iγ oW Wi o+γγsyiθ +θθiθ in γγ  (17)

where γ0 denotes the radial clearance of the 
bearing.

Substituting the equation about into Equation 
(16), the restoring force of ith ball is obtained as 
follows:

F K xi b i iyθFF ii θ θiyxKbK θ − ( )WoWWγ⎡⎣⎡⎡ ⎤⎦⎤⎤+
yyθ i γγ

3
2  (18)

As mentioned before in the paper, the Hertzian 
contact force is the resultant force of all the restoring 
forces in a bearing. Resolve the contact force into x 
and y direction and thus the supporting forces in x and 
y direction of ball bearing on the shaft are obtained. 
They are shown in the following equations.

F K xx bFF i iy
i

z

ixKbK − ( )o⎡⎣⎡⎡ ⎤⎦+
=
∑ iθ θiy+ syy+ in θi)WoWW ⎤⎦⎤⎤+

cos
1

3
2  (19)

F K xy bFF i iy
i

z

ixKbK − ( )o⎡⎣⎡⎡ ⎤⎦+
=
∑ i iθ θiy+ syy+ in θi)WoWW ⎤⎦⎤⎤+

sin
1

3
2  (20)

3.3 Modeling and results

To investigate the mechanism of nonlinear Hertz-
ian contact force of ball element bearing causing 
bending vibration and torsional vibration to couple 

Figure 6. Schematic diagram of contact deformation 
relationship.
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together qualitatively, the Hertzian contact force of 
the bearing which supports the middle disk only is 
considered. The support effects of bearings on two 
sides are still considered as average support stiff-
ness. The governing equations of the middle disk 
are given as below:

m
d
dt
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s s
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2

2
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Dimensionless process is necessary to carry out 
to avoid unreasonable output and simplify the cal-
culation process. Equations below are differential 
equations of coupled bending and torsional vibra-
tions of the middle disk.
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Two supporting forces are converted into equa-
tions as follows after dimensionless transforma-
tion.

F K
dX d

x bF KF i i

i

z

i−( )W W oW−
⎡
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⎤
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2XX i
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i−( )W W oW−
⎡
⎣⎢
⎡⎡
⎣⎣

⎤
⎦⎥
⎤⎤
⎦⎦

∑
+

2XX i

3
2cos i
sin

Θ ΘdY+i sdY+ 2dYYi dYY+ in
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where Wτi = Ai sin (NΘi − Nτ), Wτo = Ao sin (NΘi), 
Θi

R
R R z

iR

o iR R t= +R R
i τ + ttπ2 ( )ii 1 , .tτ ωt

Parameters are given as: the radial clearance 
γ0 = 0.5 μm, the outer race wave amplitude 
Ao = 1 μm, wave number N = 20, the number 
of balls z = 25, the eccentricities of three disks 
e1 = e2 = e3 = 0.001 m. Pick up a rotating speed 
3928 r/min randomly, and adopt the 4–5 order 
Runge-Kutta method to solve the obtained deriva-
tive dimensionless equations iteratively.

When the rotating speed of the main shaft is 
3928 r/min, the time histories of bending and tor-
sional vibrations in the direction of DOFs x2 and 
θ2 are given in Figure 7. The bending vibration x2 is 
stable as a whole, while waveform of the torsional 
vibration θ2 shows much wavelet, which indicates 
that there exists many orders of exciting frequen-
cies in the frequency domain. Figure 8 shows the 
phase diagrams and Poincaré maps of bending 
vibration and torsional vibration, respectively. In 
Figure 8(a), the phase diagram consists of a bunch 
of end-to-end closed circuits, and the Poincaré 
map is a closed curve constituted by numerous 
points. It leads to a conclusion that the bending 
vibration x2 is quasi-periodic oscillation. From 
Figure 8(b), same conclusion is obtained. Hence, 
at a rotating speed of 3928 r/min, the motion state 
of the coupled bending-torsional vibrations of the 
rotor-bearing system keeps as quasi-periodic oscil-
lation, which means under this condition, the sys-
tem is not stable.

Spectrums of bending and torsional vibrations 
are given in Figure 9, as shown below. From Figure 9, 
the main orders of bending vibration frequen-
cies are extracted and expressed as: fb1 = 65.5 Hz, 

Figure 7. Time histories of lateral and torsional 
vibrations.
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fb2 = 385.5 Hz, fb3 = 516.5 Hz, fb4 = 725 Hz and 
fb5 = 857 Hz; the main frequencies of torsional vibra-
tion are: ft1 = 65.5 Hz, ft2 = 127.5 Hz, ft3 = 232.5 Hz, 
ft4 = 451 Hz, ft5 = 589 Hz and ft6 = 790.5 Hz. Obvi-
ously, 65.5 Hz in both diagrams is the operation 
frequency fr when the main shaft revolves at a speed 
of 3928 r/min. Similarly, relationships are found 
between frequencies of bending vibration and tor-
sional vibration: fb2 + fr = ft4, fb3 − fr = ft4, fb4 + fr = ft6, 
fb5 − fr = ft6. This shows the deep internal connec-
tions between frequencies of bending and torsional 
vibrations. Some orders of bending vibrations will 
cause according torsional vibrations, and in turn, 
some orders of torsional vibrations will cause the 
rotor-bearing system to vibrate laterally. Of par-
ticular note is the 5th order bending torsional fre-
quency fb5 = 857 Hz. It is called the wave passage 
frequency fwp (Zhang Y, 2008), which is generated 
in the process of balls periodically passing through 
every wave peak of the outer race of the bearing. 
The mathematical expression of the wave passage 
frequency is given as:

f
z

wpff =
( )o co −

π2
 (29)

where ωo and ωc denote the angular velocities of 
outer race and the carrier, respectively. z is the 
number of balls in a ball bearing.

When rotating speed of the main shaft is 
3928 r/min, fwp = 857 Hz. The bending vibration of 
frequency fwp causes torsional vibration with fre-
quency ft6 and ft6 generates another order exciting 
frequency of bending vibration in return. This is 
the mechanism of how bending vibration and tor-
sional vibration get to couple together.

4 CONCLUSIONS

A comprehensive dynamic model of  coupled 
bending-torsional vibration of a rotor-bearing 
system is established in this paper. Unbalanced 
force on the rotor and nonlinear Hertzian contact 
force of  the ball bearing are considered. Numeri-
cal simulation is carried out to investigate the 
mechanism of how the two factors cause bending 
and torsional vibrations to couple together. The 
simulation result shows that under the influences 
of  unbalanced force and Hertzian contact force, 
frequencies of  two kinds of vibrations are deeply 
related in the way of adding or subtracting an 
operation frequency. Bending vibrations of some 
exciting frequencies will cause torsional vibration, 
and in turn, torsion vibrations of some frequen-
cies will cause bending vibration. In addition, the 
imperfection on outer race waviness of  ball bear-
ing, i.e. waviness, will cause an order stimulating 
frequency, wave passage frequency, straightly in 
the frequency domain of bending vibration. Wave 
passage frequency will similarly cause an excit-
ing frequency in bending vibration of the system. 
Bending vibration and torsional vibration in a 
rotor-bearing system are coupled together through 
exerting influence on each other’s stimulation 
frequency.
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ABSTRACT: This paper presents a three-dimensional model of multi-mesh gears based on classic shaft 
and lumped parameter elements combined with specific two-node gear elements. Mesh excitations are 
accounted for by using time-dependent functions determined in quasi-static conditions: (a) mesh stiff-
ness, (b) local quasi-static transmission error under load associated with each individual mesh and, (c) 
kinematic transmission error. The theory is first applied to a double-stage spur gear system and its validity 
is proved by comparing with the simulation results obtained by a different modelling strategy. In a second 
phase, the dynamic behavior of multi-mesh systems comprising both cylindrical and spiral-bevel gears is 
tackled. The couplings between the various meshes are clearly illustrated by analyzing the local dynamic 
mesh force spectra and, finally, the role of the shaft connecting the two meshes is highlighted.

of-freedom model of a double-stage system and 
analyzed the phase lag influence (Umezawa et al. 
1986). Kahraman set up a three-dimensional 
model of a drive train composed of three helical 
gears excited by time-varying mesh stiffness and 
profile errors (Kahraman 1994). Vinayak and 
Singh developed a multi-body model for multi-
mesh transmissions composed of rigid cylindrical 
gears which was later extended to account for com-
pliant gear bodies (Vinayak et al. 1998). Raclot and 
Velex studied the influence of shape and mounting 
errors on double-stage gear systems (Raclot et al. 
1999). More recently, Liu proposed a nonlinear 
model enabling to capture partial and total contact 
losses and studied the influence of tooth profile 
modifications on the dynamic response of multi-
mesh systems (Liu et al. 2008).

However, multi-mesh dynamic models remain 
sparse and mainly deal with parallel axis trans-
missions with spur or helical gears although, in 
a number of applications, cylindrical and bevel 
gears can be combined. In this paper, a numeri-
cal methodology is presented which is aimed at 
simulating the dynamic behavior of transmissions 
composed of both cylindrical (spur or helical) and 
spiral-bevel gears. The proposed three-dimensional 
dynamic model relies on classic shaft and lumped 
parameter elements along with specific two-node 

1 INTRODUCTION

Gears in high speed applications are recognized 
as primary sources of vibration and noise (Rou-
lois et al. 2014) and a large number of models have 
been developed to predict the dynamic behavior of 
single-stage gear systems (Ozguven et al. 1988a). 
The concept of Transmission Error (TE) was first 
introduced by Harris (Harris 1958) to quantify the 
deviations between the actual and theoretical posi-
tions of the driven member caused by shape devia-
tions, mounting errors and deflections. It has been 
experimentally shown that the time variations of 
quasi-static TE correlate well with gear noise and 
vibration (Houser et al. 1994) and transmission 
error is usually employed to define optimum tooth 
profile modifications minimizing mesh excitations 
(Lin et al. 1989; Bonori et al. 2008; Bruyère et al. 
2013). From a theoretical viewpoint, it has been 
demonstrated that the concept of transmission 
error was, to a large extent, representative of mesh 
excitations in single-mesh gear systems (Ozguven 
et al. 1988b; Velex et al. 2006; Sainte-Marie et al. 
2015a).

In order to reach high reduction ratios, trans-
missions often comprise several stages and, in this 
context, the classic single-mesh models cannot be 
used anymore. Umezawa proposed a two-degree-
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gear elements. An overview of the mathemati-
cal developments leading to the expression of the 
equations of motion is given and the concept of 
local transmission errors is introduced to account 
for individual mesh excitations. The model is first 
applied to a double-stage spur gear system and the 
corresponding results are compared with those 
obtained from a different numerical approach in 
order to assess the validity of the proposed theory. 
Finally, a system mixing cylindrical and spiral-
bevel gears is simulated and the inter-mesh cou-
plings are analyzed.

2 DYNAMIC MODEL

A system of Nmesh meshes is considered. Each mesh 
(L) is composed of a pinion (1) and a gear (2) of  
respective centers O1

(L) and O2
(L). The pinion and 

gear bodies are assumed to be rigid so that elastic-
ity can be concentrated at the contact interfaces. In 
what follows, the friction forces between the mat-
ing tooth flanks are neglected. It is further assumed 
that, for a given angular position of a pinion-gear 
pair, the normal to the active tooth flanks is the 
same at every point of contact.

The pinion and the gear of each mesh (L) are 
attributed 6 Degrees of Freedom (DOFs) each: 
3 infinitesimal translations and 3 infinitesimal rota-
tions superimposed on rigid-body rotations defin-
ing the DOF vector q(L). Assuming that the instant 
centroid of the mesh force distribution G(L) is also 
the instant centroid of the mesh stiffness distribu-
tion and considering that the contact conditions in 
dynamics are close to those in quasi-static regime, 
it has been shown that the equations of motion 
for a single-mesh system read (Sainte-Marie et al. 
2015b):
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(1)

VG
(L) is the so-called structural vector and accounts 

for the geometry of the pinion-gear pair of mesh 
(L). X is the DOF vector for the whole system, 
F0 contains the nominal input and output torques. 
[K] is the stiffness matrix of the system excluding 
gear elements and [KG

(L)(t)] is the stiffness matrix 
of the pinion-gear pair of mesh (L) expressed in 
terms of the (scalar) time-varying mesh stiffness 
function as:

K V VG GVV VVG
L L LV L Tk( ) ( ) ( ) ( )( )⎡⎣⎡⎡ ⎤⎦ ( )⎡⎣⎡⎡ ⎤⎦⎤⎤  (2)

The local quasi-static transmission error of 
mesh (L) is defined from the solution of the quasi-
static problem XS as:

TE NLTESE L L T
S

L( ) ( ) ( )+S=W XTLW (L T( )  (3)

NLTE(L) is the local no-load transmission error 
of mesh (L). W(L) is the local projection vector 
associated with mesh (L) and depends on the defi-
nition used for the no-load and quasi-static trans-
mission errors.

X0 is the static deflection with mean mesh stiff-
ness. X0

� ( )L
 is the solution to an auxiliary problem 

which considers a single isolated mesh (L) with 
average mesh stiffness km

(L) submitted to a loading 
FS

(L)VG
(L) corresponding to a compressive force of 

magnitude FS
(L) (static mesh force) acting on the 

pinion and gear along the line of action with no 
external torque (Velex et al. 2006). Considering a 
multi-stage system, the subsystem composed of 
the pinion-gear pair of mesh (L) is only submit-
ted to the internal loading FS

(P)VG
(P) and no exter-

nal force is generated on the rest of the system. 
Hence, the resulting deflections at all other meshes 
(P)≠(L) are nil:
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Using (4), the equations of motion (1) can be 
extended to multi-stage systems and read:
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(5)

Forcing term G(L) stems from the speed fluctua-
tions of the driven member and, for an isolated 
mesh (L), it is expressed as:

G I xL
pI L L L

p
L L L( ) ( ) ( ) ( ) ( ) ( ) ( )

1 1 1 2p 2 2x�LL� L( ) ( ) ( )ΩΩ Ωx IL L L( ) ( ) ( )
11 1 2I pIΩΩ1111 Ω22ΩΩ  (6)

where Ip is the polar moment of inertia, �Ω  is the 
rigid-body angular acceleration, x is a unit vector 
along the axis of rotation and subscripts 1, 2 respec-
tively refer to the driving and driven member of 
stage (L). It is assumed that the input speed of the 
system is constant. The angular accelerations of the 
driven member are deduced from the angular no-
load transmission errors of the preceding stages:

��Ω2
1i

L

angNLTEa
( )L

=

= ∑ ( )i  (7)
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Classic Timoshenko beam and lumped param-
eter elements are used to represent shafts, bearings, 
elastic couplings and additional inertia. The equa-
tions of motion (5) are solved step-by-step in time 
using a Newmark’s integration scheme.

One of the interests of (5) is that the formula-
tion is independent of the type of gear and can 
therefore be applied to systems with both cylindri-
cal and spiral-bevel gears providing that mesh exci-
tations have been determined on a stage-by-stage 
basis. Consequently, prior quasi-static analyses 
need to be performed in order to estimate the fol-
lowing input data:

− Time-varying mesh stiffness functions,
− Time-varying no-load transmission errors,
− Time-varying local quasi-static transmission 

errors under load.
− Structural vectors.

For spur and helical gears, it is generally 
accepted that a) the normal vector to tooth con-
tacts is constant throughout the meshing process 
and, b) the average position of the centroid of the 
mesh force distributions can be used as long as 
moderate face-widths are considered. In such con-
ditions, the structural vector is constant and can 
be expressed in terms of global gear geometrical 
parameters. In this paper, the mesh stiffness func-
tions and transmission errors required in (5) have 
been calculated by the Load Distribution Program 
(LDP) developed at the Ohio State University 
(GearLab 2002).

For spiral-bevel gears however, the variations 
of the normal to the contacts over time cannot be 
neglected and a specific code (Teixeira Alves et al. 
2012) has been used to determine the load distribu-
tions, mesh stiffness function, transmission errors, 
instant position of the centroid of the mesh force 
distribution and the normal to the pinion tooth 
flanks.

3 DOUBLE-STAGE SPUR GEAR SYSTEM

To assess the validity of the proposed methodol-
ogy, some of the results from the transmission 
error based formulation are compared with those 
obtained by simultaneously solving the equations 
of motion and the instant contact conditions on 
the teeth (Raclot et al. 1999). The example of appli-
cation is the dual-mesh spur gear system shown in 
Figure 1 whose data are given in Table 1. A con-
stant 1500 Nm input torque is applied whereas the 
input speed is varied between 100 and 30 000 rpm. 
The damping matrix is derived from the mode-
shapes of the undamped system and a unique 
modal damping factor of 0.1. For each rotational 
speed, the local dynamic transmission error associ-

Table 1. Double-stage spur gear system—Gear data.

Pinion 1 Gear 1 Pinion 2 Gear 2

Number of teeth 27 63 25 69
Face width (mm) 72 100
Module (mm) 4 6
Pressure angle (°) 20 20
Addendum coef. 1.0 1.0
Dedendum coef. 1.4 1.4
Shift profile coef. 0.0 0.0

Figure 1. Double-stage spur gear system—FE model.

ated with mesh (L) is calculated from the global 
solution vector X as:

TE NLTEdE L L T L( ) ( ) ( )= +W XTLW (L T( )  (8)

The transmission error shape fac-
tor is defined as the energy of the signal 
ΔTE TET meand dE TETT d( )tt ( )t − ( )TEdE  and reads:

SF TE dtdTE( )TEdE = ( )t
−∞

+∞

∫−
Δ

2

 (9)

which allows direct comparisons with the results 
obtained by (Raclot et al. 1999) using an Iterative 
Spectral Method.

Three configurations are studied: (a) no profile 
modifications, (b) symmetric short reliefs (30 μm 
amplitude on 20% of the active profile length), 
and (c) symmetric long reliefs (30 μm amplitude on 
40% of the active profile).

Figures 2 and 3 show that the two methods give 
comparable results especially for the no modifica-
tion and short relief  configurations. Figures 2 and 
3 also prove that long profile reliefs can reduce 
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Table 2. Cylindrical / spiral-bevel system—Shaft/bear-
ing data.

Shaft

Helical Bevel

Pinion Gear Pinion Gear

Length (mm) 60 115 95 80
Radius (mm) 13 13 13 13
Young modulus (GPa) 210 210 210 210
Density (kg/m3) 7800 7800 7800 7800
Radial bearing stiffness 108 N/m
Axial bearing stiffness 107 N/m

Table 3. Cylindrical/spiral-bevel system—gear data.

Helical Spiral bevel

Pinion Gear Pinion Gear

Tooth number 25 25 14 39
Module (mm) 4 4.536
Pressure angle (°) 20 20
Helix angle (°) 30 35
Face width (mm) 20 25.4
Shaft angle (°) 0 90

Figure 2. Double-stage spur gear system—Influence of 
profile modifications—Stage 1.

Figure 3. Double-stage spur gear system—Influence of 
profile modifications—Stage 2.

Figure 4. FE model of the cylindrical/spiral-bevel 
system.

dynamic amplifications over a wide range of criti-
cal speeds. More discrepancy is noticed between 
the dynamic transmission errors by Raclot et al. 
and those found by the proposed method.

4 HELICAL AND SPIRAL-BEVEL 
GEAR SYSTEM

The system under consideration comprises a 
unity ratio helical gear and a spiral bevel gear 
connected by a shaft + elastic coupling as illus-
trated in Figure 4. In order to analyse the dynamic 
couplings between the two meshes, the elastic 
coupling stiffness is varied and its influence on 
critical speeds and frequency contents is studied. 
The helical pinion/gear and the bevel pinion are 
centred between two bearings whereas the bevel 
gear is overhung.

The finite element model of the system is shown 
in Figure 4. Gear, shaft, bearing and elastic cou-
pling data are given in Tables 2 to 4. A constant 
input torque of 400 Nm on the helical pinion shaft 
(cf. Figure 4) and the input speed ranges from 1 to 
35000 rpm. A constant modal damping coefficient 
of 7% is considered.

The eigenfrequencies of the global system are 
estimated using an average stiffness matrix and, 
for each mode p, the percentage of modal strain 
energy stored in each mesh is determined as:

ρpρ L
m

L p
T L L T

p

p
T

m
L L L T

p

km k
(ρρ ) ( )

( ) ( )

( ) ( ) ( )=
⎡⎣⎡⎡ ⎤⎦⎤⎤

ΦΦ Φp
TT L L T( ( )ΦΦp
TT ΦpΦΦp

Φ Φm
L L L Tk ( ( )Φp

TT ( )⎡⎡⎡ ⎤⎤⎤ΦΦp
TT ΦpΦΦp

L( )

m
Lkm

( )+0

 (10)

which is considered as an indicator of the sever-
ity of one frequency with regard to pinion-gear 
mesh (L). Critical speeds are expected when the 
mesh frequency matches one of the critical eigen-
frequencies of the system.
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The dynamic mesh force is calculated at each 
rotational speed according to (11). The maximum 
of the dynamic-to-static mesh force ratio defines 
the so-called dynamic factor which is plotted ver-
sus speed to observe the amplifications near criti-
cal speeds.

F k

F
k

k
TE NLTE

dF k

SFF
m

S

( )L ( )L ( )L

( )L
( )L

( )L

( )L

−( )Lkk ( )L

−
( )t( )t ( )Lt

( )tt ( )L

V)(L( )L XGVV
T

T

( )LLL ( )L

( )L

−
−

⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

W XT( )L

W XT( )L

0

0

1�
( )L

 
 

(11)

The results obtained with the flexible elastic 
coupling are presented in Figures 5 and 6. The 
critical frequencies/critical speeds correspond-
ence is well illustrated by the Campbell diagram 
in Figure 5: at 16590 rpm, the helical gear mesh 
frequency fm1 matches the most critical frequency 
associated with this mesh (6911 Hz, ρ = 92%) 
which leads to a major peak in the dynamic factor 
curve. The same observation can be made for the 
spiral-bevel gear (Figure 6) whose mesh frequency 
fm2 coincides with the most critical frequency for 
this stage around 20000 rpm thus generating the 
largest amplitude of dynamic factor. Figures 5 (a) 
and 6 (a) show the Fast Fourier Transform (FFT) 
amplitudes of  the dynamic mesh force at each 
mesh (the darker the mark, the higher the ampli-
tude). It is found that, a) for each stage, the spec-
tral content of  the dynamic mesh force is limited 
to the mesh frequency and its first harmonics and, 
b) only low amplitude components are observed at 
the mesh frequency of the spiral-bevel gear in the 
dynamic mesh force FFT of the helical gear (cf. 
Figure 5 (a)).

The results obtained when introducing a stiffer 
elastic coupling (Table 4) are in Figures 7 and 8. 
Comparing Figures 6 and 7, one can notice that, 
in this different configuration, a new critical speed 
appears on the helical gear response which cor-
responds to the coincidence between the mesh 
frequency of the spiral-bevel gear and the most 
critical frequency for the helical gear. At this par-
ticular speed, Figure 7 (a) shows that the FFT of 

Table 4. Cylindrical/spiral-bevel system—Elastic cou-
pling data.

Flexible 
coupling

Stiffer 
coupling

Axial stiffness (N/m) 106 107

Radial stiffness (N/m) 107 108

Torsional stiffness (N/rad) 104 105

Bending stiffness (N/rad) 103 104

Figure 6. Flexible coupling—Evolution of (a) dynamic 
mesh force spectral content and (b) dynamic factor along 
speed (spiral-bevel gear).

Figure 5. Flexible coupling—Evolution of (a) dynamic 
mesh force spectral content and (b) dynamic factor along 
speed (helical gear).

the dynamic mesh force on the helical gear con-
tains high amplitudes at the mesh frequency of 
the spiral-bevel gear. These observations indicate 
that the spiral-bevel gear has a strong influence on 
the dynamic behaviour of the helical stage when 
both are rigidly coupled. However, Figure 8 shows 
that the helical stage has no influence on the spiral-
bevel gear behaviour in this case.
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linked by an elastic coupling whose stiffness has 
been varied to study the influence of inter-mesh 
dynamic couplings. The main results can be sum-
marised as follows:

a. For a flexible coupling, the dynamic mesh force 
spectra for each mesh are dominated by their 
respective mesh frequency and harmonics. 
Besides, the most critical eigenmode for the heli-
cal gear (ρ ( )ρρ I = 92%) generates almost no strain 
energy on the spiral bevel stage (ρ ( )ρρ II ≈ 0 1. %01 ) 
suggesting the two gears are almost decoupled 
from a dynamic viewpoint.

b. However, when a stiffer coupling is introduced, 
the most critical mode for the helical gear 
(ρ ( )ρρ I = 53%) also induces a significant level of 
modal strain energy stored in the spiral-bevel 
gear (ρ ( )ρρ II = 11%). This stronger interaction is 
also visible in the dynamic mesh force spectrum 
of the helical gear where components at the 
spiral-bevel gear mesh frequency emerge thus 
generating an additional critical speed.

These results illustrate the possibility of dynamic 
couplings in multi-mesh systems and highlight the 
need to accurately account for the connecting ele-
ment stiffness.
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5 DISCUSSION AND CONCLUSION
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been presented in which mesh excitations can be 
expressed by means of mesh stiffness and local 
transmission errors functions. Based on compari-
sons with results from the literature, it has been 
shown that the proposed approach was sound.
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ABSTRACT: In this paper, a three-dimensional dynamic model of a helical planetary gear set is 
proposed, and the coupling effects of the bearing support stiffness, gear mesh stiffness and time-varying 
transmission errors are taken into consideration. The model also includes some key parameters such as 
number of planets, planet position angles, and planet phasing relationships. The model admits six degrees 
of freedom including transverse, torsional, axial and rotational motions for each of gears and the car-
rier. The equations of motion in matrix form are established and solved to predict the natural modes 
and the forced vibration response due to the static transmission error excitations. The proposed model is 
employed to investigate the effects of the support conditions of the central members and different number 
of planets on the dynamic behavior of an example planetary gear set.

the free vibration characteristics. Tao (2003) 
developed a lateral-torsional dynamic model of 
the planetary gear set with gear backlash and 
error excitation, and employed the harmonic 
balance method to obtain the forced vibration 
response. Inalpolat (2008) investigated the natural 
modes and the forced response of  the planetary 
gear set by using a torsional dynamic model. Bo 
(2009) developed a transverse-torsional dynamic 
model based on the Lagrange equation, and ana-
lyzed the free vibration characteristics by solving 
differential equations of  motion. Hui Liu (2014) 
established a nonlinear torsional dynamic model 
and predicted the dynamic gear mesh force spec-
tra under different external excitations.

Compared to prior two-dimensional dynamic 
analyses of planetary gear sets, this paper devel-
ops a three-dimensional dynamic model of a 
helical planetary gear set with three translational 
and three torsional degrees of freedom for each 
of gears and the carrier by using lumped param-
eter method. The model integrates the factors of 
affecting the dynamic behavior such as the support 
stiffness, gear mesh stiffness, time-varying trans-
mission errors and planet phasing relationships 
defined by the position angles and the number of 
teeth of the gears. The natural modes and forced 
vibration response are obtained by employing the 
eigenvalue solution and the modal summation 
technique. Moreover, an example planetary gear 
set is employed to investigate the effects of design 
parameters such as the support conditions of the 
central members and different number of planets 
on the dynamic response through dynamic gear 
mesh force.

1 INTRODUCTION

Planetary gear sets are widely used in automotive 
automatic transmissions and wind turbine gear-
boxes due to its compact structure and strong load 
capacity. Compared with the parallel-axis gears, 
planetary gear sets present more advantages and 
play an important role in high power density auto-
matic transmissions. Recently, the development of 
transmissions tends to more gear ratios and higher 
operating speeds (Inalpolat, 2009). However, 
transmissions generate gear whine noise due to 
high-frequency dynamic forces created by the gear 
meshes at high speeds. Moreover, dynamic gear 
mesh and bearing forces cause dynamic stresses 
to impact the fatigue lives of gears and bearings 
adversely (Kahraman, 1994a). Therefore, it is nec-
essary to analyze the dynamic characteristics of 
planetary gear sets in order to develop quiet and 
reliable transmissions.

Numerous dynamic models of  planetary gear 
sets, which are focused on the study of  torsional 
or transverse-torsional motions, can be found 
in the literature while research on transverse, 
torsional, axial and rotational coupled motions 
is sparse. Most of  these models are modeled 
by using lamped parameter method with gears 
assumed to be rigid and tooth flexibilities mod-
eled as springs (Cooley, 2014). The dynamic 
analysis of  planetary gear sets can be considered 
in three aspect: prediction of  the natural modes, 
study on the excitation mechanism, and analysis 
of  the forced vibration response and the dynamic 
loads. Kahraman (1994b) established a pure tor-
sion model of  the spur planetary gear set to study 
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2 DYNAMIC MODEL

2.1 Model description

The planetary gear set considered in this study 
consists of three central members (the sun, ring 
gear and the carrier) and N planets. The sun gear 
and ring gear are coupled to each other by N plan-
ets which are mounted on the rigid carrier through 
bearings and pins. Figure 1 illustrates a typical 
planetary gear set with four equally-spaced plan-
ets. Here, the gear bodies and carrier shown in fig-
ure 1 are modelled as lumped masses or inertias 
and the gear mesh flexibilities are modelled as lin-
ear springs acting on the plane of action normal to 
gear tooth surfaces.

Each component of the planetary gear set 
shown in figure 1 includes three translational 
displacements along x, y and z directions, and 
three torsional displacements θx, θy and θz about 
these translation axes. The different component is 
marked with the subscript s, r, c and pi represent-
ing the sun, ring, carrier and the ith planet (i = 1, 
2, …, N), respectively. Based on the analysis above, 
the dynamic model contains 6 (N + 3) degrees of 
freedom. The overall displacement vector is given 
as follows

q =
x y z y x
y z

s sy s xs ys zs r r r xr yr zr c

c cz xc

,ysy xs zs , y , ,xr , ,zr ,
,zcz ,

θ θyxs θ θx y zrx rzzs , y , x θ θyr , z

θ θxc , ycyyθ zc pi pi pi xpi ypi zpiypi p, ,zc ,piyp , ,xpi , ,zpiθ θi pix ypi z,zc ,piyp , x θ θypi , z �
⎧
⎨
⎧⎧
⎩
⎨⎨

⎫
⎬
⎫⎫
⎭
⎬⎬ (1)

2.2 Compatibility condition

The planetary gear set shown in figure 1 can be 
classified as three basic units: a sun-planet pair, 
a ring-planet pair and a carrier-planet pair. The 
equations of motion for each unit are derived and 
assembled to obtain the overall system matrices. 
Figure 2 shows the dynamic model of a sun-planet 
i pair and a ring-planet i pair of the planetary gear 
set. The relative displacements in meshing line 
direction of the sun-planet i pair and ring-planet 
i pair as follow

δ ψ ψ
θ θ

spδδ i s pi spi s pi spi

s zθθ s pi zθ piz

ψ spi yp

rθsθθ
( ) +

−rθ
( )s piyp−sy cos

]cos β θββ θ ψ
ψ

+θ
+

) i
( )θ θ( θ cos ]ψ + − s

r+θ
θ −

s xθθ s pr+ i xθθ pix spi

s yθθθθ s pi ypiθ spi s+ pi inii ( )β − e (spi

 (2a)

δ ψ ψ
θ θ

rpδδ i r pi rpi r pi rpi

r zθθ r pi zθ piz

ψ rpi yp( ) +ψψ rpi

− θrθrθθ
( )r piy yp− cos

]cosss ) i
( )cos

β θ[( ψ)sin
ψ

[(
+( −)cosψ +z z+

r xr pi xpix rpi

r yr pi ypi rpi rz pi ]s]] in ( )β − e (rpi

 (2b)

Where β is the helical angle. espi(t) and erpi(t) are 
the static transmission errors of the sun-planet i 
and ring-planet i pairs. ψspi and ψrpi are defined 
as ψspi = αsp – ϕpi, ψrpi = αrp + ϕpi. Where ϕpi is the 
position angle of the ith planet. αsp and αrp are the 
pressure angles. rζ is the base circle radius of gear 
ζ (ζ = s, r, pi).

Figure 3 shows the dynamic model of a carrier-
planet i pair with planet i attached to the carrier 
through a pin and a bearing. Any force on the 
planet is transmitted to the carrier through the 
pin-bearing assembly. The relative displacements 
between the carrier and planet i are shown as

δ θ ϕxcpiδδ c pi c zcθ piϕsin  (3a)

Figure 1. A planetary gear set with four equally-spaced 
planets.

Figure 2. Dynamic model of (a) a sun-planet i pair, (b) 
a ring-planet i pair.
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δ θ ϕycpiδδ c pi c zcθ piϕyc p cos  (3b)

δ θ ϕ θ ϕzcpδδ i c pi c xθ c pϕϕ i c ycθ piϕθ ϕθxθ c i cθϕ ycθϕϕϕ os  (3c)

θ θ θxcpiθθ xcθ xpθ i−θ  (3d)

θ θ θycpiθθ ycθ ypiθ−θ  (3e)

θ θ θzcpθθ i zθ c zθ piz−θ  (3f)

Where rc is the radius of the circle passing 
through planet centers for the carrier.

2.3 Equations of motion

The undamped equations of motion for the heli-
cal planetary gear set are derived using Lagrange’s 
method. The equations of sun gear motion are

m x ks sx spk i spis spii

N�� =kk+
=∑ ψspisδ t βttt cspispiψ os 0

1
 (4a)

m y ks sy spk i spis spii

N�� =kk+
=∑ ψspisδ t βttt cspispiψ os 0

1
 (4b)

m z ks sz spk i spisi

N
�� kk+

=∑ βspisδ βtttt 0=β
1

 (4c)
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1
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1
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The equations of ring gear motion are defined as
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The equations of carrier motion are defined as
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The equations of planet i motion are defined as

m x k
k
k
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rpkk i rpir rpi
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t sβ in
t sβ in

i xii cpiδx ( )t = 0
 (7a)

m y k
k
k

pi pi spk i spis spi

rpkk i rpir rpi

ypk

�� −
−
−

δ βtspis ψ s

δ βtrpir ψ r

t cβ os
t cβ os

i yii cpiδ y ( )t = 0
 (7b)

m z k
k t

pi pi spk i spis rpi rpir

zpik zcpi

�� − kk
=+kk

βspisδ βt δ βtrpir

δ zδ
ttt krpkk i+β rpir

( )t)tt 0  (7c)

I
k r

xpI i xpix spi pi spis spi

rpk i prr i rpir rpi

��θ δk rxpix spk i prr i s ψ βspi

δ ψrpir−
( )t sinψ spi

t srpiψ siss n β θ θθ −θ(( ) =xpi xθ( c xθ pix 0
 (7d)

I
k r
ypiI ypi spi pi spis spi

rpkk i prr i rpir rpi

��θ δk rypi spk i prr i s ψ βspi

δ ψrpir r+
( )t cosψ spi

t rpiψ r siss n β θ ( )θ θ−θ =ypiθ θ θ 0
 (7e)

I tzpI i zpiz spi pi spis rpi pi rpir
��θ δk rzpiz spk i prr i s β rpi piβ δ βk rspk ir =( )t( )tt co (rpirs β δk rrpk i prr i rβ )cos 0 (7f)

Where mζ and Iζ are the mass and moment of 
inertia of the gear ζ (ζ = s, r, pi). mc and Ic are the 
mass, moment of inertia of the carrier. kspi and krpi
are the gear mesh stiffnesses for the sun-planet i
and ring-planet i pairs respectively. Ts, Tr and Tc are 
the external torques applied to the sun, ring gear 
and the carrier, respectively. Here, the planet bear-
ing is modeled as a stiffness matrix Kbpi = Diag[kxpi
kypi kzpi kθxpi kθypi 0].

The equations of motion of the dynamic model 
including the support stiffnesses of the central 
members can be written in matrix form as

Mq Cq q F F�� + +Cq q +( )K KKm b+ K m aFF F+  (8)

Figure 3. Dynamic model of a carrier-planet i pair.
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Where q is the overall displacement vector 
defined in equation 1. The mass matrix M, gear 
mesh stiffness matrix Km can be obtained in equa-
tions 4 to 7. The overall support stiffness matrix 
Kb has the form Kb = Diag[Kbs Kbr Kbc 0 0 … 0] with 
Kbj = Diag[kxbj kybj kzbj kθxbj kθybj kθzbj], j = s, r, c for 
the sun, ring gear and carrier. Please note that the 
fixed central member has a high kθzbj value while 
other two central members would have kθzbj = 0. 
The mean force vector Fm and the alternating force 
vector Fa are given as

Fm = [fms fmr fmc 0 0 … 0]T (9a)

Fa = [fs fr 0 fp1 fp2 … fpN]T (9b)

Where fmj = [0 0 0 0 0 Tj]T, j = s, r, c. fs and fr 
are 6 × 1 subvectors obtained from equation 4 and 
5, respectively. fpi is 6 × 1 subvector obtained from 
equation 7. Both fs, fr and fpi are the functions of 
the static transmission errors espi(t) and erpi(t).

There is no practical approach to precisely pre-
dict the damping matrix C in equation 8. There-
fore, a constant modal damping value will be used 
to obtain the forced vibration response based on 
the current literature (Inalpolat, 2015).

2.4 Excitations analysis

The alternating force vector Fa given in equation 
9(b) is a function of the periodic static transmis-
sion error excitations espi(t) and erpi(t) which have 
the same fundamental frequency that is equal to 
the gear mesh frequency ωm (ωm = Zs(Ωs – Ωc)). 
The transmission errors of the sun-planet i and 
ring-planet i mesh are defined in the Fourier series 
form as

e E l t lZllspi spis m spis s pZ i
l

L

( )tt cos)(l ( )ll= EE (( )
=

∑ ω tm sttmt ϕ
1

 (10a)

e E l t l lZrpi spis m rpir sr r pi
l

L

( )tt cos)(l ( )l= E lE +l( )
=

∑ ω tm rttmt γ ϕlZsr rZ+sr
1

 (10b)

Where E piζ p
( )l  and φζ piζ

( )φφ l  are the amplitude and phase 
angle of the l-th harmonic of the static transmis-
sion error of the gear ζ -planet i mesh. Zζ ϕpi is the 
phasing relationship between the gear ζ -planet i 
mesh and the gear ζ -planet 1 mesh (ζ = s, r). γsr is 
the phase difference between the sun-planet 1 mesh 
and the ring-planet 1 mesh.

With the above excitations, the alternating force 
vector Fa can be defined by the fundamental gear 
mesh frequency and its higher harmonics. Then, the 
solution of the dynamic differential equations can 
be done. The corresponding eigenvalue problem 
of the undamped system q 0( )K M( )

pp
M  yields 

the natural frequencies ωλ and the corresponding 

mode shapes. The displacement response q due 
to the forcing vector F is obtained by using the 
modal summation technique with a constant 
modal damping, which is given in a recent paper 
by Inalpolat (2015).

3 RESULTS AND DISCUSSION

A helical planetary gear set applied in an auto-
motive automatic transmission is used here as an 
example case. Table 1 lists its design parameters. 
Its ring gear is assumed to be fixed, sun gear is 
the input and carrier is the output member. The 
input torque Ts is 300 N⋅m. The average gear mesh 
stiffness values of the sun-planet i mesh and ring-
planet i mesh are respectively 410 N/μm and 602 N/
μm, which can be obtained by relevant design tool. 
The bearings of the sun and carrier are assumed 
to be isotropic with the translational stiffness val-
ues of kbs = kbc = 2 × 108 N/m, and the torsional 
stiffness values of kθbs = kθbc = 5 × 106 Nm/rad. The 
ground connections of the ring gear are assigned a 
very high translational (2 × 1010 N/m) and torsional 
(5 × 108 Nm/rad) support stiffness values.

The eigenvalue problems of the undamped sys-
tem with three and four equally spaced planets are 
solved to investigate the modal properties. The first 
15 natural frequencies and mode types are listed in 
Table 2. These natural modes except the rigid body 
mode at ω1 = 0 Hz are classified as rotational-axial, 
translational-torsional, and planet modes. In the 
rotational-axial modes with the natural frequency 
multiplicity of one, the central members only rotate 
and translate axially but do not twist or translate 
laterally. The modal displacements of the central 
members have the form

qj = [0 0 zj 0 0 θzj]T, j = s, r, c. (11)

In the translational-torsional modes, the natural 
frequency multiplicity is two, the central members 
only twist and translate laterally but do not rotate 

Table 1. Design parameters of the example planetary 
gear set.

Parameter Sun Planet Ring

Number of teeth 23 24 73
Normal module (mm) 1.47 1.47 1.47
Face width (mm) 20 20 20
Normal pressure angle (°) 17.5 17.5 17.5
Helix angle (°) 15.5 15.5 15.5
Basic diameter (mm) 33.37 34.82 105.9
Root diameter (mm) 31.25 32.45 114.6
Outside diameter (mm) 39.59 40.79 –
Minor diameter (mm) – – 106.8
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or translate axially. The modal displacements of 
the central members are

qj = [xj yj 0 θxj θyj 0]T, j = s, r, c. (12)

In the above two modes, the planets move in 
all six degrees of freedom. In the planet modes, 
all central members are stationary with the modal 
displacements

qj = 0, j = s, r, c. (13)

The planets move in all six degrees of freedom, 
and their motions are related to that of the selected 
reference planet. Furthermore, the natural fre-
quency multiplicity of planet modes is N – 3 where 
N represents the number of planets (N ≥ 3).

The amplitudes (Espi and Erpi) and phase angles 
(Φspi and Φrpi) of the first five harmonics of the 
static transmission error excitation of each gear 
mesh in the planetary gear set with four equally 
spaced planets are listed in Table 3. Furthermore, 
a 4% constant modal damping ratio are assumed 
in predicting the forced vibration response q of  the 
system to the force vector F defined by equation 8. 
With all q known, the dynamic gear mesh forces of 
the sun-planet i mesh and ring-planet i mesh can 
be obtained as

Fspi(t) = kspi δspi(t) (13a)
Frpi(t) = krpi δrpi(t) (13b)

Figure 4 shows the gear dynamic mesh force 
amplitudes for the planetary gear set with four 
planets as a function of mesh frequency. It can 
be observed in figure 4 that the dynamic mesh 
force amplitudes at all sun-planet meshes are 
equal (i.e. Fsp1 = Fsp2 = Fsp3 = Fsp4). As is same for 
the ring-planet mesh forces. The most significant 
peaks are observed at 1918, 4219 and 5549 Hz. 
Each of these resonance peaks are linked to a cer-
tain natural mode and certain transmission error 
excitation harmonic amplitude exciting that mode. 
For instance, the peak at 1918 Hz is caused by the 
fourth harmonic of the transmission error excita-
tion that excites a translational-torsional mode at 
7672 Hz ( = 4 × 1918 Hz). The peaks at 4219 and 
5549 Hz are caused by the second harmonic and 
the first harmonic of the excitations, respectively.

It is a practical approach to use a radial float-
ing central member (predominantly sun gear or 
carrier) to achieve a planetary gear design with 
better sun-planet or ring-planet load sharing. 
However, it is a problem how floating the central 
member radially influences the dynamic behavior. 
Figure 5 shows the effects of floating the sun gear 
and carrier radially on the dynamic mesh forces of 
the sun-planet 1 mesh (Fsp1) and ring-planet 1 mesh 
(Frp1), respectively. Here, the radial floating condi-

Table 2. Predicted natural frequencies and mode types 
of the example planetary gear set.

Mode

Three planets Four planets

Frequency
(Hz)

Mode 
Type

Frequency
(Hz)

Mode 
Type

1 0 RB 0 RB
2 1471 R-A 1431 R-A
3 1872 T-T 1872 T-T
4 1872 T-T 1872 T-T
5 3983 T-T 4160 T-T
6 3983 T-T 4160 T-T
7 4374 R-A 4393 R-A
8 5622 T-T 5549 T-T
9 5622 T-T 5549 T-T
10 7691 T-T 7672 T-T
11 7691 T-T 7672 T-T
12 7896 R-A 7879 P
13 8118 R-A 7903 R-A
14 8219 T-T 8147 P
15 8219 T-T 8264 T-T

RB: Rigid body mode, R-A: Rotational-axial mode,
T-T: Translational-torsional mode, P: Planet mode.

Table 3. The first five harmonic amplitudes and phase 
angles of the static transmission error excitations in the 
planetary gear set with four planets.

I Espi (μm) Φspi (rad) Erpi (μm) Φrpi (rad)

1 0.102 −2.262 0.135 −2.506
2 0.065  2.541 0.072 −2.480
3 0.039  0.913 0.011 −2.475
4 0.015 −0.723 0.022  1.150
5 0.002  0.170 0.021  1.371

Figure 4. Dynamic mesh force amplitudes at sun-planet 
i mesh and ring-planet i mesh.
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tion for the central members can be achieved by 
reducing the corresponding radial support stiffness 
values of the bearing significantly.

For the case with floating the sun gear, the radial 
support stiffness value of the sun gear is reduced 
to kbsx = kbsy = 2 × 104 N/m instead of 2 × 108 N/m 
as this particular value is relatively low when com-
pared to the other stiffness values. For the dynamic 
mesh forces Fsp1 and Frp1 shown figure 5(a) and 
5(b), floating the sun gear results in the absence of 
the peak at 1918 Hz but generates a higher reso-
nance peak at 3350 Hz. This peak is excited by 
the third harmonic of the excitation that excites a 
translational-torsional mode at 10050 Hz. Another 
different peak is at 1141 Hz as the first harmonic 
of the excitation excites a rotational-axial mode in 
the case with a floating sun gear.

In the case of the floating carrier, the radial sup-
port stiffness value of the carrier is also reduced to 
kbcx = kbcy = 2 × 104 N/m from its original value of 
2 × 108 N/m in order to analyze the effects of float-
ing the carrier on the forced response. As shown 
in figure 5, floating the carrier rejuvenates a reso-
nance peak with a greater amplitude at 1275 Hz as 
the first harmonic excites a translational-torsional 

mode. However, the dynamic mesh forces exhibit 
changes at lower frequency (speed) range that lies 
within the more frequently used operating region 
due to the heavier carrier.

By comparing the dynamic mesh force ampli-
tudes for the cases of the floating and nonfloat-
ing central member (the sun gear or carrier), it is 
observed in figure 5 that the resonance frequencies 
exciting vibration move to the direction of low 
frequency at lower operating speed or frequency 
ranges (ωm > 5000 Hz) when the central member 
is switched from a radially fixed condition to a 
radially floating condition in the above two cases. 
Very little influence on the dynamic response at 
higher frequency ranges (ωm > 5000 Hz) is shown 
in figure 5.

The number of planets is another design param-
eter in the process of planetary gear set design, 
which affects both the loading capacity and the 
dynamic behavior of the gear set. Here, the static 
gear mesh forces of the gear sets with different 
number of planets are listed in Table 4, and the 
influence of using different number of planets on 
the dynamic response of the system is exhibited in 
figure 6. It can be observed that the resonance fre-
quency (ωm = 1918 Hz) exhibits no change while 

Figure 5. Effect of floating the sun gear and carrier 
radially on dynamic mesh force amplitudes for (a) Fsp1 
and (b) Frp1.

Figure 6. Effect of using different number of planets on 
dynamic mesh force amplitudes for (a) Fsp1 and (b) Frp1.
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the other two peak frequencies at high frequency 
ranges, which are excited by the second har-
monic exciting a rotational-axial mode at 8118 Hz 
( = 2 × 4059 Hz) and the first harmonic exciting 
a translational-torsional mode at 5549 Hz respec-
tively, move to the direction of high frequency 
when the number of planets is increased from three 
to four.

4 CONCLUSION

In this study, a three dimensional model of the hel-
ical planetary gear set containing 6(N + 3) degrees 
of freedom was proposed. The model can be 
employed to analyze any planetary gear sets with 
any number of planets, any support conditions and 
any operating conditions. The equations of motion 
were written in matrix form and the transmission 
error excitation functions were defined. The natu-
ral modes and the forced vibration response were 
predicted to illustrate the effects of some design 
parameters on the dynamic response of an exam-
ple planetary gear set. It can be concluded that all 
vibration modes can be categorized as rotational-
axial, translational-torsional, and planet modes. 
Besides, the results indicated that the support 
condition of the central members and the number 

of planets had a significant effect on the dynamic 
response of the system. The dynamic model and 
limited results can be utilized in the planetary gear 
set design to improve dynamic characteristics and 
reduce vibration and noise of the system.
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ABSTRACT: A 3-Dimensional dynamic model was built for a cylindrical gear pair subjected to eccen-
tricities, which was used to study the complex coupling amongst the transverse, axial and rotational 
motions of gears. The simulation results of this model are compared against the experimental results 
provided in the literature, which proves that the proposed modal is suitable to study the dynamic behavior 
of a cylindrical gear pair. Gear geometric eccentricities, unloaded static transmission error, as well as the 
fluctuation of the mesh stiffness are included in this model to study the dynamic coupling behavior of the 
transverse and rotational motions of gears, which have been largely neglected in previous work. The influ-
ence of the helical angle, the number of teeth, gear profile error, and gear eccentricities on the dynamic 
coupling behavior was studied. The analysis results of this research are useful for the dynamic analysis of 
gear transmission systems subjected to eccentricities.

of geometric eccentricities, mass unbalances, static 
transmission error, and mesh stiffness variation on 
the response. Velex & Maatar (1996) built a com-
prehensive 3-dimensional (3D) model for analyz-
ing the influence of tooth shape deviations and 
mounting errors on gear dynamics. Their work 
forms the basis of the 3D gear model used in this 
research for the gear dynamic analysis with gear 
eccentric errors. Based on previous work, Zhang 
et al. (2013) proposed a dynamic model of a multi-
shaft geared rotor system which consists of a finite 
element model of shaft structures and a helical 
gear model with gear eccentricity and static trans-
mission error. In all of the above studies, the iner-
tial force due to gear eccentricity is simplified as 
an uncoupled standard centrifugal inertial force, 
whereas the dynamic coupling effect on the inertial 
force due to gear torsional vibrations is normally 
ignored.

Therefore, the objective of this study is mainly 
to investigate the role of the dynamic coupling 
terms induced by gear eccentricity, and analyze 
their influence on the dynamic behavior of the 
cylindrical gear system. In order to achieve this, 
a general 3D gear mesh model for the cylindri-
cal gear system with local tooth profile errors 
and global mounting errors was developed. This 
model was verified by comparing the simulated 
dynamic transmission errors of helical gear pairs 
with previous experimental results. Furthermore, 

1 INTRODUCTION

Currently, dynamic analysis of gear transmission 
systems remains an essential and important method 
to simulate gear dynamic behavior (Kahraman 
1991). The Single Degree Of Freedom (SDOF) 
gear model is the most common used model where 
the torsional vibration of the gear pair is the main 
concern (Kahraman 1991, Amabili & Rivola 
1997). However, it is more often the case in practi-
cal mechanical systems that the coupling effect of 
the torsional vibration of the gear pair with other 
vibration modes should be included in the analysis. 
In this case, a Multi-Degree Of Freedom (MDOF) 
gear model must be established in order to study 
coupled vibration involving torsional, transla-
tional, axial and rocking motion vibration of a gear 
pair, the corresponding transmission shafts and the 
supporting bearings (Lin et al. 1994, He et al. 2007, 
Howard et al. 1987). Ozguven & Houser (1987), 
Wang et al. (2003) have carried out a comprehen-
sive review of mathematical models used.

Gear geometric eccentricity is one of the most 
common gear mounting errors. Therefore, it 
should be an important consideration in the proc-
ess of dynamic simulation. Research regarding 
it can be found in (Velex & Maatar 1996, Zhang 
et al. 2013, Kahraman et al. 1992). Kahraman et al. 
(1992) developed a finite element model for spur 
geared rotor systems and analyzed the influence 
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the dynamic coupling effect induced by gear eccen-
tricity on the gear dynamic behavior is intensively 
investigated. Parameters studies are also provided 
and some conclusions are drawn.

2 3D CYLINDRICAL GEAR MESH 
MODEL

The mesh behavior of the gear pair is represented 
by two rigid cylinders whose radii are the gear base 
circles Rb1 and Rb2, connected by a series of stiff-
ness cells kj along the contact line in the direction 
of the tooth normal determined by the helix angle 
β. Ωj, Tj are the nominal rotating speed and toque 
applied on the ith gear, respectively. X-Y-Z is the glo-
bal Cartesian coordinate system. For the purpose of 
illustration, a localized Cartesian coordinate system 
(U-V-W) is established (as shown in Fig. 1a, b): The 
origin is at the driving gear center O1. The U-axis is 
in the direction of the Line Of Action (LOA). The 
V-axis is in the Off-Line Of Action (OLOA) direc-
tion. The W-axis is along the axial direction and 
can be determined by following the right-hand rule. 
Therefore, the dynamic motions of the two gear cent-
ers consist of three translations and three rotations 
such that (Velex & Maatar 1996, He et al. 2007):

uU vV wW

U W
i i iU v i

i ui vU i wi

{ }DiD =
( )OiOO uUiU

Uui U
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⎨
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⎩⎪
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⎫
⎬
⎫⎫
⎬⎬
⎫⎫⎫⎫

⎭⎪
⎬⎬
⎭⎭

� � � �
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ηi

ω θi u= u

�
θ θVvi wV +

, ,,, i = 1 2,  (1)

In Figure 1b, the mounting angle α 0 ≤ (<2π) 
describes the relative position of the gears, which 
is defined as the angle that the line connecting the 
gear centers makes with the positive X-axis. The 
transform matrix [T] between X-Y-Z and U-V-W 
can be determined in terms of the mounting angle 
α and the transverse operating pressure angle ϕ.

2.1 Normal approach δ

For a contact point Mj with local coordinates (uj, 
Rb1, wj), the dynamic motions of the two gear 

centers will give a normal approach on the base 
plane relative to rigid body positions, which can be 
rewritten in matrix form:

δ V qV
T( )δ M jM ( )M jM  (2)

where qT = {u1, v1, w1, θu1, θv1, θw1, u2, v2, w2, θu2, 
θv2, θw2} is the degree of freedom vector of the gear 
pair considered, and VT(Mj) = {–cos β, 0, sin β, Rb1 
sin β, –wjcos β – ujsin β, Rb1cos β, cos β, 0, –sin 
β, Rb2sin β, –wjcos β – (ug – uj) sin β, Rb1cos β} 
is the so-called structure vector (Velex & Maatar 
1996) which relates the degree of freedom vector 
q to normal approach δ(Mj), which depends on 
gear geometry and the position of Mj on the base 
plane.

The contact deflection at Mj is:

Δ e( )M jM ( )M jM − ( )M jMδ ((  (3)

where e(Mj) is the displacement excitation in the 
form of the unloaded static transmission error at 
contact point Mj, which describes the tooth shape 
deviations relative to the perfect geometry at an 
unloaded, static condition. In the local scale, gear 
tooth undesirable manufacturing errors, intentional 
modifications and defects are the main sources of 
the unloaded static transmission error. In the glo-
bal scale, gear mounting errors (e.g. eccentricities) 
will also contribute.

2.2 Unloaded static transmission errore

In this paper, gear tooth local scale errors (i.e. flank 
deviations) at the contact position Mj are denoted 
as ef1(Mj) and ef2(Mj) for the driving gear and driven 
gear, respectively.

Eccentricity of a gear i is defined as the distance ei 
between the center of rotation and the center of inertia 
with an initial phase angle θi

e with regard to the X-axis. 
Therefore, the perturbations along the X-axis and 
Y-axis due to eccentricities will be ei

x and ei
y, namely:

Figure 1. The 3D cylindrical gear mesh model: (a) The 3D gear mesh model (b) Projection drawing in W-direction 
(c) Projection drawing in V-direction.
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where θzi is the rotational perturbation of the gear 
i along the Z-axis. According to geometric rela-
tionships in the Figure 2, the corresponding nor-
mal deviations in Mj due to eccentricities can be 
expressed as:

e
ee ( )M jM = ( )t e+ −
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The total error at the contact point Mj is the sum 
of the abovementioned individual errors, namely:

e e efe ee( )MjM = ( )MjM + ( )MjM  (6)

where ef (Mj) is the overall profile error of the gear 
pair, which is the sum of ef1(Mj) and ef2(Mj). It is 
usually expressed as a simple harmonic excited at 
the mesh frequency of the gear pair.

2.3 Equations of motion

Lagrange’s equations were used to derive the un-
damped equations of motion for the gear pair, 
namely:

M q K q F F Fg gM q K⎡⎣⎡⎡ ⎤⎦ + ( )t q⎡⎣⎡⎡ ⎤⎦⎤⎤ = F ( )t ( )t q�� (tF( )tqq F0 1FFFF FFFF 2FFFF  (7)

where:
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(8–a, b, c, d, e)

where mi, Ii, Ipi are the mass, transverse moment of 
inertia and the polar moment of inertia of the ith 
gear; [Kg(t, q)] is the nonlinear stiffness matrix; F0 
is the force vector produced by the nominal input 
and output torques; F1(t) is the force excitation 
coming from the centrifugal and tangential inertial 
force due to gear eccentricities; F2(t, q) is the force 
excitation due to the unloaded static transmission 
error.

2.4 Global equations of motion

Normally, a geared rotor system consists of the fol-
lowing part: shafts, bearings and gear pairs. There-
fore, the overall system mass and stiffness may be 
readily assembled to give the global equation of 
motion. Damping and the gyroscopic matrix can 
also be introduced into the global equation. There-
fore the general form of the motion equation is:

q q K q
F F F

[ ]M + [ ]C [ ]G( ) ( )t q⎡⎣ ⎤⎦⎤⎤
= F ( )t ( )t q

�� �
  
0 1FFFF 2FF  (9)

where [M] and [K] are the overall system mass 
matrix and stiffness matrix respectively; [G] is the 
gyroscopic matrix (Zhang et al. 2013); F~

0, F
~

1(t) and 
F~

2(t, q) are extensions of F0, F1(t) and F2(t) to the 
total amount of DOFs (completed by zeros); [C] is 
the viscous damping matrix of the system, which 
is normally defined by the Rayleigh-type damping 
(Zhang et al. 2013).

2.5 Averaged structure vector V0

The parameters K(t, q) and F~
2(t, q) in Equation 7 

are time dependent, and also contact position 
dependent, which makes the solving of this equa-
tion complex. A simplification of V(Mj) can be 
made as we note that most of the components of 
V(Mj) are independent of Mj except θxi and θyi. 
Their influence is usually discarded especially for 
narrow-faced gears (Velex 2012). Besides, in order 
to get a constant structure vector V0, the contribu-
tions of bending angles are usually averaged over 
one mesh period (Badaoui et al. 2001). In a word,

K kV V V V kgK
i

N

ikkV gV k
cN

( )t q,⎡⎣⎡⎡ ⎤⎦ ( )MjM ( )MjM ≈ ( )t
=

( )t

∑
1

0V VV VV VV V
′

′  (10)

where

V
T W

V dtdz
sTT j0VV

0WW
1

= ∫∫*
( )M jM  (11)

is the averaged structural vector, Ts is the mesh 
period and W0 is tooth face width along the axial Figure 2. Gear eccentricities.
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direction; Nc(t) is the number of stiffness cells kj 
considered; kg(t) is the time-varying mesh stiffness 
of the gear pair.

2.6 Dynamic coupling terms

When substituting Equation 4 into Equation 8d, 
the inertial forces caused by the ith gear eccentric-
ity are:

F m
m
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2

2
cos )

cos
i i i zi ()i zi2mi ie i2 Ω )

( )
Φ(czi os+) iΩm ei ie ii
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ziθ i i+) m eieei zi i

yi i i i i i zi i

��
�

θz

θz

sin
si mi ie i zizn i
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where Φ Ωi iΦΦ zi i
et +ΩiΩΩ t θ θzi + . The first term mieiΩi

2cos(Φi) 
in Fxi

c (or mieiΩi
2sin(Φi) in Fyi

c) is the standard cen-
trifugal inertial force, whereas the latter 3 terms 
are dynamic coupling terms (Li & Wang 1997) 
as the torsional vibrations (i.e. θzi) come into 
play. However, these dynamic terms have usually 
been neglected in previous work (Zhang 2013, 
Kahraman et al. 1992) since they are usually 
smaller in magnitude than the other inertial forces. 
However, under some cases, e.g. when a resonance 
related to the gear rotational vibration θzi happens 
and is excited by the gear mesh frequency, the 
dynamic coupling terms should not be neglected, 
as their magnitudes may be commensurate with 
the other inertial forces. Several parameters can 
influence the dynamic coupling terms and will be 
discussed in the following section.

3 VERIFICATION OF THE MODEL

A one-stage helical gear system is used for the 
experimental study by Kubur et al. (2004). The 
design parameters of the test helical gear pairs are 
listed in Table 1. The unloaded static transmis-
sion of the gears considered can be assumed as 
0. Figure 3 presents the comparisons between the 
simulated DTE forced response and the measured 
values for the helical gear pair with Involute Con-
tact Ration (ICR) being 1.4 at 150 Nm. It can be 

observed that the simulated values agree well with 
the measured data, especially in the range near the 
primary resonance speed. Therefore, the proposed 
3D gear mesh model is effective to predict the 
dynamic behavior of cylindrical gear pair.

4 EFFECT OF THE DYNAMIC COUPLING 
TERMS AND PARAMETER STUDY

In order to illustrate the role of the dynamic cou-
pling terms, the transverse responses in two direc-
tions (LOA and OLOA) of the driving gear with 
and without the inclusion of dynamic coupling 
terms are simulated using the Matlab ODE45 Sub-
routine. This simulation is performed on the heli-
cal gear pair as described in Table 1. Gear profile 
error and eccentricities are introduced. The nomi-
nal values of some main parameters are described 
in Table 2.

The Root Mean Square values (RMS) of the 
transverse responses are employed to characterize 
relative difference Γ between the responses with 
and without the inclusion of the dynamic coupling 
terms in the two directions:

Γ ΓX
RMS

RMSMM
Y

RMS RMM MS

RMSMM

X XRMS RM

XR

Y YRMS RM

YR

=
′

′

′

′
, ,ΓY Y ′

 (13–a, b)

where ΓX and ΓY are the relative difference in the 
OLOA direction and LOA direction respectively. 
XRMS’ and YRMS’ are the transverse responses 
with consideration of the dynamic coupling terms, 
whereas XRMS′ and YRMS′ are the responses without 
consideration of the dynamic coupling terms. The 
larger the relative difference, the more influence 
of the dynamic coupling terms on the transverse 
responses.

Figure 4 shows the speed sweep of the rela-
tive difference of the driving gear in the two 

Table 1. Design parameters of the helical gear pair used 
by Kubur et al. (2004).

Parameters
Driving 
gear

Driven 
gear

Teeth number 50 50
Transverse module m (mm)  3
Transverse pressure angle ϕ (°) 20
Helix angle β (°) 25
Face width L (mm) 20

Figure 3. Comparisons of the simulated and measured 
DTE of the gear pair.
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directions. The relative difference in the LOA 
direction is nearly 0 at any speed, which means 
that the dynamic coupling terms have no influence 
on the transverse response in the LOA direction. 
However, in the OLOA direction, there are two 
resonance peaks in the low speed region, which is 
because the mesh frequency of the driving gear is 
closer to the natural frequencies corresponding to 
the first and second transverse modes (f1 and f2). It 
is clear from Figure 4 that the dynamic coupling 
behavior between the transverse motion and the 
rotational motion exists mainly in the OLOA direc-
tion when the gears are running in the low speed 
region. In the following section, the influence of 
some parameters on the gear dynamic coupling is 
investigated.

4.1 Gear overall profile error ef

Figure 5 shows the comparisons of the dynamic 
response of the driving gear in the OLOA direc-
tion among various gear profile error cases when 
driving gear rotating speed is 420rpm. It should be 
noted that all the other parameters are kept at the 
nominal values. It was found that when the gear 
profile error ef is 0, it is equivalent to the uncou-

pled case (i.e. without the inclusion of the dynamic 
coupling terms). It is obvious from Figure 5b that 
the dynamic coupling between gear transverse 
and rotational motions does exist when both gear 
eccentricity errors and profile error exist, and 
the larger the tooth profile error against eccen-
tricity errors, the more apparent is this dynamic 
coupling.

4.2 Number of gear teeth N

Figure 6 shows the comparisons of  the dynamic 
response of  the driving gear in the OLOA direc-
tion among various number of  gear teeth cases. 
Note that the speed ratio of  the gear pair is 1, 
meaning that the two gears have the same number 
of  teeth. It is found that the number of  teeth 

Table 2. Nominal values of some main parameters.

Parameters
Driving 
gear

Driven 
gear

Gear profile error ef (μm) 10
gear tooth number N 50 50
Helix angle β (°) 25
Magnitude of eccentricities (μm) 50  0
Initial phase of eccentricities (rad)  0  0

Figure 4. Relative difference between the transverse 
responses of the driving gear with and without the 
dynamic coupling terms in the LOA and OLOA direc-
tion: (a) original (b) zoom in.

Figure 5. Comparisons of the time history transverse 
response in the OLOA direction of the driving gear 
among various profile error cases (ef = 10, 20, 50 and 
100 μm) when rotating speed is 420 rpm: (a) original (b) 
zoom in.
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has some influence on the dynamic coupling 
between gear transverse and rotational motions. 
The larger the number of  teeth, the stronger the 
coupling.

4.3 Gear helix angle β

Figure 7 shows the comparisons of the dynamic 
response of the driving gear in the OLOA direc-
tion among various helix angle cases. Figure 7b 
demonstrates that the helix angle of the cylindrical 
gear pair researched does have some influence on 
the dynamic coupling among gear transverse and 
rotational motions, and the smaller the helix angle, 
the stronger the coupling.

4.4 Gear eccentricity ei and initial phase 
angle θi

e

Figure 8 shows the comparisons of  the dynamic 
response of  both gears in the OLOA direction 
among various driven gear eccentricity cases. 
The results show that driven gear eccentric-
ity has no influence on the driving gear vibra-
tion as well as the dynamic coupling. In other 
words, the standard vibration and the dynamic 
coupling in the OLOA direction of  one gear 
are independent of  its counterpart’s eccentric-
ity. The magnitude of  driven gear eccentricity 
can directly affect the magnitude (i.e. large or 
small) of  the dynamic coupling in the transverse 
response of  the driven gear, but it has negligi-
ble influence on the level (i.e. strong or weak) of 
this coupling with regard to the standard vibra-
tion response. The initial phase θ2

e of  the driv-
ing gear eccentricity will affect the phase of  the 
standard vibration of  but has no influence on 
the dynamic coupling.

Figure 6. Comparisons of the transverse dynamic 
response in the OLOA direction of driving gear among 
various number of teeth cases when rotating speed is 
420 rpm.

Figure 7. Comparisons of the transverse dynamic 
response in the OLOA direction of driving gear among 
various helix angle cases when rotating speed is 420 rpm.

Figure 8. Comparisons of the transverse dynamic response in the OLOA direction among various driven gear eccen-
tricity cases when rotating speed is 420rpm: (a) driving gear (b) driven gear.
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5 CONCLUSIONS

The main conclusions of this study include:

1. The dynamic coupling term is obvious in the 
OLOA direction when a gear pair is running in 
the low-speed range where the mesh frequency 
components are dominant in the dynamic 
response.

2. Gear overall profile error, number of teeth and 
helical angle directly affect the dynamic coupling 
behavior in the OLOA direction. The larger the 
profile error and number of teeth, the stronger 
the dynamic coupling it is. The helix angle will 
adversely affect the dynamic coupling.

3. The standard vibration and the dynamic coupling 
in the OLOA direction of one gear are independ-
ent of its counterpart’s eccentricity. The magni-
tude and initial phase of one gear’s eccentricity 
has no influence on the level of this coupling with 
regard to its standard vibration response.

The analysis results of this research are useful 
for the dynamic analysis of gear transmission sys-
tems subjected to eccentricities.
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ABSTRACT: In this paper, a planetary gear dynamic model is developed based on classic two-node 
gear elements. Ring-gear deflections are introduced by considering an elastic annulus discretized into 
straight beam elements connected to the time-varying mesh interface model. Realistic ring-gear support 
conditions are introduced via a sub-structuring technique which combines static and dynamic reductions. 
The interest of this original approach for dynamic mesh force simulations is assessed in relation to the 
number of modes used in the reduction. Finally, tooth modifications are introduced and their effective-
ness to improve static tooth load distributions and dynamic mesh forces is analyzed.

(Singh et al. 2008). (Abousleiman et al. 2006, 2007) 
combined sub-structured ring-gears and carri-
ers with lumped parameter models. In this work, 
sub-structures were derived from a Ritz method 
assuming that the static deformed shape can 
also be approximated by a combination of mode 
shapes. In this paper, a more precise reduction 
method is presented which relies on combinations 
of static and dynamic deformed shapes associated 
with the ring-gear support sub-structure. After 
validating the presented approach, the ring-gear 
support sub-structure is combined to a planetary 
gear dynamic model. Tooth load distributions and 
dynamic mesh force responses, with and without 
tooth modifications, are investigated and the inter-
est of  the modelling strategy is highlighted.

2 DYNAMIC MODEL

Dynamic displacements are introduced via infini-
tesimal displacement screws, representing the 
“deformed state” superimposed on rigid-body 
motions, referred to “reference state”. Following 
(Velex et al. 1996), the teeth are discretized into 
thin slices which are attributed an elemental mesh 
stiffness and a normal deviation (updated at each 
time step) aimed at representing the time-varying 
mesh stiffness and tooth modifications.

1 INTRODUCTION

In aeronautical applications, mass is critical and 
components tend to become thinner and conse-
quently more compliant. In this context, deflec-
tions in planetary gears need to be taken into 
account particularly those of ring-gears which are 
likely to influence static and dynamic tooth load-
ing significantly. One of the simplest approach 
consists in isolating one of the planetary gear 
parts and apply tooth loads as lumped forces 
(Chiang and Badgley 1973). (Anthony 1988) 
introduced the influence of carrier deformations 
as boundary conditions in a lumped parameter 
model. More recently, (Wu et al. 2008) combined 
an analytical model of  a continuum elastic ring 
on elastic foundations with a lumped parameter 
model of  planetary gear and studied the modal 
response using a perturbation method. Hybrid 
models have been recently proposed which often 
combine full finite-element analyses with sim-
plified contact models. For instance, (Vijayakar 
1991) connected a finite-element model with an 
analytical contact model for spiral bevel gears, 
avoiding refined mesh grids near the tooth con-
tacts. This modelling strategy has been extended 
to planetary gears (Parker et al. 2000), (Ambarisha 
et al. 2007) to analyze the influence of planet posi-
tion errors on load sharing and ring-gear stresses 
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2.1 Reference state

Due to the introduction of profile modifications, 
the contacts between the mating flanks can possibly 
be lost in rigid body conditions. In order to ensure 
the motion transfer from the input to the output, 
additional rigid body rotations can be imposed on 
the different members (with the exception of the 
driving member, i.e. the sun-gear in what follows) 
(Chapron et al. 2016) so that the minimum number 
of contacts compatible with a closed kinematic 
loop can be re-established. To this end, the follow-
ing constraints are imposed: (a) at least one cell in 
contact at each external mesh and, (b) at least one 
cell in contact at one internal mesh. By so doing, 
the distribution of initial tooth separations reads 
(M being a potential contact point):

δeS
j

ik

j

jik jikU Ujik j(M) max( )
δe j

N
jik jik jikU Ujik j(M) max ** **( )

with U, the sum of the normal deviations com-
ing from the driving and driven teeth for external 
meshes, and U**, the updated sum of normal 
deviations for internal meshes. Subscripts j, i and 
k stand for planet j, contact line i and cell k respec-
tively, and S or N refer to the sun-gear or a ring-
gear tooth.

Finally, rigid-body kinematics is deduced by 
imposing that there is no normal relative speed at 
the contacting points (e.g., where the initial tooth 
gap is nil).

2.2 Deformed state

2.2.1 External gear element
A rigid body mechanics approach is used and 6 
DOFs (3 translations and 3 rotations, Figure 1) 
are attributed to the base cylinder centroids (Velex 
et al. 1996). These DOFs are formally represented 
by the following infinitesimal displacement screws 
(g being a generic subscript which can either be S 
or C for sun-gear or carrier respectively):
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The DOFs are expressed in coordinate systems 
R1 and Rj, fixed to the carrier (possibly rotating) 
defined in Figure 2.

In these conditions, the tooth deflection at 
a contact cell (M) can be seen as the difference 
between the normal approach (relative normal dis-
placement at a cell induced by the DOFs) and the 
initial tooth separation as:

(M) ( ) (M) (M)( )( )δ δ(M)−(M) δe(M) T
SjSj

with T the vector/matrix transpose operator, V a 
structural vector related to the gear geometry and 
X the DOF vector which, for external meshes, 
read:
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Finally, by summing all the individual strain 
energies for all the discrete cells along the lines of 
contact, the mesh stiffness matrix and mesh forc-
ing term for a specific external gear mesh can be 
expressed as:

KmeK sh
Sj

ik Sj
T

Sj(k
ik

M)V VSj
T

S( )t,X

F VSj

ik
T

SjVVδFF δe e(k
ik

M) (M)( )t,X

Figure 1. Classic two-node gear element.
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where k(M) is the elemental mesh stiffness at the 
cell centered at M determined according to the for-
mulae of (Weber et al. 1953).

In the proposed method, a negative tooth deflec-
tion corresponds to tooth separation, and therefore 
to a reduction in contact length. In order to account 
for partial/complete contact losses, a contact algo-
rithm is implemented which verifies that, at each 
time step, all the mesh forces are compressive.

2.2.2 Internal gear element and deformable 
ring-gear

Ring-gear deformations are simulated via an elas-
tic ring model based on Timoshenko beam ele-
ments with one node per tooth on the neutral fiber 
(Figure 2). In these conditions, 6 DOFs are attributed 
to every ring-gear tooth (i.e. every line of contact 
characterized by subscript i) and the mesh stiffness 
matrix and forcing term can be derived using the fol-
lowing specific ring-gear tooth (N) structural vector 
and DOF vector (γ is a projection angle):
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2.2.3 Ring-gear support
The main objective of  this paper is to introduce 
the ring-gear support in a realistic way to account 
for complex geometry and environment. For this 
purpose, a method based on sub-structuring 
techniques is proposed. The principle is to con-
centrate the static and/or dynamic properties 
of  the linear parts (elastic) to a few nodes of  a 
finite element grid, called “master nodes”, which 
will later be connected to a more complex model 
(generally non-linear). The remaining nodes are 
called “internal nodes” whose displacements are 
approximated by some chosen functions. In Hert-
ing’s method (Herting 1985), a truncated modal 
basis is used, which comprises static modes φstatic 
(classical Guyan reduction) and dynamic modes 
φdynamic (free-free modal analysis). The aforemen-
tioned approximation and the reduced matrices 
therefore read:
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2.2.4 Equations of motion and solution strategy
Lagrange’s equations lead to the following equa-
tions of motion:

MX c c X K K K
K X F F t

gyro sc X ub riK ngii meK sh

centrK i

�� �

�

+c+ ( ) +KsK ub ( )t X((
+ ) = F (0FF Ω )) + ( )F (

It can be observed that gyroscopic and centrifu-
gal effects (Cgyro and Kcentri) along with a forcing 
term (FΩ) appear in the equations of motion for a 
rotating carrier. A constant global damping matrix 
(C) (Rayleigh’s damping) has been added and a 
simplified bearing model has been employed: linear 
and isotropic, non-diagonal terms are neglected.

The corresponding state equations are solved 
step by step in time by a New mark scheme com-
bined with a normal contact algorithm to simulate 
partial or complete contact losses between the 
teeth (Velex et al. 1996).Figure 2. Discretized ring-gear with beam elements.
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3 ELEMENTS OF VALIDATION

This section aims at assessing the sub-structuring 
method used in this paper to introduce realistic 
ring-gear support conditions. The geometry of the 
ring-gear support is presented in Figure 3. As men-
tioned above, the Herting’s method is employed to 
condense the static and dynamic contributions of 
this support at the ring-gear tooth nodes. The stiff-
ness matrix of the sub-structure is first validated 
by comparing the static deformed shape obtained 
with the reduced matrix and a complete finite-
element analysis. The results in Figure 4 have been 
obtained by imposing static mesh forces at different 
mesh locations. The static deformed shapes com-
pare very well (in and out of plane deformations) 
except at the locations where lumped forces were 
applied. The reduced mass matrix is then tested by 
comparing the natural frequencies of the ring-gear 
support (sub-structure) calculated with reduced 
mass and stiffness matrices and a full finite-
element analysis. For the reduction, the modal 

Figure 3. Ring-gear support geometry.

Figure 4. Planar views of the deformed state obtained 
analytically and by full finite element analysis (amplifica-
tion factor 100).

basis is truncated at a specific number of modes, 
40 and 300 in the present case, which corresponds 
to 3 and 10 kHz respectively. The 20 first modes 
are listed in Table 1 and a very good agreement is 
observed with a relative error below 0.05% over the 
entire range of modes. The number of modes kept 
in the reduction appears as a key parameter and its 
influence is examined in the following section.

4 INFLUENCE OF RING SUPPORT 
MODELS

The sub-structure of the ring-gear support is then 
introduced in the planetary gear model. For the 
sake of comparison, a simplified approach which 
consists in modelling the ring-gear support as a 
distribution of lumped stiffness elements (106 N/m 
for the three translations at each node) is also 
employed. The dynamic mesh force responses 
(dynamic factor) obtained with the two ring-gear 
support modelling strategies for a ring-gear thick-
ness (hr) of  10 and 20 mm are given in Figure 5 and 
Figure 6 respectively. For a 10 mm ring-gear thick-
ness, it can be observed that the ring-gear support 
model has a significant impact, particularly on 
internal gear meshes. When a stiffness distribution 
is used, two peaks are predicted between 13000 
and 17000 rpm, whereas, with a sub-structuring 
approach, a single peak emerges whose position 
varies with the number of modes selected for 
the reduction. By contrast, no influence can be 
reported for a thicker ring-gear (hr = 20 mm), and 
it is assumed that the ring-gear is not distorted 
enough to alter the tooth load distribution in the 
internal meshes.

5 EFFECT OF TOOTH MODIFICATIONS

The dynamic mesh forces have been calculated with-
out tooth modifications. As illustrated in Figure 7, 
the tooth load distributions determined at low 
speed (1000 rpm) with a sub-structure (300 modes 
and hr = 10 mm) are characterized by sharp vari-
ations at the engagement and end of recess of a 
tooth pair. Furthermore, ring-gear deformations 
induce local misalignments, notably on the internal 
meshes. In order to improve the contact patterns, 
a surface modification is generally applied to the 
tooth flanks. In what follows, the surface modifi-
cations combine symmetric linear tip relief  and a 
centered parabolic lead crowning on the driving 
member only. Since the tooth modifications are 
identical on all planets, only three parameters are 
needed to define tooth modifications, namely, the 
amplitude at tooth tips (A), the associated length 
of modification (L) and the crowning amplitude 
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Table 1. Natural frequencies of the sub-structure obtained analytically and by full element analysis.

#mode
Ansys®

[Hz]

Analytical
40 modes
[Hz]

Relat. Err.
[%]

Analytical
300 modes
[Hz]

Relat. Err.
[%]

1 322 322 −6,04E-04 322 −6,04E-04
2 323 323 −9,08E-04 323 −9,08E-04
3 410 410 −5,40E-05 410 −5,40E-05
4 1009 1009 2,47E-03 1009 2,47E-03
5 1009 1009 1,31E-03 1009 1,31E-03
6 1076 1076 −2,85E-03 1076 −2,85E-03
7 1078 1078 −1,59E-03 1078 −1,59E-03
8 1175 1175 4,11E-03 1175 4,11E-03
9 1278 1278 2,80E-03 1278 2,80E-03
10 1282 1282 2,90E-03 1282 2,90E-03
11 1774 1774 −1,43E-03 1774 −1,43E-03
12 1776 1776 −7,14E-04 1776 −7,14E-04
13 2003 2003 −5,32E-04 2003 −5,32E-04
14 2005 2005 −1,41E-03 2005 −1,41E-03
15 2014 2014 9,67E-04 2014 9,67E-04
16 2016 2016 −2,43E-03 2016 −2,43E-03
17 2061 2061 −1,44E-03 2061 −1,44E-03
18 2064 2064 2,40E-03 2064 2,40E-03
19 2090 2090 5,51E-05 2090 5,51E-05
20 2092 2092 8,80E-04 2092 8,80E-04

Figure 5. Dynamic factor for (a) external and (b) inter-
nal gear meshes (hr = 20 mm).

Figure 6. Dynamic factor for (a) external and (b) inter-
nal gear meshes (hr = 10 mm).
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(B). Considering different surface modification for 
the external and internal gear meshes (but identical 
for all the planets), a set of two optimum surface 
modifications has been defined. The modifications 
have been optimized with respect to dynamic mesh 
forces via an equivalent quasi-static criterion based 
on local transmission error fluctuations (Velex 
et al. 2016).

The optimization was conducted using a genetic 
algorithm (Chapron et al. 2016). Although opti-
mized with respect to the vibrational behavior, 
the optimum crowning amplitude was not large 
enough to re-center the load distribution, and con-
sequently a 20 μm amplitude crowing has been pre-
ferred on the internal meshes. In comparison with 

Figure 7. Load distribution on the (a) external and (b) 
internal gear meshes without modification (sub-structure 
with 300 modes and hr = 10 mm).

Table 2. Surface modification definition.

Gear meshes

Sun/Planets Ring/Planets

A [μm] 40.20 31.20
L [mm] 1.42 2.12
B [μm] 7.82 20.0

Figure 8. Load distribution on (a) external and (b) inter-
nal meshes with modifications (sub-structure 300 modes, 
hr = 10 mm).

Figure 9. Dynamic factor for (a) external and (b) inter-
nal gear meshes obtained with surface modifications 
(hr = 10 mm).
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the unmodified tooth case, Figure 8 presents the 
new load distributions with the surface modifica-
tions defined in Table 2.

Dynamic responses have been calculated over 
a range of speeds using the surface modifications 
in Table 2. The corresponding dynamic mesh force 
curves are presented in Figure 9 for a lumped 
stiffness distribution and a sub-structure (40 and 
300 modes) as ring-gear supports (hr = 10 mm). 
A definite amplitude reduction is observed for the 
external gear meshes due to the optimum modi-
fication, whereas for the internal gear meshes the 
impact is more contrasted. The overall amplitude 
level however remains rather low because of the 
ring-gear deformations.

6 CONCLUSION

In this paper, an original approach has been pre-
sented to introduce more realistic boundary sup-
port conditions, particularly on the ring-gear, 
based on a sub-structuring technique. The number 
of modes used for the reduction appears as a key 
parameter in terms of computational cost and pre-
cision. In view of the presented results, it can be 
concluded that particular attention has to be paid 
to the relative compliance of the parts constitut-
ing the planetary gear set environment. For large 
ring-gear deformations, the support conditions, 
and therefore their associated models, are strongly 
influential on dynamic tooth loads. Finally, it has 
been demonstrated that tooth modifications should 
not only be optimized with respect to the global 
dynamic behavior, but that a careful analysis of 
tooth load distributions should also be conducted.
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ABSTRACT: In this paper, the vibration transmission characteristics at the multiple interfaces of the 
shaft-bearing system are studied as functions of contact stiffness and damping between transmitting com-
ponents using a Multiple-Degrees-Of-Freedom (MDOFS) model. The dynamic responses at the multiple 
interfaces under shock excitation are calculated using multi-body dynamics. The transmission of vibration 
through the multiple interfaces is characterized by the defined vibration transmission ratio. Results show 
that the vibration transmission ratio of different interfaces exhibits nonlinearity with the contact proper-
ties and it is approximated by a logarithmic function for contact stiffness and power-law for damping.

In this work, the vibration transmission char-
acteristics at the multiple interfaces of the shaft-
bearing system are studied as functions of contact 
stiffness and damping between transmitting com-
ponents using a Multiple-Degrees-Of-Freedom 
(MDOFS) model. The dynamic responses at the 
multiple interfaces under shock excitation are cal-
culated using multi-body dynamics. The transmis-
sion of vibration through the multiple interfaces 
is characterized by the defined vibration transmis-
sion ratio.

2 DESCRIPTION OF THE DYNAMIC 
MODEL

An impulse is generated at the shaft and trans-
mits from the shaft to the bearing house. The four 
transmitting interfaces in the path are defined as 
interface 1, interface 2, interface 3 and interface 
4, which correspond to contact interfaces between 
shaft and inner race, inner race and rolling element, 
rolling element and outer race, and outer race 
and bearing house, respectively. The established 
Multiple-Degrees-Of-Freedom model (MDOFs) 
for predicting the vibration transmission and atten-
uation along the four contact interfaces is shown 
in Figure 1. The concentrated mass of the shaft, 
inner race, rolling element, outer race and bear-
ing house are m0, m1, m2, m3, m4, respectively and 

1 INTRODUCTION

In the area of gearbox condition monitoring, the 
vibration produced by the shock excitation can 
be monitored for the detection and diagnosis of 
faults and defects associated with gear or bearing 
(Tandon 1994, Shao & Nezu 2005, Viktor et al. 
2016). However, the faults or defects are usually 
deep inside the mechanical systems and the sen-
sors are usually located on the outer casing. The 
collected signal thus experiences the transmission 
path from the vibration source to signal collecting 
point. The dynamic motions at contact interfaces 
along the transmission path can significantly affect 
the strength and characteristic of the measured 
signal (Smith 1995, Xiao et al. 2012). Thus, the 
vibration attenuation due to the dynamic contact 
motions at the transmitting interfaces should not 
be ignored for a trustworthy fault detection or 
diagnostic result.

Considerable attention has been focused on the 
dynamic and vibration behaviour of the shaft-
bearing system (Lim & Singh 1991, Kang et al. 
2000, Chaari et al. 2008, Srikanth & Sekhar 2015). 
However, little attention has been paid to the 
transmission and attenuation of impact vibration, 
which can have different origins such as internal 
clearance, manufacturing error, improper instal-
lation or local defect through the shaft-bearing 
system.
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the distributed nature of the transmitting elements 
is neglected. The contact stiffness of interfaces 1, 
2, 3, 4 between different components is basically 
nonlinear. However, for dynamic motion, the 
displacement is in a relatively small range in the 
force-displacement curve. Thus, the stiffness can 
be approximated to be linear. The contact action 
and coupling effects between the components are 
modelled using a parallel linear spring-damping 
element. The linear spring, ki (i = 1,2,3,4), repre-
sents the elasticity of the contact bodies and the 
damper, ci (i = 1,2,3,4), describes the loss of kinetic 
energy at the interfaces. The bearing house is sup-
posed to be rigidly constrained.

To generate a shock excitation, a sphere has 
mass m is dropped from height, h, which controls 
the magnitude of the shock excitation and impacts 
with shaft at the mass center. The generated shock 
excitation then moves from shaft through the trans-
mitting interfaces, inducing the dynamic motion of 
the concentrated masses, as shown in Figure 1.

The vertical impulse acceleration responses of 
the concentrated masses m0, m1, m2, m3, m4 in the 
MDOFs model, under the action of the shock 
loading, will be investigated. A range of values will 
be assigned to the contact stiffness ki (i = 1,2,3,4), 
damping ci (i = 1,2,3,4) to examine the effect of 
contact stiffness, damping. The objective is to 
quantify the vibration transmission ratio at differ-
ent interfaces due to the dissipation arising from 
vertically dynamic contact motions, and the rela-
tionship with the contact stiffness and damping.

The software ADAMS is employed for the 
calculation. The three-dimensional solid to solid 
contact is defined between the sphere and m1. The 
restitution-based contact method is employed to 

compute the contact force for the impact contact 
action from a penalty parameter and a coefficient 
of restitution. The penalty parameter defines the 
local stiffness properties between the contacting 
material, and the coefficient of restitution controls 
the dissipation of energy at the contact. The pen-
alty parameter and the restitution coefficient used 
in calculation are1e+8 and 0.8, respectively. The 
Augmented Lagrangian is used to refine the nor-
mal force between two sets of rigid geometries that 
are in contact.

3 RESULTS AND DISCUSSION

Non-dimensional parameters for the mass of 
transmitting components, contact stiffness, damp-
ing and magnitude of input impact are defined as 
Mn, Kn, Cn and H (n = 0,1,2,3,4) respectively, as

M
m
m

K
k
k

C
c
c

H
h

hnM n

n
n

nk
nC n

n

= =Kn = =Hn

0 0knk 0 0hnh
2 3 4, ,K

knK , ,H
h

( ,n = 1 , ,3 )  
 

(1)

Figure 1. Dynamic model of the “gear-shaft-bearing-
bearing house” system.

Table 1. Reference parameters of the MDOFs system 
used.

Inner 
race 
n = 1

Rolling 
element 
n = 2

Outer 
race 
n = 3

Bearing 
house 
n = 4

mn0 (kg) 0.2465 0.1730 0.4063 12.66
kn0 (N/mm) 1.0e+7 1.0e+6 1.0e+6 1.5e+7
cn0 (Ns/mm) 0.60 4.34 7.32 1.00
m0 (kg) 15.1614
h0 (mm) 100

Figure 2. Plots of the acceleration amplitude of mass 
m1 versus contact stiffness of different interfaces for 
sphere dropping height h = 100 mm. g = 9.8 m/s2.
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where the subscript n refers to the components 
shown in Figure 1, the subscript 0 refers to the ref-
erence parameters and are listed in Table 1.

The transmission of vibration through the 
multiple interfaces is characterized by the vibra-
tion transmission ratio α, which is defined as the 
ratio of the peak acceleration amplitude difference 
between neighboring transmitting interfaces and 
the input interface and is expressed as

α = +a a−
a

i ia

input

1  (2)

where ai is the peak acceleration amplitude of the 
nth transmitting component i (n = 1,2,3,4) and ainput 
is the peak acceleration of mass m1.

3.1 Effect of contact stiffness between 
transmitting components

Figure 2 shows the plot of peak acceleration ampli-
tude of mass m1 versus non-dimensional contact 

Figure 3. Plots of vibration transmission ratio α versus non-dimensional contact stiffness of different interfaces 
(a) K1 (b) K2 (c) K3 (d) K4.

stiffness Ki (i = 1,2,3,4) between transmitting 
components. It can be seen that the input accel-
eration amplitude decreases as the contact stiffness 
increases for the four transmitting interfaces.

Figure 3 shows the relationship of vibration 
transmission ratio αi (i = 1,2,3,4) at interfaces 1, 
2, 3, 4 to non-dimensional contact stiffness Ki 
(i = 1,2,3,4) between transmitting components. 
It can be seen from Figure 3 (a) that the attenua-
tion coefficient αi (i = 2,3,4) increases as the con-
tact stiffness K1 increases, while the attenuation 
coefficient a1 decreases as the contact stiffness K1 
increases. The similarity is also observed from sub-
plots (b-d) that the attenuation coefficient at the 
interface decreases if  the contact stiffness at this 
interface increases, while the attenuation coefficient 
increases for other interfaces. This indicates that 
when the contact stiffness between certain trans-
mitting components increases, the vibration attenu-
ation between these two components will decrease, 
however, the vibration attenuation between other 
transmitting components will increase.
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It can be also noted in Figure 3 that the variation 
of acceleration differences can be separated into 
two parts. For a relatively small non-dimensional 
contacting stiffness, i.e. Ki<2 the acceleration 

attenuation coefficient changes largely as Ki var-
ies. However, for a large contact stiffness, i.e. Ki>6 
the acceleration attenuation coefficient follows the 
asymptotic behavior.

The relationship between vibration transmission 
ratio α and contact stiffness between components 
Ki (i = 1, 2, 3, 4) can be approximated by

α β βi kα βα kββkββ +1 0i kββl ( )KKiiKi  (3)

where βk1 and βk0 are coefficients. With least-squares 
fitting, the coefficients can be obtained. The fitted 
curves are also plotted in Figure 3 (a)–(d).

3.2 Effect of damping between transmitting 
components

Figure 4 shows the relationship of acceleration 
amplitude of mass m1 to non-dimensional contact 
damping Ci (i = 1,2,3,4) between transmitting 
components. It can be seen that the input accelera-
tion amplitude decreases as the contact damping 
increases for the four transmitting interfaces.

Figure 4. Plots of the acceleration amplitude at the 
input shaft versus contact damping of different interfaces 
for sphere dropping height h = 100 mm. g = 9.8 m/s2.

Figure 5. Plots of vibration transmission ratio α versus non-dimensional contact damping of different interfaces 
(a) C1 (b) C2 (c) C3 (d) C4.

ICPT2016_Book.indb   588ICPT2016_Book.indb   588 9/29/2016   11:46:33 AM9/29/2016   11:46:33 AM



589

Figure 5 shows the relation of vibration trans-
mission ratio α (i = 1,2,3,4) at interfaces to the non-
dimensional damping coefficients Ci (i = 1,2,3,4) 
between transmitting components. It is shown in 
Fig. 5 (a) and (d) that the damping at interfaces 1 
and 4, which are interfaces between shaft and bear-
ing inner race, and between bearing outer ring and 
bearing house respectively, have very small effect 
on the vibration attenuation between transmitting 
components, even if  the damping are ten times the 
reference value. The damping at interfaces 2 and 
3, which are interfaces between bearing inner race 
and rolling elements, and between rolling elements 
and bearing outer race, largely influence the vibra-
tion attenuation along the transmission path, as 
shown in Figure 5 (b) and (c).

The results in Figure 5 (b) and (c) show the 
same trend as in Figure 3 that when the damp-
ing between certain transmitting components 
increases, the vibration attenuation between these 
two components will decrease, however, the vibra-
tion attenuation between other transmitting com-
ponents will increase.

The relationship between αi and Ci are approxi-
mated by

α β ββ
i cα βα C βββcβ C βββ

2 0i cβC βi cβCi 2 3 4( ,i = 1 , ,3 )  (4)

where βc1, βc2 and βc0 are coefficients. With least-
squares fitting, the coefficients are obtained. The 
fitted curves are also plotted in Figure 5 (a)–(d).

4 CONCLUSIONS

In this paper, the vibration transmission character-
istics at the multiple interfaces of the shaft-bearing 
system have been studied as functions of contact 
stiffness and damping between transmitting com-
ponents using a Multiple-Degrees-Of-Freedom 
(MDOFS) model. The dynamic responses at the 
multiple interfaces under shock excitation have 
been calculated using multi-body dynamics. The 
transmission of vibration through the multiple 
interfaces has been characterized by the defined 
vibration transmission ratio. It has been shown 
that the vibration transmission ratio of different 
interfaces exhibits a nonlinearly with the contact 
properties and can be approximated by a logarith-

mic function for contact stiffness and power-law 
for damping.
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The effect of shaft angles on dynamic load and load sharing 
characteristics of the split torque transmission system
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ABSTRACT: The effects of shaft angles, which define the locations of gear centers, on dynamic load 
and load sharing characteristics of a split torque transmission system are investigated. Firstly, the equa-
tion of motion of the system with time varying mesh stiffness, gear backlash and gyroscopic effect is 
derived based on shaft angles which have already been solved, where the mesh stiffness is derived from 
the ABAQUS software. Then, the dynamic forces of each pair of meshing gears are solved according 
to the formula, and subsequently dynamic load coefficients and load sharing coefficients are obtained. 
Finally, the curves of dynamic load and load sharing coefficients are illustrated to indicate the effects of 
shaft angles. The research shows that shaft angles have little influence on the trends of dynamic load and 
load sharing coefficients curves which change with the speed. However, the curves have the phenomenon 
of a sudden increase or decrease at some speeds with different shaft angles. It reflects the differences in 
dynamic load and load sharing characteristics caused by different shaft angles. In other words, shaft 
angles have effect on dynamic load and load sharing characteristics of a split torque transmission system 
at some speeds.

Keywords: split torque transmission system; shaft angles; dynamic load coefficients; load sharing 
coefficients

reason is that vibration levels of the gear system 
are directly related to the noise levels associated 
with the system. Dynamic gear mesh forces cre-
ated at gear mesh interfaces are transmitted to sur-
rounding structures through bearings and gearbox 
housing to form the primary source for gear whine 
noise. Another reason for studying gear dynam-
ics is due to durability and strength of the gear 
pair. Forces acting at gear meshes and bearings 
under dynamic (high-speed) conditions are typi-
cally larger than those under low-speed operating 
conditions. As a result, stresses, and hence, bend-
ing (tooth breakage) and contact fatigue lives of a 
gear set are influenced by its vibratory behavior. 
Therefore, it is necessary to research on dynamic 
gear mesh forces. Dynamic load coefficients [7] are 
defined to measure the dynamic load characteris-
tics of the transmission system.

A large number of theoretical studies have been 
conducted to focus on the dynamic load and load 
sharing characteristics of the split torque transmis-
sion system. Krantz[1, 3] focused on the load shar-
ing of a split torque transmission and investigated 
the effect of shaft angles, mesh phasing and com-
pound shaft stiffness on the dynamic characteris-
tics. Li[8] studied the design of system parameters, 

1 INTRODUCTION

The split torque transmission system, due to its 
small size, light weight, large speed ratio and high 
efficiency, has been widely used in aerospace appli-
cations where the drive system needs to transmit 
a very high torque in a very small space. Com-
pared with a conventional planetary design, the 
split torque transmission system has the following 
advantages [1–3]: 1) High ratio of speed reduc-
tion at the final stage; 2) Reduced number of gear 
stages; 3) Lower energy losses; 4) Increased reli-
ability of separate drive paths; 5) Fewer number 
of gears and bearings; 6) Lower levels of noise 
from gear meshes. Therefore, research on the split 
torque transmission system is of great value and 
significance.

The split torque transmission system is one 
of the dual-branch power transmission systems, 
which has the problem of uneven load distribution 
among different branches. Generally, load sharing 
coefficients are benchmarks for the load sharing 
characteristics of a transmission system. Besides, 
the vibratory behavior of gear systems has been 
a major research topic in power transmission and 
gearing field for two primary reasons [4–6]. One 
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the shaft angles by defining the two paths meshing 
synchronously and proposed the load sharing 
methods in accordance with the configuration fea-
tures of the system. Fu[9] focused on load shar-
ing multi-objective optimization design of a split 
torque helicopter transmission. Zhang[10] and 
Zhao[11] studied the influences of manufacturing 
errors and installation errors on the dynamic load 
and load sharing characteristics of a split torque 
transmission system. Dong[12] and Wang[13] 
explored the effects of support stiffness and shaft 
angles on the dynamic load and load sharing coef-
ficients of such systems.

However, Krantz[1] and Wang[13] ignored in 
their studies the relationship between shaft angles 
and mesh phasing which were taken as two irrel-
evant factors. The shaft angles they took into con-
sideration are assumed. Although effects of shaft 
angles on dynamic load and load sharing character-
istics of a split torque transmission system are also 
investigated in this research, the shaft angles have 
been calculated precisely in our previous work. The 
main content of this work is as follows: Firstly, the 
equation of motion of the system with time vary-
ing mesh stiffness, gear backlash and gyroscopic 
effect is derived based on the shaft angles which 
have already been solved, where the mesh stiffness 
is derived from the ABAQUS software. Then, the 
dynamic forces of each pair of meshing gears are 
solved according to the formula, and subsequently 
dynamic load coefficients and load sharing coeffi-
cients are obtained. Finally, the curves of dynamic 
load and load sharing coefficients are illustrated to 
indicate the effects of shaft angles and a short con-
clusion of the present work is made.

2 SYSTEM MODEL

The split torque transmission system, shown in 
Figure 1, has two speed reduction stages. Relevant 
parameters of the system are listed in Table 1. The 
power is split between two gears of the first stage 
and carried by two pinions of the second stage. 

The two pinions drive the second stage gear which 
is referred to as the bull gear. The two paths are not 
independent. While the power is divided into two 
paths, there is a virtual constraint whose existence 
can cause difficulties for the design and arrange-
ment of the system. Therefore, it is necessary to 
take into account the effect of the virtual con-
straint when designing relevant parameters of the 
system. That is to say, the shaft angles need to meet 
some requirements to ensure smooth installation 
and normal engagement [8]. The shaft angles have 
been solved in our previous work with the solu-
tions listed in Table 2.

2.1 Mesh stiffness of gears

The mesh stiffness and static transmission error 
should be calculated first to establish the system 
model. The mesh stiffness is solved by the ABAQUS 
software. For the system, there are two kinds of 

Figure 1. Split path transmission.

Table 1. System parameters.

First stage Second stage

Pinion Gear Pinion Bull gear
Tooth number 31 98 23 157
Normal module (mm) 2.75 3.0215
Pressure angle (°) 22.5 20
Helix angle (°) 0 30
Face width (mm) 40 45
Dedendum factor 1 1
Bottom clearance factor 0.25 0.25
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Figure 2. Finite models of mesh gear pairs.

Table 2. Groups of shaft angles.

Groups α β δ

1 102.5390° 52.2924° 102.5843°
2 132.2985° 62.2146° 82.7435°
3 137.6843° 63.5794° 79.3682°
4 145.8031° 65.3557° 74.4206°
5 153.0109° 66.6362° 70.1764°
6 162.0579° 67.8314° 65.0554°
7 170.4746° 68.5176° 60.5039°

mesh stiffness: mesh stiffness of spur gears in the 
first stage and mesh stiffness of herringbone gears 
in the second stage. In order to account for the 
effect of the thin web and rim of the herringbone 
gears, a calculation method for equivalent mesh 
stiffness based on the finite element is adopted 
which is given in reference [14]. The finite models 
of the mesh gear pairs are shown in Figure 2.

The mesh stiffness of the pairs can be solved by 
equation (1):

k
T

TE rmk gTT

pr
=

⋅ ⋅r cos β
 (1)

Here β is the helix angle and it is set to be zero 
when calculating the mesh stiffness of the first 
stage; Tg is the torque; rp is the radius of the pitch 
cycle; TE is the transmission error and it is calcu-
lated from equation (2):

TE NLTEp p g g= +rr +αrp gr+  (2)

Here F F c f bpiFF giFF m pg m pg=F
⋅

δ δK fpg mKK )  is the radius 
of the pitch cycle, αI is the angular displacement, 
and NLTE is no load transmission error which is 
set to be zero here.

Then the mesh stiffness curves of both mesh 
gear pairs are obtained. In order to take the mesh 
phasing into consideration conveniently, only the 
mean value and peak-to-peak value of the mesh 
stiffness curves are used in the following work.

2.2 Dynamic model

In consideration of  the geometric symmetry of 
the split torque transmission system, the coordi-
nate system is established, as shown in Figure 3, 
and then the dynamic model can be derived. The 
components of  the system include four rotor 
shafts, two pairs of  spur gears, two pairs of  her-
ringbone gears and four pairs of  bearings. The 
bodies representing the gear and the pinion are 
assumed to be rigid and they are installed on 
shafts which will be constructed by applying the 

Figure 3. Coordinate system.
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Timoshenko beam finite element model theory. 
The gear mesh flexibility is represented by a lin-
ear spring and damper acting on the plane of 
action normal to the gear tooth surface and the 
mesh stiffness of  the spring is calculated above. 
The support function from the bearings is repre-
sented by a linear spring and damper. After that, 
the model considering the time varying mesh 
stiffness, gyroscopic effect and gear backlash 
is established and then the mass matrices, stiff-
ness matrices and damping matrices (including 
gyroscopic matrices) are assembled to obtain the 
overall system formulation. The distributions of 
the nodes are shown in Figure 4, and the her-
ringbone gears are assumed to be two helical 
gears. The establishing process of  the shaft, the 
gear rotor and the bearing in the model is given 
in reference [15] while the gear mesh process is 
described as follows:

The mesh process is simplified as time varying 
mesh stiffness and damping and excited by static 
transmission error. The relative displacement of 

the gear mesh pair in the direction normal to the 
tooth surface along the plane of action is repre-
sented as [16]:

δ
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 (3)

Here δ ihδ ( ,i , , )2, 3 4,  is the relative displace-
ment of the i pair of gears, α αm nα αα p= +α nα ,  
α α α β βpαα α / , / , / ,βα−, /  αn is the pressure 
angle, and βt is the helix angle which is set to be 
zero in the first stage.

Then the mesh force of the gear pair can be 
written as

F km mF kF m m m ihkmk ( )B+hγ m δmm γcm)B δ i0 1ih miiihiihiii mm 0
�  (4)

The index of the backlash function is
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The mesh force can be rewritten as

F k c k B
k q q k B
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k k k k j tm pk k k pjk m i
j

n

+kk
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1

2cos( )πtt − 2 δ iππ  (8)

Here the meshing phase is expressed as 
δ iδ ( ,i , , ),2, 3 4,  and δ δ α1 3δδ 2 11, , δ (δ2δδδ2δδ / )π2δ2δ −  
int[( / ) , ( ) ) ]/1 4/ ) ],/ 4 4/ )2 ) ]]],)) ]) ]) ])) (δ ( / ))4 /( /z( 4 / β πint[( / ))4int[( 2 β ]]))/z( 4 / β [17]. 
This means that gears can be meshed in the ideal 
position on the left side while mesh phasing exists 

Figure 4. Distribution of nodes of the split torque 
transmission system.
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on the right side. K0 and Kp have been calculated 
by the software.

For the geared rotor-bearing system, the system 
equation of motion is obtained:

f qq
[ ]M { }qsq + { }G [ ]C sC { }qs

+ [ ]K { }F s

GG
(ff )}  (9)

Here [Ms], [Gs], [Cs] and [Ks] are the overall mass 
matrix, gyroscopic matrix, damping matrix, and 
stiffness matrix, respectively; {f(qs)} is the nonlin-
ear displacement matrix; {Fs} is the gear vibration 
excitation which includes external torque excitation 
and internal static transmission error excitation.

3 NUMERICAL RESULTS

In order to analyze the effects of shaft angles on 
the dynamic load and load sharing characteristics 
of the split torque transmission system, dynamic 
load coefficients and load sharing coefficients need 
to be defined first.

Dynamic load coefficients are defined as the 
ratio of the maximum dynamic mesh force of the 
mesh gears to the input load [18]:

F i
F r T

i iFF s

i iFF rr iTT
( )t ( )tt / (FiFF s )

( )tt /
, a ,

, a

=F i(t (F
=

1 6−
 (10)

Here Ti is the static load, ri is the pitch radius, 
and Fi,max is the maximum dynamic mesh force of 
each pair.

Load sharing coefficients are defined as[19]:
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Here F j L RijFF ,max ( ,i ; ,j L ); j2,2  is the maximum 
dynamic mesh force of each pair.

3.1 Analysis of dynamic load coefficients

The curves of  dynamic load coefficients are 
shown in Figure 5. (a)-(g), Here the dynamic load 
coefficients change with different shaft angles 
and speeds. The speeds are the input shaft (Here 
gear z1 is installed on) speeds which vary from 
5krpm to 30krpm. As shown in Figure 5. (a)-(g), 
the curves labeled “L1-FS”, “R1-FS”, “L1-SS”, 
“L2-SS”,“R1-SS”, and “R2-SS” mean that the 
mesh pair of  gears are in the left branch of  the 
first stage (z1 & z2,l), the right branch of  the first 

stage (z1 & z2,r), the left branch of  the second stage 
(z3,l & z4) and the right branch of  the second stage 
(z3,r & z4) Here the gears z3,l, z3,r and z4 have been 
assumed as two helical gears so that the number 
of  curves of  the second stage doubles. The con-
clusion can be obtained from the curves that it 
is reasonable to assume the herringbone gears as 
two helical gears because the curves “L1-SS” and 
“L2-SS” as well as “R1-SS” and “R2-SS” are very 
similar.

In the first stage: (1) The dynamic load coef-
ficients are in region [2, 6] while the values are 
stable and mainly in region [2, 3] when the speed 
is beyond 20krpm. (2) When the speed is under 
20krpm, the values are fluctuant obviously. (3) The 
trends of the curves are similar for the left and right 
branches, and generally the coefficients of the left 
branch are larger than those of the right branch. 
(4) When the speed is in regions [7, 8], [11, 12] and 
[16, 18], the coefficients increase steeply. (5) When 
the speed is near 26krpm, the curves of Groups 2 
and 5-7 have a peak, and the curve of the 7th group 
also has a peak at the speed of 23krpm. (6) The 
branches have obvious difference at the speed of 
8.4krpm for Groups 3–6.

In the second stage: (1) the trends of the curves 
are similar for the two branches and, generally, the 
coefficients of the left branch are larger than those 
of the right branch. The coefficients are in region 
[1, 2] and when the speed is in region [10, 22], the 
coefficients increase with the speed and fluctuate 
obviously in region [6, 8]. (2) The curves of Groups 
1–4 decrease suddenly at the speed of 23krpm and 
27krpm while other groups have the same phenom-
enon only at the speed of 27krpm. (3) The curves 
have a peak at the speed of 12krpm for Groups 3–6 
and at the speed of 15.74krpm for Groups 6–7.

3.2 Analysis of load sharing coefficients

Similar to dynamic load coefficients in Figure 5, 
the conclusion can be obtained from the curves of 
load sharing coefficients in Figure 6. (a)-(g) that 
it is reasonable to assume the herringbone gears 
as two helical gears because the curves “L1-SS” 
and “L2-SS” as well as “R1-SS”& “R2-SS” are 
very similar. Then the following conclusion can be 
made from Figure 6. (a)-(g):

In the first stage: (1) the load sharing coeffi-
cients of the left branch are larger than those of 
the right branch, particularly at high speeds. When 
the speeds are in region [13, 16], the coefficients 
have increase or decrease phenomena and the coef-
ficients of the left branch are smaller than those 
of the right branch. The coefficients of Groups 2 
and 5–7 decrease suddenly at the speed of 26krpm, 
which also happens at the speed of 23krpm for 
Group 7. (2) The max values of the load sharing 
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coefficients are 1.145, 1.317, 1.2, 1.26, 1.12, 1.264, 
and 1.288, and the mean values are 1.08, 1.128, 
1.124, 1.133, 1.14, 1.142 and 1.146 separately 
for the 7 groups of shaft angles, which are really 
close.

In the second stage: (1) the load sharing coef-
ficients of  the left branch are larger than those of 
the right branch, particularly at high speeds. (2)
The max values of  the load sharing coefficients 
are 1.188, 1.18, 1.199, 1.17, 1.194, 1.198 and 

1.199, and the mean values are 1.09, 1.137, 1.154, 
1.145, 1.15, 1.161 and 1.159 separately for the 7 
groups of  shaft angles, which are really close as 
well.

3.3 Analysis of the critical speeds

In order to explain the steep increasing phenom-
enon of the dynamic load coefficients curves, the 
Campbell diagram is drawn in Figure 7.

Figure 5. Curves of dynamic load coefficients.
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From the Figure 7, there are many intersection 
points between the gear mesh frequency (GMF(1)
and GMF(2), which mean the mesh frequencies 
of the first stage and the second stage of the split 
torque transmission system), Gear Shaft Fre-
quency (GSF) and the natural frequency curve. 
That is to say, the critical speeds are detected which 
are the abscissa values of these intersection points. 
It will affect the dynamic response and induce 
the phenomenon of resonance. For example, in 
regions [7, 8], [11, 12] and [16, 18], there are some 
critical speeds and the steep increasing phenome-
non might be caused by them. However, not all the 
critical speeds can be detected in different groups 
of shaft angles. That is to say, shaft angles have 
effects on the dynamic load coefficient especially 
at critical speeds.

Figure 6. Curves of load sharing coefficients.

Figure 7.
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4 CONCLUSIONS

The main findings about the influence of shaft 
angles on the dynamic load and load sharing char-
acteristics are concluded as follows:

1. The dynamic load coefficients are varied for dif-
ferent branches and the coefficients of the left 
branch are always larger than those of the right 
branch. The same is true for the load sharing 
coefficients.

2. The trends of the curves illustrating the dynamic 
load coefficients are similar in different groups 
of the shaft angles, but at some speeds especially 
at critical speeds such as 23krpm, 26krpm and 
27krpm, there exists difference in the trends. For 
example, there is a peak in the curves for Group 
2 and Groups 5–7 at the speed of 23krpm and 
26krpm while there is no peak for other groups 
in the first stage.

3. The trends of the curves illustrating the load 
sharing coefficients are also similar in differ-
ent groups of the shaft angles, especially in the 
second stage. However, in the first stage, there 
are differences at some speeds especially at criti-
cal speeds as in the case of the dynamic load 
coefficients.
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Study on the dynamics of high-speed-ratio planetary gear transmissions 
with low-loss gears
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ABSTRACT: The NGWN-type planetary gearing has large speed ratio but its efficiency is low. To 
improve its efficiency, the low-loss gear is designed by optimizing modification coefficient and tooth 
addendum coefficient to reduce meshing power loss, but this will lead to relatively low contact ratio which 
may result in vibration and noise. In this paper, the low-loss gear is applied to the NGWN-type planetary 
gearing to improve its efficiency. The efficiency of the NGWN-type planetary gearing with low-loss gear 
pairs at different contact ratio is analyzed. Then the dynamic model of the NGWN-type planetary gear-
ing with low-loss gear pairs is set up to study the relation between the vibration intensity and the contact 
ratio. Finally, the reasonable range of contact ratio of the NGWN-type planetary gearing with low-loss 
gear pairs is obtained, which enable the planetary gearing with large speed ratio to get high efficiency and 
low vibration.

In this research, the NGWN(I)-type spur 
planetary gear transmission is taken as a 
research object, the low-loss gear is applied to 
improve the transmission efficiency, and the 
relation between the efficiency and the trans-
verse contact ratio of  the gear is obtained. Then 
the dynamic performance of  the NGWN(I)-type 
planetary gear transmission with low-loss gear 
is studied, and the relation between vibration 
intensity and the contact ratio is gotten. Finally 
the reasonable range of  contact ratio is designed 
to enable the NGWN(I)-type planetary gear 
transmission to have relatively high efficiency 
and low vibration.

2 DYNAMIC EQUATIONS OF SYSTEM

The diagram of mechanism of the NGWN(I)-type 
planetary gear transmission is shown in Figure 1, 
where A is a sun gear, C and E are internal gears, B 
and D are double planet gears, and H is the planet 
carrier.

For the study of dynamic performance of the 
NGWN(I)-type spur planetary gear transmis-
sion, a translation-torsion dynamic model (see 
Figure 2) is established in the rotating Cartesian 
coordinates.

In the dynamic model, the three planet gears are 
considered to be evenly distributed, the influence 
of the tooth backlash is not considered, and the 
dynamic equation of the system is established by 
the lumped parameter method:

1 INTRODUCTION

High-speed-ratio planetary gear transmission, 
also known as NGWN-type planetary gear trans-
mission, which has the advantages of compact 
structure, large transmission ratio and high carry-
ing capacity, has been widely used in large engi-
neering machinery (Zheng 1994). However, this 
system has the problem of low transmission effi-
ciency (Sensinger & Jonathon 2013). Therefore, 
some scholars (Hohn & Michaelis 2007) proposed 
the concept of low-loss gears and applied them to 
high-speed-ratio planetary gear transmission to 
reduce meshing power loss by shortening the length 
of the gear meshing line and making the point of 
intersection of gears’ pitch circles coincide with 
the midpoint of the meshing line to reduce rela-
tive sliding speed. But the reduction of length of 
the meshing line means the decrease of transverse 
contact ratio of the gear pair, which may have an 
impact on the dynamic performance of gears.

Compared with a large number of studies 
(Zongde & Yunwen 1990, Kahraman 1994, Lin & 
Parker 2002) on the dynamics of 2K-H type plan-
etary gear, most of the researches related to the 
NGWN-type planetary gear transmission system, 
focus on the design of teeth-distribution (Xiaoan & 
Weishe 1996, Jiande 2004) and the calculation of 
efficiency (Jiaxiang & Binwen 2008, Cunguang & 
Qinhua 2009). And there are only a few researches 
on the dynamics of the NGWN-type planetary 
gear transmission (Yimin et al. 2009), which focus 
on the study of inherent characteristics.
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Mq Gq Kq F��+ +Gq =  (1)

where q is displacement vector of each component; 
M and K represent mass matrix and stiffness matrix 
of the system; external load matrix of the system is 
F, while gyroscopic matrix of the system is G.

The specific analysis model of the planetary 
gear transmission can be written as
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where xi, yi are displacement of translational vibra-
tion; θi is angular displacement; and ri is radius of 
base circle (i=a, c, e, h, bn, dn).

ui represents displacement of torsional vibra-
tion, defined by

u ri irr i ( )i a c e h bn dnθi , c ee bnc ee bn  (8)

φn is the position angle of each planet, defined 
by

Figure 1. Diagram of mechanism of the transmission 
system.

Figure 2. Dynamic model of the transmission system.
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φ πnφφ ( )2 1π −π 3 ( n(nπ −π ) / , (( n  (9)

where kn is bearing stiffness of planet wheel bear-
ing; ki, kit are radial and tangential bearing stiff-
ness of the central components (i = a, c, e, h); kijn 
is the stiffness of the meshing (i = a, c, e; j = b, d); 
kbd is the torsional stiffness of the shaft between 
double planet gears; δijn is the relative displacement 
between the component and the planet wheel in 
the direction of the meshing line (i = a, c, e; j = b, 
d); δhbnx and δhbny are projections of the relative 
displacement between the planet carrier and the 
planet wheel along the directions of displacement 
of the planet carrier.

αa represents the meshing angle between the sun 
gear and the planet gear; αc  represents the meshing 
angle between the internal gear C and the planet 
gear; αe  represents the meshing angle between the 
internal gear E and the planet gear.

φan, φcn, φen are defined as follows

φ φ αanφφ n aφ α−φ  (10)

φ φ αcnφφ n cφ α+φnφ  (11)

φ φ αenφφ n eφ α+φnφ  
 (12)

In the dynamic analysis of the NGWN(I)-type 
planetary gear transmission, the meshing error is 
not considered, and the time varying meshing stiff-
ness is included in the dynamic model as internal 
excitation which is commonly mentioned in most 
of the literature (Datong & Zikun 2008, Zhigang 
2012).

In this study, the time varying meshing stiff-
ness of gear pairs is first calculated by Yixikawa 
formula, then it is expressed by the Fourier series. 
With the higher orders of the Fourier series omit-
ted, the meshing stiffness is given by

A A nnA
n

n( )t sin( )= A
=

∑0AA
1

4

0ω φt n+0  (13)

where A0 is constant component; An is amplitude 
of each order; ω0 is frequency of meshing; φn is ini-
tial phase of each order.

3 DESIGNS OF LOW-LOSS GEARS

The power loss of meshing gears can accurately 
reflect the efficiency of the gear transmission 
(Hohn 2013). The meshing efficiency of the single 
pair of gears can be expressed as

η μ ν1 mzH  (14)

where μmz, a constant, is the average friction 
coefficient in the meshing process; Hv is the factor 
of power loss, defined by

H Kν νK ε εK ε −ε[( ) (+ ) ]+1εεεε 2
2ε 21

2
1
2

1
2

 (15)

where Kv is a constant decided by design param-
eters of gears; ε1 is the meshing-in contact ratio; 
and ε2 is the meshing-out contact ratio.

According to the equations, it is known that the 
power loss factor can be reduced by changing the 
transverse contact ratio, which can be written as

ε ε εαε = +ε1 2ε+εε  
 (16)

That is to say we should reduce the transerse 
contact ratio as much as possible and make ε1 equal 
to ε2 so that we can get the minimum of Hv.

The meshing-in and meshing-out contact ratio 
of gear pairs of the transmission can be defined 
by
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where ε1,ab, ε1,bc and ε1,de represent the meshing-
in contact ratio; ε2,ab, ε2,bc and ε2,de represent the 
meshing-out contact ratio; αab, αbc and αde repre-
sent the meshing angle of gear pairs; and αa,j rep-
resents the pressure angle of addendum circle of 
gear j (j = a, b, c, d, e).

According to above formula, the addendum cir-
cle diameter of gears can be expressed as follows

d d
za ad a ad b

ab

a
,

,tan ′ +
⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

+α ′′
π ε⋅2

12ε 2

 (23)

d d
za bd b bd c

c

b
,

,btan ′ +
⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

+α b′′
π ε⋅2

12ε 2

 (24)
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d d
za cd d bc

c

c
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⎞
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⎞⎞
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π ε⋅2
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d d
za dd d dd edd
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π ε⋅2
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 (26)

d d
za ed e dd edd

de

e
,

,tan ′ −
⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

+α d′′
π ε⋅2

11εε 2

 (27)

where da,j represents the addendum circle diameter 
of gear j; da represents the pitch circle diameter of 
gear j (j = a, b, c, d, e).

It is known that the addendum circle diameter 
of the gear is closely related to the modification 
coefficient and addendum coefficient. Therefore, 
according to above formula, it’s feasible to make 
meshing-in contact ratio equal to meshing-out 
contact ratio by appropriately adjusting numeric 
values of modification coefficient and addendum 
coefficient.

In addition, according to literature (Hohn 
2013), the NGWN-type planetary gear transmis-
sion can be equivalent to the series of NGW-type 
and NN-type transmissions (see Figure 3). There-
fore, the efficiency of NGWN-type planetary gear 
transmission can be expressed as the product of 
the efficiencies of the two above mechanisms as 
following:

ηNGηη WN NGW Nη NNN= ×ηNGη W  (28)

where ηNGWN is efficiency of NGWN-type trans-
mission; ηNGW is efficiency of NGW-type transmis-
sion; ηNN is efficiency of NN-type transmission.

The efficiency of NGW-type planetary gear 
transmission is more than 95%, while efficiency of 
NN-type transmission is less than 90% normally. 
So the efficiency of NGWN-type transmission 
mainly depends on the efficiency of NN-type trans-
mission in equivalent mechanism, which mainly 
depends on the efficiency of two pairs of internal 

gears instead of the pair of external gears. For the 
reason of simpleness, in this study just internal 
gear pairs are designed into low-loss gear by opti-
mizing the modification coefficient and addendum 
coefficient of gears. As the addendum coefficient 
is closely related to strength of gear. In order to 
avoid excessive variation of addendum coefficient, 
an optimizing function is designed as follow

f h b dimiff n )hihh ,( , , , , )h∑∑ 2 i ea b c d, ,b , ,d=  (29)

where hi
* is addendum coefficient.

After optimization, the curve of efficiency over 
transerse contact ratio is obtained as Figure 4.

4 EXAMPLE OF DYNAMIC ANALYSIS

The vibration displacement and vibration velocity 
of the NGWN(I)-type planetary gear transmission 
with low-loss gear are the goals to be calculated. 
The main parameters of the transmission system 
are as follows. Input power is P1 = 300kW. Input 
speed is n1 = 1500r/min. Number of teeth of gears 
are za = 18, zb = 33, zc = 84, zd = 27, ze = 78. The 
dynamic equations of the planetary gear transmis-
sion with low-loss gear are solved by numerical 
method (Tao et al. 2002 & Datong et al. 2008). The 
vibration displacement in X, Y and U direction of 
each component is shown in Figure 5, Figure 6, 
and Figure 7. And the vibration velocity in X, Y 
and U direction of each component is shown in 
Figure 8, Figure 9, and Figure 10.

Based on the results obtained above, in order to 
get the high efficiency and low vibration perform-
ances of the NGWN(I)-type planetary gear trans-
mission with low-loss gear, the vibration intensity 
of the NGWN(I)-type planetary gear transmission 
with low-loss gear at different contact ratio is cal-
culated, and the relations between the contact ratio 
and the vibration intensity of different components 

Figure 4. The curve of efficiency over contact ratio.

Figure 3. Equivalent sketch of NGWN-type 
transmission.
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Figure 5. Vibration displacement in X direction of 
components.

Figure 6. Vibration displacement in Y direction of 
components.

Figure 7. Vibration displacement in U direction of 
components.

Figure 8. Vibration velocity in X direction of 
components.

Figure 9. Vibration velocity in Y direction of 
components.

Figure 10. Vibration velocity in U direction of 
components.

ICPT2016_Book.indb   603ICPT2016_Book.indb   603 9/29/2016   11:49:53 AM9/29/2016   11:49:53 AM



604

are obtained as shown in Figure 11. In Figure 11, 
the vibration severity, which is defined by maxi-
mum root mean square value of vibration velocity 
and commonly used in international standards, is 
taken as a measure of vibration intensity.

From the Figure 11, it is seen that the area below 
the dashed line represents the range of acceptable 
level of vibration severity defined in international 
standards. If  vibration severity exceeds the upper 
limit of the range, the vibration of the system is 
considered to be unacceptable.

From the Figure 4 and Figure 11, it is seen that 
the reasonable range of contact ratio should be 
between 1.2 and 1.4, which can enable the trans-
mission possess high efficiency (more than 93.2%) 
and low vibration severity (less than 4.5 mm/s).

5 CONCLUSIONS

In this study, the low-loss gear is applied to the 
NGWN(I)-type planetary gearing to improve its 
efficiency, and the efficiency of the planetary trans-
mission with low-loss gear pairs at different con-
tact ratio is obtained. The dynamic performance 
of the planetary transmission with low-loss gear 
pairs is analyzed, and the vibration severity of each 
component of the transmission at different contact 
ratio is obtained. The reasonable range of contact 
ratio of the planetary transmission with low-loss 
gear pairs is found which enables the transmission 
possess high efficiency and low vibration.
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Incremental harmonic balance method for torsional vibration 
in double-helical gear

J. Dong, S. Wang & H. Lin
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ABSTRACT: The two sides of double-helical gear are deemed as two helical gears with opposite helix 
angles, and the coupling shaft is treated as the torsional stiffness and damping, moreover the gear back-
lash, the time-varying mesh stiffness and the static transmission error are all considered, then the nonlin-
ear dynamic model of double-helical gear transmission is established with the lumped parameter method. 
The dynamic transmission error is used to eliminate the rigid body motion, then the nonlinear dynamic 
response could be acquired with the Incremental Harmonic Balance method (IHB), furthermore the sta-
bility of the dynamic response is analyzed with the Floquet theory. In order to increase the efficiency of 
IHB, the extrapolation algorithm is applied to track the response curve automatically near the singu-
lar points of nonlinear dynamic response curve. Finally, the correctness and efficiency of the proposed 
method is verified by comparison with the numerical integration method.

IHB, in which the time-varying mesh stiffness, 
static transmission error and gear backlash were 
all considered.

During solving the dynamic equations of gear 
transmission system with IHB, there will be mul-
tivalued solutions and jumps in the amplitude-
frequency response curve, because of the strong 
non-linear factors, such as the gear backlash 
and so on. There are usually multiple steady or 
unsteady solutions in the multivalued solution 
intervals, and the iteration would be going to fail 
at the singular points, extreme points and jump 
points, which makes it very difficult to acquire the 
amplitude-frequency response curve of the back-
lash nonlinear system uninterruptedly. Cheung 
et al. (1990) developed a cubic extrapolation algo-
rithm combined with IHB, which was adopted to 
trace the response curve automatically, and was 
verified with a two degree of freedom vibration 
system. The extrapolation algorithm can automat-
ically regulate the incremental stepsize of  the itera-
tion and cross the curve singular points smoothly 
during the calculation of amplitude-frequency 
response.

In this paper, the two sides of  double-helical 
gear are deemed to be two helical gears with oppo-
site helix angles and the coupling shaft is treated as 
the torsional stiffness and damping, furthermore 
the gear backlash, the time-varying mesh stiffness 
and the static transmission error are all consid-
ered, and then the nonlinear dynamic model and 
function of double-helical gear are established. 

1 INTRODUCTION

The double-helical gear can balance the axial force 
by itself, and has the advantages of high carrying 
capacity, smooth transmission, and small bear-
ing load, so is widely used in the aviation and ves-
sel transmission device. Therefore, the dynamics 
study, especially the nonlinear dynamic analysis, of 
the double-helical gear transmission system is very 
important.

In the dynamics study of gear transmission 
system, the analytical method can determine the 
analytical expression and unsteady-state solu-
tion, and can solve the dynamic equation faster, 
although the derivation process is more complex 
than the numerical integration method. Of all 
common analysis methods, the Incremental Har-
monic Balance method (IHB) is widely used. IHB 
is an effective way to solve strong nonlinear prob-
lems, the formula can be easily derived and the 
convergence accuracy can be freely controlled dur-
ing the iteration computations. Since presented by 
Lau & Cheung (1981), many work on piecewise-
linear systems had been fulfilled by IHB. Wong 
et al. (1991) studied the single degree of freedom 
asymmetric segmented linear vibration system 
with IHB. Lau & Zhang (1992) analyzed general 
periodic vibration system with piecewise-linear 
stiffness characteristic. Xu et al. (2002) continued 
to research the periodic excitation vibration sys-
tem with piecewise-linear damping characteristic. 
Shen et al. (2006) studied a spur gear pair with 
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The nonlinear dynamic response is acquired by 
IHB, and the singular points of  the curve are cal-
culated by the extrapolation algorithm. The sta-
bility of  analytical solutions is determined with 
the Floquet theory. Finally, IBM are evaluated by 
comparing with the Runge-Kutta numerical inte-
gration method, and the correctness and efficiency 
of IHB is verified.

2 DYNAMIC EQUATION

The dynamic model of the double-helical gear trans-
mission system is shown in Figure 1. The transmis-
sion system consists of an external double-helical 
gear pair. The double-helical gear is deemed to be 
two helical gears whose helix angles are in opposite 
directions. The input and output torque act on left 
helical gear of the driving gear p, and driven gear 
g, respectively. The coupling shafts of double-helical 
gears are treated as the torsional stiffness and damp-
ing {ktξ, ctξ} (ξ = p, g). {Ipi, Igi} (i = L, R) are the 
moments of inertia of helical gears that act on each 
node, and there are four degrees of freedom {θpL, θpR, 
θgL, θgR}. The meaning of the other parameters in 
Figure 1 is as follows: T is the torque, n is the rotate 
speeds, θ is the rotation angle, b is the gear backlash, 
k, c are the stiffness and damping, e is the static inte-
grated transmission error, β is the helix angle, and ψ 
is the pressure angle. The meaning of the subscripts 
is: m is the meshing of the gear pair, t is the torsion 
effect of coupling shaft, ξ = p, g denote the driving 
and driven of the gear pair, i = L, R denotes the left 
or right helical gear of double-helical gear, and in, 
out represents the input and output of the system. 
In addition, rξi (ξ = p, g) is the reference circle radius 
of gears, rξs (ξ = p, g) is the shafts radius, and δ is 
the relative displacement along the meshing line of 
gear pair.

According to Newton’s second law, the dynamic 
equations of double-helical gear transmission are 
shown as follows:

I k
T r c
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Original degrees of freedom {θpL, θpR, θgL, θgR} 
were taken placed by the relative mesh displace-
ment in the direction of meshing line (δL, δR) and 
the relative torsional displacement between the 

adjacent gears (δpLR, δgLR), for eliminating the dis-
placement of rigid body.

The relative mesh displacement of two helical gears 
pair in the meshing line direction are expressed by:

δ
δ

β
β

L Lδ β L

R Rδ β R

pL pL gL gL

p p g g

t
t

=
=

( )θ θθ θθθ θθr θθθθ
( )θ θθθθθ θθr θθθθ

cos (βLβ LeL− )
cos (βRβ ReR− )

⎧⎧
⎨
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⎩
⎨⎨
⎩⎩
⎨⎨⎨⎨  (2)

The relative torsional displacement between the 
adjacent gears are expressed by:

δ θ
δ θ

pLδδ R pL pR pLS

gLδδ R gR gL gLS

rp

rg

⎧
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⎩
⎨⎨
⎩⎩
⎨⎨⎨⎨

)θ θpθ L pθ R−θ
)θ θgθ R gθ L−θ

 (3)

After eliminating the displacement of rigid body, 
the dynamic equations of double-helical gear trans-
mission using (δL, δR, δpLR, δgLR) are deduced from 
Equation 1, 2 and 3, and can be expressed as:

Figure 1. Dynamic model of double-helical gear 
transmission.

Figure 2. Three impact states of gear transmission with 
backlash nonlinearity.
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 (4)

By using the Equations (1-8), after eliminating 
the displacement of rigid body, the matrix form of 
the dimensionless equations can be expressed by:

Mq Cq Kq F��+ +Cq =  (9)

where M, C, K, F, q are the mass matrix, the damp-
ing matrix, the stiffness matrix, the torque vector 
and the displacement vector, respectively.

3 IHB

Equation (9) could be transformed into Equation 
(10), by letting θ  = ωt, where ω = ωh / ωn, t = ωnt:

ω ω2ωω Mq Cqωω Kq F′′ + ′ + =Kq  (10)

The neighboring state of the solutions could be 
expressed as follow by assuming ω0, q0 = [q10, q20, 
q30, q40]T is one of the solutions:

ω ω ω= +ω
= + +

+

0ω
0 1+ 0 1 20 2 30

3 40 4

Δ
Δ Δ Δ

Δ Δ

,
,10 Δ+0 +

]40 4Δ+0 +
q q= == q,1 q q2

q3
T

where q0, Δq are expressed in the form of finite 
Fourier series:

q SA qSS S A0 SAS q S=q  (11)

Assuming that ajk, bjk, Δajk, Δbjk are Fourier coef-
ficients, each vector of Equation (11) could be 
shown as follows:

Piecewise-linear function for the backlash nonlin-
earity is shown as follows:

f
b

b

b
b b

b
i L Ri

i ibb

i ibb

i ibb
i ibb ib

i ibb
( )i ,δ i

δ i

δ i

δ i
δ i

δ i

=
−

+

⎧
⎨
⎪
⎧⎧
⎨⎨
⎩⎪
⎨⎨
⎩⎩

>
−bb

< −
0  (5)

There would be three impact states of non-
impact, unilateral-impact and bilateral-impact as 
the difference of δi and bi, as shown in Equation (5). 
Three impact states of gear transmission with 
backlash nonlinearity are shown in Figure 2, and 
δm, δmax and δmin = mean, maximum and minimum 
of the relative mesh displacement respectively.

The time-varying mesh stiffness of gear pair 
and the static integrated transmission error can be 
expressed as (Liu 2007):

k t k k t k
k k t

mLk hmk L hk L h mRk
hmk R hk R h

( )t cos( ), ( )t
cos( )

= kk
= kk

ωh
ωh  (6)

e e t e tL Le h h( )tt i ( ) ( )t in( )= e 1 1h RL Rs ( ωeet) )t s (=eett) )t 1eReRe Lht )tt =et )t  (7)

where khmi = mean value of mesh stiffness, 
khi = amplitude, ei = error variation amplitude, and 
ωh = meshing frequency of gear pair.

The mesh damping cmi and torsional damping ctξ 
can be obtained as:

c m kmi c hmi t2ζ m cc hk mi tζ ζkm cck t 2m k c =m k ck ξ ξm kcm tkkζ2=  (8)

where mc = equivalent mass, being expressed as 
mc pL gL pL gL gL pL pR gR pR gR gR pRI I I I= pL gLI IpL g = pR gRI IpR g)pL gL gL pL(I I rgL p+pL gLI rpL g )pR gR gR pRI rgR p(I +pR gRI rpR g ,2 2I r+ 2 2I r+  
and ζ = damping coefficient.
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After substituting Equation (11) into Equation 
(10) and omitting the higher-order terms, the equa-
tion is simplified by using Galerkin method:

K AmcK mcΔ ΔA R RmcRR ω  (12)

Each matrix is shown as follows:

K S d

S FR

mcK T

T

( )MS CS K S K Sl nK S KK l′′SS + ′SS + +K SK S

−=
∫ MS′′SS + θ

π

0∫∫
2

nl

mc
T

dw

A R dnnl

R Smcm d

( )MS CS K′′SS + ′SS +ω ωMS′′SS +0ωω 2ωω 0ω2 lllK S −⎡⎣⎡⎡ ⎤⎦⎤⎤

( )′′ ′⎡⎣⎡⎡ ⎤⎦⎤⎤
∫
∫

θ

θddwA Rdd)MS CS′′SS + ′SS ⎤⎤⎤

π

π
0∫∫
2

0∫∫
2

2

where Kl = linear mesh stiffness matrix, Knl = non-
linear mesh stiffness matrix, F = excitation vec-
tor, Rnl = residual error of engaging force, and 
Rdw = residual error of excitation. The matrixes 
and vectors aforementioned can be found in 
Liu (2007). By Solving Equation (12) with 
iterative method and substituting it into Equa-
tion (11), the solutions of Equation (9) can be 
obtained.

4 EXTRAPOLATION ALGORITHM AND 
ANALYSIS OF STABILITY

During solving the gear dynamic equations 
with IHB, the convergence often fails when the 
solution is close to the singular points, like the 
jump points, extreme points or turning points. 
The extrapolation algorithm (Crisfield, 1983) is 
an efficient iterative technique, for it can auto-
matically regulate the incremental stepsize of  the 
iteration and smoothly cross the singular points 
of  the curve in the calculation process. The sche-
matic of  the extrapolation algorithm is shown as 
Figure 3.

In Figure 3, x0, x1, x2, x3 are convergent points 
that have been gotten, x4 is the unknown solution. 
The stepsize parameter t is introduced as:

t0 = 0, t1 = s1, t2 = t1 + s2, t3 = t2 + s3, t4 = t3 + Δs,

where s x x s Ni ix i
j

N

i i d iN
fN

−x [ ]x x ji ix
=

+

∑∑ x xix ji ixi i
2

1

1

1 1d iNN −ijjjjjj j , /s s Ni is dN−1NdNdsi =  is 

the estimated increment (Crisfield, 1983), Ni-1 is 
the iteration times of the last iteration, Nd is the 
expected iteration times which is usually 5 or 6, 
and Nf is the number of degrees of freedom. x4 is 
obtained as:

x t t t t xj it j
j j ii

i4t4
0

3

0

3

−t4t(( ) −( )⎛
⎝
⎛⎛
⎝⎝

⎞
⎠
xx

⎞⎞
⎠⎠
xxxx

≠j=
∏∑  (13)

According to the Floquet theory, the stability of 
the system is related to the eigenvalue of conver-
sion matrix. If  all the norms of eigenvalues are less 
than 1, the solutions are steady. Otherwise, if  one 
real eigenvalue is less than -1, there would be peri-
od-doubling bifurcation. If  one real eigenvalue is 
greater than 1, there would be saddle-node bifurca-
tion, and if  the norm of one pair of complex con-
jugate eigenvalue is greater than 1, there would be 
Hopf bifurcation. Friedman et al. (1977) summa-
rized the method of estimating conversion matrix 
which is put forward by Hsu (1974), and presented 
the specific expression of the conversion matrix.

5 DYNAMIC ANALYSIS OF TORSIONAL 
VIBRATION

The basic parameters of the double-helical gear 
transmission system are shown in Table 1, and the 
calculation parameters of the dynamic equation 
are shown in Table 2.

By assuming Tin = 175N and according to the 
parameters in Table 1 and 2, the dynamic equa-
tion could be solved by IHB. The dimensionless 
amplitude-frequency response curve is shown in 
Figure 4, including the steady solutions obtained 
by IHB , unsteady solutions obtained by 
IHB (–), and the numerical solution by Runge-
Kutta numerical integration method (…), where 
χm (I = L, R) is the dimensionless mean value of 
relative mesh displacement, χif is the dimensionless 
root mean square value of each harmonic term, 
χimin is the dimensionless minimum of relative mesh 
displacement, χmax is the dimensionless maximum 
of relative mesh displacement.

1. According to Figure 4, the analytical solutions 
obtained by IHB show a satisfactory agreement 

Figure 3. Schematic of extrapolation algorithm.

ICPT2016_Book.indb   608ICPT2016_Book.indb   608 9/29/2016   11:51:04 AM9/29/2016   11:51:04 AM



609

Table 1. Basic parameters.

Parameters Driving gear Driven gear

Modulus (mm) 6
Helix angle β (°) 24.43
Pressure angle α (°) 20
Face width B (mm) 55
Length of coupling shaft 

b (mm)
58

Teeth number 17 44
Outside diameter of cou-

pling shaft D (mm)
92 260

Bore diameter of coupling 
shaft d (mm)

55 70

Interia (10−3kgm2) 12 727.9
Mass (kg) 7.11 64.75

Table 2. Calculation parameters.

Parameters Value

Mean of meshing stiffness 
khmL, khmR ( 109kgm−1)

1.1433

Fluctuation of meshing stiffness 
khL1, khR1

0.2

Torsional stiffness of Driving gear 
ktp ( 106kgm−1)

9.8222

Torsional stiffness of Driven gear 
ktg ( 108kgm−1)

6.2654

Dimensionless of static meshing error 
eL, eR

0.5

Dimensionless of backlash bL/bR 1
Characteristic length bc( m) 1 × 10−5

Damping coefficient ζ 0.05

Figure 4. (Continued)
Figure 4. Dimensionless amplitude-frequency response 
curve.
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with the numerical solutions obtained by the 
Runge-Kutta method. It indicates the validity 
of the double-helical gear transmission tor-
sional dynamic model and the accuracy of IHB 
proposed in this paper. Moreover, unsteady 
solutions could not be solved by the Runge-
Kutta method, and the operation time of the 
two methods is very different. The operation 
time of solving one set of data by IHB is about 
56 seconds, while that is about 512 seconds by 
the Runge-Kutta method with Intel (R) Core 
(TM) i5-4590 3.3GHz device, which shows that 
the efficiency of IHB is much higher than the 
Runge-Kutta method.

2. According to Figure 4, there is a severe jump 
near the dimensionless driving frequency 1 and 
multivalued solution interval in the amplitude-
frequency response curve, which is a typical 
strong nonlinear dynamic feature. There is a 
slight jump near the dimensionless frequency 
0.45 in the amplitude-frequency response curve, 
which corresponds to the superharmonic vibra-
tion phenomenon.

3. According to Figure 4, the multivalued inter-
vals of two helical gear pairs are basically the 
same. The transition frequency of upward jump 
is about 0.8672 and that of downward jump is 
about 0.6941. There are unilateral-impact in 
both of the helical gear pairs, but the driving 
frequency intervals are different. The driving 
frequency interval of the left helical gear pair 
is 0.6941-0.7323 and that of the right is 0.6941-
0.7868.

4. By analyzing the unsteady solutions with the 
Floquet theory, the maximum values of Floquet 
multipliers in the dimensionless driving fre-
quency interval of 0.6941-0.8672 are all equal or 
greater than +1, which is saddle-node bifurca-
tion and corresponds to the jump phenomenon 
in the amplitude-frequency response curve. The 
maximum values of Floquet multipliers in the 
intervals of 1.2492-1.5531 and 1.6396–1.8547 
are all complex conjugate with the absolute val-
ues of modulus being all greater than 1, which is 
Hopf bifurcation and corresponds to the quasi-
periodic motion of the system.

6 CONCLUSION

1. The double-helical gear transmission torsional 
dynamic model and equations proposed in this 
paper is feasible and reasonable. IHB proposed 

in this paper is effective and accurate, and has 
a more great theoretical value in the dynamic 
research of strong non-linear systems than the 
Runge-Kutta method.

2. According to the dynamic parameters in this 
paper, there are strong nonlinear dynamic 
characteristics, like multivalued intervals and 
severe jump, shown in the amplitude-frequency 
response curve. The multivalued intervals of 
both sides of the helical gear pairs are basically 
the same, but the unilateral impact intervals of 
both sides are different.

3. According to the dynamic parameters in this 
paper, there are saddle-node bifurcation and 
Hopf bifurcation appearing in the amplitude-
frequency response curve, which corresponds to 
the jump phenomenon and the quasi-periodic 
motion, respectively.
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ABSTRACT: In this paper, an automobile’s transmission housing is used as the investigation object for 
researching acoustic radiation characteristics. Based on the formulated finite and boundary element mod-
els of the transmission housing, a method to analyze the acoustic radiation characteristic of the transmis-
sion housing based on the Acoustic Transfer Vector (ATV) technique is proposed. Linear relationships 
between the acoustic responses of field points and the vibration responses of the structure’s surface are 
formulated. The transmission housing’s acoustic radiation characteristics are investigating under different 
working conditions through ATV analysis. The results show that the natural frequency of the transmis-
sion housing has a significant effect on the acoustic radiation emitted. The comparison between the theo-
retical results and the experimental data shows that the analytical method is effective and accurate.

Keywords: automobile, transmission house, acoustic radiation, finite element model, boundary element 
model, acoustic transfer vector

Through establishing a linear relationship between 
the acoustic response of the sound field domain 
points and the vibration response of the structure’s 
surface mesh nodes, the sound radiation character-
istics of an automobile’s transmission box can be 
predicted and analyzed fleetly [1∼4].

2 THEORETICAL BASIS

The sound radiation pressure p produced by struc-
tural vibration in an external fluid medium under 
the harmonic vibration is modeled through the 
Helmholtz equation:

=2 2+ 0p k++ p  (1)

In Equation (1), p represents the sound pressure, 
k is the number of sound waves, k = ω /c, ω is the 
excitation circular frequency, c is the sound veloc-
ity in the medium, in this paper c = 343 m/s. The 
boundary conditions of acoustic radiation prob-
lem outside the vibration structure are the normal 

speed of a given surface ∂
∂

= −
p∂
n

i vnωρvv . Here, ρ is 

the density of the medium, and vn is the normal 
velocity on the surface of the structure. p must also 
satisfy the Sommerfeld radiation condition, that is, 
in an infinite distance, the sound pressure is 0.

The Helmholtz direct boundary integral equa-
tion can be deduced through the above boundary 
conditions:

1 INTRODUCTION

With the rapid development of automobile indus-
try and urban transportation, vehicle noise pollu-
tion problems have become increasingly prominent, 
which results in the corresponding environmen-
tal regulations of states becoming increasingly 
stricter. The noise radiation index has become an 
important index for evaluating the acoustic per-
formance of transmissions. If  the noise radiation 
level of a vehicle’s transmission can be obtained 
through noise prediction analysis at the beginning 
of design, relevant vibration and noise reduction 
measures can be applied early during the overall 
program planning and optimization design of 
structures, which improves the product’s adoption 
time in the market.

For a transmission with variable conditions, 
when noise radiation prediction is carried out, the 
vibration response of the surface will vary with 
the working conditions and the time—consuming 
boundary element calculation process will need 
to be repeated. Aiming to deal with the existing 
problems of the abovementioned method, in this 
paper it is proposed to use the Acoustic Transfer 
Vector (ATV) technique to study the sound radia-
tion characteristics of automobile transmission 
boxes. This is because the ATV only depends on 
the geometry of the vibrating surface, the domain 
points’ positions, calculated frequency, the physical 
parameters of the medium, and it is independent of 
the structural response of the specific conditions. 
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In Equation (2), C(S) is the coefficient of  the 
surface angle, which depends on the position of 
the spatial domain point S in the sound field, 
and is equal to (0 when the point is inside the 
radiator, equal to 1/2 when it is on the surface 
of  the radiator and equal to 1 when it is outside 
the radiator). p(S) is the sound pressure at point 
S; Q is a point on the surface of  the structure. In 
this case,

G S RkR( ,Q ) /e RRikR  (3)

Equation (3) is the Green function of the free 
field, where R is the distance between point S and 
point Q.

After discretizing the composite Helmholtz 
integral equation on the radiator surface, the solu-
tion to the boundary element equation can be 
obtained by setting the point S on the surface of 
the radiator:

Ap Bvn( )Q  (4)

In Equation (4), A and B are influence matrices; 
p(Q) is the sound pressure vector at the boundary 
surface element, and vn is the normal velocity vec-
tor of the boundary surface element node.

p(Q) and vn at each surface node are calculated 
using the boundary element method. After defin-
ing the sound field in external space and substi-
tuting p(Q) and vn into equation (2), the radiated 
sound pressure of the arbitrary point S in the 
external sound field point grid can be obtained 
through interpolation calculations:

p a p b vT TQ b n( )S ( )QQ= a pT p(QQ  (5)

In Equation (5), a and b are the interpolation 
coefficient matrices.

The system of linear equations can be derived 
directly Equations (2) and (5), in which the 
unknown quantity is p, and the function relation-
ship between the sound pressure p and the vibration 
velocity of the structure surface vn is established as 
follows:

T[ (ATV )]ω(ATV )){ }p( ) { }vn ( )))•  (6)

In Equation (6), { }p( )))  is the column vector of 
the field point’s sound pressure, while { }vn ( )))  is 
the vibration velocity column vector of the surface 
boundary element of the vibrating structure.

3 ESTABLISHMENT OF ACOUSTIC 
RADIATION ANALYSIS MODEL OF 
TRANSMISSION HOUSING

The research object of this paper—an automobile 
transmission box is divided into two parts, which 
are connected by bolts. According to the geometric 
structure of the automobile gearbox, the multi-
point constraint method is used to simulate the 
mechanical relation of the bolt connections. The 
finite element analysis model of the transmission 
box, after processing using multi-point constraint 
method, is shown in Figure 1 (a), which is com-
posed of 331429 elements and 101576 nodes. The 
material of the housing box is assumed to be an 
aluminum alloy, the elastic modulus of which is 
E = 7.09 × 1010 Pa, with a Poisson ratio μ = 0.33, 
and a density ρ = 2.7 × 103 kg/m3.

In order to ensure that the finite element model 
truly reflects the dynamic characteristics of the 
transmission, the inherent characteristics of the 
transmission have been analyzed, and the finite 
element model has been verified through experi-
ments[5∼6]. Table 1 shows a comparison of the calcu-
lated and experimental values of the first six orders 
of natural frequencies; it can be seen that the cal-
culation error between the experimental modal 
frequency and the calculated modal frequency is 
within the allowable range, which indicates that 
the finite element model of the transmission box is 
basically consistent with the dynamic characteris-
tics of the actual gear box.

Figure 1. Analysis model of transmission housing.

Table 1. Comparison of theoretical and experimental 
results.

Order
Theoretical 
results (Hz)

Experimental 
results (Hz)

Relative 
error

1 1098.1 1124.1 2.3%
2 1233.0 1241.1 0.6%
3 1464.6 1508.8 2.9%
4 1734.1 1740.3 0.4%
5 1764.8 1754.8 0.6%
6 1920.8 1896.6 1.3%
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The acoustic boundary element model of the 
transmission gearbox was rebuilt using the unit 
length of the element required for 1/6∼1/10 of 
the analytical wavelengths. The spatial position 
and node number of the new analytical model’s 
nodes no longer correspond to the surface mesh 
of the finite element model. Therefore, when the 
boundary condition of the boundary element 
analysis model is set, the results of the surface 
vibration response obtained through the finite ele-
ment method are imported into the boundary ele-
ment model using the spatial 8 node interpolation 
method shown in Figure 1.

We use the velocities of the 8 structure nodes 
nearest to the grid node N of  the boundary ele-
ment model and the distances between N and the 
8 structure nodes to perform the interpolation. 
According to the Equation (7), the vibration veloc-
ity of the node N is calculated along each coordi-
nate axis’s direction.

u
u

d
u

d
u

d
u

d
u

d
u

d
u

d
u

d

d d

N =
+ +u + +u + + ++u u

+ +

1
1dd 2

2dd 3
3dd 4

4d 5
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7dd 8

8dd

1 2d dd d

1 1 1 1 1 1 1 1

1 1 1 1 1 1 111 1
3 4 5 6 7 8d d3 4 d5 d d d6 7 8

+ + + + ++

 
 

(7)

where uN is the speed of node N of the boundary 
element model in a certain direction; ui is the speed 
of each node of the external finite element model in 
the corresponding direction; and di is the distance 
between each node of the finite element model and 
node N. The constructed boundary element model 
is shown in Figure 1 (b).

4 ACOUSTIC RADIATION 
CHARACTERISTICS STUDY OF 
TRANSMISSION HOUSING

4.1 Calculation of surface vibration speed of 
transmission housing

The transmission device was installed on a test 
table to ensure that the output shaft of the motor 
and the input shaft of the transmission are cen-
tered, which was also the case with the output shaft 
of the transmission and the output shaft of the 
load motor. Special noise reduction material was 
used in the motor and load motor, both of which 
were complete wrapped, in order to reduce the 
influence of background noise in the test results. 
In the experiment, the vibration acceleration signal 
was measured using the three direction accelera-
tion sensors, which were placed near the bearing 
seat of the housing. The acoustic pressure signal 
was measured using a B&K4197 microphone in 
8 noise measuring points on different sides. The 
radiation noise analysis was carried out under 

the conditions shown in Table 2. Each measuring 
point corresponding to the points of sound field is 
shown in Table 3.

From the analysis of Figure 4, the largest sur-
face vibration velocity appears in the lower part of 
the bearing block of the input shaft and the output 
shaft. The vibration velocity of the housing sur-
face under the second condition is slightly higher 
than in the case of the first condition.

4.2 Research on acoustic radiation characteristics 
of transmission housing

The ATV matrix was obtained, by determining 
the ATV. The modal coordinate vector, which is 
obtained in the frequency response analysis, was 
applied to the ATV matrix, and the acoustic radia-
tion characteristics of the transmission housing 
were obtained. The sound pressure level distribu-
tion of the housing’s surface at f  = 1600 Hz under 
different conditions is shown in Figure 5.

Figure 5 shows that the housing acoustic radia-
tion value is slightly larger under the first con-
dition. In this case, the area where the acoustic 
radiation value is larger appears in the region 

Table 2. Experimental running conditions.

Conditions Gears Engine speed Torque

1 3 2000 r/min 80 N⋅m
2 4 2000 r/min 80 N⋅m

Table 3. Measuring points corresponding to analysis 
field points.

Measuring points 1 2 3 4 5 6 7 8

Field points 48 39 88 73 92 42 7 17

Figure 2. Vibration and acoustics testing system 
diagram.
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where the transmission output shaft bearing 
block’s lower part is connected with the rib of 
transmission. Under the second condition, the 
transmission area where the acoustic radiation 
value is larger appears in the region where the 
transmission input shaft bearing block’s lower 
part is connected with the reverse gear shaft bear-
ing block.

To verify the validity of the analysis method, a 
noise test was carried out along with a vibration 
test of the transmission, and the results of the 
radiation noise test under different working condi-
tions were obtained. The noise test bench of the 
transmission is shown in Figure 6. The compari-
son between theoretical results at f  = 1600 Hz and 
experimental results under different conditions are 
shown in Figure 7.

Analysis results in Figure 7 show that the results 
of numerical calculations show good consistency 
with experimental results in the overall distribution 
trend. The maximum error of between numerical 
results and the experimental results is 5.4 dB(A). 
At the same time, the validity of the numerical 
model for calculating the acoustic radiation of the 
transmission housing using speed as the boundary 
condition is also verified.

Figure 3. Acceleration spectrum of the output shaft 
bearing block under different running conditions. Figure 4. Surface vibration velocity of transmission 

housing under different running conditions.

Figure 5. Acoustic pressure distribution of housing sur-
face at f  = 1600 Hz under different running conditions.
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5 CONCLUSIONS

In this paper, the noise radiation characteristics of 
automobile transmission housing are studied, and 
the following conclusions were drawn:

1. The acoustic pressure value of the lower part 
of the input shaft and the output shaft bearing 
block at the top of the transmission housing are 
relatively large under different running condi-
tions. This shows that the acoustic radiation of 
the transmission housing is concentrated in the 
vicinity of the input shaft and the output shaft 
bearing block.

2. The noise acoustic pressure level is larger at the 
peak of 1600Hz, which is close to the fourth 
order natural structural frequency of the trans-
mission housing. This indicates that the natural 
structural frequency of the transmission has a 
significant impact on noise radiation. There-
fore, for noise control, focus should be placed 
on improving the vibration response of the nat-
ural frequency. In order to suppress resonance 
phenomena, the excitation peak of the natural 
frequency of the structure should be avoided.

3. The results of numerical calculations dem-
onstrate good consistency with experimental 
results in terms of magnitude and the overall 
distribution trend of the acoustic pressure level. 
The sound field calculations meet the needs of 
practical engineering applications in general. 
The validity of the numerical model and the cal-
culation method is thus verified.
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ABSTRACT: The vibration of high-speed, compliant, aerospace gears is analytically investigated using 
a model of two coupled, spinning, elastic rings. Each gear is modeled as a spinning elastic ring with radial 
and tangential deformations described using space-fixed angular coordinates. This allows the rings to be 
elastically coupled by a discrete stiffness element that represents the contacting gear teeth. The nonlinear 
governing equations of motion are derived using Hamilton’s principle, then linearized for small vibrations 
about the radially deformed equilibrium state due to constant rotation. The eigenvalue problem is cast 
in operator form that clearly shows the gyroscopic nature of this system. The eigenvalue problem is dis-
cretized using Galerkin’s method. The natural frequencies and vibration modes for an example aerospace 
gear pair are calculated for a wide range of rotation speeds. Compliant gears have speed-dependent natu-
ral frequencies as a result of gyroscopic effects, and the natural frequency-speed changes are substantially 
different when the vibration mode is highly coupled between the two rings compared to when it is weakly 
coupled. Numerous eigenvalue veering regions occur as a result of the discrete stiffness coupling the spin-
ning rings. The nodal diameter components of highly coupled vibration modes change substantially with 
speed, partly due to these veering interactions.

the vibration of high-speed, compliant gear pairs, 
as done in this work. This is a preliminary version 
of a paper that will later appear in a journal.

In this study the in-plane vibration of high-
speed compliant gear pairs is investigated using a 
spinning elastic ring model. These rings are cou-
pled by a space-fixed discrete stiffness that rep-
resents the contacting gear teeth. The governing 
equations are derived using Hamilton’s principle. 
The corresponding eigenvalue problem is written 
in extended operator form, which highlights its 
gyroscopic nature and permits straightforward dis-
cretization using Galerkin’s method. The natural 
frequencies and vibration modes are calculated for 
a wide range of gear speeds. Eigenvalue veering and 
nodal diameter coupling in the vibration modes is 
investigated in an aerospace gear application.

2 ANALYTICAL MODEL

A schematic of the compliant gear pair model is 
shown in Fig. 1. { }1 2 3  is the inertial basis. 
{ }r θ  for i = ,1 2,  are nonrotating polar refer-
ence frames. The gears are modeled as elastic 
rings with radial Ui iU ( )Tii  and tangential Vi iVV ( )Tii  

1 INTRODUCTION

In aerospace applications, gears are designed to be 
thin to reduce weight. These gears can experience 
meaningful elastic vibrations in operation. Talbert 
and Gockel (Talbert & Gockel 2003) found elas-
tic vibrations in an aerospace application lead to 
modulated strains in gear tooth roots. Drago and 
Brown (Drago & Brown 1981) investigated vibra-
tion and fatigue failure in compliant gears. Arakere 
and Nataraj (Arakere & Nataraj 1998) studied 
the in-plane vibrations of thin, circular, disk-like 
gears. Vinayak and Singh (Vinayak & Singh 1998) 
investigated the vibration of compliant gears using 
a multibody dynamics formulation. Bettaieb et al. 
(Bettaeb, Velex, & Ajmi 2006) developed a sub-
structure approach for calculating the dynamic 
response of gears with thin blanks. Elastic vibra-
tion in the ring gear of planetary gears has been 
investigated in Refs. (Krantz 1992, Kahraman, 
Kharazi, & Umrani 2003, Abousleiman, Velex, & 
Becquerelle 2006, Vangipuram Canchi & Parker 
2005, Vangipuram Canchi & Parker 2006, Van-
gipuram Canchi & Parker 2007,Wu & Parker 2008, 
Parker & Wu 2010, Parker & Wu 2012, Chen, Shao, 
& Su 2013). There has been no analytical study on 
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deflections, where θiθ  are space-fixed angular coor-
dinates. These are deflections that would be meas-
ured by sensors at fixed circumferential locations 
around the gear. Geometric considerations require 
the deformations UiU  and ViVV  and the slopes UiU ,θ  
are continuous, implying no jumps in these quanti-
ties across the discrete stiffness. The gears rotate at 
constant speed Ωi . Kinematic constraints give the 
speed of the second gear as Ω Ω2 1 1 2RΩ1 22/ . The 
gears have base radius RiR , cross-sectional area AiA , 
and cross-sectional area moment of inertia IiI . The 
mass per unit length is ρi iρ Aii  and the elastic modulus 
is EiE . Each ring is supported by an elastic founda-
tion with radial ( )ri  and tangential ( )iθ  stiff-
ness, which represents the elasticity of the shafts, 
housing, and bearings. The contacting gear teeth 
are modeled as a single lumped stiffness element 
kmk  that couples the gears along the line-of-action. 
This work on free vibration uses the average value 
of mesh stiffness over a mesh cycle.

The position of any point on a gear is given by 
r e ei irr i rei

i
iR Ui i ViR +(( ) θ . Differentiation with respect 

to time gives the velocity as

i i T i i i r
i

i T i i i i

U Ui T i i Vi

V Ri T i ii U Vi i

�r eUi T= −

+ Vi T +Ui

,i,T i
⎛
⎝

⎞
⎠
⎞⎞⎞⎞
⎠⎠
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⎤
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⎥
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⎠
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 (1)

where (),T  and (),θ  denote partial differentiation 
with respect to time and θiθ , respectively. The 
kinetic energy of each gear is calculated from 
Ki = 1/2

D i i i i i i
i

ARi ii dD∫D
ρ � �r ri ⋅ , where the domain of 

the first ring is D i1DD = { }i0 20 }}i 2i  and the second 
is D2 2D = { }2− <22< 2 }} . The total kinetic energy is 
K = K1 + K2.

The elastic strain energy in each gear is (Cooley 
& Parker 2014)
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The strain energy from the elastic foundation is

S U dD idfiS
D ri i i i idDdd

i
, =i , .∫D∫

1
2

1 2,2 2[ U Vri i iU iVVU 2 V+i +UiU + θ ii  (3)

The deflection of the tooth mesh along the line 
of action is Δ = +V V1 2+VV VV( )T,,0 ( ),T− , . The mesh 
strain energy is

S k km mS k mΔkmk = kmk [ ]V VV V .
1
2

1
2

2 2VVV VVTT, T− ,  (4)

The total strain energy of the system is 
S S S SmS
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2
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The governing equations of  motion are derived 
using Hamilton’s principle 
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( )S =K SK S .  
The gears experience uniform radial expansion 
U A k AeiU i i i i i i i ri i i i ii ( )ΩE A R k ARi iAR+R(2 2AARAR 2

i i i rk i/ ii i i /i i i (E A ki iE A k+RiRARi iARAR  as a 
result of  their rotation (Cooley & Parker 2014). 
This deformation results in steady tension of 
each gear given by N E AU Ri iNN i ei iR/E AUiE i eAU i  (Cooley 
& Parker 2014). We linearize the equations of 
motion for small vibrations U Vi iU VV  relative to this 
equilibrium state. Use of  the nondimensional 
variables
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gives the linearized vibration equations for the sys-
tem in operator form as

Mq G q
q
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 (6c)Figure 1. Schematic of the high-speed compliant gear 

pair model.
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The aforementioned continuity of ui, vi, and 
ui ,θ  are geometric boundary conditions.

The radial and tangential deformations of each 
individual ring in Eqs. (6a) are coupled because of the 
gyroscopic, elastic, and centripetal terms in Eqs. (6c), 
(6d), and (6e), but there is no coupling between the 
two different rings in these equations. The two rings 
are coupled by the discrete elastic stiffness element in 
the boundary conditions in Eqs. (7b) and (7d).

The eigenvalue problem comes from substitu-
tion of the time separable solution q = χ λeχ tλλ  into 
Eq. (6a) as

λ χ λ χ χ
χ
λλ 1 χ

1 1 2 2
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The matrix operators are defined in Eqs. 
(6b)-(6e). The inner product for this system is 

a b, =b ∫ ∫
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− −

−∫∫0∫∫
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3 4 2π

π
θ2∫++++ ( 3 3 4 4( )3 3 4 4 .∫+ +3 4 4 d  This 

definition gives self-adjoint mass and total stiff-
ness operators, that is, a Mb Ma b, =Mb ,  and 
a a b, ,( )K C b−K ( )K C=)bC (KK  for a  and b hav-

ing the form of χ  in Eq. (8). These operators 
are also positive-definite for speeds below critical 

speeds, which is the usual case even for high-speed 
gears. The gyroscopic operator is skew-self-adjoint 
〈a,Gb〉 = – 〈Ga,b〉. These properties are typical of 
gyroscopic systems and ensure the system’s eigen-
values are purely imaginary (Meirovitch 1974, 
DEleuterio & Hughes 1984).

Because closed-form solutions of Eq. (8) are dif-
ficult and numerically troublesome, we expand the 
deformations in truncated Fourier series as

u
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Casting these deformations into extended vari-
able form gives an admissible trial function χ  that is 
a linear combination of admissible basis functions in 
the form of extended variables as given in Eq. (6a)
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Substitution of Eq. (10a) into Eq. (8) to obtain 
the error or residue function, forming the inner 
product of the error with each basis function χ1χχ p ,  
χ2χ q, mbol rχ3χ , and χ4χ s  individually, requiring the 

error to be orthogonal to each basis function, 
and use of the natural boundary conditions (Eqs. 
(7)) gives the discretized gyroscopic eigenvalue 
problem

λ λλλ 1 0[ ] G xλ ( )1
2[ ]K C1
2[ = ,0Ωλλ [G] +λλ 1[ x] ([K]  (11a)

x = [ ] ,T  (11b)

The matrices in Eq. (11a) are generally com-
plex-valued and have adjointness properties from 
their corresponding matrix operator forms in 
Eqs. (6b)-(6e). Specifically, the mass and stiffness 
matrices are Hermitian, that is, T

[ ] [ ]=  and 
T( )[ ] [ ]K C] [ = ( )[ ] [ ]K C] [[ ] . The gyroscopic 

matrix is skew-Hermitian, T
[ ] [ ]G G= − . We solve 

Eq. (11a) using standard subroutines for the natu-
ral frequencies Im(λ) and vibration modes x.

3 RESULTS

The natural frequencies and vibration modes 
are calculated for an example gear pair from an 
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aerospace engine application. The gears are steel 
with density ρ ρ1 2ρ ρρ 7800=ρ2ρ  kg m−3 and elas-
tic modulus E E1 2E EE E 206=E2E  GPa. The gear base 
radii are R1RR 247=  mm and R2RR 130=  mm. The 
cross-sectional areas are A A1 2A AA A 800=A2A  mm2, 
and the cross-sectional moments of inertia are 
I I1 2I II I 326 67 10=I2I . ×67  mm4. The elastic foundation 
stiffnesses are krkk 1 200= , kθ1θθ 100= , krk 2 20= , and 
krkk 2 10=  N/μm. The gear tooth mesh stiffness is 
kmk = 500  N/μm.

The natural frequencies of the compliant gear 
pair are calculated from Eq. (11a) and shown 
in Fig. 2 for a wide range of rotation speeds. At 
zero speed the natural frequencies are distinct due 
to the disruption of axisymmetry of each ring 
by the addition of the tooth mesh stiffness. As 
speed increases from zero, some natural frequen-
cies increase while others decrease. For uncou-
pled spinning axisymmetric rings the increasing 
natural frequency loci correspond to forward wave 
modes with a single nodal diameter component, 
and the decreasing loci correspond to backward 
wave modes (Nackenhorst & Brinkmeier 2008, 
Cooley & Parker 2014). The coupled gear system 
retains these properties to some extent, although, 
in general, all vibration modes have multiple nodal 
diameter components as a result of coupling from 
the discrete mesh stiffness and gyroscopic effects. 
The strength of the coupling varies for each mode. 
Highly coupled modes generally occur in the fre-
quency range 35 45< <I ( )λ ) . Outside of this 
range and away from eigenvalue veering regions 

the changes in the natural frequencies with rota-
tion speed are similar to those for uncoupled spin-
ning axisymmetric rings.

The vibration modes of the system are generally 
coupled for nonzero rotation speeds. The highly 
coupled modes will likely experience large vibra-
tion due to excitation from the gear tooth mesh. 
As an example, Fig. 3 shows the deflection of the 
single-mode free vibration of the mode with natu-
ral frequency Im λ ) = .40 373  at Ω1 1=  (labeled as 
“A” in Fig. 2). This mode has primarily five nodal 
diameter deflection of gear 1 and three nodal 
diameter deflection of gear 2. The deflections have 
other meaningful nodal diameter components, 
which cause the deformation’s circumferential 
irregularity. The mean translations and rotations 
of the gears are substantial, as shown by the solid 
(black) lines. As time evolves, the deflections of the 
different nodal diameter components propagate 
in either the direction of rotation or the direction 
opposite of rotation with frequency equal to the 
natural frequency of the mode.

4 CONCLUSIONS

This study analyzes the vibration of high-speed 
compliant gear pairs analytically using a coupled, 
spinning elastic rings model with a discrete stiff-
ness element that represents the contact between 
gear teeth. The nonlinear equations of motion 
are derived using Hamilton’s principle and 

Figure 2. Compliant gear pair natural frequencies for 
varying nondimensional rotation speed.

Figure 3. Compliant gear pair single-mode vibration at 
Ω1 1= .  The dashed lines are the undeformed gears. The 
solid (black) lines are the rigid-body gear deflections. The 
heavy solid (blue) lines are the elastic gear deflections.
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linearized for small elastic vibrations about the 
radially deformed state due to constant rotation. 
The eigenvalue problem is cast in general opera-
tor form, highlighting the gyroscopic nature of the 
system and allowing natural application of Galer-
kin discretization. The discretized eigenvalue prob-
lem for an example gear pair is solved numerically 
for a wide range of gear speeds.

The natural frequencies and vibration modes of 
compliant gears are speed dependent as a result 
of gyroscopic effects. For weakly coupled modes 
dominated by a single nodal diameter component, 
the natural frequency changes with rotation speed 
can be approximated by those for the correspond-
ing uncoupled ring vibrating solely in that nodal 
diameter. The natural frequency-speed changes 
for highly coupled modes differ substantially with 
those for weakly coupled vibration modes. Numer-
ous veering regions result from the coupling of the 
elastic rings by the gear tooth mesh. The speed-
dependent vibration modes change substantially 
with varying speed due to gyroscopic effects, elas-
tic coupling, and eigenvalue veering regions.
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ABSTRACT: A typical bond graph of the planetary gear is built based on the velocity formulation of 
rotating components. It is complex with the carrier being unfixed. To simplify this work, a new methodology 
is proposed in this paper. From the calculation of the gear ratio of the planetary gear with an unfixed carrier, 
a valid and generalized bond graph of the planetary gear is established. A dynamic model of the planetary 
gear set is developed based on the bond graph, in which meshing stiffness, torsional stiffness, meshing damp-
ing, and torsional damping are considered. The studies on the power flow analysis of torsional vibration 
of the epicyclic gear are mostly performed based on the bond graph and energy formulations of each com-
ponent. The energy storage of elastic elements and the energy consumption of damping elements can be 
calculated, and the direction of the energy flow in the planetary transmission can be obtained easily. The 
example of a single-planet planetary set is considered to highlight the capabilities of this method.

system. A review of  the bond graph was con-
ducted by Borutzky (1999) and Xue (2015). Most 
of  the researchers have focused on the power flow 
of  driving power in the transmission system, but 
only a few have analyzed the power flow of  vibra-
tion in the planetary transmission system. The 
relative vibration velocity of  elements is necessary 
for the development of  the bond graph of  plan-
etary vibration. Since it is a complex power flow 
between the elements of  the planetary set with an 
unfixed carrier, the calculation of  the gear ratio 
of  the planetary gear with an unfixed carrier will 
help simplify this work.

This article develops torsional vibration bond 
graphs of the PGT with a fixed and unfixed car-
rier, respectively. A dynamic model of  the system 
is established to calculate the response of each 
component based on the bond graph of the PGT. 
Moreover, the torsional vibration power flow in 
each of them is described to analyze the transmit 
path of torsional vibration in the PGT. An exam-
ple of  a single-planet planetary set with four tuned 
planetary gears is considered for analysis of  the 
torsional vibration power flow in the PGT, from 
which the quantity of  energy transmission, stor-
age, and consumption can be calculated.

1 INTRODUCTION

Because of  compactness, high torque/weight ratio, 
and diminished bearing loads, Planetary Gear 
Trains (PGTs) are used widely in automobiles, hel-
icopters, and aircraft engines (Lin & Parker 1999). 
Despite their distinguishing advantages, more 
complex dynamic responses and more pathways 
to transmit power flow than the ordinary gear 
trains should be solved. Bond graphs were devel-
oped by Professor H. Paynter (1961), which is a 
powerful method that can be used to establish the 
dynamic model of  the transmission system and 
reflect the direction and magnitude of  the inter-
nal power flow. Studies on the power flow analysis 
of  the planetary gear have mostly been performed 
based on efficient formulations (Del Castillo 2002, 
Kahraman et al. 2004, Esmail E.L. & Hassan S.S. 
2010). Analyzing the power flow of  the driving 
energy in the automatic transmission system is 
another research area of  the bond graph. Cipek 
et al. (2010) used the bond graph to analyze the 
power flow of  a hybrid electric vehicle in different 
transmission configuration and operating modes. 
Deur et al. (2006) used the bond graph to build 
the dynamic model of  an automatic transmission 
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2 BOND GRAPH MODEL AND POWER 
FLOW OF THE PGT

2.1 Fixed carrier

When the carrier of the PGT is fixed, its transmis-
sion characteristic becomes the same as the ordinary 
gear train. To describe the process of establishing 
the bond graph of the PGT more easily, only one 
planetary is taken into account, as shown in Fig-
ure 1. The vibration energy imports the PGT system 
through the left in-component and exports through 
the right out-component. The anticlockwise direc-
tion is considered to be positive in this article. cin 
and cout2 are the torsional damping coefficients of 
in and out2 axles. cpr and cps are the meshing damp-
ing coefficients between the planetary and gear ring, 
and the planetary and sun gear. kin and kout2 are the 
torsional stiffness of in and out2 axles. kpr and kps 
are the meshing stiffness between the planetary and 
gear ring, and the planetary and sun gear.

Figure 2 shows the bond graph model of the PGT 
in Figure 1. The model consists of inertia elements 
I, the stiffness elements C, the damping elements 
R, and the transformers of the rotating velocity to 
the linear velocity TF. Se is the driving power of the 
system. Iin, Ir, Ip, Is, Iout2 correspond to the rotational 

inertia of in-component, the ring gear, the plane-
tary gear, the sun gear, and the out2-component. kin 
is the axis torsional stiffness between the in-compo-
nent and the ring gear, and cin is their axis torsional 
damping. kout2 is the axis torsional stiffness between 
the out2-component and the sun gear, and cout2 is 
their axis torsional damping. kpr is the meshing stiff-
ness between the planetary gear and the ring gear, 
and cpr is their meshing damping. kps is the mesh-
ing stiffness between the planetary gear and the sun 
gear, and cps is their meshing damping.

From Figure 3, it is easy to see the pathway of the 
torsional vibration power flow in the PGT shown in 
Figure 2. The black dot represents the element of 
the PGT, the arrow represents the direction of the 
power flow, the linear arrow represents the power 
flow from one element to the next that is transmit-
ted by stiffness and damping, and the curved arrow 
represents the power expended by damping and 
stored by stiffness. Figure 3 shows the energy input 
into the system through in-component, and power 
flow through the ring gear, planet, sun gear, and 
out2-component, respectively. Some energy is con-
sumed by the damping of the axles, and the mesh-
ing is shown in Figure 3.

2.2 Unfixed carrier

When the carrier of the PGT is unfixed (Fig. 4), 
it is complex to establish the bond graph model 
of the PGT, because the velocity relation of each 
component becomes more complex. To simplify 
this work, the calculation method of the gear ratio 
of the PGT with an unfixed carrier is obtained. All 
the rotating velocities of the element are subtracted 
from the velocity of the carrier, and then the plane-
tary set with the unfixed carrier is transformed into 
the fixed carrier, as shown in Figure 5.

When the PGT is considered as the planetary set 
with the fixed carrier, the bond graph model of the 
system can be built (Fig. 6). The difference is the 
rotating velocity of the ring gear, sun gear and planet 

Figure 1. Torsional vibration model of the PGT with 
a fixed carrier.

Figure 2. Bond graph model of the PGT with a fixed 
carrier.

Figure 3. Torsional vibration power flow of the PGT 
with a fixed carrier.
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Figure 4. Torsional vibration model of the PGT with 
one planet.

Figure 6. Bond graph model of the PGT with one 
planet.

Figure 5. Torsional vibration model of the PGT with all the 
elements minus ωc.

Figure 7. Torsional vibration power flow of the PGT 
with one planet.

The torsional vibration power flow is shown in 
Figure 7. The ring gear transmits the energy not 
only to the planetary gear and then to the sun gear, 
but also to the carrier followed by the sun gear. 
However, there is a difference between the energy 
transmitted through the planet and that through 
the carrier; that is, there is energy storage and 
consumption when the power flow is transmitted 
through the planet, but no energy is consumed 
when transmitted through the carrier.

3 DYNAMICS MODELING AND 
POWER FLOW

Two kinds of  fundamental variables are included 
in the bond graph of  the planetary transmis-
sion system, namely potential variables e(t) and 
flow variables f(t). Energy translation, storage, 
and consumption can be calculated by e(t) and 
f(t). Torque M(t) and rotating speed ω(t) are 
corresponding potential variables e(t) and flow 
variables f(t) in the analyzed system. Generalized 
displacement q(t) and generalized momentum p(t) 
can be derived through fundamental variables:

q f t dt
t

t

t
( )t ( )t≡ ∫ ∫f t dt q

t

t
)t d)t d =dtf )t dd

0
 (1)

p e t dt
t

t

t
( )t ( )t≡ ∫ ∫e dt p

t

t
( )t( )t =dte )t +

0
 (2)

where q0 is the initial displacement at t0 and p0 is the 
initial momentum at t0.

and the rotating velocity of the carrier. Then, the 
rotating velocity of the planet is just the part rotating 
around its own axis, so the energy stored by the iner-
tia of the planet only keeps Ip. Moreover, the inertia 
of the planet around the carrier axis becomes a part 
of the carrier, and its inertia becomes Ic + mrc

2.
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In the planetary system analyzed in this article, 
q(t) and p(t) can be calculated by:

q t dt
t

t

t
( )t ( ) ( )t= ∫ ∫dt

t

t
( )t dd =θ ( )t( )(t((t ∫ ( ω((∫+

0
 (3)

p p M t dt p I
t

t
( )t (t dd ( )t= p +p∫t∫ 0M dt p

t
( )t dd0 p∫t0

ω  (4)

where θ(t) is the torsional vibration amplitude and 
I is the rotational inertia of element.

According to the bond graph shown in Figure 6, 
the generalized momentum of the inertia element 
p(t) and the generalized displacement of the capac-
itive element q(t) are considered as state variables, 
and then the state vector of the PGT is given by:

X T[ ]p q p q q q p q p p p q2 6q 8 1q 4 1qq 7 2q 2 2p 6 3q 0 3p 1 3p 4 3p 6 3q 7  (5)

where subscripts p and q denote the number of 
elements.

Then, according to the input driving variable 
Se, and the direction of power flow and causality 
between elements shown in Figure 6, the state equa-
tion of the PGT about the generalized momentum 
p(t) and the generalized displacement q(t) can be 
obtained as follows:
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where, R5 = cin, R13 = cpr, R21 = cps, R29 = cout1, 
R38 = cout2, I2 = Iin, I8 = Ir, I17 = Ip, I26 = Ic+mprc

2, I34 = Is, 
I31 = Iout1, I36 = Iout2, C6 = 1/kin, C14 = 1/kpr, C22 = 
1/kps, C30 = 1/kout1, C39 = 1/kout2, m10 = 1/rr, m15 = 1/rp, 
m23 = 1/rs, m18 = rp.

The quantity of energy translation between ele-
ments through a port is expressed by E(t), which 
can be calculated by the integral of power P(t):

E e f t dt
t

t

t

t
( )t ( )t )t≡ ⋅∫ ∫P dt

t

t

t
( )t d( )t d =dtP )t dd

0 0t∫t
 (7)

When E(t) is positive, it means the direction of 
the power flow is the same as that of the arrow. In 
contrast, when E(t) is negative, it means the direc-
tion of the power flow is at the opposite direction 
of the arrow.

The storage energy of the inertia element I is 
given by:

E e f t dt EIE
t

t

IE( )t ( )t( )t )t⋅e )t= +∫t∫ 0
0  (8)

where EI0 is the initial energy stored by the initial 
element at t0.

From equation (2), edt = dp and f = f(p) can 
be obtained. Substituting the two equations into 
equation (8), we get:

E f p dp
p

p
( )p )p= ∫p0

 (9)

In the system analyzed, f(p) is a linear function, 
where f(p) = p/I, so equation (9) can be transmitted 
into:

E E
p
I

dp E
p
II IE

p

p
( )tt = +EIE = +E∫p∫ 0I

dp I0 + = EIE∫
2

0 2
 (10)

The storage energy of the capacitive element C 
is given by:

E e f t dt ECE
t

t

CE( )t ( )t( )t )t⋅e )t= +∫t∫ 0
0  (11)

where EC0 is the initial energy stored by the capaci-
tive element at t0.
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From equation (1), fdt = dq and f = f(q) can 
be obtained. Substituting the two equations into 
equation (11), we obtain:

E f q dq
q

q
( )q )q= ∫q0

 (12)

In the system analyzed, f(q) is a linear function, 
where f(p) = q/c. So equation (12) can be transmit-
ted into:

E E
q
C

dq E
q
CC CE

q

q

C( )tt = +ECE = +E∫q∫ 0C
dq C0 + = ECE∫

2

0 2
 (13)

Energy consumption of the resistive element R 
is given by:

E e f t dtRE
t

t
( )t ( )t( )t )t⋅e= )t∫t∫ 0

 (14)

4 EXAMPLE ANALYSIS

The lumped parameter torsional vibrational model 
of the PGT, which has four tuned planets, is built 
using the lumped parameter method (Fig. 8). All 
the meshing stiffness and damping coefficients of 
the planetary gear and the ring gear are considered 
to be identical, and the planetary gear and the sun 
gear have the same assumption. Parameters of the 
system are listed in Table 1.

Gear meshing damping can be calculated by using 
equation (15), where ξg is the meshing damping ratio, 
whose value ranges from 0.03 to 0.17, according to 
the research of R. Kasuba (1981) and K. L. Wang 
(1981), and thus 0.05 is selected in this article:

c
k I I

R I R Im g
m pk I gI

p gR I g pR I
=

+
2

2 2I R+
ξg  (15)

Axis torsional damping is calculated by using 
equation (16), where ξs is the torsional damping 
ratio, who value ranges from 0.005 to 0.075, accord-
ing to the research of D. R. Houser et al(1983), and 
thus 0.005 is selected in this article:

c
k

I I

p s
pk

m pI I

=
+

2 1 1ξs  (16)

Hence, its bond graph and torsional vibration 
power flow can be established, as shown in Fig-
ure 9 and Figure 10, respectively.

Equation (6) is used to obtain torsional dynamic 
responses of the PGT elements. Matlab/Simulink 
is a good tool to calculate the dynamic response of 
the PGT, then potential variables e(t) and flow vari-
ables f(t) can be calculated. Figure 11 is the Simulink 
model of the PGT. Arrow in the Figure shows the 
positive direction of the torsional vibration power 
flow. Substitute different driving Torque sources Se 
can get different power flow in the system.

Table 1. Parameters of  the example system in 
Figure 8.

Rotational 
inertia (kg⋅m2)

J J
J J J

c

r s p

1 2JJ 35 2J J 0 0J 1552
0 3220 0 4928 0 023

J J
=J =

,J2JJ 3JJ J2JJ JJ . ,1552
, . ,4928 .

Rotational stiffness 
(MN⋅m/rad)

k k k1 2kk 36 881 11 732=k =.k2k 6 , .k3kk 11

Meshing stiffness 
(MN/m)

k kprk psk =k 18 608. ,8 .

Mass of planetary 
gear (kg)

mp = 1 248.

Radius (m) r r
r r
r cr rr
s pr rr

=r
=r

0 1728 0 1180
0 0653 0 0535

. ,1180
.

Figure 8. Torsional vibration model of the PGT.
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Assuming that the driving torque T is a sinu-
soidal function, whose frequency is chosen as the 
natural frequency of the torsional vibration of the 
PGT, T = 100sin(158.4πt) in N⋅m. In order to ana-
lyze the quantity of the power flow in each trans-
mission way, equation (17) is used. Then, the input 
energy of the system is set to 1000 and the other 
transmitted energy changes its value by the energy 
ratio:

E
T

E dt
t

t
= ∫t

1
0

( )t dd  (17)

Figure 12 shows the quantity of  torsional 
energy transmitted, stored, and consumed by the 
elements of  the PGT. From this figure, it can be 
seen that little energy is stored by the stiffness and 
rotational inertia, the axis damping consumes lit-
tle energy except the axis out1 damping which 
consumes energy equal to 23.313. Most of  the 
energy is consumed by the gear meshing damping, 
with each pair of  gear consuming energy more 
than 100. Energy equal to 137.087 is transmitted 
to the ring gear from the sun gear, but little energy 
is transmitted from the planetary gear to the sun 
gear. Energy set at 24.5 is transmitted to the car-
rier from the ring gear, and the sun gear also trans-
mits the energy to the carrier, which has a negative 
value.

5 CONCLUSION

By transforming the planetary set with an 
unfixed carrier to a fixed carrier, the bond graph 
of  a general tuned planetary set was built, and 
the torsional vibration power flow in the system 
was analyzed. A dynamic model of  the PGT was 
established, in which meshing stiffness, mesh-
ing damping, torsional stiffness and torsional 
damping was considered. The calculation of  the 
torsional vibration power flow in the planetary 
gear indicates that the bond graph can be used to 
calculate the quantity of  energy transmitted, con-
sumed, and stored by the elements of  the trans-
mission system.
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Figure 10. Torsional vibration power flow of the PGT.

Figure 11. Simulink model of the PGT.

Figure 9. Bond graph model of the PGT. Figure 12. Quantity of torsional vibration energy flow 
in the PGT.
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Two-dimensional basin structures of the gear system under 
the excitation of dynamic parameters

Lin He, Sanmin Wang & Jincheng Dong
School of Mechanical Engineering, Northwestern Polytechnical University, Xi’an, Shaanxi, China

ABSTRACT: The backlash and transmission error are the primary nonlinear excitations that induce 
unpredictable vibration phenomena in gear transmission. In this paper, Gill’s numerical algorithm with 
variable step size was used to solve the dynamic equations of motion. A period-doubling cascade was 
exhibited when the transmission error was altered. A two-dimensional parametric plane was constructed 
by using cell mapping techniques, and global behaviors were also analyzed. Based on the global analysis of 
excitation parameters, it was found that solution stability was sensitive to the boundary cells in dynamic 
basins. The investigation on the basins of attraction demonstrated the fractal features. The G-P algorithm 
was adopted to calculate the correlation dimension of the dynamic displacement. According to the Lya-
punov Exponent (LE), the characterization of the attractors as well as the evolution of basins of attrac-
tion was conducted. The simulation results indicated that the fractional dimension of periodic attractors 
was approximately 1.0 with a simple trajectory in the phase space.

With respect to the spur gear system, Farshidi-
anfar explored the global homoclinic bifurcation 
behaviors by using Melnikov’s analysis [4]. The 
direct solutions provided an effective prediction 
for homoclinic bifurcation as well as the onset of 
chaos. In gear transmission, the external excita-
tions such as backlash and meshing transmis-
sion error are inevitable due to external influence 
factors [5], thereby resulting in unstable vibra-
tion. Thus, it is necessary to explore the dynamic 
behavior of  the gear system in global domains.

2 DYNAMIC MODELS

Figure 1 shows a rotational dynamic model of a 
cylinder gear system, in which gear 1 is the driv-
ing side running in the clockwise direction and the 
driven gear 2 works along the mesh movement. c 
denotes the damping ratio, 2b denotes the piece-
wise backlash, and the transmission movement 
between mating teeth is equivalently handled by 
a couple of elements, where J J1 2J JJ J ,  represent the 
moments of inertia for gear 1 and gear 2, respec-
tively. θ1 2θθ ( ) (2θ (θ )t(θ2θθ  are the rotational angular dis-
placement, and the external loads are denoted by 
T1 and T2, respectively. The gears are assumed as 
rigid bodies, with no friction taking place in the 
plane between the contacting tooth surfaces.

The dynamic equations of the system are set up 
based on the equilibrium condition, which is given 
by:

1 INTRODUCTION

Global investigations have been performed on 
the nonlinear excitations in gear dynamics, such 
as period-doubling bifurcation, discontinuous 
jump, and boundary crisis. Generally, a single 
parameter is applied by observing the bifurca-
tions based on the dynamic analysis; however, the 
gear system subject to multiple interactive excita-
tions will cause the steady state to emerge with a 
variety of  perturbations. Initial condition sensi-
tivity is of  certainly one of  the typical features for 
a nonlinear system, which means little variation 
taking place may lead the system to unpredictable 
consequences. The cell mapping method was first 
proposed by Hsu and adopted to deal with glo-
bal features in a nonlinear differential equation 
[1]. Further subsequent studies have revealed that 
this method is efficient in handling the dynamic 
system with multiple degrees of  freedom. The cell 
mapping technique is used to divide the param-
eter plane and the phase space by regular cells, 
and a series of  state cells can be used to gain 
insight into potential solutions. Liu used the cell 
mapping approach in a geared system by inves-
tigating two-dimensional excitation parameters 
[2], including damping ratio, meshing frequency 
and external load, and eventually examined the 
evolution of  basins of  attraction. Hinrichs et al. 
examined a non-smooth oscillator system using 
mapping approaches [3], and showed nonlinearity 
characteristics such as rich bifurcation behaviors. 
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MX CX KX F�� �+ +CX =  (1)

where M is the mass matrix, X is the displacement 
vector, and F is the load vector, with
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Since Eq. (1) contains the rigid motion, the 
matrix of the stiffness is singular and the iteration 
algorithm will not be able to convergence. Thus, a 
relative displacement x is introduced to eliminate 
the rigid body motion, which is defined by:

x r er1 1rrrr 2 2θ θr−1 2 2rr ( )t  (2)

Substituting Eq. (1) into Eq. (2), the governing 
equations of motion without rigid body displace-
ment can be rewritten as:

�� �

��

X
c
Me

X
k

M
X

rT
J b

rT
J b

e
n nMe n cb

n cb

+ +X =

+ −

ω ω ωMe Jn

ω

( )τ

( )τ

2ωω
1 1rTrT

1JJ 2

2 2rTrT

2JJ 2
 (3)

where τ is the dimensionless time, with τ ω ωn nωt,  
is the natural frequency, and bc is an introduced 
scalar quantity, with b mcb 4 .

Other relevant quantities used in Eq. (3) are as 
follows:

��
��

e
e

bn cb
( ) ( )t))

ω
=

2ωω

X
x
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x
b

x
bc nb c nb cb

( ) ( )t , (X ) ( )t , (X ) ( )tτ)) ( ) , (X (X ))
ω

τ ))
ω

=)τ(X ) =� � �� ��
2ωω

The significant nonlinear sources for gener-
ating resonances are as follows: time-varying 
mesh stiffness k(t), periodic transmission error 
e(t), and piecewise backlash function f(x). Here, 

k tmk( )t [ si ( )t ]= kk s ( tt ϕ ) , ε is the fluctuation 

coefficient, ϕ denotes the initial phase, km is the 
mean stiffness, e E t( )t si (( )+t= E ω ϕt )+tt , and E is the 
amplitude of the transmission error. The dimen-
sionless backlash formulation f(X) is given by:

f X
X b X b

b X b
X b X b

)X =
b X

− b ≤
b X

⎧
⎨
⎪⎧⎧
⎨⎨
⎩⎪
⎨⎨
⎩⎩

0  (4)

After the dimensionless operation, Eq.(1) can 
be generally transformed in the form of a second-
order differential equation, which is given by:

�� �X cX kX FcX  (5)

where X is the dimensionless displacement and F is 
the external load.

The cell mapping method begins with the single 
cell s, and further iteration depends on the given 
values of δ1,δ2, which are used to determine the 
periodic orbit and the same dynamic cell basins, 
respectively. The mapping algorithm can be 
described as follows:

s C C C s Rm ms R→ C ∈( )s ( )s ( )ss2  (6)

where C is the mapping rule applied on a single cell.
In the whole domain plane Θ, the steady state 

results can be described via a series of dynamic 
cells as follows:

Θ = ∏∑ ∏ ∏+
+

S + ∏ SiSS
i

Period

i j+ k

Planell

j
j

Chaos

kS
k

Sink

 (7)

where Si,Sj,Sk are the periodic cell group, the cha-
otic cell group and sink cells, respectively.

The G-P algorithm is adopted to evaluate the 
fractional dimension D. Accordingly, the fractional 
dimension is described by:

D lnCll nC ( )r ln( )r  (8)

where Cn(r) is the correlation integration, with 
CnC

N i j( )r ( )r Y Yi jYY Y(r= ∑1
2 θ (((( , θ is the Heaviside 

function, Yi,Yj are the points sampled from the 
phase portrait, r is the minimum distance, and N is 
the total quantity of the sampled data.

3 GLOBAL CHARACTERISTICS

The primary parameters of sample gears are 
as follows: number of teeth z z1 2z23 67=z2z ,2z 67  
pressure angle α n = 20�, moment of inertia 
J kg mk J kg mk1JJ 2

2JJ 2,m ,m  damping ratio 
ξ = 0 1. ,1  stiffness coefficient ε = 0 12. ,12  and dimen-
sionless mesh frequency ω = 1 54. .54

Figure 1. Rotational dynamic model of gear 
transmission.
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3.1 Bifurcation behavior

Figure 2 illustrates the bifurcation evolutions 
with respect to the transmission error, where the 
vibration motion exhibits distinct period-doubling 
cascades, when the transmission error is changed 
from 0.06 to 0.11, and the system undergoes peri-
od-1, period-2,…, period-2n (n: integer), with the 
dynamic system leading to chaos while n reaches to 
∞. Four periodic windows appear inside the region 
of chaos if  the transmission error E is greater than 
0.09, but such appearances are only transient. In a 
geared system, the piecewise backlash and trans-
mission error have strong nonlinearities to cause 
the attractor to change, and the system passes 
from a single period to double periods and ulti-
mately enters into unpredictable chaos. Figure 2(b) 
shows the corresponding largest Lyapunov Expo-
nent (LE), as long as the periodic region is within 
the range of 0 06 0 09. .06 0 , with the largest LE 
always being negative. In the chaotic region, the 
initial value of LE is positive; meanwhile, the peri-
odic windows are also revealed by means of the 
largest LE. Period-doubling bifurcation is a typical 
route opening into chaos for the gear system.

3.2 Global map distribution

In a two-dimensional plane with ( )2  cells, cer-
tain state dynamic cells are assumed as m, and then 
η = m ( )+i 2  is computed to measure the analytical 

cells. From Figure 3, it can be seen that the state space 
basically consists of period-1 and period-3 groups. 
These two group cells cover the entire plane. Once the 
initial points are located in the analytical region, the 
perturbation would enter the corresponding steady 
state. When b = 30 , the period-1 cell group covers 
about 33.72%, the remaining one is the period-3 cell 
group, which shows that the basin of attraction exhib-
its a fractal structure. Altering the backlash to b = 35
, the period-1 region is expended greatly by 41.56%. 
A part of the period-3 cells is crushed, giving way to 
the period-1 response, and other dynamic groups and 
sink cells are not observed in this solution. Backlash 
is a strong nonlinearity source in the gear system, 
probably inducing the nonlinearity to initial condi-
tions. In Figure 4, the interesting region is defined as 
[ , ] [ , ]] −4,4 4, 4 4, , and the global map distributions for 
the excitation of transmission error are plotted. We 
can find that different initial conditions could gener-
ate various responses. When the transmission error 
E is 20, the period-1 cells are 58.77% in the phase 
plane and exhibit a dominant effect. When the value 
of E increases to 25, the period-1 cells are reduced to 
42.23%. This indicates that the system is easy to reach 
the period-3 orbit at E = 25; thus, the initial excita-
tion from the outside allow the system to have a stable 
period-3 motion. We should note that the dynamic 
domain has a distinct boundary area, which suggests 
that slight disturbances would make the original tra-
jectory deviate to another basin of attraction.

3.3 Fractional dimension
In Figure 5, the fractional dimension is investigated 
for two different periodic attractors, where the initial 
parameters are (0, 0) and (3.41, 0.45), respectively, 
taken from Figure 3(a). The two curves nearly par-
allel with each other with the slopes are 0.868 and 
0.863, respectively. In order to compute the slopes 
accurately, the calculation is done in the middle 
position of fitting curves, where both of the solu-
tions are less than 1.0, which confirms that the 
periodic attractor has a simple structure. Gener-
ally, the chaotic attractor is complex and deviate 
between the phase trajectories, periodic orbit is a 
closed-loop orbits with a simple self-similar struc-
ture, and the fractional dimension is approximately 
1.0, which reveals a low-dimensional attractor.

4 CONCLUSIONS

1. When the transmission error is within the range 
0 06 0 09. .06 0 , the system leads to chaos by 
period-doubling bifurcation and the periodic 
windows appear inside the chaotic region; mean-
while, the largest LE changes from −0.1 to 0.025.

2. As the backlash increases from 30 to 35, peri-
od-1 basin cells increase from 33.72% to 41.56%; 

Figure 2. Bifurcation diagram in the case for 
0 06 0 11. .06 0 .
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respectively, and the attractor of periodic vibra-
tion is simple with a low-dimensional structure.
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Figure 5. Fractional dimension of periodic attractors.

while the transmission error increases from 20 to 
25, and the occurrence of period-1 cells changes 
from 58.77% to 42.23%. The dynamic response 
is significantly sensitive to the boundary cells.

3. The system phase space consists of period-1 
and period-3 cells. The corresponding fractional 
dimensions of their attractors are 0.868 and 0.863, 

ICPT2016_Book.indb   634ICPT2016_Book.indb   634 9/29/2016   11:52:52 AM9/29/2016   11:52:52 AM



635

Power Transmissions – Qin & Shao (Eds)
© 2017 Taylor & Francis Group, London, ISBN 978-1-138-03267-5

Nonlinear dynamic analysis of an external gear system with meshing 
beyond the pitch point

Ya-yun Zhang, He-yun Bao & Long-liang Li
Nanjing University of Aeronautics and Astronautics, Nanjing, China

ABSTRACT: A two-dimensional nonlinear dynamic model of an external gear train with meshing 
beyond the pitch point and six degrees of freedom was established in this paper. Time-varying meshing 
stiffness, time-varying bearing stiffness, backlash, and bearing clearance were considered in the system. 
The time-varying meshing stiffness was calculated by using the material mechanical method, and the 
result was similar to that obtained by the Fourier series method. The equation of the system was derived 
and solved by the Runge–Kutta numerical integration method. Furthermore, the global bifurcation char-
acteristics influenced by input speed, backlash, bearing clearance, and damping were investigated. Finally, 
the nonlinear dynamic behavior of the system was analyzed.

Keywords: time-varying bearing stiffness; multiple clearance; bifurcation; time-varying meshing stiff-
ness; nonlinear; meshing beyond the pitch point

action of time-varying mesh stiffness and gear 
backlash, and developed a purely torsional model 
of a nonlinear gear system. Nonlinear frequency 
response characteristics of a spur gear pair with 
backlash were examined by Kahraman. A (Kahra-
man A 1998) for both external and internal excita-
tions. The internal excitation is of importance from 
the viewpoint of high frequency noise and vibration 
control. It represents the overall kinematic or static 
transmission error. Two solution methods, namely 
the digital simulation technique and the method 
of harmonic balance, have been used to develop 
the steady state solutions for the internal sinusoi-
dal excitation. Kahraman and Singh (Kahraman 
A 1992) established a 3-DOF nonlinear dynamics 
model, which took into account bearing clearance, 
backlash, and time-varying meshing stiffness. The 
governing equations were solved using the digital 
simulation technique. Blankenship (Blankenship 
G. W. 1995) established a single dynamic model 
of a gear train by considering backlash. He solved 
the governing equations by the harmonic balance 
method. The author found a super-harmonic and 
limit cycle. Wang San-min (Wang San-ming 2002) 
developed a dynamic model, in which nonlineari-
ties associated with frictional force on tooth faces, 
backlash, and time-varying gear meshing stiffness 
were considered. The influences of frictional forces 
on chaos and bifurcation were investigated by 
means of phase plots, Poincaré maps, FFT spectra, 
Lyapunov exponents, and bifurcation diagrams. 

1 INTRODUCTION

The gear plays an important role in the range of 
mechanical drive and is widely used in various 
areas of transmission machinery, such as automo-
biles, wind engines, marine, aeronautics, and astro-
nautics. A large number of studies in the literature 
(Li Run-fang 1997) have shown that time-varying 
meshing stiffness and gear mesh errors both lead 
to vibration. However, the tooth friction causes the 
vibration of normal to mesh curve, and the change 
in the direction of friction leads to the gear sys-
tem vibration, especially in high-speed gear trans-
mission. So, it is necessary to seek a new meshing 
way to avoid the change in the direction of fric-
tion. According to the introduction by Liu jing-
jing (Liu Jing-jing 2012) and Sun yong-zheng (Sun 
Yong-zheng 2013), the meshing line of gear with 
meshing beyond the pitch point is located at one 
side of the pitch point, avoiding the shock vibra-
tion caused by the change in the direction of fric-
tion. However, the authors only studied the linear 
dynamics of a gear system with meshing beyond 
the pitch point and did not consider the influ-
ence of backlash and bearing clearance, which are 
nonlinear and unavoidable in a gear transmission 
system. So it is necessary to perform the nonlinear 
dynamic analysis of a gear system with meshing 
beyond the pitch point.

Wang Li-hua and Li Run-fang (Wang Li-hua 
2003) considered the characteristics of the coupling 
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Sheng Dong-ping (Sheng Dong-ping 2015) used 
the lumped mass method to establish a 6-DOF 
transverse torsional coupled nonlinear gear-rotor-
bearing vibration model with multiple clearances 
and tooth surface friction, in addition to consider-
ing time-varying meshing stiffness, gear backlash, 
and bearing clearance in the model.

A 6-DOF nonlinear dynamic model was estab-
lished in this paper, taking into account time-
varying meshing stiffness, time-varying bearing 
stiffness, backlash, and bearing clearance in the 
system. Parameters of gears were chosen, tak-
ing minimum mass as the objective function. The 
time-varying meshing stiffness was computed by 
using the material mechanical method and fitted 
by the Fourier series method. The equation of 
the system was derived and solved by the Runge–
Kutta numerical integration method. Furthermore, 
the global bifurcation characteristics influenced 
by input speed, backlash, bearing clearance, and 
damping were investigated.

2 DETERMINATION OF GEAR 
PARAMETERS WITH MESHING 
BEYOND THE PITCH POINT

The gear with meshing beyond the pitch point 
requires the following conditions to be satisfied: 
a) coefficient with meshing beyond the pitch point 
≥ 0; b) contact ratio ≥ 1; c) addendum thickness 
≥ (0.25∼0.4)*module; d) gear of meshing with no 
interference; e) meeting the requirements of the 
center distance and the tooth width; f) meeting the 
strength requirements of bending, contact, and 
bonding. According to the above conditions, the 

gear parameters were optimized by the objective 
function of minimum mass. The results are sum-
marized in Table 1.

3 DYNAMIC MODEL OF THE SYSTEM

The gear of the mesh state and force analysis are 
shown in Fig. 1. The driving gear was rotated 
clockwise around OP by the torque TP, the driven 
gear was rotated counterclockwise around Og by 
the load Tg, PG is the theoretical line of action, 
B2B1 is the actual line of action and located at one 
side of the pitch point, and point B and point A 
are the critical points of single and double teeth.

Based on the above analysis, a 6-DOF nonlinear 
dynamic model was established using the lumped 
mass method, as shown in Fig. 2.

Here, Km is the time-varying meshing stiffness, 
cm is the time-varying meshing damping, Kpx, Kpy, 
Kgx, Kgy are time-bearing stiffness, respectively, e(t) 
is the transmission error, and cpx, cpy, cgx, cgy are 
bearing damping, respectively.

4 EQUATIONS OF MOTION

4.1 The calculation of stiffness and damping

As the actual mesh line is located at on side of 
the pitch point, the national standard will not 

Table 1. Gear parameters with meshing beyond the 
pitch point.

Parameter Value

Module of driving gear/m1(mm) –2.8040
Module of driven gear/m2(mm) –2.6915
Number of driving gear teeth/z1 30
Number of driven gear teeth/z2 36
Pressure angle of driving gear/α1(°) 25.8268
Pressure angle of driven gear/α2(°) 20.3259
Modification coefficient of driving gear/x1 –0.7606
Modification coefficient of driven gear/x2 −0.6095
Addendum coefficient/ha* –0.8
Coefficient of bottom clearance/c* –0.3
Tooth width/B(mm) 20
Center distance/a’(mm) 91.5
Coefficient with meshing beyond the pitch point –0.167

Figure 1. The gear of the mesh state and force analysis.

Figure 2. 6-DOF nonlinear dynamic model.
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apply for the gear with meshing beyond the 
pitch point. The tooth was regarded as a non-
homogeneous cantilever beam. The stiffness 
of  the external gear with meshing beyond the 
pitch point considering gear wheel body defor-
mation was computed by the material mechani-
cal method. The time-varying meshing stiffness 
had periodicity similar to the Fourier series 
method. To simplify the calculation, the results 
were fit by the second Fourier series, as shown 
in Fig. 3.

According to ‘The Analysis, Calculation and 
Application of Rolling Bearing’, bearing stiffness 
will change with displacement or loading. There 
is no meaning in calculating the bearing stiffness 
without the state of displacement or loading. 
Taking 6406 bearing as an example, its stiffness 
is calculated according to the ‘Principles of Roll-
ing Bearing Design’. The results obtained are as 
follows:

K x mm

K y mm

K

pxK p

pyK py

gK

88

8

5

5

. *6 57861578 10 10005 ( /N mN )

*61578 10 10005 ( /N mN )

x gxx

gy g

xg mm

K ygy mm

= 8

8

5

5

. *×61578 10 10005 ( /NN m )

*61578 10 10005 ( /N mN )

 (1)

where δr is the elastic displacement.
The bearing damping   is given by:

c k mi ikk iζ  (2)

where mi is the mass, ki is the bearing stiffness, and 
ζ is the damping ratio.

The time-varying meshing damping is given in 
formula (3). Here Ip and Ig are rotational inertia, 
respectively, Rp and Rg are the radius of the base 
circle, respectively, and Km is the time-varying 
meshing stiffness:

c k I I R R Im mk p g g p p gR I+k I I R Imk p gI I g pR I2 2I R+Iζ / ( )  (3)

e(t) is the comprehensive error, which includes 
the eccentricity error and the static transmission 
error of  the driving and driven gears, which is 
given by:

e e t e w tp p p ge g gt( )t cos ( )t p cos( )= +e t +ω ϕp pct ep os(w tpw+tttt ϕ  
 (4)

where e is the static transmission error, ω is the 
meshing frequency, ep is the eccentricity error 
of  the driving gear, eg is the eccentricity error 
of  the driven gear, and ϕp and ϕg are the initial 
phase.

4.2 Deduction of dynamic equations

The equation of the system is derived as follows:
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 (5)

The composite DTE (Dynamic Transmission 
Error), which is the relative dynamic displace-
ment of  the driving pinion and the driven gear 
along the LOA (Line of  Action) direction, is 
defined as:

δ α
θ θ

pgδδ p g t p g t

p pθθ g gθ
y yp

R θ e
α t y

+ R θppθθ −
( )p g ( ) (+ )c)cosos( )α tα−

( )t  
 (6)

The normal forces acting on the driving pinion 
and the driven gear are as follows:

F F c f bpiFF giFF m pg m pg=F δ δK fpg mK
.

)  (7)

Clearance functions are derived as follows:Figure 3. Time-varying meshing stiffness.
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As the order of magnitudes has large differences, 
to get an ideal solution, the equation is non-dimen-
sionalized before it is solved, which is as follows:
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where ωn is the natural frequency, τ is the dimen-
sionless time, Ω is the meshing frequency, bc is the 
scaleplate, and K is the average meshing stiffness.

The governing equation after eliminating rigid 
displacement is given by:
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 (10)

Here, mep = Ip/Rp
2, meg = Ig/Rg

2, me = mepmeg/(mep 
+ meg).

5 RESULTS AND ANALYSIS

5.1 The influence of speed on bifurcation behavior

Backlash and bearing clearance are zero in Fig. 4, 
while they are 40 μm and 20 μm, respectively, in 
Fig. 4. Fig. 4 and Fig. 5 have a similar state of 
motion at a low speed range. Fig. 5 shows abun-
dant bifurcation characteristics: when the speed 
increases, the gear enters into a chaotic state and 
achieves the resonant region. The gear system with 
multiple clearance changes from a single period 
to chaos by upheaval when Ω is 1.1. However, the 
gear system without clearance still remains in the 
single period at all speeds. As shown in Fig. 5, 
the system changes from a chaotic into a quasi-
periodic state at Ω = 1.2, enters a periodic-2 state 
at Ω = 1.45, changes from periodic-2 to chaos 
when Ω is 1.9, changes from chaos to periodic-2 
at Ω = 2.05, and finally enters into a single-period 
state when Ω is 2.15. So, backlash and bearing 
clearance are the major factors behind the non-
linear vibration.

Figure 4. Bifurcation without clearance.

Figure 5. Bifurcation of multiple clearance.

ICPT2016_Book.indb   638ICPT2016_Book.indb   638 9/29/2016   11:53:00 AM9/29/2016   11:53:00 AM



639

5.2 The influence of backlash on 
bifurcation behavior

Chaos can hurt the gear system badly, and back-
lash is an important factor that leads to chaos. The 
damping ratio ζ is 0.05 and Ω is 1.78. The bifur-
cation of the gear system is shown in Fig. 6. As 
shown in this figure, single-period motion ranges 
between 0 and 2.2. The gear system experiences 
a periodic-2 motion between 2.2 and 4.8, enters 
into a chaotic state when the dimensionless back-
lash is 4.8, enters into a periodic-2 motion when 
the dimensionless backlash is 5.5, but enters into 
a chaotic state when the dimensionless backlash is 
above 5.9.

5.3 The influence of damping on 
bifurcation behavior

Damping was observed to be the main influencing 
factor that affected the resonant region in the gear 
system. Here Ω was chosen as 1.45. The bifurca-
tion behavior of the dimensionless displacement of 
LOA was researched by the variation of damping. 
As shown in Fig. 7, the gear system is in the cha-

otic state at a low damping ratio range. The gear 
system changes from a chaotic to a single-period 
state by backward bifurcation between ζ = 0.085 
and ζ = 0.115, and the dimensionless relative dis-
placement diminishes with the damping ratio. It 
was observed that damping may reduce chaotic 
strips.

5.4 The influence of bearing clearance on 
bifurcation behavior

The damping ratio ζ is 0.05, Ω is 1.78, and the 
dimensionless backlash b is 40. The bifurcation 
of the gear system is shown in Fig. 8. It is evi-
dent from Fig. 8 that the bifurcation behavior of 
the gear system does not change with the bearing 
clearance. So, bearing clearance has less impact on 
the motion of the system.

6 CONCLUSION

In this study, an external gear system with meshing 
beyond the pitch point was set the research target. 
For this purpose, the global bifurcation character-
istics influenced by input speed, backlash, damp-
ing, and bearing clearance were investigated. First, 
gear parameters were optimized by the objective 
function of minimum mass. Second, the stiffness 
of the external gear with meshing beyond the pitch 
point considering gear wheel body deformation 
was computed by using the material mechanical 
method. Third, the equation was solved by the 
Runge–Kutta method.

It was evident from bifurcation diagrams that 
bearing clearance and backlash led to chaos in the 
dynamic of the gear system, and backlash was the 

Figure 6. Backlash-influenced bifurcation behavior.

Figure 7. Damping ratio-influenced bifurcation 
behavior.

Figure 8. Bearing clearance-influenced bifurcation 
behavior.
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major factor. Damping may reduce chaotic strips. 
The gear system entered into a chaotic state when 
the backlash was increased. It was easier to enter 
into chaos at near fundamental frequency and fre-
quency doubling. This will lay the foundation for 
further study of the nonlinear dynamic of the gear 
system with meshing beyond the pitch point.
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Study of the modal energy distribution of herringbone planetary gears

F. Ren, G.Q. Shi, G.F. Luo, L.Q. Ji & G.Q. Xiang
School of Mechanical and Electrical Engineering, Zhengzhou University of Light Industry, P.R. China 
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ABSTRACT: A lateral–torsional–axial coupling and generalized dynamic model of a Herringbone 
Planetary Gear Train (HPGT) was developed by using the lumped-parameter method. Based on the 
proposed model, the corresponding eigenvalue problems of the dynamic equations of a HPGT with three 
planets were solved, and natural frequencies and modal vibration modes of the HPGT were obtained. On 
the basis of the above computation, the calculation formulas of the modal strain energy and modal kinetic 
energy for the HPGT were derived, and the relationships between modal energy types, natural frequen-
cies, and relative amounts of the modal energy were obtained. It was found that the corresponding strain 
energy Upxy of the eighth order modal was the highest of all the strain energy, that is, the radial support 
stiffness kp of the planet gear had the most significant influence on the eighth-order natural frequency 
and its vibration mode.

has been developed to study its modal properties 
and categorized the vibration modes into three 
types (Eritenel & Parker 2009). Nevertheless, the 
published literature on the HPGT is very scarce. 
Bu et al. (2012) developed a dynamic model for 
the HPGT with journal bearings to investigate 
its modal properties and categorized its vibra-
tion modes into five types. Sondkar & Kahraman 
(2013) established a linear, time-invariant dynamic 
model of  a double-helical planetary gear set to 
investigate the free and forced vibration charac-
teristics. A generalized dynamic model for the 
HPGT has been proposed to analyze the dynamic 
performance (Ren et al. 2014, Ren & Qin 2014). 
However, the studies on the PGT dynamics have 
mostly focused on the spur or single-helical PGT, 
and there has been no report on the studies of  the 
HPGT modal energy distribution law so far. In 
this paper, applying the lumped-parameter theory, 
a lateral–torsional–axial coupling and general-
ized dynamic model for the HPGT was developed 
to investigate its natural vibration properties. By 
solving the eigenvalue of differential equations of 
motion, the natural frequencies and modal shapes 
of an example simulation for an HPGT with three 
planets were numerically computed. On the basis 
of  the computation, the calculation formulas of 
the modal strain and kinetic energy for the HPGT 
were derived to investigate its modal energy dis-
tribution law. Finally, the relationships between 
modal energy types, natural frequencies, and rela-
tive amounts of  the modal energy were obtained.

1 INTRODUCTION

Due to advantages such as large power-to-weight 
ratio, compactness, high efficiency, and large trans-
mission ratio, the Planetary Gear Train (PGT) is 
widely used in the transmissions of automobiles, 
helicopters, nuclear power, wind turbine, etc. Com-
pared with spur and single-helical gears, herring-
bone gears offer significant advantages such as 
higher load carrying capacity, more smooth trans-
mission, and lower axial force. Therefore, herring-
bone gears generally replace spur and single-helical 
gears to construct the planetary gear train in heavy-
load gear transmissions such as aerospace engine 
and coal cutter. Since the vibration and noise prom-
inently affect the fatigue life and reliability of the 
gear transmission system, and the vibration modal 
energy (modal strain and kinetic energy) can reflect 
the effective information of the vibration and defor-
mation, in order to realize quiet and reliable trans-
missions, it is essential to construct a dynamic model 
for the Herringbone Planetary Gear Train (HPGT) 
for the dynamic performance analysis, studying the 
modal energy distributions of each HPGT compo-
nent which will help understand the vibration and 
deformation of each component in the HPGT.

Dynamic modeling and analysis of  spur or 
single-helical PGT have been performed by many 
researchers. An analytical model of  the spur PGT 
has been presented to investigate the free vibra-
tion (Lin & Parker 1999, Lin & Parker 2001). A 
three-dimensional helical PGT dynamic model 

ICPT2016_Book.indb   641ICPT2016_Book.indb   641 9/29/2016   11:53:06 AM9/29/2016   11:53:06 AM



642

2 MODEL FORMULATION

The herringbone planetary gear in this study is 
shown in Figure 1. It is composed of a sun gear s, 
a left ring gear r2, a right ring gear r1, N planetary 
gears p (N, the planet gear number), and a carrier c. 
Here, herringbone gears are applied to the sun and 
planets, while two ring gears held stationary adopt 
two internal helical gears with opposite helical angles 
and assemble as one ring gear. The sun gear and car-
rier serve as an input and output, respectively. All 
the gears are mounted on their individual flexible 
shafts supported by rolling element bearings.

The lateral–torsional–axial coupling dynamic 
model of a HPGT, as shown in Figure 2, is set up by 
using the lumped-parameter method. The dynamic 
models of the two types of gear pairs are shown 
in Figure 3. The direction of compressive deflec-
tion along the line of action between two gears is 
assumed to be positive. As shown in Figure 3, the 
compressive deformations of each gear pair along 
the line of action can be obtained as follows:

Right-side S-P mesh:

δ ϕ ϕ
α α β

spδδ iδδ s sϕ i s siϕ s

i t i tα i bβ
xϕ sϕ i u

x yi tαα u
⋅x +

+ ⋅xi + iu
+

sin
sinαααα ) c⋅ os

( )(( sin ( )⋅sin t(s i b spis
Rβ  (1)

Left-side S-P mesh:

δ ϕ ϕ α
α β

spδδ iδδ s sϕ i s siϕϕ s i tα
i t i bβ

xϕ sϕ i

yi

⋅x + +
− y
−

sinϕϕϕ i
cosαααα

( )(( sin ( )⋅sin t(s i b spis
Lβ  (2)

Right-side R1-P mesh:

δ ϕ ϕ
α α

r pδδ iδδ rϕ i r ri

i t i tα i

xϕ rϕ i u
x yi tαα u

1pi r 1 1ϕ riϕ ru⋅x +
+ ⋅xi − u

sin
sinαααα ) c⋅ ossss

( ) in ( )
β

β
bβ

r i b r pi
R t(+( ⋅sin 1) sin βi b rsin  (3)

Left-side R2-P mesh:

δ ϕ ϕ
α α

r pδδ iδδ rϕ i r ri

i t i tα i

xϕ rϕ i u
x yi tαα u

2pi r 2 2ϕ riϕ ru⋅x +
+ ⋅xi − u

sin
sinαααα ) c⋅ osss

( ) in ( )
β

β
bβ

r i b r pi
L t(− ( ⋅sin 2) sin βi b rsin  (4)

The relative deflections of the planet support 
bearings are defined as follows:

Planet radial support:

δ ϕ ϕxcpiδδ c iϕ c iϕ iy xϕc iϕ+ ⋅yc sin  (5)

Planet tangential support:

δ ϕ ϕycpiδδ c iϕ c iϕ i cyiϕ y ui+ϕ −ϕ +ccyiϕ +ϕϕ iϕ ⋅ osos  (6)

where xj, yj, zj, and uj (j = s, r1, r2, c) represent the 
x-, y-, z-direction translational displacement and 
torsional displacement around the z-axis for the 
sun gear, right ring gear, left ring gear, and carrier, 
respectively; xj, yj, zj, and uj (i = 1, 2, …, N) represent 
the radial direction, tangential direction, axial direc-
tion translational displacement and torsional dis-
placement around the z-axis of the i-th planet gear, 
respectively; αt is the transverse pressure angle; βb 
is the base helical angle; φ φ α φ φ αsiφφ i tφ αα riφ i tφ αφ−φ = φφφ ,φ φriφ tφ αφφφφ  
here φiφ  is the assembly position angle of the plan-
etary gear and φ πiφφ Nπ2ππ ( )i 1π iπ i /  for equally spaced 
planets; functions e e e espi

L
spi
R

r 2 pi
L

r1pi
R, ,espi aandd,espi  are the 

static transmission errors for the left- and right-
side S-P and R-P meshes, respectively.

Figure 1. Structure of a HPGT.

Figure 2. Lumped-parameter dynamic model of a 
HPGT.

Figure 3. Relationship between motion and deforma-
tion of HPGT components.
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In the HPGT dynamic model shown in 
Figure 2, each of the carrier, left ring, right ring, 
sun, and planets has three translational and one 
rotational Degree of Freedom (DOF), so the sys-
tem has 4(4+N) DOFs. With [xc, yc, zc, uc, xr1, yr1, 
zr1, ur1, xr2, yr2, zr2, ur2, xs, ys, zs, us, x1, y1, z1, u1,…, xN, 
yN, zN, uN] as generalized coordinates, by using the 
Lagrange principle, the system equations in matrix 
form yields as follows:

M X G X
X T F

⋅ +X ⋅G
+ =X

�� �ωc

b m( )K K KK − ⋅ωb mK ( )c
2ωω Ω  (7a)

X = [ , , , , , , , ,
, , ,

x y, z u, x y, z u, x y, z
u x, y z, u

c cy, c c, u, r1 r1 r1 r1 r2 r2 r2

r2 s s, y s s, u ,,, , , , , , ]x y z u x y z1 1y, 1 1, u, N Ny, N N,,�  
 

(7b)

where X represents the displacement vector; 
M denotes the mass matrix; G is the gyroscope 
matrix; Kb is the bearing supporting stiffness 
matrix; Km denotes the time-varying mesh stiffness 
matrix, with K K Km m

L
m
R+KmKL ;  and KΩ is the cen-

tripetal stiffness matrix. It is worth noting that KΩ 
and G result from the high-speed carrier rotation; 
T denotes the external torque vector; F(t) is the 
internal exciting force vector induced by the static 
transmission error.

3 CALCULATION OF HPGT MODAL 
STRAIN AND KINETIC ENERGY

The vibration modal energy includes the modal 
strain energy and the modal kinetic energy. Grasping 
the modal energy distribution law of each compo-
nent in the HPGT helps to understand the vibration 
and deformation of each component. To investigate 
the modal energy distribution for a HPGT, calcula-
tion formulas of the modal strain and kinetic energy 
in the HPGT are derived in this paper.

The total modal strain energy and kinetic energy 
of the j-th vibration mode are associated with the 
natural frequencies and vibration modes and can 
be respectively expressed as follows:

U j jU T
j=

1
2

ψ ψj
TT

jK  (8)

Tj jT j
T

j= Mj
T1

2
2 ψjj j

TT ψ j⋅  (9)

where K and M are respectively the HPGT total 
stiffness matrix and the total mass matrix and 
K = Km + Kb. ωj is the j-th natural frequency. As 
a modal quantity, the values of Uj and Tj have 
no meaning since the mode shapes are given in 
the light of modal displacements that are relative 
quantities as

ψ φ φ φ φ φ φj cψ φ rφφ s Nφ φφ φ T[ ,φcφ , φ ]1 2φrφφrφ 1φ φφφφ φφφφ  (10)

where ϕk ( , , , , , )r r1 2,r rr r, 1 2, �  can be expressed as

ˆ ˆ ˆ[ , , , ]ˆ ˆ ˆˆk k k k k[ , , ,k k k, , ,, ,, , ,φk =  (11)

Using the modal frequencies and modal vectors, 
the total modal strain energy can be classified as 
two categories, such that:

U U Uj mU U esh total+UmU esh t t l_ sUUtotal +total up_  (12)

where Umesh_total denotes the modal strain energy 
in all gear meshes and Usup_total represents the total 
modal strain energy in support springs for the sun, 
left ring, right ring, planets, and carrier.

Strain energy in gear meshes Umesh_total can be 
divided into sun–planet and ring–planet meshes at 
the left and right sides as follows:

1

2

1
2
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where U U U UspU i
L

spi rU pi r pi,UspU i 2 1Upi rU,R RU UL  are the modal strain 
energies in sun–planet i and ring–planet i meshes 
at the left and right sides, respectively, and super-
scripts L and R represent the left and right sides. 
These modal strain energies can be denoted in 
accordance with modal relative mesh displace-
ments ˆ ˆR

spi spi,δ δL
spi s,  for sun–planet meshes at the left 

and right sides as well as 1
ˆ ˆR

r pi r pi2 1δ δ2
L
r2  for ring–planet 

meshes at the left and right sides. 
1

ˆ ˆ ˆ ˆ
pii

R
spi spi r pi r pi2 1, ,, 2δ δ δ δ2
L R LR L
spi spi ri 2, ,,, 2

 
are defined from Eqs. (1) to (4). Furthermore, 
U U U UspU i

L
spi rU pi r pi,UspU i 2 1Upi rU,R RU UL  are given as follows:
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Modal strain energy in support springs Usup_total 
is denoted as:
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where U U U r r sz uUξ ξUxy ξu ξ,zξU zz ,c(ξ , )1 2r rr r,rr  represent the 
modal strain energies in support springs of the car-
rier, left ring, right ring, and sun in the radial, axial, 
and torsional direction, respectively; Upb is the 
modal strain energy related to the planet bearings; 
kξx, kξy, kξz, kξu ( , , )ξ r, r s,1 2,rr rr  denote the support-
ing stiffness of the center member (carrier, right 
ring, left ring, sun) in the x-, y-, z-, and u-direction, 
respectively; kpix, kpiy, kpiz are the supporting stiff-
ness for the i-th planet in the x-, y-, and z-direction, 
respectively; ˆ ˆ ˆ

pp
xcpi ycpi zcpi, ,δ δ δxcpi ycpi zycpi, ,  are the modal relative 

deformation for the i-th planet in the x-, y-, and 
z-direction, respectively, and ˆ ˆ ˆ

xcpi ycpi zcpi, ,δ δ δxcpi ycpi zycpi, ,  are 
defined from Eq. (5) and (6).

The total modal kinetic energy Tj of  the j-th 
vibration mode can be decomposed into the sum 
of the kinetic energy of each component in the 
HPGT as follows:

TjT cz u
c r r s

pixy piz pii iu
i

N

+

=

=

∑∑

∑

( )T T Tcz uT+TT

( )T T Tpixy piTT z pTTi iuTTT +

, ,r ,
ξ ξxyx Txxy ccTx +T xxT yx ξT uuT

ξ 1 2r,

1

 (15)

where Tξxy, Tξz, and Tξu (ξ = c, r1, r2, s) are the 
radial translational, axial translational, and tor-
sional modal kinetic energy of the center member 
(carrier, left ring, right ring, sun), respectively; Tpixy, 
Tpiz and Tpiu denote that of the i-th planet.

The parameters Tξxy, Tξz, Tξu, Tpixy, Tpiz, and Tpiu 
are given as follows:

1
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where mξ (ξ = c, r1, r2, s) is the mass of  the center 
member (carrier, left ring, right ring, sun), mp is 
the planet mass, Iξ (ξ = c, r1, r2, s) is the moment 
of  inertia of  the center member, Ip is the moment 
of  inertia for the planet, and rp is the planet 
radius.

4 HPGT MODAL ENERGY DISTRIBUTION

As mentioned above, the values of Uj and Tj given 
in Eqs. (8) and (9) have no meaning since the modal 
displacements in Eq. (10) are relative quantities. 
As a result, the value of each modal strain energy 
and kinetic energy can be normalized as Uj = 1 and 
Tj = 1.

A herringbone planetary gear composed of 
three equally spaced planets (N = 3) with two fixed 
ring gears, as shown in Figure 1, is used here as 
an example gear set. Their parameters are listed in 
Table 1.

For the example HPGT, as shown in Figure 1, 
each order relative modal strain and kinetic 
energy distribution is shown in Figures 4 and 5, 
respectively.

4.1 System strain energy distribution

Each strain energy distribution condition at each 
order modal frequency in the HPGT consisting of 
three planets with the parameters listed in Table 1 is 
shown in Figure 4. Meanwhile, Figure 4 also shows 
the variation of each kind of strain energy in the 
HPGT with each order modal natural frequency. 
Each strain energy distribution condition of the 
HPGT system at a certain order modal natural 
frequency shown in Figure 4 can reflect the effect 
extent of different stiffness parameters on the 
order modal natural frequency and correspond-
ing vibration mode. Furthermore, the variation 
condition of a certain modal strain energy of the 
HPGT system with each order modal natural fre-
quency in the HPGT is able to reflect the influence 

Table 1. Parameters of the example HPGT.

Parameters Sun Planet Carrier
Left 
ring

Right 
ring

Number of 
teeth, Z

 23  17 —  57  57

Normal modulus,
 mn (mm)

 27  27 —  27  27

Tooth width, 
b (mm)

360 360 — 170 170

Helix angle, 
β (deg.)

 25  25 —  25  25

Normal pressure 
angle, αn (deg.)

 20  20 —  20  20

Mass (kg) 750 525 5091 450 450
I/r2 (kg) 663 420 5724 546 546
Bearing stiffness 

in the x-, y-, 
z- direction (N/m)

k k ks x y z p x y z c x y z, y , y , y, ,kp x y z ,y y y=k =10 109 9k =k 10 9

 
k kr x y z

R
r x y z
L

1 2kx y z r
1010, yy , yy y =k L
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of the stiffness parameter corresponding to the 
modal strain energy on each order modal natural 
frequency in the system. For instance, the variation 
condition of each modal strain energy of the 14-th 
natural frequency shown in Figure 4 indicates that 
strain energies such as Ur2u, Ur1u, Ur2z, Ur1z, Upxy, Upz, 

spU L
sp
R

r pU L, ,UUspU ,2  and Ur pU R
1  are all non-zero, of which 

the amplitudes of Ur uU 2  and Ur uU 1  are equal and 
the highest, while the amplitudes of U UspU L

sp
R, ,UspU  and 

U pzU  are very small and almost zero, but it does not 
mean these strain energies are zero. This illustrates 
the corresponding stiffness parameters of these 
strain energies such as torsional support stiffness 
of the left- and right-side ring gears kr2u and kr1u, 
axial support stiffness of the left- and right-side 
ring gears kr2z and kr1z, radial support stiffness of 
the planets kpx and kpy, axial support stiffness of the 
planets kpz, external mesh stiffness of the left and 
right sides kspkL  and kspkR  as well as internal mesh 
stiffness of the left and right sides kr pkL

2rr
 and kr pkR

1rr
. 

All these parameters have an influence on the 14-th 
natural frequency and corresponding vibration 
mode, of which the torsional support stiffness of 
the left- and right-side ring gears kr2u and kr1u most 
significantly affects the 14-th natural frequency 
and the corresponding vibration mode. Further-
more, the variation of the strain energy Usxy with 
each order natural frequency in the HPGT system 
shown in Figure 4 indicates that the strain energy 
Usxy of the 2-th, 3-th, 5-th, 6-th, 9-th, 10-th, 16-th, 
17-th, 22-th, 23-th, 26-th, and 27-th natural fre-
quency for the HPGT system is not equal to zero. 
Of these, the strain energy Usxy amplitude of the 
2-th and 3-th natural frequency is the same and 
the largest, and the Usxy amplitude at the 5-th and 
6-th natural frequency is the second highest. This 
illustrates that radial support stiffness for the sun 
gear ks has an effect on the 2-th, 3-th, 5-th, 6-th, 
9-th, 10-th, 16-th, 17-th, 22-th, 23-th, 26-th, and 

27-th natural frequency, and most prominently 
influences the Usxy amplitude at the 2-th and 3-th 
natural frequency in the HPGT, followed by the 
second largest impact at the 5-th and 6-th natural 
frequency. It can also be observed from Figure 4 
that the corresponding strain energy Upxy ampli-
tude of the 8-th modal is the highest in all strain 
energies. This illustrates that the radial support 
stiffness of the planet kp has the most significant 
impact on the 8-th natural frequency; that is to say, 
the 8-th natural frequency of the HPGT system is 
the most sensitive to the radial support stiffness of 
the planet kp.

4.2 System kinetic energy distribution

Figure 5 shows each modal kinetic energy distri-
bution condition at each order natural frequency 
in the HPGT consisting of three planets with the 
parameters listed in Table 1. Figure 5 also shows 
the variation of each kind of modal kinetic energy 
in the system with each order natural frequency. 
Each kinetic energy distribution condition of 
HPGT at a certain order natural frequency in 
Figure 5 can reflect the effect extent of different 
mass parameters on the order natural frequency 
and corresponding vibration mode. Furthermore, 
the variation condition of a certain modal kinetic 
energy of the HPGT with each order natural fre-
quency in the HPGT can reflect the impact of 
the mass parameter corresponding to the modal 
kinetic energy on each order natural frequency in 
the system.

For example, it can be concluded from the variation 
condition of each modal kinetic energy at the 14-th 
natural frequency shown in Figure 5 that the mass and 
moment of inertia of the planet, left-side ring gear, 
and right-side ring gear (mp, Ip, mr2, Ir2, mr1, and Ir1), 
the moment of inertia of the carrier, and sun (Ic and 

Figure 4. Each order relative modal strain energy distri-
bution in the HPGT (except 0 mode).

Figure 5. Each order relative modal kinetic energy dis-
tribution in the HPGT (except 0 mode).
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Is) have an impact on the 14-th natural frequency and 
the corresponding vibration mode of the HPGT. Of 
these, the planet mass mp has the most obvious effect 
on the 14-th natural frequency and mode shape, and 
the moment of inertia of the left-side ring, right-side 
ring, and planet (Ir2, Ir1, and Ip) has the second largest 
effect on the 14-th mode. Moreover, it can be found 
from the variation of the kinetic energy Tpu with each 
order natural frequency of the HPGT system shown 
in Figure 5 that the Tpu amplitude is non-zero at the 
2-th, 3-th, 5-th, 6-th, 7-th, 8-th, 9-th, 10-th, 14-th, 
16-th, 17-th, 22-th, 23-th, 25-th, 26-th, 27-th, and 
28-th modal frequency. Of these, the Tpu amplitude 
at the 26-th and 27-th frequency is the largest, with 
the amplitude at the 28-th frequency being the second 
largest. This indicates that the moment of inertia of 
the sun gear has an influence on the 2-th, 3-th, 5-th, 
6-th, 7-th, 8-th, 9-th, 10-th, 14-th, 16-th, 17-th, 22-th, 
23-th, 25-th, 26-th, 27-th, and 28-th modal frequency 
of the HPGT, and has the largest effect on the 26-th 
and 27-th natural frequency.

5 CONCLUSIONS

1. A lateral–torsional–axial coupling and gen-
eralized dynamic model of a Herringbone 
Planetary Gear Train (HPGT) was set up by 
considering many factors to analyze its natural 
characteristics.

2. Calculation formulas of the modal strain energy 
and kinetic energy for the HPGT were derived 
to study its modal energy distribution laws. 
Thus, the relationships between modal energy 
types, natural frequencies, and relative amounts 
of the modal energy can be obtained.

3. Modal strain energy of the HPGT can directly 
reflect the sensitivity of the system natural fre-
quency to the stiffness parameter, and modal 

kinetic energy of the HPGT can reflect the sen-
sitivity of the system natural frequency to the 
mass parameter.
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ABSTRACT: In this paper, a generalized finite model for planetary gears with a flexible ring gear is 
presented, where the ring gear is modeled as an elastic body while other gears are represented as rigid 
bodies. Ring gear is divided into a large number of beam elements and connected with a planet lumped 
parameter model according to the compatibility of deformation. The dynamic models of different sup-
port types of ring gear can be conveniently and exactly established by this method, compared with the tra-
ditional lumped parameter model. Based on the generalized finite model, modal properties are obtained 
analytically. Moreover, four different vibration modes are found in addition to the rotational mode and 
the translational mode, compared with the lumped parameter model. The study of the influence of ring 
gear support types on the frequency shows that as the support stiffness decreases, more difference can be 
seen between the finite model and the lumped parameter model. The dynamic behavior of planetary gear 
sets is also obtained and the effects of ring gear flexibility on the dynamic properties of planetary gears 
are discussed, which will be beneficial in the design of low-noise planetary gear sets.

Kahraman, A. et al. (2003) calculated the defor-
mation of  the ring gear with a thin rim by the 
FEM and studied the influence of  rim thickness 
on dynamic behavior by performing experiments 
and finite element analysis. It has been found that 
the rim thickness of  the ring gear has a signifi-
cant impact on the deflections and hoop and root 
strains of  a gear set, and ring gear deflections 
and support conditions must be considered in the 
design process (Kahraman, A. et al. 2010). Abou-
sleiman, V. & Velex, P. (2006) presented a hybrid 
3D finite element/lumped parameter model to 
obtain the dynamic behavior of  planetary gear 
sets by a substructure method combining the ring 
gear finite model and a planet lumped parameter 
model. They also studied the planet carrier as a 
deformable part by the same method (Abouslei-
man, V. et al. 2007). Wu, X. & Parker, R.G. (2008) 
studied the modal properties of  planetary gears 
with an elastic ring gear by deriving the motion 
equation of  ring gear and perturbation analysis. 
They also studied the parametric instability and 
vibration of  planetary gears having elastic con-
tinuum ring gears (Parker, R.G. & Wu, X. 2012). 
Chapron, M et al. (2016) analyzed optimum 
profile modifications in planetary gears with a 
dynamic model presented based on 3D two-node 
gear elements connected to deformable ring gears 
discretized into beam elements.

1 INTRODUCTION

Planetary gear sets with a flexible ring gear are 
widely used in various industries such as automo-
tive, aerospace, and marine transmissions. The flex-
ible ring gear introduces compliance that improves 
load sharing among planets, as well as reduces the 
noise and vibration of those gear systems. A large 
number of studies have been performed on plan-
etary gears. Most of these studies have assumed 
that the ring gear is a rigid body (Cooley, C.G. & 
Parker, R.G. 2014, Sun, T. & Hu, H. 2003), which 
is reasonable and acceptable when the ring gear 
has a thick rim and its deformation is little. In 
practical systems where planetary gear vibration 
is a key concern, ring gear elastic deformation is 
usually significant, which is especially true when 
the ring gear is floating. From the viewpoint of 
power density, ring gear rims should be designed 
as thin as possible to reduce weight, and a thin rim 
introduces compliance that improves load sharing 
among planets. Thus, more attention should be 
paid to the effects of the flexibility of ring gear on 
the dynamic properties of planetary gears.

Generally, research on ring gear deformation 
can be mainly classified into two approaches: 
one is the finite method which consists of  the 
traditional finite method and the finite/lumped 
method; the other is the analytical method. 
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The model proposed here is a generalized finite 
method that divides the ring gear by beam elements 
and the other parts are modeled by the lumped 
parameter method. The lumped planet and finite 
ring gear is connected by the deformation com-
patibility of the ring gear. The deformation of the 
ring gear rim is directly reflected in the dynamic 
model, as the internal mesh stiffness is calculated 
without the ring gear rim. Therefore, it is conven-
ient to consider the different support types of ring 
gear. Also, the modal properties and the influence 
of ring gear flexibility on dynamic responses are 
studied, compared with the traditional lumped 
parameter model.

2 MODELING

2.1 Generalized finite model of planetary gears

Based on the generalized finite method, the plane-
tary gear set can be regarded as a system consisting 
of different kinds of elements. As shown in Fig-
ure 1, the generalized model is composed of five 
types of elements and two kinds of nodes, which 
include internal mesh elements, ring gear element, 
external mesh element, carrier element, support 
element, gear node, and ring gear node. The differ-
ent element type is described as the linear springs 
and the dot is represented as the different node.

Since the planetary gear set is considered as a 
generalized finite system, the relationship between 
different elements can be described by the relative 
movement between the components of the plan-
etary gear set. The coordinates and relative posi-
tions of different elements are shown in Figure 2. 
All gear meshes are represented by linear springs. 
The sun, carrier, and planets are considered as 

rigid bodies. The bearing and supports of elements 
are two perpendicular springs of equal stiffness. 
In Figure 2, the o-xiyizi (i = s, c, r) represent the 
coordinates of the sun, the carrier, and the glo-
bal ring gear coordinate. o-xriyrizri (i = 1,2,3,...,N) 
is the local coordinate of the ring gear elements, 
where N is the total of ring gear elements, and the 
o-xjyjzj (j = 1,2,3…,M), where M represents the 
total number of planets. As the planetary gear set 
is simplified into a generalized finite model, it is 
essential to develop the equations of each element 
to obtain the dynamic response.

2.2 Ring gear elements

The ring gear is divided into many ring gear ele-
ments. The ring gear element is shown in Figure 3a, 
in which B describes the width of ring gear elements, 
i.e. the width of the ring gear, and h is the height of 
ring gear element. In the meantime represents the 
thickness of the ring gear and l is the length of the 
ring gear element, which is related to the number 
of the elements and the diameter of the ring gear. 
The displacement of the ring gear element can be 
expressed as δr

e = {xi, yi, θi, xj, yj, θj}T. The deforma-
tion of the ring gear is divided into two parts: one 
is the deformation of the gear tooth and the other 
is the deformation of the ring gear element. The 
tooth of the ring gear is regarded as a rigid body in 
the proposed model when calculating the deforma-
tion of the ring gear element. The deformation of 
the ring gear element is mainly caused by the mesh 
force Fn between the planet and the ring gear. As 
shown in Figure 3b, at the ring gear node c, where 

Figure 1. The generalized finite model of planetary 
gears.

Figure 2. The relationship of different kinds of 
elements.
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the corresponding tooth is meshed with the planet 
gear, the mesh forces Fn can be transformed to 
an equivalent radical forces Fr, a tangential force 
Ft, and a moment M with regard to the ring gear 
node c that lies at the half  height of the ring gear 
element (Chen, Z. & Shao, Y. 2013). They com-
prise the external load matrix Fr of  the ring gear 
element. Based on the Timoshenko beam theory, 
the ring gear element stiffness matrix Krr

e and the 
mass matrix Mrr

e are described in the appendix. As 
the local coordinate of the ring gear element is not 
coincident with the global coordinate of the ring 
gear, as shown in Figure 4, the deformation should 
be transformed from the local coordinate to the 
global one and the transformation matrix T is also 
described in the appendix. Thus, the ring gear ele-
ment stiffness matrix Kr

e and the mass matrix Mr
e in 

the global coordinate can be expressed as:

K T K TM T M Tr
e TT rr r

e TT rrT K TMTT  (1)

The damp matrix Cr
e can be derived as follows:

C M Kr
e

r
e+Meα α+Me

0 1rα αα αr +Mr  (2)

Where α0,α1 are the scale coefficient of Rayleigh 
damping.

Then, the ring gear equations can be expressed 
as:

M C Kr r r r r r�Cr x+C rxCr = 0  (3)

2.3 Internal mesh elements

The dynamic model of the internal mesh element is 
shown in Figure 5a, and the displacement of the jth 
node along the action line of the ring gear and the 
planet is shown in Figure 5b. If the displacement of 
the jth node and the planet Pi is known, the displace-
ment along the action line can be expressed as:

δ rδδ r rj ir pr ij j ir pr j ir prV qijV q e= −V q  (4)

where qrjpi = {xpi, ypi, θpi, xrj, yrj, θrj}T, erjpi is the com-
position error along the action line, and

V rijVV rpi rpi i pi rpi

rpi j

r[[ i , i, r ,α αrp , θ ψpi
−,pi

ψ θrpi

bprrrr

r 1jjθθ γ
i

cosψ rpi
AC sin ]γ 1γγ ].]]

The equations of the internal mesh element can 
be expressed as:

M C Kr r r r r r sj ir pr j ir pr j ir pr j ir pr j ir pr j ir prq Cr rir p ir p r ir p FsCCrj ir p + KKrj ir p( )r ir pq e� �−rj ir pq ( )r ir pq e−rj ir pq  (5)

where the mass matrix of the internal mesh matrix 
is given by:

M Mr p p pj ir pr ip i jMrrMem m Ip p[ {diag ,ipip } ].

The stiffness matrix of the internal mesh ele-
ment can be expressed as:

Kr rp
p p p

r r
j ir pr i

ip i jrr

j ir pr j jr r
krk= ⋅k

⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦

κ κpi ip

κ κrj ir p
 (6)

where krpi represents the mesh stiffness of the ring 
gear and the planet. The mesh stiffness is obtained 
and the tooth errors are considered according to 
the methods presented by Chang, L. et al. (2015):

κκκκ p pκκ

2
p

2
p

p

sin2 i
cos i cos2

s
i ip

b ip

b ip

b iprb

= − −cos
−

α α α αsinb ipp

α αsinα αssinsin α αcosb ipp

i

inii p pα αcoscos

⎡

⎣

⎢
⎡⎡

⎢
⎢⎢

⎢⎣⎣
⎢⎢

⎤

⎦

⎥
⎤⎤

⎥
⎥⎥

⎥⎦⎦
⎥⎥

rαcoscos −αcosbppp b iprr 2

 (7)

Figure 3. The ring gear element.

Figure 4. The transformation of coordinates.

Figure 5. The internal mesh element model ((a) the 
relationship of the internal mesh element, (b) the trans-
formation of displacement).
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κκκκ pκκ
bp

bp

sin i sin
cos i cosi jrr

i

i

rb

=
− −sin

−
−

α ψsinα ψssinsin ψ α ψ
ψ αssin ψ α ψ

sinψ
cbpirbα os

λλ αλλ λ α λj jλ αλλλ λλ jλ bpirbα λα λλ

⎡

⎣

⎢
⎡⎡

⎢
⎢⎢

⎢⎣⎣
⎢⎢

⎤ψ

⎦

⎥
⎤⎤

⎥
⎥⎥

⎥⎦⎦
⎥⎥  (8)

κκ κκκ κκκpκκ rκi jrr j ir pr
Tκκκκ  (9)

κκκκ rκ

2

2

sin s2 in
cos i cos c2 os

co
j jr r

j

j

j j

= −
−

ψ ψ ψ λ j ψ
ψ ψssin ψ λ j ψ

λ ψsinjjsin λ j

i

ssψ λ jλ 2

⎡

⎣

⎢
⎡⎡

⎢
⎢⎢

⎢⎣⎣
⎢⎢

⎤ψ

⎦

⎥
⎤⎤

⎥
⎥⎥

⎥⎦⎦
⎥⎥  (10)

where λ γjλλ 1γγ .

2.4 External mesh element

The dynamic model of the external mesh element 
is shown in Figure 6, and the displacement of the 
element along the action line can be described as 
follows:

δoδ = −V q eo oV qV o  (11)

where qo = {xs, ys, θs, xp, yp, θp}T and

V ro pVV p p−r[ i , , ]r .pα ,brrpp rr,rr s spp, αα pp bpp rrpp psinα p ,−αα pp

Similarly to the internal mesh element, the 
dynamic equation of the external mesh element 
can be expressed as:

M C Ko o o o o o o o oCo o o FoCCo + KKoK( )o� �eo−oq ( )o oq eo−oq  (12)

where Mo,Co,Ko represent the mass matrix, damp 
matrix, and stiffness matrix of the external mesh 
element, and eo is the external mesh composition 
error along the action line.

2.5 Carrier element and support element

As with the other elements, the displacement of 
the carrier can be described as follows:

δc =Vcqc (13)

where qc = {xc, yc, θc, xp, yp, θp}T, the projection vec-
tor Vc is composed of the x-direction vector and 
the y-direction vector, which are respectively:

V
V r

cVV x
pi pi

cVV pi pi c

cos i
i

icos= ⎡⎣⎡⎡ ⎤⎦⎤⎤ϕ ϕpi spi inϕ ϕsinsi in
ϕ ϕpi

,pi ,ϕsin , , ,
,rpi crr,ϕ , ,

0 1−, 0 0,
0 1−, 00⎡⎣⎡⎡ ⎤⎦⎤⎤.

Likewise, the dynamic equation of the carrier 
element can also be written as follows:

M C Kc c c c c c c�Cc c q Fc c+C cqCc  (14)

where Mc, Cc, Kc represent the mass matrix, damp 
matrix, and stiffness matrix of the carrier element, 
respectively.

Similarly, the dynamic equations of the support 
element can be written as:

Kb b b b b b�Cb b q+C bqCb = 0  (15)

where Mb, Cb, Kb represent the mass matrix, damp 
matrix, and stiffness matrix of the support ele-
ment, respectively, and qb is the displacement vec-
tor of the components.

2.6 Dynamic model of the system

As the mass matrix, stiffness matrix, and damp 
matrix of the elements are derived, the dynamic 
equations of the whole planet gear set can be writ-
ten as follows:

M C Kt t t t P( ) [ (�x ) (�e )] ( )t( )t [ (x[ (� ) (e )]C t[x ) t+ K(t (x 0PP  (16)

where the global mass matrix M, the global damp 
matrix C, and the global stiffness matrix K can be 
assembled by the corresponding matrices of the 
elements.

The whole modeling flow correspond to the 
finite modeling progress. Moreover, as the dis-
placement projection vector V is introduced, it is 
convenient to obtain the dynamic model of each 
element.

3 MODAL PROPERTIES

As a case study, a planetary gear set with three 
equally spaced planets is analyzed, and its param-
eters are listed in Table 1. The frequency and 
modal information can be obtained by solving the 
eigenvalues of equation (16). The first 10 frequen-
cies of the system are given in Table 2 when the 
ring gear is in a splined and spinning connection 
with the machine, in which lumped represents the 
frequencies of planetary gears with the lumped-Figure 6. The external mesh element model.

ICPT2016_Book.indb   650ICPT2016_Book.indb   650 9/29/2016   11:53:22 AM9/29/2016   11:53:22 AM



651

parameter method, and finite describes the param-
eters of the generalized finite model proposed in 
this paper (similarly hereinafter). From this table, 
we can see that compared with the lumped param-
eter, the first-order frequencies of planetary gears 
with the generalized finite model are decreased 
under the two kinds of connection. Furthermore, 
when the ring gear is connected with the machine 
by pinning, the first frequency decreases rapidly 
due to the ring gear flexibility.

The mode shapes with a flexible ring gear are 
shown in Figure 7. As the model proposed classi-
fies the ring gear into several ring gear elements, 
the natural frequencies of planetary gears increase 
a large number of high frequencies and the mode 
shapes are also more complex. Figure 7a shows the 
vibration mode of a rotational mode, where the 
translations of the sun, the carrier, and the ring 
rigid motion are zero, with all planets having iden-
tical deflections. Figure 7b shows the vibration of 
a translation mode, where the rotations of the sun, 
carrier, and the rigid ring gear are zero, with all 
planets having identical deflections. Figure 7c and 
Figure 7d show the coupling rotation mode and a 
coupling translation mode, respectively, where the 
deflection of the ring gear is not zero compared 
with Figure 7a & Figure 7b. Figure 7e shows the 
planet mode, where only the ring gear and the 
planet gear have deflections, the deflections of 
other gears are zero. Figure 7f shows the purely 
ring gear mode, where only the ring gear has deflec-
tions, and the deflections of the sun, the planets, 
and the carrier are zero. The natural frequencies 
can be classified into two groups: low-frequency 

group and high-frequency group. The mode shape 
of the high-frequency group is the purely ring gear 
mode, as shown in Figure 7f. The vibration modes 
of the low-frequency group consist of all the vibra-
tion modes, as shown in Figure 7.

4 DYNAMIC RESPONSES

The dynamic behavior of planetary gears can be 
acquired by solving equation (16) with the Fourier 
series method. The dynamic loads of the internal 
mesh gears and external mesh gears, i.e. the mesh-
ing forces between the planet, sun, and ring gear, 
are shown in Figures 8 and Figure 9, respectively.

From Figures 8 and 9, we can see that the main 
excitation frequency of the planetary gear set is 
3374.96 Hz, which is very close to the meshing 
frequency of 3375 Hz. The dynamic load during 
a meshing period is shown in Figure 10. From this 
figure, we can see that there is a difference in the 

Table 1. The parameters of the example ring gear set.

Item zs zr zp han
* cn

* mn B mm α/° β/° ns r/min

Value 39 48 135 0.9 0.4 4 112 20 0 6692

Figure 7. The mode shapes of the planetary gears with 
a flexible ring gear.

Table 2. The first 10 frequencies of planetary gear sets 
(Hz).

Modal order

Lumped Finite

Splined Pining Splined Pining

1 0 0 0 0
2 117.4 117.3 117 62.4
3 182.7 155.2 182.6 116.3
4 182.7 155.2 182.6 182.5
5 195.8 190.7 195.8 184.6
6 223.1 190.7 223.1 195.7
7 223.1 195.8 223.1 223.1
8 320 224 319.9 223.4
9 320 224 319.9 319.9
10 1332.7 1288.8 1041.9 320.3
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dynamic load between the planet gear and the ring 
gear when solved by the finite model compared 
with that solved by the lumped-parameter model, 
while the dynamic load between the sun and the 
planet gear has little difference. This is caused by 
using the method proposed here, which has more 
influences on the internal mesh gears without con-
sidering the errors. The dynamic load factors of the 
gears can be seen in Figure 11. Likewise, because 
of the ring gear flexibility, the resonant speed of 

the planet gear and the ring gear is smaller com-
pared with the lumped-parameter model, while the 
resonant speed of the planet and the sun has little 
differences between the two methods.

5 CONCLUSION

A generalized finite dynamic model of a planetary 
gear set, which take the deflection of the ring gear 
into consideration, was established. Based on the 
finite theory, the planetary gear set was divided into 
different elements and nodes, where the ring gear 
was composed of ring gear elements and meshing 
gears were composed of gear nodes and external 
mesh/internal mesh elements. When the stiffness 
matrix, mass matrix, and damp matrix of each 
element were derived, the corresponding global 
matrix could be easily written. The dynamic model 
of planetary gears could be easily obtained and the 
computation efficiency was improved rapidly.

By the analysis of the modal properties of plan-
etary gears, it was found that due to the flexibility of 
the ring gear, the vibration mode of the system was 
more complex and in addition to the rotational mode 
and the translation mode, four vibration modes 
were found, namely the coupling rotation mode, 
the coupling translation mode, the ring gear mode, 
and the purely ring gear mode. When the ring gear 
was in the spinning connection with the machine, 
the first-order natural frequency of the system was 
influenced by the ring gear flexibility more obvi-
ously than that in the splined connection.

Due to the ring gear elements, the dynamic load 
between the ring gear and the planet gear was dif-
ferent with the lumped-parameter model, while 
there were little differences between the sun and the 
planet. The same phenomenon was observed on 
the dynamic load factors. Thus, the deflection of 
the ring gear mainly had an influence on the internal 
meshes and a little influence on the external meshes.
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ABSTRACT: This paper focuses on the impact of the space temperature environment on the dynamic 
behavior of an on-obit spacecraft gear system. A nonlinear dynamic model of a spur meshing gear pair 
was established by further considering the alternating temperature effect of the space environment in addi-
tion to the effect of time-varying meshing stiffness, transmission error, and backlash of the gear system. 
Combining the phase diagram, the Poincare map and the bifurcation diagram, the dynamic behaviors of 
the gear system were solved and analyzed when considering and not considering the temperature effect 
with a variable step-size Runge–Kutta method. The effect of the alternating temperature amplitude was 
also been studied quantitatively for the dynamics response of the gear system. The results indicate that the 
alternating temperature affects the gear dynamics greatly, which leads the system trend to a chaos at dif-
ferent conditions. The results of this work provide a theoretical guidance for the designing and matching 
of a gear transmission system for a special space environment.

Keywords: gear system dynamics, modeling, alternating temperature, space environment, bifurcation 
diagram

Many studies have been performed on the 
temperature effect on gear transmission system 
in different aspects. Chen et al studied the effect 
discipline of the temperature increase for the 
gear tooth profile deviation quantitatively (Chen 
et al, 2013). A relation model between tooth pro-
file deviations and temperature rise has been pro-
posed based on the heat transfer theory, which was 
further used for thermal vibration analysis. (Wang & 
Cheng, 1981; Tian & Li, 2013; Sun et al, 2013) 
researched the gear meshing process by the finite 
element method and focused on the temperature 
change and distribution law of the gear body. 
(Wang et al, 2013) studied the effect of the tem-
perature field on the gear mode and the sensitivity 
of resonance reliability. Both (Li & Fei 2004) and 
(Xu, 2013) researched the temperature effect on 
the backlash of the gear system and discussed the 
relationship between the initial backlash and the 
operating temperature. The results indicate that 
the initial backlash affects the dynamic perform-
ance greatly and should be determined properly 
according to the real operating temperature. (Li, 
Bi & Tao, 2015) also studied the temperature field 
and relevant aspects based on the friction heat flow 

1 INTRODUCTION

Spacecraft gear systems, such as space docking 
mechanism, optical focus equipment, and solar 
array driving system, are required to be operated 
in a severe on-orbit thermal environment. This 
environment is widely varying, resulting in a broad 
range of thermally induced load conditions defined 
by parameters such as spacecraft orbit inclination, 
flight attitude and altitude, and the annual solar 
cycle. When entering and leaving the earth’s shadow, 
the surface temperature of spacecraft can reach up 
to 200°C as facing the sun, while low up to −180°C 
when traveling in the earth’s shadow, especially for 
the Low Earth Orbit (LEO) spacecraft. The fre-
quent shuttling into and out of the earth’s shadow 
can make the temperature of spacecraft component 
cycling change quickly, with the thermal change 
rate reaching up to 50°C/min (Feng, 2010). This 
may greatly affect the performance of the gear sys-
tem; for example, the thermally induced backlash 
variation will reduce the stability and transmission 
accuracy. It may even result in severe jamming and 
lead to the functional failure of spacecraft (Kahra-
man & Singh, 1990; Yang et al, 2014).
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of the meshing gear system. Most of these studies 
have focused on the temperature factor by mainly 
considering the thermal change and performance 
variation induced by internal friction, and derived 
many useful conclusions. However, these studies 
have been mainly conducted for the gear system 
in the usual atmospheric environment, and little 
research has been reported for the gear system 
operating in a special space environment with the 
alternating temperature effect.

The performance of the gear transmission sys-
tem would inevitably be affected because of the 
alternating temperature of the space environment 
over a large range. For better guidance of the 
designing and matching of the space gear trans-
mission mechanism and further improving the reli-
ability and transmitting accuracy, it is necessary to 
investigate the effect of a special space temperature 
environment on the dynamic performance of the 
gear system.

2 NONLINEAR DYNAMIC MODEL 
CONSIDERING THE ALTERNATING 
TEMPERATURE EFFECT

2.1 Basic model of the mesh gear pair

The basic structure of a single Degree-Of-
Freedom (DOF) spur gear pair with rotary inertias 
I1 and I2 and base circle radii r1 and r2 is shown in 
Figure 1. The shafts of the bearings are assumed 
to be rigid and only torsional motion is considered. 
To make the model more realistic, the meshing 
gear is described by the backlash of 2b and a time-
varying mesh stiffness k(τ). The dynamic transmis-
sion error e(τ) that defines the difference between 
the actual and ideal positions of the driven gear is 
also considered. Moreover, cg is the mesh damping 
and θ1 and θ2 are the rotary angular displacements 
of the driving and driven gears, respectively.

According to Newton’s law, absolutely rotary 
dynamic governing equations can be derived as 
follows:

I r k f
r r T

I

g1 1II 1 1 2 2 1 1rr k f 1

2 2rr 1 1r Tr T
�� � �θ cg1 τ θf r1f rr 1

θ e2

cg +r1rrτ −
rrre

[ (r1 1 2 2rr1 1θ θ e2 �θrrr e )])]τ
( )τττ ]

2 222IIII 1 1 2 2 2 1 1

2 2 2 2

�� � �θ2 τ θ1 1

2θ
τ −r k2 − f 11

r2θ2 r T2 2=2 −
g [ (1 1 2 2θ1 1 θ2 �−θ1 r2θ2 )]τ ( )ττ

( )τττ ]

⎧⎧

⎨
⎪
⎧⎧⎧⎧
⎪
⎨⎨
⎪⎪

⎩
⎪
⎨⎨

⎪⎩⎩
⎪⎪

 (1)

where f is a nonlinear function corresponding to 
the meshing force, when considering the meshing 
backlash 2b.

We divide the two formulas of equation (1) by r1 
and r2, respectively, and set m1 = I1/r1

2, m2 = I2/r2
2, 

F1 = T1/r1, F2 = T2/r2. Then, we set the transmission 
error as the linear displacement along the action 

line s = r1θ1− r2θ2 −e(τ). Thus, equation (1) can be 
reduced to:

ms c s k f Fg�� �+ +c s ( ) ( )Ff ( )s ( ))  (2)

where m = m1m2/(m1+m2) is the equivalent mass of 
the gear pair. F(τ) is the system excitation, which 
includes both the internal excitation Fh(τ) = −m��e (τ) 
and the external excitation Fm(τ) = (m/m1)F1+(m/m2) 
F2. The backlash-related nonlinear displacement 
function f(s) can be defined as follows:

f s
s b for b

for b
s b for

)s
(s )
( )b s b
( )s b

=
b for

b
b for (s

⎧
⎨
⎪⎧⎧
⎨⎨
⎩⎪
⎨⎨
⎩⎩

0  (3)

Assuming k0 as the average mesh stiffness, 
the natural frequency of the system is given by 
wn = sqrt(k0/m). We further define the dimensionless 
time t = wnτ and introduce a characteristic size of dis-
placement bc. Equation (2) is non-dimensionalized 
by setting x = s/bc, 

−Fh(t) = Fh(t)/bc, 
−Fm(t) = Fm(t)/( bc m 

wn
2), −k(t) = k(t)/(m wn

2), and ζ = cg/(2mwn) as follows:

�� �x x k t f x F Fm hF FF+x+ += FFF2ζζ x ( )t )x t( )ttt ( )t  (4)

2.2 Gear dynamic model considering 
the alternating temperature effect

Although some key nonlinear factors, such as 
time-varying mesh stiffness and backlash of the 
gear pair system, have been included in the basic 
model, the alternating temperature effect is not 
considered. In order to further investigate the 
dynamic behavior of the meshing gear pair system 
in the special space thermal environment. It is nec-
essary to establish a suitable dynamic model that 
takes the alternating temperature effect of space 
into account. Generally, the operating velocity is 
relatively slow for a spacecraft gear system, so the 
internal thermal induced by friction between the 

Figure 1. Basic model of the spur mesh gear pair.
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tooth face is neglected and only the temperature 
change caused by the radiation of the space envi-
ronment is considered in this work. To simplify the 
problem, the temperature effect is assumed to be 
equivalent to an additional variation of the back-
lash Δb′, based on the real alternating law of the 
space temperature environment on a special orbit.

According to the temperature simulation results 
of a special part for LEO spacecraft, the single 
period temperature curve is similar to a cosine func-
tion, just with the half  period of high temperature 
a little longer (Yang et al, 2014). To facilitate the 
investigation on the dynamic behavior of the space 
gear system in the alternating temperature environ-
ment quantitatively, we assume the variation of the 
equivalent backlash as Δb′ = Bcos(wTt+ϕT), here B, 
wT, and ϕT are the dimensionless amplitude, fre-
quency, and initial phase angle of alternating back-
lash, respectively. Let Δb′ = 2Δb, by substituting the 
non-dimensionalized b  = b/bc, Δ

y
b  = Δb/bc into the 

backlash function f(x), then the dimensionless dis-
placement function could be derived as follows:

f x
x b b foff

for b b x b b
x b b forff x b

)x
(b b ( )x b b

( )b b
(b b (

=
b

b
b

forffb (x bb
x bb ≤x0

++

⎧
⎨
⎪
⎧⎧
⎨⎨
⎩⎪
⎨⎨
⎩⎩ Δb )

 (5)

Expanding the internal excitation, time-varying 
mesh stiffness and transmission error in Fou-
rier series, and ignoring high-order components, 
respectively, we obtain:

F wh hFF a h e( ) ( )τhwmehw a ϕ+( τwhww mehw a cos(2  (6)

k k ka h h( ) ).τk wa hk wk) ϕh+kk +0kkkk  (7)

e a h e( ) ( )τe wa hwcos(e)) ϕ+e +0  (8)

where wh is the mesh frequency, ea is the amplitude 
of the composite transmission error, ϕe is the ini-
tial phase of internal excitation, k0 and e0 are the 
average of mesh stiffness and composite transmis-
sion error, respectively, ka and ea are the amplitude 
of time-varying stiffness and composite transmis-
sion error, respectively, and ϕh is the initial mesh 
stiffness.

For external excitation, only the static mesh 
force FmFF  is considered by assuming that the load 
is stable regardless of  the dynamic fluctuation (Li 
et al, 2015). Setting ε = ka/k0, wh  = wh/wn, FeFF  = ea/
bc, the gear pair system dynamic model consider-
ing the temperature effect can then be expressed 
as:

��x f x F
F w w t

h mf x FF
e hF wF h et

+ =xx +
+

2
2

ζ εxζ 1� +x
ϕe

cε−1 os(wht( )w tw tt f] fff )
cos( )

 (9)

3 DYNAMIC SOLVING AND 
SIMULATION ANALYSIS

In order to compare the dynamic behaviors with 
and without considering the space temperature 
effect, the dynamic models are solved with the 
same dimensionless parameters and excitation 
condition. The key simulation parameters are set 
as FmFF  = 0.1, FeFF  = 0.2, ζ = 0.065, ε = 0.1, wh = 1.0, 
ϕ0 = 0, r1 = 30, r2 = 60, which are taken from related 
studies (Sun et al, 2013; Li & Fei, 2004; Li et al, 
2015). The dynamic behaviors of the gear system 
in different conditions are analyzed by combin-
ing the phase diagram, the Poincare map, and the 
bifurcation diagram.

3.1 Dynamic response of the basic model

Without considering the alternating temperature 
effect, the dynamic model of the basic gear pair 
system is given in equation (4). In this model, the 
main excitation is the internal fluctuation induced 
by the dynamic transmission error, and only the 
static part of external excitation is considered as 
mentioned in section 2.2. The dimensionless rela-
tive displacement x and relative velocity �x  along 
the action are set as the state variables. To deal 
with the strong nonlinear dynamic problem caused 
by the time-varying mesh stiffness and dynamic 
transmission error, the 5–6 order variable step-size 
Runge–Kutta method is adopted, and the initial 
states are set as X  = [x �x]T = [0 0]T. For the accu-
racy and efficiency, the convergence accuracy is 
chosen as 1 × 10−6 and each mesh period is divided 
into 200 equal parts. For reliable results, only the 
last 20% of the stable response data of each calcu-
lating period are considered for analysis.

The dynamic behavior of  the above param-
eter setting is described by the phase trajectory 
of  two states and the Poincare map for different 
dimensionless backlashes, as shown in Figure 2 
to Figure 5, respectively. For b = 0.42, the phase 
diagram shows a non-circular closed curve and 
the Poincare map shows two isolated points. Fig-
ure 2 (a) and (b) shows that the system exhibits a 
two-periodic motion. For b = 0.56, the phase dia-
gram shows chaos and the Poincare map shows 
some scattered points with a fractal structure. For 
b = 0.69, the phase trajectory is shown as a similar 
circular closed curve and the Poincare map shows 
two isolated points that are similar to b = 0.42, 
which demonstrated that the system is transferred 
again to a two-periodic motion for chaos. As the 
backlash is increased to 1.0, the system exhibits 
a four-periodic motion, with the phase diagram 
showing a non-circle closed curve and the Poin-
care map showing four isolated points. The results 
indicate that the behavior of  the gear pair system 
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shows a complex variation with the increasing 
dimensionless backlash.

For further investigation on the evolution law 
with the variation of backlash, the bifurcation dia-
gram is shown in Figure 6. It shows that the gear 
pair system undergoes a complex dynamic changes 
from b = 0 to 1.5.

In brief, for b = 0–0.20, the gear system performs 
a single periodic motion, and then when b = 0.20–
0.37, the system exhibits a chaotic motion, while for 
b = 0.28–0.30, a transient periodic motion occurs. 
As the backlash increases, the system behavior 
changes from a chaotic to two-periodic motion 
when b = 0.37–0.46. Then, the system returns to 
a chaotic motion when b = 0.46–0.65 and changes 
to a quasi-periodic motion when b = 0.65–0.75. 
Lastly, the system shows a stable four-periodic 
motion when b = 0.75–1.5. These results are con-
sistent with those of the discrete analysis, as shown 
in Figure 2 to Figure 5. As the backlash increases, 

the system behavior undergoes a change from a 
single periodic motion to a chaotic motion and 
then exhibits a quasi-periodic motion, which is 
neither a better nor a worse unitary process. Fur-
thermore, there exists a transient periodic motion 
in the chaos area. For a specific gear system, it is 
very important to design a proper backlash for 
improving the dynamic response.

3.2 Dynamic behavior with alternating 
temperature consideration

Compared with the temperature effect of stable 
conditions on the earth, the temperature of the 
space environment alternates continuously. Accord-
ing to the service orbit, the alternating period of the 
temperature varies from 10 minutes to several hours 
(Yang et al, 2014). Although the speed of a certain 
spacecraft gear is very low, the meshing frequency 
wh of the gear pair is much larger than the alter-
nating frequency wT of the space temperature (Zhu 
et al, 2014). For instance, according to the tempera-
ture monitoring data of a specific on-orbit space-
craft part, the period is about 90 minutes. For a gear 
rotary speed of 0.01–0.5 r/min, the ratio between 
the mesh frequency wh and the temperature alter-
nating frequency wT will be approximately 18–900.

For the preliminary analysis of the alternat-
ing temperature effect of space on the dynamic 
behavior of the gear system, the parameters of 

Figure 2. Phase diagram and Poincare map with 
b = 0.42.

Figure 3. Phase diagram and Poincare map with 
b = 0.56.

Figure 4. Phase diagram and Poincare map with 
b = 0.69.

Figure 5. Phase diagram and Poincare map with 
b = 1.0.

Figure 6. Bifurcation diagram for different backlashes.
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the dimensionless backlash change Δb caused 
by the alternating temperature are set as B = 0.1, 
wh = 100 × wT, ϕT = 0, ignoring the phase effect 
when solving equation (9). Other parameter set-
ting and processing methods are the same as that 
without considering the effect of the alternating 
temperature. The dynamic parts of external exci-
tation are also ignored and only the temperature 
effects and internal periodic excitation with the 
frequency of wh are considered. The section of the 
Poincare map is selected based on the higher mesh 
frequency. According to the definition, the section 
of the Poincare map for the special gear system 
considering the alternating temperature is defined 
as follows:

Σ = { }=  (10)

where X is the system state variable and mod is the 
modular arithmetic.

Under the condition of the same dimensionless 
backlash, to compare and analyze the dynamic 
behaviors of the gear system between the con-
ditions of considering and not considering the 
alternating temperature effect, the system phase 
diagram and the Poincare map are shown in Fig-
ure 7 to Figure 10, respectively. Compared with 
Figure 7(a) to Figure 10(a), it can be seen that the 
behaviors of the gear system are changed from a 
two- and four-periodic motion to a chaotic and 
quasi-four periodic motion for b = 0.42 and b = 1.0, 
respectively, because of the alternating tempera-
ture effect. However, for b = 0.56, the system is still 

kept in a chaotic state, as shown in Figure 3 and 
Figure 8, and the phase diagram and the Poincare 
map are similar in both the conditions of consid-
ering and not considering the temperature effect, 
but the chaotic areas are bigger when considering 
the temperature effect. As shown in Figure 4 and 
Figure 9, the behavior of the system is changed 
from the original two-periodic motion to chaos for 
b = 0.69.

Figure 11 shows the bifurcation diagram when 
the dimensionless backlash changes between 0 and 
1.5 when considering the temperature effect. Com-
pared with Figure 6, the system bifurcate diagram 
is little similar to the behaviors when not consid-
ering the temperature effect. However, the original 
fixed bifurcation point is transferred to the bifur-
cation interval, and the single periodic motion for 
b = 0–0.20 is changed to a chaotic motion under the 
condition of the alternating temperature environ-
ment. Furthermore, the original chaotic window 
disappears. For b = 0.20–0.65, the system is still kept 
in a chaotic state when the chaotic amplitude and 
area are increased to a different extent, as shown 
in Figure 11. With the increasing dimensionless 
backlash, the system is also transferred to a quasi-
four periodic motion gradually. The results indicate 
that when considering the alternating temperature 
effect, the dynamics response of the gear system 
has a trend of changing from a periodic motion to 
chaos to a different extent with the backlash caused 
by the same dimensionless temperature. The special 
space temperature environment has a remarkable 

Figure 7. Phase diagram and Poincare map considering 
the temperature effect with b = 0.42.

Figure 8. Phase diagram and Poincare map considering 
the temperature effect with b = 0.56.

Figure 9. Phase diagram and Poincare map considering 
the temperature effect with b = 0.69.

Figure 10. Phase diagram and Poincare map consider-
ing the temperature effect with b = 1.0.
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influence on the dynamic behaviors of the gear sys-
tem, and too small backlash is of no benefit to the 
stable response of the system.

3.3 Influence of alternating temperature 
amplitude

In order to further study the influence of the alter-
nating temperature amplitude on the behavior of 
the gear system, we set the amplitude of dimen-
sionless backlash caused by the space temperature 
environment changes between B = 0 and 0.5 and 
keep other parameters the same as in the above 
cases. For comparing the effect, we assume the 
relation between the alternating frequency and the 
meshing frequency the same as wT = wh/100 and 
solve equation (9) with zero initial states.

The phase trajectories and Poincare maps of 
the gear pair system for B = 0.1, 0.3, 0.4, and 0.5 
are selected, as shown in Figure 12 and 13, respec-
tively. The results indicate that, for both B = 0.1 

and 0.3, the system phase diagram shows several 
ribbon circles and the Poincare map shows a 4-discrete 
point cliques, and the system exhibits a quasi-
periodic motion under these two discrete alternating 
amplitudes. However, for both B = 0.4 and 0.5, 
the system exhibits a chaotic motion. The results 
indicate that when the amplitude is small, the influ-
ence of the temperature on the solution structure 
is also small. The type of movement depends on 
the structural parameters of the system. However, 
for a large amplitude, the alternating environment 
temperature has a much greater influence on the 
behaviors of the system, which may lead the sys-
tem to chaos or unstable condition.

The bifurcation diagram of the system with the 
varying dimensionless amplitude is shown in Fig-
ure 14. The result indicates that, with the increase 
in amplitude B, the behavior of the gear system 
is changed from the four-periodic motion when 
B = 0, which does not consider the temperature 
effect, to the quasi-four periodic motion quickly 
and then to the chaos state gradually. The system 

Figure 11. Bifurcation diagram for different backlashes 
considering the temperature effect.

Figure 12. Phase diagram for different alternating 
amplitudes of the temperature.

Figure 13. Poincare map for different alternating ampli-
tudes of the temperature.

Figure 14. Bifurcation diagram for different alternating 
amplitudes of the temperature.
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presents a chaotic trend monotonically and no 
periodical behavior is shown with the increase in 
the temperature amplitude.

4 CONCLUSIONS

Based on the single degree of freedom of a basic 
dynamic model of the gear pair system, a nonlinear 
dynamic model of the gear system considering the 
special space alternating temperature environment 
was established. The dynamic behaviors were com-
pared for different conditions. Also, the influence 
of the alternating temperature amplitude on the 
behavior of the gear system was analyzed. From the 
comparison study, it can be concluded that the tem-
perature effect cannot be ignored for the special space 
gear system. The main conclusions are as follows:

1. The alternating temperature environment has a 
significant impact on the dynamics of the gear 
system. For the same dimensionless parameters, 
the gear system dynamic response changes from 
a periodic motion to a chaotic motion to a dif-
ferent extent when considering the effect of the 
alternating temperature. Also, too small backlash 
is of no benefit to the stability of the system.

2. For the dimensionless amplitude B<0.3, the 
system just transferred from a periodic motion 
of non-temperature consideration to a quasi-
period motion of considering the alternating 
temperature effect. It indicated that a small 
amplitude has a little impact on the structure of 
the periodic solution, but for a larger alternat-
ing amplitude, it may lead the system to chaos 
or unstable condition inevitably.
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Modal analysis of a star-type herringbone gear transmission system
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ABSTRACT: This paper analyzes a star-type herringbone planetary gear system of a gas turbine engine 
by using the lumped mass model. Free vibration equations were set up by taking the herringbone gear 
as two helical gears with an opposite helical angle and connected with an Euler beam. The torsional, 
translational, and axial freedoms of vibration of each gear were included in the equations. The rigid body 
displacements in the gear system model were eliminated by using the relative displacements between the 
lumped masses, and generalized characteristic equations were established by the transformation of the 
general solution of the free vibrations. The first 10 stages of natural frequency and modal shapes were 
solved. Furthermore, four types of vibration were clarified: center member torsional mode, center mem-
ber axial translational and torsional mode, center member radial translational mode, and planetary gear 
vibration mode. The research could lay the foundation for the structural vibration reduction of the her-
ringbone planetary system of the gas turbine engine.

Parker et al. 2000) studied the relationship of the stiff-
ness with the natural frequency and vibration mode.

The main inherent characteristic analysis meth-
ods for a gear transmission system include: first, 
the lumped parameter method is used to study the 
inherent vibration mode and natural frequency of 
the gear transmission system; second, the Finite Ele-
ment Method (FEM) is used to calculate the struc-
ture of the gear transmission system as well as its 
natural frequency and vibration mode; third, the 
sensitivity analysis and the dynamic optimization 
design method are used to study the relationship 
between the system structure and geometric param-
eters and the natural frequencies and natural modes, 
to modify dynamic structural parameters, and to 
improve the intrinsic characteristics of the transmis-
sion system. This research focuses on the lumped 
parameter-based dynamic equation of the star-type 
herringbone gear transmission system and the analy-
sis of the natural frequencies and natural modes of 
the transmission system. The dynamic design of the 
system to improve its performance is also discussed.

2 COMPOSITION OF THE RADIAL 
HERRINGBONE GEAR TRANSMISSION 
AND ITS DYNAMIC EQUATIONS

The star-type herringbone gear transmission, as 
shown in Figure 1, is commonly used in an aircraft 
engine as a power split, axis fixed gear train trans-
mission. The way that torque is transmitted through 
the sun, the star wheel and to the internal gear as 
output could reduce the quality of the transmis-
sion system and thus leads to a large speed ratio. 

1 INTRODUCTION

Modal analysis, a method to determine the structural 
natural vibration characteristics, is widely applied 
in the evaluation of the dynamic characteristics of 
an engineering structure system, and is one of the 
effective means to forecast the structural dynamic 
characteristics and to optimize the design for the 
development of new products. At the same time, it 
can be used for the forecast and diagnosis of struc-
tural system faults, the control of structural noise 
radiation, as well as the identification of structural 
system load (Qu 1995). The modal analysis can also 
be used to determine vibration characteristics, such 
as the natural frequency and vibration mode, of the 
design structure or system components. The natu-
ral frequency and the vibration mode, as important 
characteristics of a structure under dynamic load, 
can also be used as the basis for other dynamic anal-
yses such as transient dynamic analysis, harmonic 
response analysis, and spectrum analysis.

The natural vibration characteristic is the basic 
dynamic characteristic of a vibration system that has 
important influences on the dynamic response of a 
transmission system, the generation and transfer of 
dynamic load, as well as the system vibration. Kira-
cofe & Parker (2006) studied the structured vibration 
modes of general compound planetary gear systems. 
Furthermore, Tugan & Parker (2009) analyzed the 
modal properties of three-dimensional helical plan-
etary gears. A star-type herringbone gear transmission 
system comprises many design parameters that have 
important influences on the inherent vibration charac-
teristics of the transmission system (Sun, et al. 2001). 
Dama et al. (Dama et al. 1997, Lin & Parker 1999, 
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The whole system is composed of a solar wheel Zs, 
N star wheels Zpi, a planet carrier, and an internal 
gear Zr. Power input is divided from the sun wheel to 
a five-star wheel, and coupled to the output internal 
gear.

Taking the herringbone gear with two helical 
gears, and each helical gear with a lumped mass 
point, according to the principle of the same cen-
troid, the mass and moment of inertia of the shaft 
section are distributed to the two adjacent nodes of 
the lumped mass equivalently, while this shaft seg-
ment is regarded as massless springs and dampers 
with bending, twisting, and axial stiffness. The gear 
bearing support stiffness is equivalent to the corre-
sponding gear node, while the relationship between 
the meshing gears can be simplified into a spring and 
damping along the meshing line. Since the engaging 
teeth will produce an axial force component of a 
dynamic engagement, as an herringbone gear does 
not fully offset the axial load due to manufacturing 
and assembly errors, and as one of the herringbone 
gear installations is axially floated, axial displace-
ment and vibration may arise in the engagement of 
herringbone gears. So, in addition to torsional trans-
verse vibrations, the axial vibration will arise in the 
system, thus forming a system of bending–torsion-
al–axial-coupled gear meshing vibration.

In this system, each lumped mass node has four 
degrees of freedom, namely the freedom of twisting 
θ around the central axis, two transverse degrees of 
freedom x, y, as well as the axial freedom z. The 
dynamic model of the transmission system built 
in accordance with the above principles is shown 
in Figure 2, with kspi, cspi, representing the stiffness 
and damping engaging between the sun gear and 
the planetary gear, and krpi, crpi between the ring 
gear and the planetary gear. Each member in the 
model includes three translational and a torsional 
degree of freedom; thus, there are 2 × 4 × (N + 2) 
degrees of freedom (N is the uniform number of 
the planet wheel). In Figure 2, the mass nodes s1, s2 
represent the left and right halves of the sun gear, 
and pi1, pi2 the i-th planetary gear (i = 1∼N), and r1, 

r2 the internal ring gear. β1, β2 represent the gear 
base circle helix angles of the left and right heli-
cal halves of the herringbone gear, taking the left-
handed angle as positive and right-handed angle as 
negative; thus, we have β1 = –β2.

Dynamic equations can be written using the shaft 
element method (Ou 2005). However, the equations 
cannot be directly solved because the rotational 
freedom of each lump mass in the system is not con-
strained, which could result in a rapid expansion of 
the rotating displacement (in quadratic relationship 
with time) when it is solved directly. For this reason, 
relative displacements of adjacent lumped masses 
are introduced and rigid displacements are elimi-
nated during solving. This will make the dynamic 
equations become positive definite differential equa-
tions and thus solvable. Accordingly, the angular 
displacements of the concentrated masses at both 
ends of the shaft need to be converted into the rela-
tive linear displacement in the tangential direction 
of the circumference of the shaft, so

x rij i irr jrjrirrr ( )i ji j−  (1)

where i, j represents the labels of the two adjacent 
nodes, θi, θj are vibration angular displacements, 
and C is the radius of the equivalent shaft that is 
connected to the two nodes.

The relative displacement of the meshing point 
of a pair of gears along the meshing normal line 
that is generated by the displacements of the gear 
mass center (transverse displacement along x, y 
and rotational along z) is given by:

δ ψ ψ
β

ijδδ +ψ ⋅
+ +β − +

( ) cos
( )θ θ⋅θ ] c⋅ os (

y −
θ⋅ z+

i j i jy
i iθθθθ j jθ i jz+ ) s)) in β

 (2)

where ψ is the angle between the meshing plane of 
the gear pair and the y axis, and ri, rj are the base 
circle radii of the gear pair.

Figure 1. Star-type herringbone gear system of a gas 
turbine engine.

Figure 2. Dynamic model of the star-type herringbone 
gear system.
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Taking the above-mentioned relative displace-
ment as the new degree of freedom and merging 
the torsional kinetic equations in accordance with 
the expression of the relative displacement, the 
total kinetic equations are as follows:

The vibration equation of the sun gear node 
s1 is:

m x c k x c x k
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(3)

The vibration equation of the planetary gear 
node pi1 is:

m x c k x c
k x
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The vibration equation of the ring gear node 
r1 is:
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The relative displacement of the nodes pi1, 
pi2 is:
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The relative displacement of the nodes s1, 
s2 is:
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The relative displacement of the nodes r1, r2 is:
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The relative displacement of the nodes s1, pi1 is:
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The relative displacement of the nodes r1, pi1 is:
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where kts, cts, ktpi, ctpi are the stiffness and damp-
ing of each equivalent shaft; kbs, cbs, kbpi, cbpi are the 
bending stiffness and damping of the equivalent 
shaft along the cross-section of the X,Y axis; kbzs, 
cbzs, kbzpi, cbzpi are the tensile and compressive stiff-
ness and damping of each of the equivalent axis 
along the Z axis; and kspi, krpi, cspi, crpi are the mesh 
stiffness and damping of the gear pair.

Equation (3) to (10) are the dynamical equations 
for the gear pairs s1-pi1-r1 and the remaining equa-
tions are similar, and thus they are not repeated 
here.

Kinetic equations of the gear system, after the 
elimination of rigid displacement, can be written 
in the form of a matrix as follows:

[ ]{ } [ ]{ } [ { } { }m q]{ c q]{ k q]{+ +[ ]{ }]{ =  (11)

where [m], [c], [k], {q}, {F} are, respectively, the 
mass matrix, damping matrix, stiffness matrix, dis-
placement vector, and the force vector, in which the 
rigid displacement are eliminated.

3 MODAL ANALYSIS OF THE STAR-TYPE 
HERRINGBONE PLANETARY GEAR 
SYSTEM

The free vibration dynamic equations of the sys-
tem is:

[ ]{ } [ ]{ } [ ]{ }]{ ]{C ]{ k]{�� � +}+ [ ]{ = 0  (12)

Since damping has a very little effect on the 
vibration modal of the system, the undamped free 
vibration equation of the system can be written as 
follows:

[ ]{ } [ ]{ }]{ k]{�� + =[ }]{ 0  (13)

Let the solution of equations (13) be:

{ } { } i ( )} { tM n}s ( +}sin({ t}sin( ϕ )tn +tn  (14)

where ωn, ϕ are the n-th order natural frequency 
and the initial phase, respectively, {X} is the dis-
placement vector, and {XM} is the amplitude 
vector.

Substituting into Equation (13), we obtain:

([ ] [ ]){ } { }K M] [n M[ ]){M[ =]){ }M[2  (15)

The condition that equation (15) has a non-zero 
solution, namely {XM} non-zero, is given by:

det([ ] [ ])K M] [n =])M[2 0  (16)

Equation (16) is the generalized characteristic 
equation of the vibration system.

The star-type herringbone gear transmission 
system presented in this paper has 56 degrees of 
freedom; thus, the system has 56 natural frequen-
cies and corresponding vibration modes, where 
each natural frequency corresponds to a vibra-
tion mode. The basic parameters of the star-type 
herringbone gear transmission system are given 
in Table 1 and Table 2. The number of planetary 
gears is set as 5 and the mounted angles are αpi = 0, 
2π/5, 4π/5, 6π/5, 8π/5. The natural frequencies of 
the system obtained from equation (15) are listed 
in Table 3. Only the first 10 natural frequencies of 
the system and the corresponding critical speeds 
are given in the table.

The vibration modes of the system obtained 
from the above results are plotted in Figures 3–8, 
where the horizontal coordinate corresponding 
to the generalized displacement and the vertical 
coordinate is the amplitude. From the figures, we 
see that the vibration modes of the system can be 
divided into four categories:

First, the center member has only the transverse 
vibration along the Z axis and the torsional vibra-
tion around the Z axis, and the amplitudes in other 

Table 1. Basic parameters of the gear system under 
study.

Sun Planetary Ring

Normal module (mm)  4
Number of teeth z 36 32 100
Base circle radius (mm) 71.8 63.8 199.4
Moment of inertia (kg⋅m)  0.023 0.015  0.656
Weight (kg)  5.3 4.59  16.08
Tooth width B (mm) 80
Normal pressure angle (°) 20
Base circle helix angle (°) 22.5
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directions are all zero, which correspond to the 
4th mode of the system shown in Figure 5. This 
type of vibration is called the central member axial 
translational and torsional vibration mode, and 
the system eigenvalues corresponding to this vibra-
tion mode are single.

Second, the center member has only the torsional 
vibration around the Z axis and the amplitudes in 
other directions are all zero, which correspond to 
the 5th mode of the system, as shown in Figure 6. 
This type of vibration is called the central member 
torsional vibration mode, and the system eigenval-
ues corresponding to this vibration mode are also 
single.

Third, the center member has only the trans-
verse vibration along the X and Y axis and the 
amplitudes in other directions are all zero, which 
correspond to the 2nd, 3rd, and 4th mode of the 
system, as shown in Figures 3, 4, and 5. This type 
of vibration is called the central member radial 
translational vibration mode. The eigenvalues of 
the system corresponding to these vibration modes 
have multiple roots.

Fourth, the amplitudes of the center member are 
zero in all directions, which correspond to the 8th 
and 9th mode of the system, as shown in Figures 7 

Table 2. Dynamic parameters of the gear system under 
study.

Sun Planetary Ring

Bending stiffness of
 each shaft
× 108 (N/m)

7.8018 5.0551 14.986

Axial stiffness of 
each shaft
× 108 (N/m)

1.2922 1.1162 1.9897

Torsional stiffness of 
each shaft
× 107 (N/m/rad)

2.0451 1.3251 3.9284

Average mesh stiffness
× 109 (N/m)

ksp = 2.2561; krp = 2.4703

Bearing stiffness
(N/m)

ks = kp = kr = 108

Table 3. Natural frequencies of the star-type herring-
bone planetary gear system.

Stage of 
vibration mode

Natural frequency
ωn (Hz)

Critical speed
(r/min)

1 0 0
2,3 210.11 12606.82
4 367.50 22049.86
5 452.25 27134.89
6,7 497.93 29875.53
8,9 564.19 33851.15
10 575.69 34541.69

Figure 3. The second-stage natural mode shape 
(ω2 = 210.11 Hz).

Figure 4. The third-stage natural mode shape 
(ω3 = 210.11 Hz).

Figure 5. The fourth-stage natural mode shape 
(ω4 = 367.50 Hz).

Figure 6. The fifth-stage natural mode shape 
(ω5 = 452.25 Hz).

Figure 7. The eighth-stage natural mode shape 
(ω8 = 564.19 Hz).
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and 8. This type of vibration is called the plane-
tary gear vibration mode. Generally, the number of 
eigenvalues of the system corresponding to these 
vibration modes is N-3 (Krantz 1996), and as the 
planetary number is set as 5 in this paper, the eigen-
value also has multiple roots.

With respect to the vibration mode of the system, 
the figures show that the second and third natural 
frequencies are the same and their modes of vibra-
tion are very similar. The central members exhibit 
bending vibration and planetary gears as well as 
the coupling of bending and torsional vibration. 
This is the frequency repetition phenomena that is 
caused by the symmetry of the system.

With respect to the second vibration mode, the 
figure shows that the vibration of the sun gear and 
the ring gear is smaller than that of the planetary 
gear. Planetary gear 2 has the largest torsional 
vibration, followed by planetary 5, and planetary 
1 has the minimum torsional vibration. The plane-
tary gears have different initial engagement phases; 
thus, the vibration and loads of each planetary 
gear vary, meaning that the uneven load phenom-
enon is apparent.

Similar to the second vibration mode, the third 
stage vibration also generally shows the planetary 
torsional vibration, wherein the maximum of the 
vibration is from planetary 1, followed by plan-
etary 3, and the minimum is from planetary 2. 
Again, the unevenness of the loads of each plan-
etary gear is apparent.

With respect to the fourth vibration mode of the 
system, Figure 5 shows that all gears in the system 
show the coupling of the axial and torsional vibra-
tion. The torsional vibration is relatively smaller 
than the axial vibration; thus, the system mainly 
exhibits axial vibration. The ring gear shows the 
largest axial vibration and the sun gear and plan-
etary gears basically show the same axial vibration. 
The planetary gears show nearly the same ampli-
tude in the axial vibration, which means that each 
planetary gear shares equal loads when the exter-
nal excitation frequency is close to 367.5 Hz.

The fifth vibration mode shows that the center 
member have torsional vibration while the plan-
etary gears have the coupling of the bending and 

torsional vibration. As the bending vibration is 
relatively smaller, the system mainly shows tor-
sional vibration, wherein the sun gear has the 
maximum torsional vibration and the ring gear the 
minimum torsional vibration. The planetary gears 
have similar torsional vibration amplitudes, mean-
ing that each planetary gear shares equal loads 
when the external excitation frequency is close to 
452.25 Hz.

The sixth and seventh vibration modes are simi-
lar to the second and third modes, which are not 
given here due to space limitation.

The natural frequencies of the eighth and ninth 
stage vibrations are the same and the system vibra-
tion modes are also similar, both are the planetary 
gear vibration mode. The vibration of central 
members is zero in all directions. Each of the plan-
etary gears performs the coupling of the bending 
and torsional vibration and the torsional is the 
major vibration mode.

The eighth vibration mode is shown in Figure 7. 
Planetaries 2 and 4 have nearly the same amplitude 
and are the maximum vibration in all the gears in 
the system, followed by planetary 3. Planetaries 
1 and 5 are the minimum vibration and share the 
similar amplitude.

Figure 8 shows the ninth vibration mode. Plane-
taries 1 and 5 have nearly the same torsional vibra-
tion amplitude and are the maximum vibration 
followed by planetaries 2 and 4, which share the 
similar amplitude, and planetary 3 has the mini-
mum vibration.

4 CONCLUSIONS

1. The star-type herring bone gear system is con-
sidered as two rows of helical gears connected 
by the Euler beam. Each gear has torsional, 
transverse, and axial vibration freedoms. The 
total degree of freedom is 56. The first 10 stages 
of natural vibration frequencies and vibration 
modes are solved.

2. The natural frequency of the second and third 
stage vibrations is 210.11 Hz and the corre-
sponding critical speed is 12606.82 rpm. The sys-
tem has a high lowest non-zero critical speed. As 
long as the operation speed does not exceed the 
critical speed, the resonance will not occur. The 
equality in natural frequency occurs frequently 
in the system, such as the second and third, as 
well as the eighth and ninth, wherein the vibra-
tion mode is very similar in the equal frequency 
stage. This is the repetition frequency phenom-
enon due to the symmetry of the system.

3. The vibration mode of the system can be divided 
into central member axial and torsional vibration 

Figure 8. The ninth-stage natural mode shape 
(ω8 = 564.19 Hz).
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mode, central member torsional vibration mode, 
central member transverse vibration mode and 
planetary gear vibration mode. The four vibration 
modes have different characteristics and corre-
sponding relationships with natural frequencies.
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ABSTRACT: The meshing performance of a gear pair is not only decided by the gear pair itself  but 
also by the dynamical characteristic of gearbox housing. The modal analysis of gearbox housing was 
first investigated by the simulation and experimental method. Then, the simulation model was verified by 
the methods of frequency error analysis and modal assurance criterion. The coupled vibration analytical 
model of the gearbox was established by considering the influence of flexible gearbox housing. Then, 
parameters such as misalignments, contact pattern, transmission error, and dynamic meshing force were 
investigated using the dynamic model. The contact pattern experiment of the gear pair was carried out. 
The experimental results indicated that it was necessary to take the influence of elastic gearbox housing 
into account when conducting the dynamic performance of a geared system. Finally, the structure opti-
mization of gearbox housing was conducted.
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and vibration. It has been found that the gear pair 
dynamical meshing force is the most important fac-
tor. Pradeep et al.[5] studied the effects of gear tooth 
micro-geometry parameters and different modifica-
tion methods on the noise level in a passenger cabin 
and contact stress on the tooth flank.

With the development of  the FEM technology, 
it is possible to analyze the influence of  the elastic 
vibration of  a gearbox on the meshing perform-
ance of  a gear pair. Based on the dynamic substruc-
ture analysis theory, M.S.Abbes et al.6] developed 
a numerical model that took into account the cou-
pled vibration between components of  a gearbox. 
The dynamical behavior of  a gear system and a 
gearbox has been researched under the excita-
tion of  static transmission error. Yi Guo et al.
[7] investigated a vibration and noise prediction 
model of  the gear transmission that considering 
the coupled vibration of  gear, bearing, shaft, and 
gearbox. The transfer path of  meshing force, the 
vibration response, and radiation noise has been 
studied based on the analytical model. Based on 
the multi-body dynamics theory, HE Chang-ran 
et al.[8–9] researched the influence of  a loaded gear-
box on the dynamic characteristic of  transmission. 
However, the mechanism of a flexible gearbox on 
the dynamic meshing performance of  a gear pair 
has not yet been studied in detail.

1 INTRODUCTION

Noise, Vibration, and Harshness (NVH) play a 
critical role in the transmission design and devel-
opment process. The meshing performance of a 
gear pair has always been recognized as the most 
important factor affecting the NVH characteristics 
of the gearbox[1–6]. WU Yong-jun et al.[1] presented a 
dynamic contact finite element analysis method to 
simulate the elastic meshing process of a gear pair. 
Considering the influence of sliding friction, tooth 
profile modification, and tooth time-variable mesh-
ing stiffness, the dynamic meshing characteristics of 
a gear pair have been analyzed under high and low 
rotating speed conditions. Yang Jun et al.[2] devel-
oped a dynamic analytical model of a gear system 
by taking into account the influence of gear manu-
facture error, assembly error, and external load. 
The dynamical meshing performance of a single 
tooth and double teeth has been researched using 
the phase path method. SHI Zhao-yao et al.[3] pro-
posed a new dynamical analytical model of a spur 
gear pair by taking into account the gear pair com-
prehensive error. Based on this model, the influence 
of tooth meshing stiffness and manufacture error 
on the vibration of the gear system has been stud-
ied in detail. Yasunori Kanda et al.[4] conducted an 
experiment to study the mechanism of gear noise 
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To investigate the influence of a flexible gearbox 
on the dynamic meshing performance of a gear 
pair, a FEA model of a gearbox was constructed, 
and then the modal analysis was carried out by the 
simulation and experimental method. The modal 
frequency within 1000 Hz and the mode shape were 
compared. Then, the coupled vibration analytical 
model of transmission by assembling the gearbox 
with the gear system was developed. Based on 
this model, the differences in mesh misalignment, 
contact pattern, transmission error, and dynamic 
meshing force of the gear pair were investigated 
with and without the elastic gearbox. The contact 
pattern experiment of the gear pair was also car-
ried out, and the influences of the flexible gearbox 
on the dynamic meshing performance of the gear 
pair were clearly identified. Finally, the dynamic 
meshing performance and the vibration of the 
transmission were improved through the modal 
optimization of the gearbox.

2 COUPLED VIBRATION ANALYTICAL 
MODEL OF TRANSMISSION

2.1 FE analysis model of the gearbox

The FE (Finite Element) model of  the gearbox 
is shown in Figure 1. The material of  the gear-
box is aluminum whose modulus of  elasticity is 
7.2 × 104 Mpa, Poisson’s ratio is 0.33, and density 
is 2.6 × 10−9 t/mm3. The location of  the accelera-
tor in the gearbox modal experiment is shown in 
Figure 2, and the position of  the accelerator is 
almost around the connection flange. A total of 
20 accelerators are arranged on the gearbox, of 
which six are located on the end flange of  the 
clutch shell. To simulate the “free-free” boundary 
condition, the gearbox is hanged by a soft elastic 
rubber rope.

The modal comparison results of the simula-
tion and experimental method are summarized in 
Table 1. It can be seen that the modal frequency 
of the corresponding mode shape has good con-

sistency; for example, the maximum error of the 
modal frequency within 1000 Hz is 6.3% in all 
mode orders.

As shown in Figure 3, both the simulation 
and experimental first-order mode shape are the 
expanding mode at the clutch shell. The dotted 
line in the experimental mode shape denotes the 
initial position between the accelerators. The mode 
correlation analysis was carried out by using the 
software of LMS. Virtual.Lab. The Modal Assur-
ance Criterion (MAC) values between the simu-
lation and the experiment are shown in Figure 4. 
As shown in this figure, the simulation mode has 
a good correlation with the experimental mode 
in general. However, the MAC value of fourth-
order mode is about 0.58, which is far less than the 
required value of 0.85. The main reason is that the 
fourth-order mode of the gear box is the bending 
mode in the YOZ plane, and the limited number 
of accelerators located at the clutch shell is poor, 
which fully reflects the maximum deformation of 
the bending mode.

2.2 Coupled vibration analysis model 
of transmission

The vibration analysis model of the gear trans-
mission system is shown in Figure 5, which takes Figure 1. FE model of the gearbox.

Figure 2. Arrangement of accelerators.

Table 1. Comparison of the modal frequency of the 
gearbox.

Modal 
order

Simulation 
(Hz)

Experiment 
(Hz) Error Mode shape

1 504 523 3.60% Breathing mode of 
the clutch shell

2 589 629 6.30% Breathing mode of 
the clutch shell

3 904 910 0.70% Bending mode in 
the XOZ plane

4 943 964 2.20% Bending mode in 
the YOZ plane

ICPT2016_Book.indb   672ICPT2016_Book.indb   672 9/29/2016   11:53:48 AM9/29/2016   11:53:48 AM



673

The stiffness matrix and the mass matrix of the 
gears are obtained by the finite element model 
shown in Figure 6. The stiffness matrix (Table 2) 
of the standard SKF bearing is calculated based 
on the Hertz contact theory[11].

As shown in Figure 7, the coupled vibration 
analytic model of the gear transmission is con-
structed, in which the gearbox is assembled with 
the gear shaft.

Figure 3. Comparison of the first mode shape.

Figure 4. The correlation of the mode shape.

Figure 5. Analysis model for gear system vibration.

into account the influence of the flexibility of 
gear, shaft, bearing, and other parts. The stiffness 
matrix and the mass matrix[10] of  the gear box are 
condensed based on the component mode synthe-
sis theory, by which the modal condense model is 
constrained in six degrees of freedom of bolt holes 
at the end flange of the clutch shell.

Figure 6. FE modal of the gear.

Table 2. Stiffness matrix of input shaft bearing.

Stiffness: (kN)/(mm) or (kN)/(rad)

Dx Dy Dz Rx Ry

Dx  42.67 −34.03 −2.36  −39.42 −49.43
Dy −34.03 111.50  5.52  128.60  39.42
Dz  −2.36   5.53  3.66   84.17  28.43
Rx −39.42 128.60 84.17 2023.30 474.08
Ry −49.43  39.43 28.44  474.08 594.47
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3 THE INFLUENCE OF THE FLEXIBLE 
GEARBOX ON THE DYNAMIC 
MESHING PERFORMANCE 
OF THE GEAR PAIR

The vibration response and radiated noise of the 
gearbox was tested. The Sound Pressure Level 
(SPL) is shown in Figure 8. It is shown that the 
5th gear is the key contributing component to the 
overall SPL, and there is a resonance at a speed 
of 1380 r/min. Therefore, the 5th gear whine was 
taken as a typical case to understand the mecha-
nism of the gear whine. The key parameters of the 
5th gear pair are given in Table 3.

3.1 The influence of the flexible gearbox on the 
meshing performance of the gear pair

Gear shafts are supported by the gear box through 
bearings. The elastic deformation of gear shafts, 
bearings, and gear box influences the meshing 

condition of all gear pairs. The actual mesh-
ing position that deviates from the ideal position 
will result in mesh misalignment. This mesh mis-
alignment may cause a dynamical meshing force 
between the meshing gear pairs and the vibration 
of the gear box. The mesh misalignment of the 
gear pair is given as[12]:

F f Bf f f fX bff e sBff h sh sff h cff aβFF +fbff e + ff +1 33 sff hff  (1)

where fbe is the bearing displacement, B is the con-
stant coefficient (0.5∼1) that relate to the driving 
gear tooth, fsh1 is the deformation of the driving 
gear, fsh2 is the deformation of the driven gear, fsh is 
the deformation of the shaft, and fca is the defor-
mation of bearing housing, which can be calcu-
lated through the stiffness matrix of the gearbox.

If  fca = 0 in equation (1), it means that the bear-
ing housing is rigid and that the gear box has no 
effect on the mesh misalignment. The mesh mis-
alignment is calculated by using equation (1) with 
and without considering the influence of the flex-
ible gearbox. The difference in mesh misalignment 
is given in Table 3. The gear mesh misalignment is 
increased from 12.3 μm to 58.9 μm, when taking 
into account the flexible gearbox. The increased 
mesh misalignment may directly result in a worse 
contact pattern.

The simulated contact pattern of the 5th driving 
gear tooth is shown in Figure 9, and the experimen-
tal contact pattern is shown in Figure 10. The exper-
imental results show a better consistence with the 
simulation results shown in Figure 9 (b). The seri-
ous deflected contact pattern shown in Figure 9 (a) 
indicates a risk on the gear whine. However, from 
the contact pattern result shown in Figure 9 (b), it 
can be found that although the contact pattern is 
slightly close to the tooth tip, the contact pattern 
can be considered as good with respect to the con-
tact area size, location, and shape. This indicates 
that this gear mesh has little contribution to the 
gear whine. Unfortunately, the measurement data 
show the unfavorable fact of the gear whine, which 
could be concluded from the contact pattern shown 
in Figure 9 (a). Both the mesh misalignment and the 
contact pattern results show the phenomenon that 

Figure 7. Coupled vibration analysis model of 
transmission.

Figure 8. Noise contribution of the 5th gear in the 
acceleration case.

Table 3. Parameters of the 5th gear pair.

Gears Driving tooth Driven tooth

Number of teeth 46 25
Modulus (mm)  1.75  1.75
Pressure angle 20° 20°
Helical angle 28.5° 28.5°
Center distance(mm) 69.5
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gear wheel vibration propagates to gear housing 
through shafts and bearings. The transmission 
error is defined as the difference between the actual 
position and the idea position in perfect conjuga-
tion. The transmission error is given as follows[13]:

TE E FA AE F A= EE δA  (2)

where EA is the gear comprehensive deviation that 
includes the manufacturing error and the installa-
tion error. FA is the normal mesh force of the gear 
pair and δA is the integrated compliance coefficient 
on the mesh point of the gear pair. In other words, 
the integrated compliance coefficient is the defor-
mation in the direction of the meshing line under a 
unit load stimulation.

The transmission error of the 5th driven gear 
calculated by using equation (2) is shown in Fig-
ure 11. The peak-to-peak value of the transmission 
error is 1.8 μm without considering the flexible 
gearbox. The compliance coefficient δA increases 
because of the influence of the flexible gearbox 
while the amplitude of the transmission error 
decreases.

The Dynamic Transmission Error (DTE) can be 
written in the harmonic function, which is given 
by:

D TETTEDD m= TETT sin( t )m+mω ϕt+m  (3)

where ωm is the gear mesh frequency and ϕm is the 
initial phase.

The dynamic mesh force of the gear pair Fmesh is 
defined as follows:

Table 4. Comparison of the misalignment of the 5th 
gear pair.

Gear name Flexible gearbox Pinion Gear

Misalignment (μm) no  2.8  −9.5
yes 29.7 −29.2

Equivalent Misalign-
ment (μm)

no
yes

12.3
58.9

Figure 9. Simulated contact pattern of the driving 
tooth.

Figure 10. Measured contact pattern of the driving 
tooth.

the flexible gear box has an important influence on 
the meshing performance.

3.2 The influence of the flexible gearbox on the 
transmission error and dynamic meshing force 
of the gear pair

The dynamic meshing force of the gear pair that 
is caused by the transmission error is the most 
important factor that leads to the gear whine. The 
meshing force vibrates the gear teeth and then the Figure 11. Transmission error of the driven tooth.
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F K DmeFF sh meKK sh TEDD  (4)

K CmeK sh meC sh pinion gear=C h
− −1 1( )C CpinionC gearC  (5)

where Cpinion and Cgear are the compliance of the 
driving and driven gears in the mesh point.

The calculated dynamical meshing forces of 
the 5th gear pair and the 4th gear pair are shown 
in Figure 12. There is one distinctive peak in the 
meshing force curve of the 4th gear pair, and one 
dramatic peak in the meshing force curve of the 
5th gear pair. The corresponding frequency values 
are 579.5 Hz and 909.6 Hz. These two frequencies 
are the modal frequency given in Table 2. It indi-
cates that the second-order mode and third-order 
mode of the gear box dominate the dynamic mesh-
ing force of the 4th and 5th gear pairs.

4 GEAR BOX MODAL OPTIMIZATION 
AND DYNAMICAL MESHING 
PERFORMANCE ANALYSIS

As described in Table 2, the second- and third-
order modes of the gear box are, respectively, the 
expanding mode of the clutch shell and the bend-
ing mode in the XOZ plane. The typically weak 
stiffness structure features such as large diameter, 
thin stiffening ribs, thin-wall structure, and large-
scale area of the clutch shell lead to the low modal 
frequency and dynamical stiffness of the connect-
ing points, which affect the vibration characteris-
tics of the gear transmission.

Therefore, the structure optimization strategy 
of the gearbox is to stiffen the clutch shell, espe-
cially to strengthen the stiffness of the flange that 
connects the clutch shell and the engine block. The 
technological measures are as follows:

1. Enhancing the flange radial stiffness by increas-
ing the flange thickness from 14 mm to 26 mm;

2. Adding the axial and radial stiffening rib with 
a thickness of 8 mm on the clutch shell, and 
extending the axial rib from the end surface 
flange to the assembly bolt flange;

Figure 12. Dynamic mesh force of the 4th and 5th gear 
pairs.

Figure 13. The optimized gearbox structure.

Figure 14. Contact pattern of the driving tooth after 
optimization.

Figure 15. Mesh force comparison of the constant 4th 
gear pair.
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3. Increasing additional connecting bolts which, 
shown in Figure 13, to enhance the connect 
stiffness between the clutch shell and the engine 
block.

The dynamic meshing performances of the gear 
pair are significantly improved by optimization 
countermeasures. The performances predicted by 
the simulation model are as follows:

1. Mesh misalignment decreased from 58.9 μm to 
12.3 μm;

2. Peak-to-peak value of the gear transmission 
error reduced to 1.9 μm;

3. The contact region, as shown in Figure 14, 
improved the contact area size, location, and 
shape;

4. Under the frequency of 1000 Hz, the mesh force 
peak value of the 4th and 5th gear pairs, as 
shown in Figure 15 and Figure 16, were signifi-
cantly decreased from 180 N to 50 N and from 
300 N to 15 N.

5 CONCLUSIONS

1. The FE model of the gearbox was conducted, 
and the simulation and experimental method 
was conducted. Based on the modal frequency 
error analysis and MAC analysis, the modal 
information of the gear box was verified.

2. The coupled vibration analytical model of the 
gearbox was established. The parameters of 
the gear pair such as mesh misalignment, con-
tact pattern, transmission error, and dynami-
cal meshing force were conducted by the model 
with and without considering the influence of 
the flexible gearbox. The comparison analysis 

results indicated that the flexible gearbox has 
a significant influence on the dynamic meshing 
performance of the gear pair.

3. Optimization measures of the clutch shell 
improved the dynamic meshing characteristics 
of the gear transmission.
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Dynamic model of multi-tooth meshing including transient 
elastohydrodynamic effects

Lei Liu & Jinzhao Zhang
College of Mechanical and Electrical Engineering, Nanjing University of Aeronautics and Astronautics, 
Nanjing, China

ABSTRACT: An oil film significantly affects friction forces for meshing tooth surfaces that act as the 
excitations for motions of gear pairs. In this paper, a rigid–elastic coupling dynamic model of multi-tooth 
meshing was built, which included the effects of the lubricant film height and tooth deformations directly 
in the contact simulation of gears. Each tooth was connected to the gear wheel by a rotatable spring–
damper element. The normal tooth contact force was calculated by using the Lankarani and Nikravesh 
model. Variations in contact stiffness and rotatable spring stiffness with contact points were taken into 
account. Friction forces were computed by introducing the average lubricant film height. A 3D multi-
body model of a spur gear pair was used to validate the proposed approach. The results indicated that 
using this approach, tooth impacts and the dynamic transmission error during successive meshing can be 
investigated, and lubrication conditions such as film heights and friction coefficients may be determined 
with high computational efficiency.

body dynamics method can be used to efficiently 
model the contact of gear pairs with acceptable 
accuracy and considerably less computational effi-
ciency compared with the finite element method. 
For example, Ziegler implemented modal reduced 
FE models of gear wheels directly in a multi-body 
simulation.

The oil film in contact has been studied by many 
researchers. However, the number of such studies 
is still very limited, which include an ElastodHy-
drodynamic Lubrication (EHL) model of tooth 
mesh into the analysis of gear dynamics. Brancati 
exhibited a theoretical analysis of an automotive 
drive line concerning the effects of oil damping 
on dynamic behavior. Theodossiades examined 
the influence of lubricants on the torsional vibra-
tion of lightly loaded idling gears by treating gear 
impacting surfaces as lubricated conjunctions. Li 
proposed a tribo-dynamics model for spur gear 
pairs in which the mixed EHL model was coupled 
with a transverse–torsional dynamic model. Dong 
presented an integrated model for an involute gear 
pair by combining the mixed EHL theory with sur-
face temperature rise equations, considering tribo-
dynamic loading behaviors.

In all the studies described above, the effects of 
lubricant film heights and tooth deformations are 
ignored or just implemented indirectly, i.e., tooth 
contact forces are given a priori or determined by 
using the energy equation. In addition, it is almost 
impossible to use the approaches for the contact 

1 INTRODUCTION

Friction forces form the main excitations for 
motions along the off-line-of-action direction, 
which also couple with backlash and time-varying 
meshing stiffness to make gear pairs act as non-
linear, time-varying systems. Additionally, power 
dissipation due to the viscous shearing of the 
lubrication fluid film along the tooth contact inter-
faces is the main source of the gear mesh viscous 
damping. In contrast, dynamic meshing forces 
and surface velocity fluctuations affect the tribo-
logical behavior in terms of the contact pressure, 
film height, lubricant viscosity, and friction forces. 
Important parameters indicating instant lubrica-
tion conditions include film height, pressure dis-
tribution, or type of friction. It is necessary to 
understand these conditions, together with acting 
forces and torques, to ensure a sufficient transmis-
sion lifetime.

Currently, gear dynamics is usually investigated 
based on the vibration theory. A large number of 
studies have focused on the modeling of meshing 
gear wheels using torsional vibration approaches. 
For simplicity, contact for meshing tooth surfaces 
is modeled through a spring–damper element that 
acts tangentially to the base circle of each mesh-
ing gear. Although the dynamic load coefficient or 
equivalent load is introduced, the dynamic char-
acteristics of contact forces cannot be obtained 
precisely. As a numerical approach, the multi-
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simulation of gear wheels due to computation 
times. Fietkau put forward an efficient approach 
for contact simulation of gears, which took into 
account transient elastohydrodynamic effects of 
oil films and elastic deformation directly in the 
multi-body simulation. However, the 2D Reynolds 
equation required to be solved using the complex 
multi-grid method. Therefore, the main motivation 
of this paper was to establish a new multi-body 
dynamic model of a gear pair to study the meshing 
characteristics of multi-tooth including transient 
elastohydrodynamic effects with low computation 
efficiency.

2 MULTI-TOOTH DYNAMIC MODEL

According to Zhu, the elastic deflection of the 
dedendum makes up the largest proportion of 
total tooth deformation (about 50%), while con-
tact deformation constitutes only 10%. Therefore, 
an approach proposed by Ebrahimi with circum-
ferentially movable teeth was used. As shown in 
Figure 1, each tooth has one Degree of Freedom 
(DOF): the rotation about the wheel center with 
the angle θi. The gear wheel has one rotational 
DOF with respect to the ground, which is denoted 
by γ. All teeth and respective contacts are treated 
separately. In addition, each tooth is connected to 
the gear wheel by a rotatable spring–damper ele-
ment, which is used to represent the elastic deflec-
tion of the tooth dedendum. The forces resulting 
from the oil film in flank contact are calculated by 
using the contact force model including the effects 
of mixed EHL.

2.1 Rotatable spring–damper element

In order to determine the stiffness of a rotatable 
spring–damper element, its correlation with 
deformation stiffness of a single tooth needs to 
be determined. For simplicity, it is supposed that 
elastic deflection of engaged flanks causes mesh-
ing points to translate along the theoretical Line of 
Action (LOA) only.

In terms of the geometric characteristics of invo-
lutes, the stiffness of a rotatable spring–damper 
element can be calculated as:

k
T F r F

l
r krwkk n bFF rr nFF
b br kr rr= = =

Δ Δθ θΔ
2 2kr  (1)

where T is the applied torque on the tooth; Δθ is 
the angular displacement caused by elastic defor-
mation; Fn is the normal contact force; rb is the 
basic circle radius; kw is the stiffness of a rotat-
able spring–damper element; k is the deformation 
stiffness of a single tooth; and Δl is the displace-
ment along the LOA caused by deformation.

The amount of elastic deformation for a tooth 
can be calculated by using the Ishikawa formula. 
Then, k can be calculated extending from the effec-
tive dedendum to the addendum, considering the 
pressure angle αc for the contact point as the vari-
able. Figure 2 shows that the stiffness of a spring–
damper element is time varying with the contact 
point that moves along the LOA.

2.2 Normal contact modeling

Modeling collision and contact are essential to sim-
ulating multi-body systems. The tooth contact can 
be modeled using the Lankarani and Nikravesh 
model in the most fundamental form as follows:

F k g
k

g
g ge egn nF kF k n

n

n
n ng⋅k + ( )−

⋅ g
( )−

3knkk (
4 �

�  (2)

Figure 1. Dynamic model of multi-tooth meshing.
Figure 2. Stiffness of a rotatable spring–damper ele-
ment for gear 1 (parameters are described in Table 1).
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where gn is the relative penetration or indentation 
between surfaces of engaged teeth; δ is the restitu-
tion coefficient; �gn is the relative penetration veloc-
ity; �gn(-) is the initial impact velocity; e is usually set 
to 1.5 for most metal contacts; and kn is the contact 
stiffness that depends on the material and geomet-
ric properties of contacting surfaces as follows:

knkk = ( )h h
4

3 h hh h
ρ

π
 (3)

where h1 = (1-ν1
2)/πE1, h2 = (1-ν1

2)/πE1; νi (i = 1,2) is 
the Poisson ratio; Ei (i = 1,2) is the Young modu-
lus; and ρ is the comprehensive curvature radius at 
the contact point. A shown in Figure 3, the contact 
stiffness varies with the pressure angle of the pin-
ion at each contact point.

2.3 Friction coefficient based on a mixed 
elastohydrodynamic lubrication model

Most gear transmissions work in a mixed EHL 
state. The friction force includes two parts. Thus, 
the total friction coefficient μ can be expressed as 
follows:

μ =
F F+

F
teFF tcFF

nFF
 (4)

where Fte is the friction force of the lubricant film 
and Ftc is the friction force of the asperity contact.

2.3.1 Calculation of Fte
The friction force of the lubricant film is the shear-
ing force of the lubricant film acting in the tangen-
tial direction of the tooth surface, which includes 
the sliding friction force and the rolling friction 

force. As the sliding friction force is usually much 
larger than the rolling one, the sliding friction force 
can be expressed as follows:

F b dx
x

x

teFF
0

e∫x1bb τdd  (5)

where b1 is the effective contact width of the lubri-
cant film; x0 and xe are the integral limits along the 
tooth surface; and τ is the viscosity shearing stress 
that depends on the creep model of the fluid.

A non-Newtonian Ree–Eyring model is used as 
follows:

�γ τ
η

τ
τ

=
⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

0τ

0τ
sinh  (6)

where τ0 is the Ree–Eyring-type shearing stress; �γ  
is the shearing strain rate; and η is the dynamic 
viscosity of the lubricant. Neglecting the effect of 
the temperature, it can be determined by using the 
following equation:

η η= η { }( )+η ( )+ × −⎡
⎣

⎤
⎦
⎤⎤

0η {( η ) (⎡
⎣
⎡⎡{({( +ηηη  (7)

where η0 is the original viscosity and pav is the aver-
age contact stress, which can be calculated by the 
Hertz contact theory.

If the shearing strain rate is approximately set to:

�γ =
u
h

s

avh
 (8)

then we obtain:
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where us is the slipping velocity of two tooth flanks 
and hav is the average lubricant film height.

Substituting (9) into (5), we obtain:
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 (10)

where Ae is the contact area of the lubricant film.
The contact area of the lubricant film is the dif-

ference between the Hertzian contact area A and 
the asperity contact area Ac, i.e.:

A A A Ae cA A A−A A( )a− a  (11)
Figure 3. Contact stiffness of gear 1 (parameters are 
described in Table 1).
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where ϕa is the contact area ratio. Based on the 
studies of Greenwood and Gao, the correla-
tions between Ae and the film height ratio can 
be expressed by using the regression analysis as 
follows:

A
A

AeA = ( ) ≤
>

⎧
⎨
⎧⎧

⎩
⎨⎨

− 1 6
1 6

.≤ 1

.
λ) λ))
λ

 (12)

where λ is the film height ratio.

2.3.2 Calculation of Ftc
Theoretically, the friction force of the asperity con-
tact is the sum of shearing forces of the asperity 
contact i.e.

F dAd idAdd
Ai

N

i

tcFF c cidAdd
cAA

∫∫∑
=

τ
1

 (13)

where N is the number of asperities; Aci and τci 
are, respectively, the contact area and the shearing 
stress for the ith asperity. If  the normal stress is pci, 
the friction coefficient is given by:

μ τc cμμ ciτ cτ ip  (14)

For most of the contact problems in engineer-
ing, the value of μci is approximately constant. So, 
we obtain:

F p dA Fi
Ai

N

i

tcFF c ci c ci ncFF
cAA

∫∫∑
=

μ μp dAip ici p cA i =p dA
1

 (15)

where Fnc is the normal contact force of asperi-
ties and μc represents the friction coefficient for all 
asperities, which usually ranges from 0.1 to 0.2. To 
determine the asperity contact load ratio ϕc, the 
approach proposed by Jiang is applied as follows:

cφφ
n

( )F
Fn

W43 0 27 (( 0κ) − 76.κ 0κ  (16)

λ
σ

κ= = ( )h
W (avh 0 07 (W (− ×0 2 0κ) 19. W07W − p .κ)( × 0κ)  (17)

where κ is the ellipticity; σ is the equivalent rough-
ness of tooth surfaces; U and W are non-dimen-
sional parameters related to the velocity and load, 
respectively, which are defined as follows:

U u ( )Eη u ( ))E0ηη  (18)

W w ( )E ))  (19)

where u is the entrainment velocity, with

u
u u

=
+1 2u
2

 (20)

Here, u1, u2 are, respectively, the tangential veloc-
ity of gear 1 and gear 2 at the meshing point and w 
is the load for unit length.

Finally, the total friction coefficient is calculated 
as follows:

μ μ
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 (21)

3 RESULTS AND DISCUSSION

A numerical example of a spur gear pair is pro-
vided. The parameters for the engaged gears are 
listed in Table 1. In this model, the pinion (gear 1) is 
driven by the constant angular velocity, and a con-
stant torque T2 = 50 N⋅m is simultaneously exerted 
on the gear (gear 2). Through polynomial fitting, 
spring–damper stiffness and contact stiffness can 
be represented as functions of pressure angles.

Figure 4 shows the effect of the friction coeffi-
cient on the Dynamic Transmission Error (DTE). 
The variation in the original viscosity coefficient 

Table 1. Parameters for the gear pair.

z1 23 m (mm) 2 ha
* 1

z2 25 c* 0.25 α (°) 20
B(mm) 20 E (N/mm2) 2.06e5 ν 0.3

*zi (i = 1,2) are tooth numbers of gears; B is the effective 
face width; c* is the bottom clearance coefficient; ha

* is 
the addendum coefficient; α is the pressure angle; E is the 
Young modulus.

Figure 4. Dynamic transmission error with different 
original viscosity coefficients (n = 60 r/min).
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gives rise to different friction coefficients. As the 
friction coefficient increases, the DTE is observed 
to decrease slightly. The possible reason for this is 
that friction forces suppress the vibration of the 
gear pair along the LOA to some extent, thereby 
reducing the occurrence of the DTE.

Figure 5 and 6 show the normal forces and fric-
tion forces for four successive meshing tooth pairs 
(tooth pair 2–tooth pair 5). From these figures, we 
can find the alternate change in the in and out of 
single–double pair meshing. The direction of the 
friction force changes when the engaged teeth mesh 
at the pitch point. According to the conventional 
gear design method, the normal contact force is 
50000/25/cos20° = 2128.36 N. Moreover, combining 
the normal contact forces of all the tooth pairs, an 
average normal force of 2157.03 N is obtained due 
to the effect of friction forces. Additionally, for the 
coupling of elastic elements and contact elements, 
fluctuation of the contact force (normal force or 
friction force) occurs during double pair meshing.

Figure 7 shows the normal forces for different 
original viscosity coefficients (normal forces of 
pair 1 and pair 3 are indicated by a thin line). It can 
be seen from the figure that friction influences the 

normal contact force, especially in single tooth pair 
meshing. Once the friction force is exerted on teeth, 
there is an increase in the total resistance force on 
the gear. To maintain a constant angular velocity, 
the normal contact force is increased. In addition, 
it is worth noting that fluctuation occurs when 
meshed at the pitch point. It can also be observed 
that the original viscosity coefficient hardly affects 
the normal contact force.

Figure 8 shows the friction forces of the 2nd pair 
for different original viscosity coefficients (friction 
forces of pair 1 and pair 3 are indicated by thin lines). 
At the pitch point, the relative slip velocity between 
flanks changes its sign, and therefore the sign of the 
friction force changes as well. Consequently, the nor-
mal force tends to decline (see Figure 7). Moreover, 
the original viscosity coefficient significantly affects 
the friction force. The friction force increases with 
the falling original viscosity coefficient because of 
the increase in the asperity contact force.

Figure 9 shows the friction force of the 2nd 
tooth pair along the LOA for different angular 
velocities. It can be found from Figure 9 that the 

Figure 5. Normal force (η0 = 0.012 Pa⋅s, n = 60 r/min).

Figure 6. Friction force (η0 = 0.012 Pa⋅s, n = 60 r/min).

Figure 7. Normal force of the 2nd tooth pair for differ-
ent original viscosity coefficients (n = 60 r/min).

Figure 8. Friction force of the 2nd tooth pair for differ-
ent original viscosity coefficients (n = 60 r/min).

ICPT2016_Book.indb   683ICPT2016_Book.indb   683 9/29/2016   11:55:41 AM9/29/2016   11:55:41 AM



684

friction force decreases with the increasing angular 
velocity. The reason for this change is that with the 
increasing angular velocity, the entraining velocity 
of two flanks is increased. As a result, the friction 
coefficient for either the shearing force of the lubri-
cant film or that of asperities tends to decrease.

Figure 10 shows the average lubricant film 
height of the 3rd pair for different original viscos-
ity coefficients (average lubricant film heights of 
pair 2 and pair 4 are indicated by thin lines). As 
shown in Figure 10, the original viscosity coeffi-
cient significantly affects the lubricant film height. 
With the increasing original viscosity coefficient, 
the average lubricant film height is increased. 
For a generic tooth pair, when the normal con-
tact force is increased, the engaged flanks begin 
to approach and the average lubricant film height 
declines gradually due to the increasing normal 
contact force. As the subsequent tooth is meshed 
in, the normal contact force of the previous one 
decreases, and therefore its average lubricant film 
height is increased.

Figure 11 shows the average lubricant film 
height of the 3rd pair for different angular veloci-
ties. It can be seen from Figure 11 that the angular 
velocity significantly influences the lubricant film 
height. Obviously, the increasing angular veloc-
ity causes the entraining velocity of the engaged 
flanks to increase. Consequently, the average lubri-
cant film height tends to rise and fluctuate clearly.

4 CONCLUSION

A model for gear contact simulation in a mixed 
EHL state was built and integrated in a multi-body 
simulation environment. Lubricant film heights and 
tooth deformations were directly taken into account 
in this model. Subroutines for the computation of 
normal tooth contact forces and friction coeffi-
cients were developed and instantly used by the 
numerical integrator in commercial code ADAMS. 
A 3D multi-body model of a spur gear transmission 
was taken as an example. Important values such as 
dynamic transmission error, normal and tangential 
forces, and average film heights were calculated and 
studied in different conditions. The results indi-
cated that using this approach, tooth impacts and 
dynamic transmission error during successive mesh-
ing can be investigated and lubrication conditions 
such as film heights and friction coefficients may 
be determined with high computation efficiency. 
The model can also be used to analyze the transient 
behavior of gears under different operating condi-
tions such as load vibrations or rattling.
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Figure 9. Friction force of the 2nd tooth pair for differ-
ent angular velocities (η0 = 0.012 Pa⋅s).

Figure 10. Average lubricant film height for the 3rd 
tooth pair for different original viscosity coefficients 
(n = 120 r/min).

Figure 11. Average lubricant film height for the 3rd tooth 
pair for different angular velocities (η0 = 0.012 Pa⋅s).
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Frequency response analysis of a thin spoke spur gear with 
damping sleeves
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ABSTRACT: Taking the vibration reduction measures of  the aeroengine blade and labyrinth air seals 
as reference, dry friction was introduced into the structural vibration reduction of the aviation gear. First, 
the Fourier matrix was introduced and the whole finite element model of  the gear was compressed to a 
single sector. Then, to make the nodes’ degrees of  the sector involved in the iteration to the least extent, 
they were compressed based on the component modal synthesis method. Finally, the friction surfaces 
were discretized and simulated by the YANG model. With the Hybrid Frequency Time (HFT) method, 
the frequency response of the torsional vibration of the spur gear connected to dry friction damping 
sleeves was calculated. It revealed that a fine effect of  vibration reduction would be obtained if  reason-
able design and installation parameters of  dry friction damping sleeves are applied. In addition, the 
example shows that damping sleeves should be installed as close as possible to the location where huge 
vibration arises.

1 INTRODUCTION

To improve the thrust/weight ratio of an aero-
engine, thin-walled structures are always used in 
gears and other key components. As a result, struc-
tural vibrations are easily evoked during the opera-
tion. One measure to reduce this kind of vibration 
is to modify the structural parameters of the 
gear [1]. However, the result may not be the same 
as expected because the natural frequency is usu-
ally limited by factors such as weight and strength 
of the gear. Many negative effects, such as energy 
consumption, wear, and unstable motion state, 
could be caused by contact friction. So, engineers 
always try to avoid contact friction in the structural 
design because it is considered as an adverse factor. 
However, it is proved that the effective vibration 
reduction could be achieved by the damping effects 
produced by the contact friction between two rela-
tive motion parts in elastic structures. In practice, 
dry friction damping is often used in some applica-
tions such as vibration alleviation of an aeroengine 
bladed disk [2] and damping ring or sleeves of lab-
yrinth air seals [3]. It is considered as an extension 
of vibration alleviation through dry friction damp-
ing when this method is applied in the gear.

A cylindrical gear with opening damping 
sleeves is shown in Figure 1(a). The opening Figure 1. Cylindrical gear with damping sleeves.

damping sleeve is also known as the C-type damp-
ing sleeve, which is mounted on the shallow groove 
of the rim. Its finite element model is shown in 
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Figure 1(b). The original radii of  the sleeves are 
larger than that after installation, and the opening 
is compressed close to the closure level after instal-
lation. The sleeves are close to the rim because of 
the compression, so the normal force is generated 
by the tension force. Furthermore, the non-har-
monious relationship between the contact surfaces 
of  the sleeves and the gear could generate a damp-
ing effect, which could reduce the vibration of the 
gear.

2 SIMPLIFICATION OF THE VIBRATION 
EQUATION

The dynamic equation of the gear can be expressed 
as:

��  �    Mx Cx Kx f fCx f nfflffff l( )t ( )t ( )t ( ) [ ]x ( )t+Cx )t  (1)

Here, the wave signs indicate that the matrices 
or vectors are related to all the degrees of freedom 
of the gear. If  all the degrees of freedom of the 
gear are n, then n is the product of the number of 
sectors (ns) and the degrees of freedom of each 
sector (n). fnlff  indicates the nonlinear force caused 
by friction.

The displacement, the linear exciting force, and 
the nonlinear force of the gear can be expanded as 
the sectors as follows:




x x

f f f

( )

( )

x) =

f

T
s

T

T
s

T

n
T

lfffflff lff n

0 1

0

( )t , ,… ( )t

( )t , ,… ( )t

−

−

⎡⎣⎡⎡ ⎤⎦⎤⎤

⎡⎣
1 ⎤⎤⎦⎤⎤⎤⎤

[ ] [ ] [ ]⎡⎣⎡⎡ ⎤⎦⎤⎤

T

nl nl nl

T]⎡⎡⎡ T Tf [nl f [nl [f [nl
Tf f [−

nl
ns

T⎡] [Tf( )t( ) 0 ( )t , ,… ( )t1

 (2)

Where the number 0 of the sector represents the 
basic sector.

Eq. (2) can be rewritten as:
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By introducing the dynamic stiffness matrix ΛkΛ , 
the equation can be expressed as:

   ΛΛΛΛkΛ jk= +( )kk ωj2 Cjkj ωjkjj K  (4)

Where j represents the complex root, j*j = −1.
Using the harmonic balance method, Eq. (1) 

can be written as:
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In the cylindrical coordinate system, the char-
acteristic of the block cycle can be found in the 
mass matrix and the stiffness matrix of the circu-
lar symmetric structure of the gear. The following 
transformation can be obtained with the Fourier 
matrix [4]:

    E EEE* *EEE *ΛΛΛΛkEEEE ( )U XkU eo
k⊗ EE ( )F ,k l kFF ,⊗UkU −E *) E * (U FU

                   E 0* ( )U F ,k
eo

nlFF k⊗ ( )X XnX X,...,
h

X
 (6)

Eq. (6) can be written in block diagonal form 
as follows:
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The above equation can be rewritten as:
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Where

q keoke( )k eo, ke [ ]ns0  (9)

Eq. (8) is the concise form of the vibration 
equation.

3 THE COMPRESSION OF DEGREES 
OF FREEDOM OF THE SECTOR

Degrees of freedom are compressed to a single sec-
tor by the simplification in the previous section. 
However, if  the iterative operation is performed 
without disposing the degrees of freedom, the con-
vergence will be difficult. So, the degrees of free-
dom of the sector need to be compressed further.

Using the C-B (Craig–Bampton) method, the 
compression equation is given by:

x 0 I
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p
kτ τk Γττ

Γ ΓIk Γ

ΦΦ ψkτkkΦΦτ ψψψ  (10)

Where x( ) is all the nodes’ degrees of freedom of the 
sector; τ is the reserved degrees of freedom; Γ is the 
degree of freedom which needs to be compressed; 
ψψψψτΓτ  is the reserved constrained mode set; ΦΦΦΦτΦΦΦΦ Γτ  is the 
reserved mode set of fixed faces in compression; 
IΓΓ is a unit matrix, whose dimension is equal to the 
number of the reserved degrees of freedom; pk and 
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pΓ , respectively, represent the modal and equivalent 
coordinates after the compression.

The reserved nodes of the damper and the gear 
in the compression process by the C-B method 
are shown in Figure 2. The nodes of the left sec-
tor and the right sector and the friction surface of 
the damper are reserved, as shown in Figure 2(a). 
Furthermore, the left and right sector nodes, the 
exciting point, the vibration picking points, and 
friction surface nodes of the gear are reserved, as 
shown in Figure 2(b).

4 CONTACT MOTION MODEL OF 
DISCRETE FRICTION SURFACES

After the discretization of  contact surfaces, as 
shown in Figure 1(b), the contact motion of 
each discrete surface is obtained, as shown in 
Figure 3. Here “body1” is the contact surface of 
the damper; “body2” is the contact surface of 
the gear; u is the tangential traction motion; w 
is the tangential motion of  the contact points; n is 
the normal displacement; n0 is the initial normal 
displacement; kv is the normal contact stiffness; 
ku is the tangent stiffness; and μ is the dry fric-
tion coefficient. The calculations of  the criterion 
of  the viscous-slip-discrete and the dry friction 
between the contact surfaces are elaborated in 
Ref. [5]. The calculations of  ku and kv are detailed 
in Ref. [6]∼[8].

5 HFT (HYBRID FREQUENCY-TIME) 
METHOD

Eq. (8) can be written as:

ΓΓ ΛΓΓ ΛΛΛuΛΛΛΛΛ F FnlFF( )ΓΓΓΓ ( )u− F  (11)

Eq. (11) is a nonlinear equation, where u includes 
the sine and cosine parts of some or all of the non-
linear motion of nodes (depending on whether the 
structure is circular symmetric). Eq. (11) can be 
solved by the HFT method described in Refs. [9] 
and [10]. If  there is an initial value u(0), a series of 
values (u(1),u(2),…u(m)) will be generated by iteration 
until ΓΓΓΓ ( )ΓΓΓΓ  is small enough to satisfy the convergence 
condition. It needs to evaluate ΓΓΓΓ  and calculate the 
Jacobi matrix (J) in the iteration process for each u. 
It is difficult to obtain a theoretical solution form 
of the Jacobi matrix because of the nonlinear char-
acteristic. In this paper, the Jacobi matrix is calcu-
lated by the finite difference method.

The valuation process of the HFT method is the 
transformation of the displacement and nonlinear dry 
friction between the frequency domain and the time 
domain. It mainly includes the following four steps:

1. The harmonic coefficient of u is changed by the 
Inverse Fast Fourier Transform (IFFT), and the 
displacement of gear nodes is obtained.

2. The dry friction force is calculated according to 
the displacement.

3. The dry friction force is changed by the Fast 
Fourier Transform (FFT), and then the Fourier 
harmonic coefficient that represents the dry fric-
tion force is obtained, which is denoted by FnlFF ( .u

4. FnlFF ( )u  is substituted into Eq. (11). If  Eq. (11) 
converges, the next frequency point will be tar-
geted; if  not, u is updated and returns to (a).

The advantage of the calculation of the struc-
tural dynamic response by the HFT method is 

Figure 2. Reserved nodes of the damper and the gear.

Figure 3. Contact motion model of the discrete friction 
surfaces (YANG model).
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that the calculation of the nonlinear dry friction 
is carried out in the time domain. So, the nonlin-
ear dry friction that is related to the displacement 
can be calculated accurately. At the same time, the 
complex nonlinear hysteresis loop of dry friction 
points can be obtained easily, which is good for 
obtaining the stick-slip motion of the damper.

6 RESULTS

The parameters of the gear and the sleeves are listed 
in Table 1, and the load is set as 400 N⋅m. First, the 
meshing force of a single tooth can be obtained 
by the tooth contact analysis, which is calculated 
by the finite element method and the Ishikawa 
method, as shown in Figure 4. Then, the meshing 
force is changed by the FFT and the transformed 

value is substituted into Eq. (11), resulting in the 
harmonic value of the exciting force.

The resonant frequency of the first-order mode 
is 306 Hz, and the vibration mode is torsional vibra-
tion. The meshing force is likely to evoke the mode. 
In the calculation, the parameters of the damping 
sleeves are kept constant, except the initial opening 
amount. Figure 5 shows the amplitude of the fre-
quency response of circumferential vibration with 
the exciting force that is close to the resonance fre-
quency. Then, the opening amount is kept as 8mm, 
and the thickness of the sleeves is changed. The 
circumferential frequency response of the vibra-
tion picking point 1 is shown in Figure 6.

There is a small change in the resonance fre-
quency of the gear with thicker damping sleeves, 
as shown in Figure 5 and Figure 6. The change is 
different according to the opening amount and the 
thickness of the damping sleeves. If  the opening 
amount is small and the thickness of the damping 
sleeves is large, the resonance frequency tends to 
decrease. On the contrary, the resonance frequency 
tends to increase. The reason is that the stiffness 
and mass of the coupled body are increased at 

Figure 4. The meshing force of a single tooth deter-
mined by two methods.

Table 1. Parameters of the gear and the damper.

Parameters (unit) Value

Tooth Zc 48
Modulus mn (mm) 6
Tooth width Bc (mm) 50
Thickness of the rim h1 (mm) 6
Thickness of the web plate h (mm) 5
Internal diameter of the hub r1 (mm) 35
Fillet radius of the combined position rd (mm) 5
External diameter of the hub r2 (mm) 50
Width of the hub B1 (mm) 90
Width of installation groove of sleeves Wd (mm) 11
Depth of installation groove of sleeves hd (mm) 0.5
Distance between installation groove and tooth 

transverse Sd (mm)
5

Width of sleeves Bd (mm) 10
Thickness of sleeves hD (mm) 3.5

Figure 5. Parameter analysis of the opening amount of 
the damping sleeves.
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the same time when the thickness of the damping 
sleeves increases, but the effect of the increased 
stiffness is less obvious than that of the increased 
mass. If  the opening amount is 8 mm–10 mm, the 
vibration displacement of the rim can be inhibited 
greatly by the damping sleeves, which leads to a 
good vibration reduction effect. The response of 
the vibration picking point 2 is not sensitive to the 
parameters of the damping sleeves. The reason 
is that the vibration picking point 2 is more fur-
ther from the damping sleeves than the vibration 
picking point 1. Moreover, the effect of vibration 
reduction on the damping sleeves is limited. The 
result is consistent with the recommended loca-
tion described in Ref. [11]. It can be inferred that 
the effect of vibration reduction of the vibration 
picking point 2 is also limited if  the other modes 
are evoked. The vibration mode in the solving 
frequency range is mainly the torsional vibration 
mode of the circumferential vibration. If  this 
vibration mode is evoked, the vibration displace-
ment of the vibration picking point 1 is larger than 
the vibration picking point 2, which is verified by 
the calculation result.

7 CONCLUSIONS

1. The vibration amplitude of the gear spoke can 
be alleviated greatly if  the structural param-
eters of damping sleeves could be selected 
reasonably.

2. Damping sleeves should be installed in the posi-
tion where the spoke vibrates seriously and 
the appropriate installation pre-stress is also 
required. If  the above two conditions are dif-
ficult to be met in the structure, the effect of 
vibration reduction will probably be canceled. 
Therefore, the structural parameters of the gear 
and the damper need to be redesigned to ensure 
the effective attenuation of the vibration ampli-
tude of the gear.
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ABSTRACT: In order to reveal the dynamic behaviors of a planetary gear train under a real working 
environment, a pure torsional nonlinear dynamic model was established by considering gear backlashes, 
time-varying meshing stiffness, transmission errors, and sliding frictions between gear pairs. The differen-
tial equations of motion of the transmission system were derived by Newton’s second law and then solved 
by Runge–Kutta method. The nonlinear dynamic characteristics of the planetary gear train were classi-
fied into quasi-periodic response and chaos response based on the numerical simulations of time history 
plots, phase plane plots, Poincare maps, and Fourier spectra diagrams. The results indicate that the sliding 
friction brings complicated nonlinear effects into the planetary gear train dynamics. With the increment 
of the friction coefficient, friction forces between gear pairs cause more power loss, which makes the sys-
tem’s response become more regular. As a result, the planetary gear system experiences a chaos response 
and a quasi-periodic response sequentially.

model to evaluate the effects of  profile modifica-
tion on the dynamic transmission error by consid-
ering sliding friction. Later, Song (2008) proposed 
an improved MDOF spur gear pair model with 
time-varying coefficient of  friction, and compar-
atively evaluated alternate sliding friction mod-
els and predicted the interfacial friction forces 
and motions in the off-line-of-action direction. 
Cheng (2011) used a dynamic model to study the 
friction effect on the vibration characteristics of 
a spur gear. Wang (2012) built a dynamic model 
for explaining the complex nonlinear phenomena 
in a single gear pair by considering the frictional 
force on the tooth face, backlash and time-varying 
meshing stiffness. The bifurcation, chaos, and the 
corresponding largest Lyapunov exponents were 
investigated.

Compared with the studies of friction effects on 
the dynamics of a single gear pair, only a few inves-
tigations have been made on the frictional effects 
on the dynamics of planetary gears. Zhu (2010) 
proposed a dynamic model of a planetary gear 
train, which includes the frictions between gear 
pairs. However, in that study, the effects of friction 
on the system’s nonlinear phenomenon were not 
discussed. Lu (2015) built a 44-degree-of-freedom 
nonlinear dynamic model for a double helical 
planetary gear train to investigate the influence of 
tooth friction on nonlinear vibrations. The results 

1 INTRODUCTION

Planetary gear trains are widely used in various 
industrial fields such as automotive, aerospace, 
and marine. Their dynamic performance is of 
great importance to guarantee the service quality. 
Numerous efforts have been made to investigate 
the dynamic behaviors of planetary gears. Among 
them, only a few have considered the effects of fric-
tion between the gear pairs.

For example, Velex (2000) established a finite 
element model to investigate the effects of  tooth 
friction on spur and helical gear dynamics. The 
study indicated that tooth friction has made 
potentially significant contributions to gear 
vibration and noise. Later, Vaishya (2001) built 
a Coulomb friction model for a single gear pair 
and studied the effects of  sliding friction on the 
system response and stability by using the Floquet 
theory. Howard (2001) introduced the frictional 
force into the dynamic equations of a spur gear 
system with 16 degrees of  freedom and compared 
the results between the models with and without 
friction. Kahraman (2007) developed a 6-degree-
of-freedom dynamic model for a spur gear pair, 
and studied the influences of  friction on gear 
dynamic responses. Song (2007) proposed a new 
method of incorporating the sliding friction and 
time-varying stiffness into an analytical spur gear 
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indicated that the tooth friction could change a 
chaotic attractor into a periodic attractor.

From the above discussions, it can be found that 
most of the studies in the literature have investi-
gated only on the effects of sliding friction on the 
dynamics of a single gear pair. However, the influ-
ences of friction on the dynamics of the planetary 
gear train have not been thoroughly investigated. 
To have an in-depth understanding of the tooth 
friction on the dynamic behaviors of planetary 
gear trains, this paper proposes an analytically 
pure torsional model for a 2K-H planetary gear 
train with a fixed ring gear to analyze the effect 
of the friction coefficient on the system’s nonlinear 
phenomena.

2 DYNAMIC MODELING

2.1 Dynamic model

A nonlinear dynamic model for a planetary gear 
train with a fixed ring gear is shown in Figure 1. 
From the figure, it can be seen that all the planets 
are identical and equally spaced with equal mesh-
ing stiffness. The sliding frictions between the 
tooth contact surfaces are not shown in the figure 
for clarity.

As shown in Figure 1, the planetary gear train 
consists of a sun gear ‘s’, a ring gear ‘r’, a carrier 
‘c’, and three identical planetary gears denoted as 
pn (n = 1, 2, 3), uj (j = s, c, pn), and kiu (i = s, c, r), 
which are the torsional displacement and stiffness 
of the corresponding component, ϕn  (n = 1, 2, 3) 
is the phase angle of the nth planet, vrpn and wspn 
are the internal and external mesh pairs that are 
represented by time-varying stiffness ( k kn nkrpkk spkkk ), 
backlash ( b bn nbrpbb spbbb ), damping ( c cn ncrp sp ), and trans-
mission error (erpn, espn) along the Line of Action 
(LOA).

The transmission error, espn and erpn, can be 
expressed in the form as:

e er
r

( )t e= ( )m err
=

∑ 
1

3

cos tm et +tmt  (1)

where e( )t  is the time-varying transmission error; 
er  is the amplitude of the rth harmonic transmis-

sion error; r is the number of the harmonic terms 
sufficient to describe the periodic function; ωm  is 
the excitation frequency; and φerφ  is the phase angle 
of the time-varying transmission error.

Similarly, the time-varying meshing stiffness k nrpkk  
and k nspkk  can be written in the form as follows:

k k k rm ak k k r
r

n

m mr( )tt = kk
=

∑kkkk
1

cos( )ω φtm mt +  (2)

where kmk ( )t  is the time-varying meshing stiffness; 
km0kk  is the mean value of time-varying meshing 
stiffness; kark  is the amplitude of the rth harmonic 
mesh stiffness; r is the number of the harmonic 
terms sufficient to describe the periodic function; 
and φmrφ  is the meshing phase of the time-varying 
meshing stiffness.

2.2 Differential equations of motion

In the planetary gear train, the nonlinear displace-
ment function of backlashes f ( )δ ))  is expressed 
as:

f b
l n l n

l n

l n l n
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⎧

⎨
⎪
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⎩
⎪
⎨⎨

⎩⎩
⎪⎪
⎩⎩⎩⎩ bl nbpll / 2

 (3)

where bl nbpll  and δ l nδδ pll  (l = s, r) are the gear backlash 
and the relative displacements of the nth meshing 
pair along the LOA, respectively. δ l nδδ pll  is defined as 
the follows:

δspδδ n s p spn= + −us +s e  (4)

δ rpδδ n r p rpn= −u ur − e  (5)

The time-varying meshing stiffness of the 
ring-planet and sun-planet pairs can be obtained 
by using the Ishikawa formula (1984). The basic 
parameters of the planetary gear system are listed 
in Table 1. The meshing stiffness of the two pairs is 
shown in Figure 2.

The friction force between a gear pair, the key 
points, dynamic mesh forces, and friction forces 
in a mesh circle of a single gear pair is shown in 
Figure 3.Figure 1. Dynamic model of a planetary gear train.
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As shown in Figure 3, N1N2 is the theoretical 
length of the LOA, P is the pitch point, AD is the 
real length of the LOA, AC and BD are equal to 
one base pitch, Ff is the friction force that is tan-
gential to the tooth surface, FN is the dynamic 
mesh forces along the LOA, and LpL  and Lg are the 
time-varying moment arms for the pinion and the 
gear, respectively.

According to Figure 3, the geometric relation-
ships are as follows:

N N1 2N NN N = ( )rp grr+rrr sinα  (6)

AD = + − ( )+r r− r− +parr pbrr ga gbrr +2 2r 2 2r sinα  (7)

N A r rgar gbr2NN 2 2r= ( )rp gr+rr − rsinα  (8)

AC DB pb= =DB  (9)

N D r r1NN 2 2r= ( )r+r − rrrrr parr pbrrsinα  (10)

L N A r tp pL NL pbrr bN AN ANNNN d( , )pb  (11)

L N N Lg pL N LN N1NN NNN NN N  (12)

V L LstVV p pL g gL ω ωLp gL−  (13)

λ = sgn( )VstVV  (14)

sgn( )V
V
VstVV

stVV
stVV=

−

1

1

>0
0             =0    

<0  VstVV

⎧
⎨
⎪⎧⎧
⎨⎨
⎩⎪
⎨⎨
⎩⎩

 (15)

F F kN NFF pgkk pg pg pg2NFF =F 2F δ δcpg pg p
�  (16)

F F ifFF =F iλμFFλ FFFFNFFFF ,( , )1,  (17)

where rp and rg are the pitch radii of  the pinion 
and the gear, respectively; rpa(rga) and rgb(rga) are 
the addendum radius and the base circle radius 
of  the pinion (the gear), respectively; kpg denotes 
the time-varying mesh stiffness; cpg is the damp-
ing between the pinion and the gear; δpgδδ  denotes 
the relative displacement between the pinion 
and the gear; μ is the friction coefficient; and λ 
is the direction function. The function mod (x, 
y) = x−y*floor(x/y), if  y≠0, where the function 
floor rounds the value down to the nearest (lower) 
integer value.

By using Newton’s second law, the differential 
equations of motion for the planetary gear train 
can be derived as:
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 (18)

Figure 2. Time-varying stiffness of gear pairs.

Figure 3. Mesh and friction forces of a spur gear pair.

Table 1. Parameters of the example system.

Parameter nomenclature s p r c

Teeth number z 20 29 79 —
Module m/mm 2.25 2.25 2.25 2.25
Tooth width B/mm 25 28 25 25
Inertia moment /kg⋅mm2 146 297 17440 11178
Base circle diameter

db/mm
42.23 61.31 167.03 113

Torsional stiffness /N⋅um−1 0 — 57.6 0
Meshing angle α’/° αs = 21.04°, αr = 20.03°
Damping coefficient 0.07
Input torque Tp/N⋅m 300
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In Eq. (18), Jj (j = s, pn, c) is the inertia moment 
of the corresponding component; rbsrr pb,rp  and rc are 
the base radii of the sun, the planets and the car-
rier, respectively; LspLL i ( )t  and LrpLL i ( )t  are the time-
varying moment arms of the sun-planet pair and 
the ring-planet pair, respectively; F tf iFF f iff ff( )t , (Ff iFFff )  
are the friction forces between the sun-planet pair 
and the ring-planet pair, respectively; TsTT  and TcTT  
are the input and output torques acting on the sun 
and the carrier.

To solve the above equations, a numerical method 
of Runge–Kutta is adopted. For this purpose, Eq. 
(18) needs to be non-dimensionalized. Let the char-
acteristic frequency be ω a sp sb s pb p= spksp )sb s pb psbss rs p+s Jp ,2 2J r+  
where kspkk  is the mean value of the meshing stiff-
ness of the external gear pair and let the charac-
teristic length b b

na pb bjb pb 2.  Other dimensionless 
parameters are defined as:
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where uj  (j = s, c, pn) are the non-dimensional 
torsional displacements of the corresponding 
component.

The dimensionless nonlinear dynamic differen-
tial equations can be expressed in the matrix form 
as:

Μ �� �X CX K f XK F+CX =)X  (20)

Μ , ,Μ ,C K,  and F  are the non-dimensional mass 
matrix, damping matrix, stiffness matrix, and load 
excitation vector.

3 NUMERICAL SIMULATION AND 
DISCUSSIONS

A 2K-H planetary gear train of NGW11-5 built 
by Jiangsu Tai-long Machinery Group Co. Ltd is 
taken as an example for analysis. The major design 
parameters of the example system are listed in 
Table 1.

The following numerical simulations are carried 
out on the basis of these parameters.

The nonlinear dynamic responses of the exam-
ple system with respect to different friction coef-

ficients (μ) are computed and shown in Figures 4, 
5 and 6. For simplicity, the dimensionless meshing 
frequency is set to 1.5 for different μ.

As can be seen from the time history shown in 
Fig. 4(a), the maximum dimensionless displace-
ment is 0.695 and the minimum dimensionless 
displacement is 0.233. The phase plane plot in 
Fig. 4(b) indicates that the example system is in a 
disorder, non-redundant state. In addition, from 
the Poincare maps, we can see that the chaos attrac-
tor is formed by countless points. From the Fourier 
spectrum, it can be observed that there exist two 
resonant peaks located at 0.09 and 0.15. From the 
above discussions, it can be roughly concluded that 
the example system evokes complicated dynamic 
responses when the frictional effects between the 
sun-planet and the ring-planet mesh pairs are not 
considered.

As shown in Figure 5, the example system also 
has an aperiodic response, when μ is 0.03. The 
maximum dimensionless displacement is 0.658 and 
the minimum dimensionless displacement is 0.215. 
Compared with Figure 4, the maximum and mini-
mum dimensionless displacements are suppressed. 
Nevertheless, the example system still demonstrates 
a disorder, non-redundant state. The Poincare map 
indicates that the chaos attractor is also formed by 
countless points, though the chaos attractor has 
become smaller. This may be explained by the fact 
that the friction forces between the gear pairs cause 
energy loss.

When the friction coefficient μ continues to 
increase, the example system exhibits a quasi-
periodic response. As can be seen from Figure 6, 
the dimensionless dynamic responses become 
smaller when μ increase to 0.06. The maximum 
and minimum dimensionless displacements are 
0.626 and 0.231, respectively. Compared with 

Figure 4. Nonlinear dynamics of the system with 
u = 0.
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4 CONCLUSIONS

1. An analytically pure torsional dynamic model is 
established to investigate the nonlinear dynamic 
behaviors of a planetary gear train with a fixed 
ring gear. The proposed model includes back-
lashes, transmission error, time-varying mesh stiff-
ness, as well as the frictions between gear pairs.

2. Friction forces have significant influences on 
the dynamic responses of the planetary gear 
train. With the increment of the friction coef-
ficient, the planetary gear system experiences 
chaos responses and quasi-periodic responses 
sequentially. In addition, the vibration ampli-
tudes of the system can be suppressed by the 
friction forces. Thus, the frictional effects must 
be considered during the design and analysis 
stages of a planetary gear train.

3. The present study provides a theoretical basis 
for vibration suppression and noise reduction 
of planetary gear trains.
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ABSTRACT: Noise and vibration are crucial factors affecting the cabin comfort and acoustic stealth 
of ships. Reducing noise is an urgent but a very difficult task in marine gearing because of its feature 
of heavy loading under high gear pitch line speed. In this paper, main transmission configurations used 
in marine gearing are summarized first. Then, the models and methods for low-noise design of marine 
gearing are reviewed and described, including gear system dynamic analysis, gearbox vibration and noise 
analysis, coupled vibration and power flow analysis, and control methods for vibration and noise. Finally, 
according to the requirement of development trend in more comfortable ships, the key research aspects to 
achieve lower noise are outlined for the design of marine gearing.

combination type “or” systems such as CODOG 
(COmbined Diesel Or Gas turbine) shown in 
Figure 1, or COGOG (COmbined Gas turbine Or 
Gas turbine). The other one is the combination 
type “and” systems called CODAG (COmbined 
Diesel And Gas turbine) or COGAG (COmbined 
Gas And Gas turbine). In the “or” propulsion sys-
tems, only one of the engines works at the same 
time and it will change the working mode alterna-
tively according to the status of the ships in toiler, 
cruise and fast, whereas in the “and” systems, the 
engines can be used individually or together to 
strengthen the propulsion power.

1 INTRODUCTION

Gas turbines, steam engines, diesel engines, electric 
motors, and their combinations are main power 
sources used in marine vessels. Marine gearbox 
connected to multiple engines transmits power 
from engines to the propellers. With the develop-
ment of marine technology, the power transmitted 
in a single shaft reaches as high as 50 MW, and the 
gear pitch line speed can be 120 m/s. The vibra-
tion and noise of ships not only seriously affect 
the cabin comfort, but also pose a serious threat to 
their safety. The underwater noise of ships can be 
divided into three types: propeller noise, mechani-
cal noise, and hydrodynamic noise. The vibration 
of marine gearbox is the main source of mechani-
cal noise. Therefore, further reduction of the vibra-
tion in transmission line is becoming a very urgent 
issue in the design of marine gear system.

In this paper, the main forms and characteristics 
of marine gears are introduced. Then, the research 
progresses in the analysis of gear system dynam-
ics, analysis of gearbox vibration and noise, and 
review and discussion of coupled vibration and 
control methods. Finally, the key research aspects 
for a low-noise design and control of marine gear-
ing units are proposed and outlined.

2 MARINE POWER TRANSMISSION

2.1 Power transmission configurations

There are mainly two types of propulsion sys-
tems used in cruise and naval vessels. One is the 

Figure 1. Configurations of CODOG.
1-Stage I pinion; 2-Stage I gear; 3-Stage II pinion; 4-Stage 
II gear; 5-Stage I pinion of diesel engine; 6,10-SSS clutch; 
7,11-Universal joint; 8-High-flexible coupling; 9-Hydrau-
lic coupler; 12-Diaphragm coupling; 13-Torsion shaft; 
14-Bearing.
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2.2 Gear transmission configurations

In order to transmit the power from high rotational 
speed of prime engines (about 4,000–9,000 rpm) to 
lower rotational speed of propellers (about 50–400 
rpm), the marine gearing units have larger trans-
mission ratio. Different from conventional “or” 
propulsion systems, an “and” system requires the 
gearbox with different gear ratios to ensure prime 
engines working together or individually, so more 
gearwheels and clutches will be used in the “and” 
systems. For different types of power engines and 
propulsion systems adopted, the main gear trans-
missions are branching gear transmission and 
planetary gear transmission.

2.2.1 Branching gear transmission
According to the characteristics of power flow 
of prime engines, branching gear transmission 
can be divided into the form of power branching 
gear transmission and power combined gear 
transmission. A power four branching gear trans-
mission configuration is shown in Figure 2, in 
which the input powers from different engines are 
branched by multi-branch of gears, and then join 
together to the output gear.

2.2.2 Planetary Gear Transmission (PGT)
PGTs used in marine propulsion systems include 
series form and power split form. The configu-
rations of series PGT and power split PGT are 
shown in Figure 3. These PGTs usually adopt float-
ing gear ring and elastic planet shaft to ensure the 
power transmission with more equal load sharing 
and convenient assembling of large double helical 
internal and external gears.

2.3 Installation structures of gearbox

Equipment are usually installed and fixed on the 
ships through different ways, such as rigid or 

flexible installation on the foundation, or on a raft, 
which is installed rigidly or flexibly on foundation. 
Marine gearbox design often uses one of the three 
installation types: rigid installation, half-flexible 
installation, and flexible installation (Chang 
2010). Figure 4 shows a typical form of flexible 
installations.

3 MODELS AND METHODS FOR LOW-
NOISE DESIGN OF MARINE GEARING

3.1 Gear system dynamic analysis

3.1.1 Mathematical dynamic models
Dynamic models of gear system can be catego-
rized into lumped parameter model, distributed 
mass model, rigid-flexible coupling model and 
geared rotor dynamic model. Lumped param-
eter model is one of the earliest and most mature 
modeling methods, including pure torsional vibra-
tion model, lateral-torsional coupling model and 
lateral-torsional-axial coupling vibration model. 
Distributed mass model is to deal with the inter-
action between the gear teeth as the contact finite 
element model (Ambarisha & Parker 2007). Rigid 
flexible coupling model refers to dynamic model 
in which some components are considered as soft 

Figure 2. Power branching gear transmission 
configuration.
1-Input shaft; 2-Stage I pinion; 3-Stage I gear; 4-Torsion 
shaft; 5-Stage II Pinion; 6-Branch middle gear; 7-Output 
gear.

Figure 3. Configuration of PGT.

Figure 4. Flexible installation form of marine gearbox.
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bodies, and other components are considered as 
rigid bodies (Wu & Parker 2008). Geared rotor 
dynamic model (Rao et al. 1998) can be used to 
study the influence of unbalance mass, gyroscopic 
effect and geometric eccentricity on the gear mesh-
ing and shaft vibration.

3.1.2 Gear mesh stiffness and transmission error
It is generally known that the fluctuations of mesh 
stiffness and transmission error are the main exci-
tations that cause unwanted vibration and noise of 
gear transmission system. Determinations of time-
varying mesh stiffness and loaded transmission 
error have always been the most important issues 
in gear dynamic analysis.

Marine gearing device usually adopts double-
helical gear with large helix angle and wide-face. 
The mesh stiffness and loaded transmission error 
of double-helical gear can be obtained by calcu-
lating the corresponding parameters of two heli-
cal gear pairs (Ren et al. 2014). The time-varying 
mesh stiffness and loaded transmission error of a 
gear pair without error and modification are only 
related to the elastic deformation of gears. Chang 
et al. (2015a) proposed a modified method for 
determining mesh stiffness and static transmission 
error of cylindrical involute gears, and studied the 
influence of gear basic parameters on mesh stiff-
ness. The results showed that the fluctuation of 
mesh stiffness has a local minimum when the trans-
verse contact ratio or the overlap contact ratio is 
an integer, as shown in Figure 5. Manufacturing 
error, assembly error and tooth surface modifica-
tion have significant effects on the mesh stiffness 
and transmission error for a gear pair with error 
and modification. Chang et al. (2015b) established 
a nonlinear computation model by coupling gear 
error and mesh stiffness based on finite element 
method and elastic contact theory, and determined 
mesh stiffness and composite meshing error when 
the error distribution on tooth surface has been 
known. The study results showed that the meshing 
stiffness fluctuation of helical gear pair with error 
decreases with the increase of the applied load, as 
shown in Figure 6, but the fluctuation of loaded 
transmission error tends to decrease firstly and 
then increase with the applied load increasing, as 
shown in Figure 7.

3.1.3 Natural characteristics analysis
One purpose of gear transmission system natural 
characteristics analysis is to predict natural fre-
quency which can provide a direct reference for 
the system resonance. Another purpose is to reveal 
the variation of the system vibration mode, which 
have theoretical significance to avoid resonance 
system and suppress certain vibration modes. Bu 
et al. (2012) established double-helical planetary 

Figure 5. Effect of gear width on meshing stiffness 
fluctuation.

Figure 6. Effect of applied load on meshing stiffness.

gear dynamic model with journal bearing, found 
that five kinds of vibration modes existing in the 
system, and analyzed the effect of oil film stiffness 
asymmetry and stiffness asymmetry on vibration 
mode.

3.1.4 Dynamic response analysis
Vibration characteristics of the gear transmission 
system subjected to internal and external excitation 
can be obtained by dynamic response analysis of 
the system.

Chang (2014) studied the influence of the preci-
sion grade on the dynamic response of gear trans-
mission system under different conditions. He 
found that the effect of precision grade on dynamic 
load coefficient is not obvious under heavy load 
condition, as shown in Figure 8. Börne et al. (2013) 
studied the influence of working condition on the 
system dynamic excitation. The results showed 
that the level of gear excitation under light load is 
high, as the load increasing, the dynamic excitation 
becomes smaller and reaches a minimum, and then 
the dynamic excitation increases.

Inalpolat et al. (2015) analyzed the impact of 
gear tooth cumulative pitch error on the dynamic 
response of spur gear transmission system. The 
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results showed that dynamic transmission error 
affected by the cumulative error of tooth pitch 
has a long period fluctuation and there are larger 
amounts of low frequency and side-band fre-
quency in the spectrum.

3.2 Gearbox vibration and noise analysis

3.2.1 Methods of structural vibration analysis
At present, Finite Element Method (FEM) is the 
main method used in the inherent characteristic 
and structural vibration analysis of marine gear-
box. In view of the structural characteristics of 
marine gearbox such as large size, complex struc-
ture and etc., reasonable finite element model is 
the key to realize accurate prediction of structural 
vibration. Zhu et al. (2009) established the finite 
element model of gear system and gearbox. Zhou 
et al. (2011) established the lumped mass model of 
gear system and finite element model of gearbox. 
The consideration of interaction between the gear 
system and the gearbox in the second method is 
less comprehensive, but this method can effectively 
reduce the calculation scale.

3.2.2 Methods of radiated noise analysis
At present, Finite Element Method (FEM)/Bound-
ary Element Method (BEM) is the main method 
used in the radiated noise analysis of marine gear-
box and its accuracy has been verified. Zhang et al. 
(2014) computed the radiated noise of marine gear-
box using this method and discussed the influence 
of operating load, mesh stiffness and gear error on 
the radiated noise. However, this method can only 
calculate the radiated noise of gearbox in low fre-
quency domain.

Statistical energy analysis (SEA) and FEM-SEA 
hybrid method are two methods for radiated noise 
analysis in high and middle frequency domain. 
However, these two methods have seldom been 
used in analysis of marine gearbox.

3.2.3 Foundation flexibility consideration 
methods in vibration and noise analysis

The foundation is an important part of marine 
gearing system and its flexibility has obvious 
influence on the vibration and noise of gearbox. 
At present, there are few studies on the effect of 
foundation flexibility on the vibration and noise of 
gearbox. Zhou et al. (2012) simulated the influence 
of foundation flexibility using spring element. The 
results showed that the spring stiffness has certain 
effect on the vibration and noise of gearbox.

3.3 Coupled vibration and power flow analysis

Marine gearing device contains gear transmission 
system, gearbox and foundation (including iso-
lators, mount and ship body), and they coupled 
together as a whole. Chang (2014) proposed a static 
sub-structure synthesis method to extract lumped 
parameters of box, through which box can easily 
be coupled with gear transmission system. Marine 
gearboxes are usually installed on raft isolation sys-
tem, impedance of isolators and foundation will 
also influence gear transmission system. However, 
seldom report about the whole transmission sys-
tem-gearbox-foundation coupled system is found.

In complex marine transmission system with 
multi-engine and multi-propeller, each device 
(shown in Figure 9) is a vibration source coupled 
with each other, which affects the whole ship radi-
ated noise. The vibration coupling of multi-gear-
box is shown in three aspects: (1) gearboxes are 
coupled through foundation, gearbox mass and 
stiffness will influence vibration isolation perform-
ance of other gearboxes; (2) gearboxes are coupled 
through shafts, and axis misalignment between 
gearboxes will lead to vibration; (3) as multi-exci-
tation source, phase difference among gearboxes 
will make difference to vibration isolation.

Vibration power flow analysis is a scientific and 
reasonable way to study vibration propagation 

Figure 7. Effect of applied load on the fluctuation of 
loaded transmission error of helical gear pair.

Figure 8. The fluctuation of dynamic load of helical 
gear pair.
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in the view of energy. Li & Lavrich (1999) evalu-
ated power flows through isolators, and pointed 
out that vibration power may transmit back from 
elastic foundation to excitation equipment in some 
frequencies.

3.4 Control methods for vibration and noise

3.4.1 Control methods of gear and shaft
It is generally acknowledged that different gear 
structures and parameters will lead to different 
gear natural frequencies, vibration responses and 
noises. Flexible web structure and damping mar-
tial are usually adopted in Aircraft gear and light 
loaded gear; however, for high loaded marine 
gear they are seldom used due to the limitation of 
load and work environment. Yu & Wang (2009) 
showed that adding damping material such as rub-
ber between gear and ring does not make sense 
for noise reduction, while it is necessary to elastic 
mount pinion on shaft in the radial and circumfer-
ential directions in order to reduce noise.

Elastic structures like floating structure, mem-
brane disc, flexible coupling, and elastic torsion 
shaft etc. are widely used in large marine gearing 
system in order to reduce noise through load shar-
ing. Pan et al. (2015) studied force transferring 
and load sharing characteristics of elastic torsion 
shaft, and found that elastic torsion shaft has a 
better load sharing characteristic than two series 
axis. They suppressed vibration transferring by 
adopting structure with variable cross-section in 
middle shaft.

3.4.2 Control methods of gearbox vibration
1. Structure improvement of gearbox. The struc-

ture of gearbox has obvious influence on its 
vibration and noise, so the reduction of vibra-
tion and noise can be achieved by improving 
the structure of gearbox. Acoustic contribu-
tion analysis and numerical optimization are 
two main tools for guiding the improvement of 
gearbox.
The region owning maximum acoustic con-

tribution can be found by acoustic contribution 
analysis, and the radiated noise can be reduced by 
improving the structure of this region. Wang et al. 
(2015) improved the structure of marine gearbox 

using acoustic contribution analysis, as shown in 
Figure 10. Results showed the radiated noise is 
reduced obviously. Acoustic contribution analysis 
can only determine the improvement area, but can-
not determine the improvement way.

The optimization objective is a very important 
parameter in the optimization model. At present the 
optimization objectives used in vibration and noise 
control problems mainly include maximum of nat-
ural frequency, minimum of dynamic response or 
dynamic compliance, minimum of sound pressure 
or sound power and etc. In the complex structure 
of marine gearbox, the commonly used optimi-
zation objective is maximizing natural frequency. 
However, this objective is indirect. A more direct 
optimization objective can be introduced based on 
acoustic contribution analysis without increasing 
the calculation scale obviously.
2. Application of damping material. Laying damp-

ing material on the bearing or the surface of 
gearbox is also an important mean to control 
the vibration and noise of marine gearbox. 
Dai et al. (2014) mounted damping supporting 
ring on bearing. The experiment results showed 
that the vibration acceleration amplitude on 
the corner of gearbox is reduced obviously. 
Large size is a main characteristic of marine 
gearbox, and only laying damping material on 
reasonable region can reduce the vibration and 
noise. Modal strain energy analysis is the main 
method to determine the effective laying region 
on marine gearbox.
The laying thickness is also an important fac-

tor affecting the damping effect. Influencing factor 
analysis and parameter optimization are two meth-
ods to determine the laying thickness of damping 
material. Research results of Han et al. (2012) 
showed that ideal vibration reduction effect can be 
achieved when damping layer accounts for 1/3 of 
its bulk thickness.

3.4.3 Gear transmission system vibration isolation
Vibration isolation is to install appropriate isola-
tors between equipment and foundation to reduce 
the vibration intensity transmitted to the receiving 
structure. It is widely used in ships vibration con-
trol. Vibration isolation system can be divided into 
three categories: passive vibration isolation, active 

Figure 9. Multi-gearbox coupled vibration.

Figure 10. The structure improvement of gearbox.
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vibration isolation, and hybrid active and passive 
vibration isolation.

1. Passive vibration isolation. Passive isolation sys-
tems are classified into single stage isolation 
system, two-stage isolation system and raft iso-
lation system. Single stage isolation system has 
relative simple structure, and usually can yield 
10–20 dB vibration attenuation. Two-stage 
isolation system has a better performance and 
the transfer attenuation increased to 40 dB. In 
order to reduce weight of the middle block, 
multi dynamic mechanical equipment are elas-
tically mounted on a public raft, and the raft 
is elastically mounted on the foundation, thus 
forming a raft isolation system. As a way to 
control mechanical vibration noise, raft isola-
tion system has made remarkable achievements 
in improving the acoustic stealth performance 
of the submarine.

2. Active isolation. The passive isolation system 
cannot work in low frequency range, and active 
vibration isolation has become a new approach 
because of its good performance and adaptabil-
ity. Niu & Song (2011) studied different control 
strategies’ vibration isolation based on a two-
stage active isolation system. Results show that 
control of  equipment can achieve good vibra-
tion isolation performance in low frequency; 
control of  raft can achieve good isolation per-
formance in middle and high frequency, and 
control of  both equipment and raft can achieve 
good isolation performance in a broad fre-
quency range.

3. Hybrid active and passive isolation. The hybrid 
active and passive isolation technology is the 
integration of passive vibration isolator and 
actuator, with the passive isolator bearing the 
weight and isolating broadband vibration, and 
with the actuator controlling and reducing 
vibration. Moon et al. (2010) proposed a hybrid 
isolator with rubber isolator and piezoelectric 
material actuator, which have an excellent vibra-
tion isolation performance.

4 KEY RESEARCH ASPECTS

4.1 System dynamic modeling under multi-
excitation

1. Dynamic transmission error is an important 
index to measure the level of vibration and 
noise of gear transmissions. The influence law 
of short- and long-period gear errors on the 
dynamic transmission error of double-helical 
gears should be further studied for the low-
noise design of marine double-helical gear 
transmissions.

2. According to the characteristics of high preci-
sion and heavy load for marine gears, a multi-
factor integrated system dynamics model should 
be established. It is necessary to systematically 
study the response characteristics of the gear 
system under different working conditions and 
external excitation to capture the influence laws.

4.2 Accurate analysis and optimization methods

1. Finite Element Method (FEM)/Boundary Ele-
ment Method (BEM) is a good solution to the 
vibration and noise analysis of marine gearbox 
in low-frequency domain. However, in middle- 
and high-frequency domain, there remain some 
problems in FEM–SEA (statistical energy anal-
ysis) hybrid method and SEA. Therefore, analy-
sis of the vibration and noise of marine gearbox 
in full frequency domain has not been resolved 
well.

2. The influence of foundation flexibility can be 
considered using spring element, but this con-
sideration is not comprehensive. Therefore, con-
sidering the foundation flexibility in vibration 
and noise of marine gearbox without increasing 
the calculation scale needs further study.

3. At present, maximum of natural frequency is 
a commonly used optimization objective in the 
vibration and noise control of gearbox, but this 
objective is indirect. Therefore, finding a direct 
optimization objective to reduce the vibration and 
noise of marine gearbox by taking into account 
the computation scale needs further study.

4.3 Coupled vibration and isolation technology

1. In marine power transmission system, there 
exists interaction influence among gear trans-
mission system, gearbox, and foundation, and 
gearboxes are coupled with each other through 
foundation and shafts. Analysis of coupled 
vibration transfer based on power flow method 
can help to reduce marine vibration and noise.

2. As a mature vibration isolation technology, raft 
isolation system is widely used in ships. How-
ever, studies on raft system usually adopt an 
assumed unit exciting force, without focusing 
on special machine. The vibration of marine 
gearing mainly has discrete frequencies, and 
parameter matching based on this feature will 
yield a better vibration isolation performance.

5 CONCLUSIONS

Focusing on low-vibration and low-noise design 
in marine gears, this paper is expanded into three 
aspects:
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1. Power transmission configurations, branching 
gear transmission, and planetary gear transmis-
sion configurations in marine power train are 
summarized.

2. Studies on gear system dynamic analysis mod-
els, gearbox vibration and noise analysis meth-
ods, gear device coupled vibration, power flow 
analysis, and control methods are reviewed.

3. Critical issues on further research from system 
dynamic modeling method under multi-exci-
tation, accurate analysis, optimization design, 
coupled vibration analysis, and isolation tech-
nology are proposed.
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Research on coordinated control strategy for the engine starting of 
electro-mechanical transmission
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School of Mechanical Engineering, Beijing Institute of Technology, Beijing, P.R. China
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ABSTRACT: During the switching process from pure electric driving mode to hybrid mode of dual-mode 
Electro-Mechanical Transmission (EMT) system, the engine needs to be started by the motors. A coordi-
nated control strategy is proposed in order to solve the longitudinal jerk problem of vehicle caused by this 
switching process. Firstly, the dynamics analysis of the EMT system is presented by using the Lagrange 
method. Secondly, the switching process is divided into three stages: motor speed regulation and clutch 
engagement, engine starting process and engine active speed regulation to the transition speed of hybrid 
mode. In the second stage, optimal control theory is used to find a near optimal motor torque trajectory in 
order to smooth the engine starting process. The simulation results indicate that the coordinated control 
strategy can realize smooth and fast mode switching process with EMT system and the longitudinal jerk 
of vehicle can be effectively suppressed.

Keywords: electro-mechanical transmission system, mode transition, coordinated control strategy, 
optimal control

between engine and motors happen synchronously, 
which will affect the vehicle ride comfort. Moti-
vated by this issue, how to control the engine and 
motors to ensure the mode transition smoothness 
might always be a hot issue in the area of hybrid 
powertrain control [3][4].

To address the torque coordination control 
issue, a torque compensation control strategy is 
proposed [5][6]. The strategy uses motors to com-
pensate torque change of powertrain in engine 
start process, and can ensure a quick and smooth 
engine start without shock in powertrain. The lin-
ear quadratic optimal control algorithm is applied 
to the control of HEV powertrain to minimize 
both the longitudinal jerk of vehicle and the fric-
tional sliding work of clutch simultaneously [7]. 
As a result, the control algorithm achieves power 
smooth shifting, effectively eliminates the abrupt 
impact and oscillation during clutch engagement. 
The engine ignition timing and the clutch state are 
considered as the key factors to the ride comfort 
control during mode transition process [8]. There-
fore, a clutch pressure fuzzy control algorithm for 
HEV mode transition is proposed, which is based 
on torque coordination control and starting engine 
at target speed. A fuzzy PID controller is employed 

1 INTRODUCTION

As the awareness of environmental protection and 
the demand of energy conservation increase world-
wide, Hybrid Electric Vehicles (HEVs) become a 
new hot topic of vehicle research because of its 
characteristics such as energy saving and low 
emission [1]. The engines of HEVs equipped with 
intelligent Start-Stop system can stop and start 
automatically to avoid working in the inefficient 
zone. Research shows that the intelligent Start-
Stop technology can offer a 5% reduction in fuel 
consumption [2], which makes it a key method for 
HEVs to achieve the goal of fuel saving.

The Electro-Mechanical Transmission (EMT) 
system, one kind of power-split hybrid system, 
consists of multiple planetary gear sets and two 
Motors/Generators (MGs). It can ensure the 
engine working in high efficiency area by adjust-
ing motor speed. HEVs control system operates in 
pure electric driving mode when the battery State 
Of Charge (SOC) is high as well as the load is low, 
and switches to hybrid mode as the required driv-
ing power increases. During the switching process, 
dynamic processes such as the engine starting, the 
clutch engagement and the torque coordination 
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as feedback to adapt various non-linearities in the 
consecutive operating phases during mode transi-
tion process [9]. The study shows that comparing 
with conventional PID controller, the proposed 
controller has better adaptability to disturbances 
caused by the changing road conditions, the uncer-
tainties in engine system and the noise from clutch 
actuation. A disturbance observer is built, which 
could estimate and compensate for disturbances to 
improve control accuracy, tracking performance 
and drivability [10].

The control methods mentioned above are 
mostly applied in single-axle parallel hybrid elec-
tric vehicles, which integrates a starter/generator 
motor between the engine and transmission system 
to control the engine starting process accurately. 
However, EMT system is more complicated. The 
engine cannot be started directly and engaged into 
driveline via the clutch. In this paper, the dynamics 
analysis of the EMT system is presented. On the 
basis of the analysis, the mode transition process is 
divided into three stages. The optimal control the-
ory is applied to coordinate torque of the motors 
during the engine starting process. Finally, a simu-
lation model is built to verify the effectiveness of 
proposed control strategy.

2 THE EMT SYSTEM CONFIGURATION 
AND MODELLING

In this paper, the EMT system is applied in a 
heavy-duty vehicle which has a high demand of 
the driving performance. Figure 1 illustrates the 
configuration of the EMT system [11][12].

Based on the structure of the system, the vehicle 
controller can operate under different modes such 
as pure electric driving mode, engine starting mode, 
hybrid mode 1 (EVT1), hybrid mode 2 (EVT2) and 
braking mode. The EMT system switches among 
different modes according to preset switching 
logic while meeting certain switching conditions. 
The states of each component of the EMT system 
under different mode are shown in Table 1 and the 

logic of switching among different modes is shown 
in Figure 2.

2.1 Engine dynamics model

Under steady-state conditions, the external charac-
teristics and load characteristics of the engine can 
be fitted by the experimental data as a function of 
throttle position and speed. The dynamic response 
of engine from controller demand to the indicated 
output is modeled using a first order transfer func-
tion as:

T
s

TenTT g act enTT g desireddds g=
+

1
1τ ssτ ss

 (1)

where Teng_desired is the torque demand from the con-
troller; Teng_act is the indicated engine torque; and 
τ is the time constant for the first order transfer 
function.

2.2 Electric machine dynamics model

To implement accurate torque tracking control, 
the control-oriented mathematical model of Per-
manent Magnet Synchronous Motor (PMSM) is 
adopted. The model of PMSM, which is converted 
from three-phase stationary reference frame to 
two-phase synchronous d-q frame, can be written 
as follows:Figure 1. Configuration of the EMT system.

Table 1. States of the EMT under different modes.

Mode Engine MG A MG B CL0 CL1 B1

Pure electric × Stop M × × °
Engine starting ° M M ° × °
EVT1 ° G M ° × °
EVT2 ° M G ° ° ×
Braking × G G ° × ×

Figure 2. The switching logic of the EMT system.
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where id and iq are the stator currents of the d and 
q axes respectively; ud and uq are the stator voltages 
of the d and q axes respectively; Rs, L, P and ψ 
represent the stator resistance, the stator induct-
ance, the number of the pole pairs and magnet's 
flux linkage respectively; ωm and Jm are the speed 
and the moment of inertia of the PMSM respec-
tively; Tm and Tl are the PMSM torque and the 
load torque respectively. The stator currents are 
controlled by id = 0 strategy, therefore the PMSM 
torque could be described as:

T K P im mT KT qiψ ii  (3)

where Km is the proportional coefficient of PMSM 
toque.

2.3 Power coupling plant dynamics model

1. Kinematics analysis
Based on the speed formula of planet gears, the 
speed relationship of MG A and MG B to the input 
part and output part can be obtained as follows:
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EVT2 mode:
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where k1, k2 and k3 are the characteristic param-
eters of the planet gears respectively, which is the 
ratio between the ring and sun gears; ωi, ωo, ωA and 
ωB are the speed of input part, output part, motor 
A and motor B respectively.

2. Dynamics modeling
As shown in Figure 1, all the power coupler parts 
besides R1-PC2 part are directly linked with the 
four parts, namely MG A, MG B, the output part 
and the input part. Therefore, the power coupler is 
equivalent to 5 inertias. JA is the equivalent inertia 
of MG A, R2 and shaft connected to it. JB is the 
equivalent inertia of MG B, S1, S2, S3 and the shaft 

connected to it. Jx is the equivalent inertia of R1, 
PC2 and the shaft connected to it. Ji is the equivalent 
inertia of input part and the shaft connected to it. Jo 
is the equivalent inertia of output part and the shaft 
connected to it. In pure electric driving mode, clutch 
CL0 and CL1 disconnect, and braker B1 engages. Ji 
equals the equivalent inertia of PC1 and the passive 
side of clutch CL0. In EVT1 mode, clutch CL0 and 
braker B1 engage, clutch CL1 disconnects. Ji equals 
the equivalent inertia of engine flywheel, clutch 
CL0, PC1 and the shaft connected to it.

The rotation angle of input shaft ϕi and output 
shaft ϕo are chosen as the generalized coordinates 
and the virtual work of system ∑δW can be writ-
ten as:

δ δϕ δδ ϕ δδ ϕ δδ ϕδδδδ δϕδδi iδϕϕδ o oδϕϕδδϕδ A Aδϕϕδ B Bδϕδδ∑ δϕδδδϕϕδδ δϕδδδϕδδ  (6)

where Ti, To, TA and TB are the torque of input 
shaft, output shaft, MG A and MG B respectively. 
ϕA and ϕB are the rotation angle of MG A and MG 
B respectively.

The generalized moments of the system are:

Q
W

T a TiQQ
i

i AT aT T= =∑δWW
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11  (7)
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T a T a ToQQ
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o AT aT T BTT= = a Ta T∑δWW
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The Lagrange function of the system is:

L V( )J J JA AJ B B x xJ i i o oJJAJ JxJ −
1
2

J+ J+JA BJ+A J+ Jx iJJ+x J+  (10)

where V is the potential energy of system and ωx is 
the rotate speed of inertia Jx, which is:

ω ω ωx iω ωω o
k

k
k

k
−

+1 1k+ 2kkk

2kk
3kk

2kk
 (11)

Plug formula (7)∼(11) into the Lagrange 
equation:

d
dt

L L
Q

d
dt

L L
Q

i i
iQQ

o o
oQQ

∂
∂

⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

−
∂
∂

=

∂
∂

⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎠⎟
⎞⎞
⎠⎠

−
∂
∂

=

⎧

⎨
⎪
⎧⎧

⎪
⎨⎨
⎪⎪

⎩
⎪
⎨⎨

⎪⎩⎩
⎪⎪

�

�

ϕ ϕi ⎠⎠⎠ ∂

ϕϕo ⎠⎠⎠ ∂

 (12)
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The differential equations set of the system is as 
follow:

b b
b b

a
a a

T
T
T

i

o

AT

BTT11bb 12bb

21bb 22bb
11

12 22

0 1 0
0 1

⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦

⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦
=

⎡

⎣
⎢
⎡⎡

⎣⎣

⎤

⎦
⎥
⎤⎤

⎦⎦

��
��
ϕ
ϕ iiTTTT

oTo

⎡

⎣

⎢
⎡⎡

⎢
⎢⎢

⎢
⎢⎢

⎢
⎣⎣

⎢⎢

⎤

⎦

⎥
⎤⎤

⎥
⎥⎥

⎥
⎥⎥

⎥
⎦⎦

⎥⎥
 (13)
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Besides, the models of driver, battery pack, main 
reducer and vehicle longitudinal dynamics are built 
respectively.

3 COORDINATED TORQUE CONTROL 
STRATEGY OF ENGINE STARTING

In this paper, the engine starting process is divided 
into 3 stages. In stage I, the main clutch CL0 
engages by decreasing the speed difference between 
the active and passive components. In stage II, the 
engine speed is dragged to the ignition speed by 
MG A and MG B collectively. In stage III, the 
engine speed is modulated to the transition speed 
by active speed regulation. The control strategy is 
elaborated as follows.

In stage I, the EMT system operates in pure 
electric driving mode. MG B drives the vehicle 
through planet gear k3, clutch CL0 disengages and 
the input shaft of the power coupler is in free state. 
When the engine starting command is delivered by 
vehicle controller, MG A works in electric state to 
regulate the speed of the input shaft of the power 
coupler, namely ωi, to zero. The main clutch CL0 
will engage quickly when ωi approaches zero so 
that PC1 can synchronize with the engine. In the 
process of stage I, MG B works in electric state to 
satisfy the driving demand.

According to formula (4), the target speed of 
MG A is determined by making ωi = 0.

ω ωA oω ω
k k

* ( )k k ( )k+)k k+ k (k kk kkkk kk

1 2k kk k
 (15)

The torque of MG A is:

T k k dt k
d

dtA pT k ik ddt k
t

kk ( )A A + kk ( )A A
( )A A∫∫A A−A A

A A−
k) + k (∫0∫∫  (16)

where kp, ki and kd are the proportional, integral 
and derivative parameters of the PID controller 
respectively; ωA is the actual speed of MG A.

As shown in Figure 3, the PID controller deter-
mines the q-axes current according to the speed 
difference (ω ωA Aω ω∗ωω ) and the target d-axes current 
is 0. The motor controller consists of two closed-
loop, the outer loop is current loop and the inner 
loop is speed loop.

In stage II, the engine speed is dragged from zero 
to ignition speed by MG A and MG B collectively. 
During the dragging process, the speed of input 
and output shafts should also change smoothly to 
reduce the impact. The speed of input and output 
shafts is chosen as the state variables, i.e. X = [x1 
x2]T = [ωi ωo]T and the torques of MG A and MG 
B are chosen as the control variables, i.e. U = [u1 
u2]T = [TA TB]T. Since the engine has not yet been 
ignited, the system state equation can be acquired 
from formula (13) by making Ti = 0 as follows:

�X AX BU
Y CXCC

= +AX + Γ
 (17)
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 (18)

In order to satisfy the requirements of riding 
comfort, the longitudinal jerk of the engine start-
ing process should be restrained. The definition of 
the jerk is as follow:

j
d V
dt

r
i

d
dt

w orr d
= =

2

2
0ii

�ω  (19)

where V is the vehicle speed; rw is the radius of 
wheel and i0 is the gear ratio of the main reducer.

According to the definition of jerk, if  the speed 
of output shaft can change at a constant accelera-

Figure 3. Schematic of MG A controller.
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tion, the jerk of vehicle can remain zero. Therefore, 
the speed tracking trajectory of input and output 
shafts can be set as follows:
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where βi is the angular acceleration of engine crank-
shaft; ωo(t0) is the initial speed of output shaft; βo is 
the angular acceleration of output shaft, which is 
proportional to the vehicle acceleration.

Define the tracking error e(t) as follow:

e z Y( )t = ( )t − ( )t  (21)

An optimal control vector U(t) needs to be 
obtained to make the functional get minimum 
value.
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q1 and q2 represent the importance of speed track-
ing error of input and output shafts respectively; 
r1 and r2 represent the importance of control cost 
during the dynamic process and q10 and q20 repre-
sent the importance of terminal error.

The Hamilton function is:

H e Qe u RuT TQ u+e QeTQe ( )AX BU+AX +
1
2

1
2

λλ (  (24)

where λ is Lagrange multiplier factor.
According to the theory of linear quadratic 

[13], the optimal control vector can be obtained as 
follow:

U R B P X R B gTB* ( )t = − ( )t( ) ( )t( ) + ( )t1 1BT P X Rt( )t t( )t RXBT P t t  (25)

where P(t) and g(t) can be obtained as follows:

�

�
P P A A P P BR B P C QC
g A BR B P

TBR BPT P T

T

( )t = − ( )t ( )t( )t + ( )t( )t ( )t

( )t = − ( )t

1

1⎡⎡⎣⎡⎡⎡⎡ ⎤⎦⎤⎤ ( ) − ( )
⎧
⎨
⎧⎧
⎨⎨
⎧⎧⎧⎧

⎩
⎨⎨
⎩⎩
⎨⎨⎨⎨ T Tg ( C QT z (

 (26)

The terminal conditions are:
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By simultaneously solving formulae (17), (25), 
(26) and terminal condition (27), the optimal con-
trol vector U*(t) and corresponding state variables 
X can be obtained. Then the control process of 
stage II can be completed by applying the calcu-
lated optimal control vector to the controllers of 
MG A and MG B.

During the off-line calculation process men-
tioned above, for a specific angular acceleration 
βo of  output shaft, an optimal control vector can 
be obtained to control the torque of MG A and 
MG B. All optimal control vectors for various βo 
need to be calculated and saved to controller, and 
motor torque command is obtained by interpola-
tion method in practical application.

In stage III, ignited engine adjusts its speed 
to the transition speed. The engine ignites at the 
speed of 800r/min, which is lower than the regu-
lar speed range of hybrid mode (1600r/min∼3000r/
min). So 1600r/min is set as the transition speed to 
hybrid mode. At the transition speed, the speed of 
every part can be calculated with engine speed and 
current vehicle speed according to formula (4). The 
steady-state torque command of every part is cal-
culated according to the power demand of driver.

The coordinated control torque of MG A is:

T k TA AT k AT *  (28)

where TAT ∗ is the steady-state target torque at the 
transition speed, which is calculated by the energy 
management strategy; ne

∗ is the transition speed 
and ne is the actual engine speed; kA is the torque 
correction factor of MG A, which is related to the 
speed difference of engine.

According to the torque relationship, MG A 
becomes load of the engine in this stage. In order to 
enhance the speed regulation ability of the engine, 
the torque of MG A needs to be coordinately con-
trolled. As shown in Figure 4, kA varies from −1 to 

Figure 4. Torque correction factor of MG A.
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1. When the speed difference is large, kA is negative 
and MG A assists to accelerate the engine. With 
the engine speed increasing, kA changes from nega-
tive to positive. When the engine speed approaches 
the transition speed, kA approaches 1, i.e., MG A 
reaches its steady-state target torque.

4 SIMULATION RESULTS AND ANALYSIS

In order to verify the feasibility and the effective-
ness of the coordinated control strategy, a dynamic 
model of the EMT system was built and the simu-
lation analysis was carried out on the platform of 
Matlab/Simulink.

Figure 5 shows the simulation results of the 
engine starting process without coordinated con-
trol. The engine start mode begins at 10s, and the 
main clutch engages quickly at a speed difference of 
800r/min. The engine ignites after being dragged to 
the speed of 800r/min by MG A and then the sys-
tem switches to hybrid mode. Due to not adopting 

the coordinated strategy, a 23m/s3 jerk is generated 
during the process of clutch engagement. In addi-
tion, because the engine is still at a lower speed of 
800 r/min and MG A has reached a steady-state 
torque of −600Nm when the system switches to 
hybrid mode, the engine cannot quickly regulate its 
speed to a higher economic area range. Therefore, 
a coordinated control strategy is needed to smooth 
the engine starting process and drive the engine 
speed to a proper range.

Figure 6 shows the simulation results of the 
engine starting process with the proposed strategy. 
The proposed control has the same entry condi-
tions into the mode transition control as the unco-
ordinated control process in order to compare the 
performances. The whole process is divided into 3 
stages. The switching process between stages would 
generate certain jerk and the maximum is 3.1m/s3.

In stage I, the torque of MG A is negative in 
order to reduce the speed difference of the main 
clutch. The torque of MG B is decided by power 
demand of the driver. When the speed of input 
shaft is nearly zero, the main clutch engages quickly 

Figure 5-1. Speed state without coordinated control.

Figure 5-2. Torque state without coordinated control.

Figure 5-3. Jerk state without coordinated control.

Figure 5-4. Mode state without coordinated control.
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is low, i.e., engine speed is around 800–900r/min, 
the torque of MG A is positive to assist the engine 
to accelerate. When the engine speed is between 
900–1400r/min, the torque of MG A is low so that 
engine can accelerate under empty load. With the 
engine speed rising to 1400–1600r/min, MG A, as 
the load of engine, gradually reaches its steady-state 
torque. Then, the system switches to hybrid mode.

During the engine starting process, the anti 
drag torque of the engine is seem as the function 
of speed, which is fitted by the experimental data. 
Therefore, the anti drag torque of the engine is 
Tf = f(Ne).

It can be seen that the torque of output shaft is 
relatively stable and the longitudinal jerk of vehicle 
can be effectively suppressed.

5 CONCLUSION

In this paper, a dynamic model of the EMT system 
was established and a unified model of pure elec-
tric mode and hybrid mode was built by Lagrange 
method. During the engine starting process, result-
ing from using MG A to regulate the speed of 
input shaft, the main clutch can engage at a low 
speed difference. The optimal control theory was 
used to calculate the torque of MG A and MG 
B to drive the engine speed to the ignition speed 
smoothly. A torque correction factor is adopted to 
correct the torque of MG A in order to ensure the 
engine speed is regulated to the hybrid mode tran-
sition speed. The simulation results showed that, 
while the mode transition process without coordi-
nated control caused significant jerk, the proposed 
coordinated control strategy can reduce jerk and 
drive the engine speed to the hybrid mode range. 
Therefore, the proposed coordinated control strat-
egy can improve the drivability and performance 
of the EMT system.

Figure 6-1. Speed state with coordinated control.

Figure 6-2. Torque state with coordinated control.

Figure 6-3. Jerk state with coordinated control.

Figure 6-4. Mode state with coordinated control.

without speed difference. In stage II, MG A and 
MG B drag the engine speed to 800r/min collec-
tively, namely the ignition speed, at the same time, 
the torque of output shaft remains smooth in order 
to avoid shock. In stage III, when the engine speed 
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Vision-based road lane and obstacle detection for ADAS 
and supervisory control of intelligent vehicles

Hanbing Wei, Zhijie Jia, Yao Chen, Xu Cao & Weisong Du
School of Mechatronics and Vehicle Engineering, Chongqing Jiaotong University, Chongqing, P.R. China

ABSTRACT: The road condition and geographical information play a critical role in the development 
of Advanced Driver Assistance Systems (ADAS) and intelligent Energy Management Systems (EMS) 
of hybrid electric vehicle. In the past decade, vision-based road lane and obstacle detection has attracted 
worldwide attention to improve fuel economy as well as driving safety. However, obstacle recognition in 
real circumstances is still challenging because of complicated traffic condition and various appearances 
of the obstacle. The contribution of this paper is mainly dealing with the schematic recognition method 
for road lane, vehicle, and pedestrian obstacle detection. First, the constraint fitting algorithm has been 
implemented successfully for improving the anti-interference performance of traditional road lane detec-
tion methods. Additionally, several common features, such as Haar, Hog, LBP, and FDF SIFT, have 
been analyzed and the corresponding characteristic has been compared. Considering the popularity and 
outstanding effectiveness, the Hog feature has been utilized and the Adaboost is utilized as a classifier to 
detect vehicle and pedestrian obstacle. Field experimental results validate the dramatic improvement of 
accuracy and effectiveness of the algorithm we proposed compared with the traditional methods.

Machine (SVM). This algorithm is effective when 
the lane is unambiguous and discontinuous. How-
ever, it is seldom used because of its heavy compu-
tation burden. In addition, Bayesian multi-sensory 
image fusion is proposed in order to solve bound-
ary detection problems in reference [12]. It uses a 
deformable template model to globally describe 
the boundaries of interest.

In a comprehensive review of obstacle detection 
referring to [4] [7] [13] [15], the authors summarize 
the main methods of vehicle and pedestrian detec-
tion so far and make a comparison and evaluation 
of the state of the art. The main idea about vehicle 
detection generally includes two steps that had been 
summarized in references [14] [15]. The first step is 
called Hypothesis Generation (HG) to decide the 
potential Region of Interest (ROI). The second step 
that verifies whether the ROI is the target object or 
not is known as Hypothesis Verification (HV) to 
remove the false regions. The two steps are closely 
linked and the HV is realized based on HG.

For pedestrian detection, the approach can also 
be generally divided into two kinds. The combina-
tion of feature extraction and classifier had been 
utilized in references [1] [3] [11] and this method 
also had been improved to achieve more perfect per-
formance. For example, in reference [9], the author 
proposes the combination of the FDF feature and 
the cascade classifier to detect pedestrian. In refer-
ence [17], the author presents a method based on 

1 INTRODUCTION

Road lane departure warning and obstacle detec-
tion for front collision warning system play a cru-
cial role in predicting the road condition ahead 
as an indispensable function of ADAS and self-
driving vehicles. There is one aspect of which 
may be often overlooked, however. The result of 
detection road lane and obstacle can provide a 
reliable basis to the power distribution between 
the power battery and the engine of HEV, that is, 
the supervisory control of intelligent vehicles. An 
increasing number of scholars have put consider-
able efforts into road lane and obstacle detection 
and have gained extraordinary achievements in the 
past decade. Numerous papers of on-board road 
lane detection have been published and here we 
just mention a few relevant papers on road lane 
and obstacle detection. In reference [2], random 
sample consensus combined with the road lane 
model, which are controlled by camera external 
parameters, are investigated. It has been utilized in 
ROI areas ensured by illuminated-invariant trans-
formation. The author presents lane detection and 
tracking system based on Gaussian Sum Parti-
cle filter in reference [19]. In this system, the left 
and right lane boundaries are represented by two 
parabolas with a constant curvature on the ground 
plane. In reference [8], 421 lane images and 11124 
non-lane images are trained by Support Vector 
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template matching which is known as PDM for 
pedestrian detection. This method can also be uti-
lized to detect vehicles in references [5] [14]. The two 
methods above are the most common methods for 
obstacle detection at present. In addition, way of 
classifier cascade attracted much attention because 
of the relatively low false alarm rate. Generally, it 
is also used frequently to remove false positives as 
much as possible in the early layer of the cascade 
classifier in references [9] [16] [20] [22].

Feature extraction is the most important part 
of obstacle detection and has a significant impact 
on the detection results. In recent years, combin-
ing two features as the feature set has become 
more popular and demonstrated better perform-
ance in references [6] [18] [21]. The original inten-
tion of the feature combination is to detect objects 
through multiple steps. Generally, the probable 
object region including some non-object regions 
is extracted by the simpler feature and classifier in 
the first few steps and then the targets are located 
exactly by the complex feature and classifier. In 
this process, two different learning algorithms are 
often utilized to detect obstacles. In references [6] 
[21], the authors use SVM and Adaboost to detect 
pedestrian and each stage takes different learning 
algorithms, respectively. In this way, the accuracy 
can be improved on a larger scale. However, the 
disadvantage of time-consuming can also be obvi-
ous. Additionally, it is worthy of attention that the 
two features represent different image information 
as much as possible in the method of the feature 
combination.

Nevertheless, road lane and obstacle detection 
are facing a tremendous challenge due to all sorts 
of factors described in the following. Those fac-
tors will result in the failure of detection and it is 
difficult to meet the demanding robust and accu-
racy requirements of the detection system. The 
challenges of road lane and obstacle detection are 
briefly summarized as follows.

1. The effect of discontinuous road lane, illumina-
tion, and various weather conditions.

2. The appearance of obstacles exhibits very high 
variability, since they can demonstrate different 
colors, a considerable range of sizes (especially 
in terms of aspect ratio), moving position, and 
even wear different clothes.

3. Pedestrians who appeared usually randomly 
in urban circumstance. The traffic condition 
is more complicated than that in the highways 
and the sizes of pedestrians is relatively small 
in the image compared with vehicles. More 
often, pedestrians are partially sheltered by the 
shadow of communal facilities.

4. The camera and target are relatively moving in 
the ADAS system, which is quite different from 
statistical obstacle detection systems, such as 

surveillance applications or human-machine 
interfaces.

5. Both road lane and obstacle have strict require-
ments of real-time application and accuracy.

The present methods of road lane detection are 
mainly focusing on two aspects: feature extrac-
tion and machine learning. The road lane features 
include the colors, length, and orientation that had 
been applied successfully. To optimize its perform-
ance, many related works have been carried out 
by researchers. The Adaboost is more accurate 
compared with other machine learning systems, 
such as Neural Network (NN) and Support Vec-
tor Machine (SVM). Machine learning consists of 
offline training and online extracting and it will be 
discussed in detail in section 4. For obstacle detec-
tion, the combination of feature extraction with 
machine learning is one of the most widespread 
methods according to statistics. A number of fea-
tures have been proposed for obstacle detection, 
for example, Haar, SIFT, Hog, etc. Machine learn-
ing used in the process of obstacle detection is the 
same as that of lane detection and Adaboost is the 
most common machine learning at present.

In this paper, the road lane detection method 
based on constraint fitting has been proposed. The 
combination of Hog and Adaboost has been uti-
lized to detect vehicle and pedestrian obstacles. In 
this way, better performance compared with tra-
ditional methods has been achieved. The remain-
ing of this paper is organized as follows: The road 
lane detection method is introduced in section 2. 
Extracting Hog feature and training Adaboost 
classifier are given in detail in section 3. The road 
lane and obstacle detection systems have been eval-
uated and experimental results are demonstrated in 
section 4 and the conclusion is drawn in section 5.

2 ROAD LANE DETECTION METHOD

The actual imputed image from a camera includes 
not only the road lane, but also numerous points 
and lines that are approximated as road lane. Espe-
cially, the edge of the image background has a great 
influence on the detection results. To remove the 
non-lane elements, the feature of road lane must 
be utilized to detect the lane.

The road lane information can be demonstrated 
in the form of straight lines or curves with cer-
tain fixed features in images, and therefore, we 
can detect road lane by its features and geometry 
constraint. The road lane detection system in this 
paper consists of straight lines detection, feature 
clustering, and constraint fitting. Each part has 
a corresponding constraint condition. First, the 
lines that may be potential road lanes are extracted 
by the Hough straight lines detection. Second, they 
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will be classified based on the constraint condi-
tions. Finally, all the lane segments are fitted by the 
constraint rules.

2.1 Hough straight lines detection

The road lane generally consists of line segments 
with specific geometric characteristics, including 
length constraint, position constraint, and orienta-
tion constraint. The length constraint means that 
the road lanes length must be within (dm, dM) as 
described in the second formula of expression (1). 
The position constraint controls the coordinate of 
road lane points in image coordinate. As most of the 
road lane are distributed in the hyponastic part of 
the image, the coordinates of the points have a cer-
tain position feature. The position constraint is for-
mulated as the third formula of the expression (1). 
Orientation constraint describes slopes of straight 
lines. When the vehicle is cornering or meets some 
arrow marks, the slope of non-lane will be abrupt. 
Therefore, the slope must be limited to remove 
the non-lane feature. According to the results of 
camera calibration, the slope of the left and right 
lanes is ensured within ( , )k,n M,k, . Through the above 
three steps, most of the non-lane features will be 
removed. The consequence of Hough straight lines 
detection is shown in Figure 1. All the constraints 
in this stage are indicated by formula (1).

l y
d l d

x x y y
k k

i il yl i ix i

m id ll Md

m ix m i My

mlk ilk

+
≤lil

≤ ≤xix ≤ ≤y

)y yiy −y ( )xix −xix2 yiy 2
2 1ixi

2

1 x y yM my i≤ ≤ y
≤ ≤≤≤

⎧

⎨
⎪
⎧⎧

⎪
⎨⎨
⎪⎪

⎩
⎪
⎨⎨

⎪⎩⎩
⎪⎪

k k k k≤Mlk mrk irkk Mrk,

 (1)

where li is the length of the road lane, the xi1 xi2 
yi1 yi2 are the beginning and ending points, respec-
tively. kil kir are the slope range of left and right 
lanes, respectively. The dm, dM, km, kM, xm, xM, ym, 
yM are the corresponding variation ranges and they 
are decided depending on the external parameters 
of the camera.

2.2 Features clustering

After the completion of  the previous step, we 
can obtain many lines that are not part of  any 
road lane and left and right road lanes are disor-

dered. Therefore, it is necessary to discriminate 
the left and right lanes and remove the non-lanes 
noise.

Obviously, the line segments on the same lane 
have the same direction which has no characteris-
tic on the discrete points. First, the slope of every 
line segment is calculated by equation (2). Then, if  
the slope product of two arbitrary straight line seg-
ments is greater than zero and the slope and, at the 
same time, the distance difference is smaller than 
a certain value, they will belong to the same road 
lane. Otherwise, it will be classified as another class. 
Finally, the sequences of the road lane with similar 
rules and extension direction will be obtained to 
prepare for subsequent fitting. The sequence can 
be reflected in equation 4. The results of straight 
lines clustering are presented in Figure 2. The con-
straint of the direction and distance are given by 
formula (3).
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sequence { }case case casecasecase casecasecase −casecase case casecase  (4)

where ki, ki+1 are the slopes of each line segment 
as shown in Figure 3a, ε  is any small value but 
greater than zero, d is the distance from the point 
to straight lines segments, casei is road lane points 
set of each class.

Figure 1. Result of Hough straight lines detection.

Figure 2. Result of straight lines clustering.
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2.3 Constraint fitting

When the second step is implemented, the points 
located on the road lane are extracted and the dis-
crete points and non-lane points have also been 
removed. Constraint fitting is used to achieve the 
better results in the detection system. Similar to 
the feature clustering, conditions of constraint 
fitting is different. All the points locating on road 
lane will be regrouped by expression (3) in this 
process which can be described in Figure 3b. This 
process deals with the slope constraint, the cross 
constraint, and span constraint.

First, the slope between any two points is cal-
culated. If  the slope value is within the interval 
( , )k,m M,k, , the two points will be classified as the 
same road lane. Second, within the range of prede-
fined position (ln, lN), they also belong to the same 
lane when two lines have an intersection point 
(x0, y0). Finally, all the lanes will be fitted accord-
ing to formulas (5) and (6).
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3 THE OBSTACLE DETECTION METHOD

3.1 Sample database

For pedestrian and vehicle obstacle detection, we 
set up the database where most of the images are 
derived from automobile data recorder. For pedes-
trian and vehicle detection, the positive samples 
are 2000 pic and negative sample images collected 
from the Internet are 5000 pic in our experiment. 
Specifically, the size of the vehicle training sample 
is 24*24 and the pedestrian sample size is 128*64.

For sake of the convenience of open-access data-
base, we utilize the MIT database, which includes 
924 images, and INRIA database, which contains 
training sets and testing sets as training sample of 
pedestrian detection. The INRIA database con-
tains images of 128*64 high-resolution pedestrians 

collected mostly from holiday scenes. In addition, 
INRIA database is more comprehensive and com-
plex than the other one. Hence, we adopt it as 
experimental data on pedestrian detection.

3.2 Extracting Hog feature

In terms of feature selection, many features such 
as Haar, SIFT f, and Hog have been recommended 
for obstacle detection. Many objects detection 
algorithms make use of the Hog feature and the 
original Hog feature has been improved and 
extended. Usually, the dimension of Hog feature 
is very large and the whole process of extracting 
feature is comparatively time-consuming because 
the overlap of block occurs and the size of the 
block remains invariant. Most of research empha-
sis is on improving the extraction speed and reduc-
ing the Hog feature dimension to improve robust 
and accuracy. Histogram orientation gradient 
(Hog) feature that was first introduced by Dalal 
and Triggs [1] is a very widespread used feature 
for obstacle detection and has an excellent effect. 
The Hog feature is proposed as local information 
and it describes the object by calculating gradient 
and origination information of image. Generally, 
extraction of the Hog feature can be divided into 
the following steps:

1. To reduce the influence of the illumination, the 
input image must be normalized. Image grey-
ing processing and gamma correction have been 
implemented according to the following for-
mula. The value of gamma is generally taken as 
1/2.

I y g y I
I y I x y gamma

( ,x ) (graya )
( ,x ) (I , )y{  (7)

2. Calculation of the gradient magnitude and gra-
dient orientation per pixel by equation (8).
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  where Gx and Gy are the gradients of x and y 
directions, respectively, and G is the gradient 
magnitude, and α is the corresponding gradient 
direction.

3. Building histogram of cell unit. Each cell cor-
responding to a cell histogram included 9 bin. 
First, every pixel in the cell will be projected to 
the corresponding bin according to its gradient 
direction. Then, the gradient magnitude of this 
pixel is accumulated in the histogram. By anal-
ogy, the entire pixel in the cell will be projected 

Figure 3. Slope of line segments and cluster sequence.

ICPT2016_Book.indb   720ICPT2016_Book.indb   720 9/29/2016   12:03:06 PM9/29/2016   12:03:06 PM



721

and accumulated and then we can obtain a cell 
feature vector expressed as formula (9). This 
process is shown in Figure 4.

feature(ce ) { }h h h hhh hh hh hh  (9)

4. Establishing the block by linking the cell units 
and normalization. Each block consists of 
4 cells and every cell includes 6*6 pixels in our 
system as shown in Figure 4. Therefore, each cell 
consists of 9 features and each block includes 
36 features. It can be expressed in formula (10).

block
block

1 = { }
{ }h h h h1 2hh h 35hh 36hh

⎧
⎨
⎧⎧

2hh h35hh⎩⎩
⎨⎨⎨⎨  (10)

5. Block features expressed in formula (11) are 
obtained. For final feature vector of every train-
ing sample, we regroup the block features. The 
final feature vector is described in the second 
equation of formula (11).
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The training sets are extracted from train-
ing samples by the steps above and they can be 
expressed by equation (12). The last column of 
training set is the label of positive and negative 
samples and 1 represents the positive sample and 
0 the negative sample.
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3.3 Training classifier

After the completion of extraction of the Hog fea-
ture, the classifier will be trained based on feature 
matrix by Adaboost. The essence of Adaboost 
is changing the data distribution by constantly 
adjusting the sample distribution. In other words, 
it will reduce the weight of the correct classifica-
tion samples and increase the weight of the incor-
rect classification samples in order to allocate more 
attention to the incorrect classification sample in 
the next classification. Given the training sets of 
positive and negative samples, the weak classifier is 
trained by Adaboost.

First, the weight of the entire sample is calcu-
lated and normalized to generate a weight vector 
according to equation (13), where N is the total 
number of training samples and T is the iteration 
times.

D
N

ttD ( )i , ,t , ,= =t
1 1 2, T  (13)

Second, scanning all the feature columns of  the 
training set to find the perfect candidates with the 
minimum error rate. In the process of  scanning, 
the way of  double mean values is supposed to 
ensure the range of  optimal threshold. The mean 
value of  the positive and negative samples is cal-
culated, respectively, depending on equation (14). 
The minimum value tlow between mp and mn is con-
tinually increased to search the optimal threshold 
based on p according to equation (15). The whole 
iteration process continues until the error rate is 
minimized. The error rate is calculated by equa-
tion (16), where ht(xi) is the classification label of 
ht(x) classifier.

m
h l

N

m
h l

N

p
r m

pN

n
r m

nNN

=

=

⎧

⎨

⎪
⎧⎧

⎪
⎪⎪
⎪
⎨⎨
⎪⎪

⎩

⎪
⎨⎨

⎪
⎪⎪

⎪⎩⎩
⎪⎪

≤ ≤r

≤ ≤r

∑

∑

r chh

r chh

,

,

( )labell l =

( )labell l =

1

1

 (14)

t t po lt owll +tlt owl  (15)
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Then, obtaining the weak classifier ht(x) and 
recording the information of the optimal feature 
column such as threshold and error rate. Each 
weak classifier has a corresponding weight. The 
weight of each weak classifier is calculated by 
equation (17).

Finally, updating the distribution of training 
sample according to equation (18), where Zt is the 
normalization constant.

Figure 4. Building cell histogram.
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This way will be continued until meeting the 
number of weak classifiers, which be defined in 
advance. A total of 200 weak classifiers have been 
trained to constitute the strong classifier Htotal(x) 
in this paper.
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Extracting feature and training classifier belong 
to the offline part of an obstacle detection system, 
which contributed to online recognition. All of the 
weak classifiers will be used to verify whether the 
scan windows are the target in the online process. 
The input images are scanned step by step from the 
top left corner to the lower right corner; simultane-
ously, the Hog feature will also be extracted in each 
scanning windows. However, to decrease the extract-
ing time, it is not necessary to scan all pixels because 
the image above is sky without any target obstacle 
existing. In addition, the size of scanning windows 
should not be constant as shown in  Figure 5a. We 
can see that the scanning size depends on the dis-
tance from the target to the vehicle as shown in Fig-
ure 5b. Therefore, only 2/3 part of the image have 
been scanned. The scanning window size changes 
from 60*60 pixels to 140*140 pixels for vehicle 
detection. The scanning window size for pedestrian 
detection changes from 96*48 pixels and is continu-
ously increased in rectangular shape.

4 EXPERIMENTAL RESULTS 
AND DISCUSSION

In order to validate the method, in this paper, we 
have proposed the field experiment that has been 
implemented and presented in this section. First, 

we use the testing sets including 200 positive sam-
ples and 800 negative samples to test the detection 
ability of the classifier. The error rate of vehicle 
testing is approximately 6 percent as shown in 
F igure 6. Furthermore, we can see that the error 
rate of pedestrian testing is approximately 4 per-
cent from Figure 7.

To verify the effectiveness of  the detection 
system, we detect the road lane and the vehicle 
on the highway, which has a clear road lane, rela-
tively simple traffic environment, and the urban 
road with complicated traffic conditions. First, a 
single vehicle is detected on the highway and the 
urban road. Figure 8a shows that the vehicle can 
be detected in both the highway and the urban 
condition.

In terms of completeness, the vehicle and the 
road lane are simultaneously detected in the high-
way and the urban road. Figure 8b illustrates that 
the road lane and the vehicle can be definitely 
detected and almost not be affected by illumina-
tion condition. In addition, the real-time require-
ment of the detection system can also be fulfilled. 
Depending on the experimental results, the detec-
tion time of singular road lane of each frame is 
15 ms and it goes to 50 ms when the algorithm of 
road lane and vehicle are combined.

Among the three detection objects, the pedes-
trian detection is the most difficult due to many 
factors mentioned in section 1. The size of  image 

Figure 5. Method of scanning image.
Figure 6. Result of vehicle classifier testing.

Figure 7. Result of pedestrian classifier testing.
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Figure 8. The detection results of vehicle.

Figure 9. Detection results of pedestrians.

we used in this paper, which was obtained from 
INRIA database, is 640*480 resolution. Fig. 9 
shows that a single pedestrian with clear contours 
has been recognized from the complex back-
ground. The result of  crowd pedestrian detection 
with sheltered condition is improved. However, 
it has still a gap compared with the single pedes-
trian. In addition, we can mention that the miss-
ing detection rate is higher because of  sheltering 
each other.

5 CONCLUSIONS

This paper presents the road lane, vehicle, and 
pedestrian obstacle detection algorithm based on 
geometric constraints and the combination of the 
Hog feature and Adaboost for ADAS and supply-
ing supervisory control of intelligent vehicle with 
ambient awareness further. First, a simple review 
of the road lane and obstacle detection method 
at present has been demonstrated and both the 
merits and demerits have been compared. Then, 

the method based on the geometric constraint is 
proposed to detect the road lane. Finally, a combi-
nation of the Hog feature and Adaboost classifier 
is used to detect vehicles and pedestrian obstacles. 
The experimental results indicate that the perform-
ance is improved outstandingly compared with 
other traditional detection methods. Both the real-
time characteristics and accuracy requirement can 
be fulfilled.
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hybrid electric vehicles
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ABSTRACT: The Energy Management Strategy  (EMS) for a four-wheel drive Plug-in Hybrid Electric 
Vehicle (PHEV) was designed. Control strategy is developed and the simulation analysis is made based on 
analysis of the structure of power system. The EMS model of logic threshold value based on the rules on 
the modeling platform of Matlab/Simulink has been developed, which is used to control the torque distri-
bution of the hybrid system, and the reasonable choices for different work modes are conducted. By using 
the AVL CRUISE software, the vehicle model is set up. Simulation under different initial conditions of 
State Of Charge (SOC) on the NEDC cycle is made. The effectiveness of the design of the control strategy 
is verified by way of comparing the comprehensive fuel consumption with that of the traditional vehicle. 
The results showed that the rules-based logic threshold energy management strategy achieved the torque 
distribution, and made the engine work in the high-efficiency field and motor in rear axle recovering the 
braking energy. In short, the control strategy can improve the fuel economy.

Keywords: four-wheel drive, plug-in hybrid electric vehicle, energy management strategy, Simulation

1.2 Categories of the energy management 
strategy

The energy management strategy is a key to improv-
ing the efficiency of the hybrid power system of the 
car. The allocation of torque between front and rear 
axle and the allocation of the power output of engine 
and motor are the core of the control strategy.

Until now, control strategies were classified as 
rule based or optimization based. For implementa-
tion, it is much more interesting if they can be used 
in real time and if their result is close to optimum 
solution. Thirteen different control approaches for 
energy management which have already been applied 
in HEVs are studied based on an extensive literature 
review. They include rule-based deterministic and 
Fuzzy Logic-based approaches, as well as transient 
optimization-based approaches such as Equivalent 
Consumption Minimization Strategy (ECMS) and 
global optimization-based approaches like dynamic 
programming, game theory, or genetic algorithm. [2].

Taking into account the complexity of the 
control strategy and real-time requirements, in 
this paper, the rule-based logic threshold energy 
management strategy which is more mature and 
widely used in autos is used. The basic object is 
to improve the fuel economy as well as the auto-
motive dynamics. This essay is divided into four 
sections: the drivetrain design, the control strategy 
design, simulation analysis, and conclusion.

1 INTRODUCTION

1.1 The advantages of PHEV

The electrification is now an inevitable trend of 
the vehicle powertrain. Plug-in Hybrid Electric 
Vehicle (PHEV), as a typical electric vehicle, 
has gained more and more popularity in recent 
years. Many researches have been conducted by 
main carmakers. Some companies have intro-
duced production models. Compared with the 
traditional four-wheel drive car, the plug-in 
hybrid electric car not only has the advantages 
of  good controllability, passability, and sta-
bility, but also can be used as a pure electric 
vehicle under suitable conditions. With an all 
electric range of  more than 50 km, the plug-in 
four-wheel drive hybrid car researched in this 
paper can cover the trip distance request of 
most people in a day. Therefore, it can reduce 
fuel consumptions and exhaust gas emissions. 
The plug-in HEV enjoys the advantages of  pure 
electric vehicle, series HEV, and parallel HEV. 
What is more, the power performances and drive 
range are nearly the same as the traditional car. 
Therefore, there is an overwhelming trend that 
the plug-in HEV, especially the four-wheel drive 
ones, will be increasingly popular in the market, 
while energy reservation and emission reduction 
are widely advocated [1].
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2 THE DRIVETRAIN

2.1 Power system

In this essay, a model of four-wheel drive PHEV 
named dual motor sub-shaft configuration is stud-
ied, where the front axle is driven by the engine and 
the BSG motor and rear axle are driven by a motor. 
The PHEV used the timely four-wheel drive. Front-
wheel drive when only engine is on. Rear-wheel drive 
when only motor in rear axle is on. Four-wheel drive 
engine and motor are simultaneously on.

The power system includes a gasoline which has 
a turbo charger with intercooler, Permanent Mag-
net, and synchronous drive motor (PSM), which 
can be used as motor related and generator related, 
Belt-driven Starter Generator (BSG), which can 
stare engine and generate electricity, battery, and 
controllers of power components. The output shaft 
of the Engine is connected to the DCT to propel 
the front axle. The rear motor is connected to the 
real axle to propel the rear wheels. The power cell is 
connected to two inverters to transform the direct 
current of the battery to alternating current for the 
two motors. Table 1 shows the specific parameters.

2.2 Vehicle model

AVL CRUISE which is the advanced simulation 
software is used to study the characteristics of cars, 
fuel consumption and emissions. It is not only to 
develop single components of a modern powertrain, 
but to optimize them on a system level. A system 
level simulation enables component analyses within 
the entire vehicle system to ease up component 
specification, concept selection, and confirmation 
to match given requirements. Using the function 
can quickly build the plug-in hybrid electric vehicle 
model. Then, the energy management strategy con-
troller built by Matlab/Simulink can be embedded 
in the vehicle model. The vehicle model built by this 
way guarantees the accuracy, speed, and compat-
ibility. It is so important that more energy can be 
used for researching control strategy.

3 THE CONTROL STRATEGY

The control principle of the plug-in four-wheel drive 
HEV includes judgment of the driver’s intension, 
control of the charge and discharge of the battery, 
the switch on/off  of the engine, the distribution of 
energy, and regenerative brake. A complete model 
of control system is indispensable to the realiza-
tion of the control principle [3]. In the rule-based 
logic threshold energy management strategy, set-
ting the threshold parameter of the speed, the state 
of charge, and the engine torque limit the engine 
and motor working at a higher efficiency range. 
According to real-time vehicle parameters and 
road conditions, adjust the working status of each 
member of the power system [4].

There are two points in energy management 
strategy: the analysis of driver-desired torque and 
torque distribution control method

Figure 1. The power system structure scheme.

Table 1. The specific parameters.

Parameter Value

Gross Weight (kg) 1869
Maximum Speed (rpm) 2244
Wheel Base (mm) 2807
Engine Type Gasoline
Charger TC with charger
Engine Displacement (L) 2
Number of Cylinders 4
Number of Strokes 4
Idle Speed (r/min) 750
Maximum Speed (r/min) 6000
Idling fuel consumption (l/h) 0.857
Type of Machine PSM
Nominal Voltage (V) 336
Maximum Speed (rpm) 7000
Inertia Moment (kg*m2) 0.017

Figure 2. By using the CRUISE, the four-wheel drive 
hybrid electric vehicle model is set up.
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3.1 The driver-desired torque

In the actual driving process, the vehicle desired torque 
is determined by the behavior of driver, including 
driving torque and braking torque, in other words, 
through the accelerator pedal and the brake pedal to 
control the torque output of the system. The analysis 
of driver-desired torque is shown in Figure 3.

3.2 Torque distribution control method

According to the torque request of the car, the steady 
work state is classified into 7 modes, which consists 
of 4 drive modes and 3 brake modes. Working mode 
and torque distribution are shown in Table 2.

According to the energy management scheme 
mentioned earlier and the actuality of mode jump 
conditions of the car, the control strategy is mod-
eled in Matlab/Simulink, as shown in Figure 4. The 
HCU model, vehicle control, is shown in Figure 5.

Table 2-1. Working mode and torque distribution.

Mode Selective condition

EV SOCobj<SOC
SOClow<SOC<SOCobj&&Tr<Tm2max

Engine SOClow<SOC<SOCobj&&Teopt<Tr<
Temax

SOC<SOClow && Temax<Tr
Charge SOClow<SOC<SOCobj&&Temin<Tr<Te

opt&&Tr+Tbsgmax>Teopt
SOClow<SOC<SOCobj&&Temin<Tr<Te

opt&&Tr+Tbsgmax<Teopt
SOC<SOClow && Tr<Temax

Hybrid SOClow<SOC<SOCobj && Temax<Tr
SOCobj<SOC && Temax<Tr

Mechanical 
brake

V<Vmin|| SOC>SOChigh||a<amax

Regeneration
brake

V>Vmin&&SOC<SOChigh&&a>amax
&&Tr>Tg2max

Parallel 
brake

V>Vmin&&SOC<SOChigh&&a>amax
&&Tr<Tg2max

Table 2-2. The meaning of symbol in Table 2-1.

Tr Vehicle desired torque

Temax Maximum engine torque
Teopt Optimal engine torque
Temin Optimal engine minimum torque
Tm2max PSM maximum generation torque
Tg2max PSM maximum electric torque
SOC State of charge
SOCmin Low limit of SOC
SOCobj Target value of SOC
SOChigh Upper limit of SOC
Vmin Minimum speed of regeneration
V Vehicle speed
a Vehicle acceleration
Amax Maximum acceleration of regeneration

Figure 3. The analysis of driver-desired torque.

Figure 4. The control strategy modeled in Matlab/
Simulink.

Figure 5. The HCU modeled in Matlab/Simulink.

4 SIMULATION RESULTS

After compiling the HCU model into DLL file, 
import it to CRUISE. In this paper, the NEDC 
cycle (New European Driving Cycle) is used to 
simulate the control strategy of the PHEV. This 
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Figure 6-1. The case of speed flow during 80% initial 
SOC.

Figure 6-2. The SOC of battery during 80% initial 
SOC.

Figure 6-3. The torque of PSM during 80% initial 
SOC.

Figure 6-4. The torque of BSG during 80% initial SOC.

Figure 6-5. The torque of gasoline during 80% initial 
SOC.

Figure 7-1. The case of speed flow during 25% initial 
SOC.
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5 CONCLUSION

Through the verification under the NEDC cycle, 
the control strategy discussed in this paper realized 
the basic energy management, the power compo-
nents work as the control strategy indicates, and the 
changes of modes match well with the control strat-
egy. The comprehensive results show that the power 
and economic performance can meet the design 
index, each power unit works in accordance with 
the control strategy at any SOC value of the battery 
under NEDC condition, the conversion between dif-
ferent operation modes is achieved, and the engine 
works in the high-efficiency field and motor in rear 
axle recovering the braking energy. The effectiveness 
of the design of the control strategy is verified by 
way of comparing the comprehensive fuel consump-
tion with that of the traditional vehicle. Therefore, 
the control strategy is effective and feasible.
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Figure 7-2. The SOC of battery during 25% initial SOC.

Figure 7-3. The torque of PSM during 25% initial SOC.

Figure 7-4. The torque of BSG during 25% initial SOC.

Figure 7-5. The torque of gasoline during 25% initial 
SOC.

is Europe and our legal light vehicle fuel economy 
test conditions. Using these standard conditions, it 
can more objectively test the control strategy [5].

Simulation results: the initial value of SOC is 
80% as shown in Figure 6.

Simulation results: the initial value of SOC is 
25% as shown in Figure 7.
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ABSTRACT: Based on the Matlab/Simulink platform and reverse simulation method, the simulation 
model of an extended-range electric vehicle was developed. This simulation model includes a two-speed 
AMT model, an APU starting and stopping control model, and APU working area optimization models. 
Based on fuzzy control strategy, the APU start and stop time and output power are optimized by means 
of genetic algorithm. Then, the fuel economy and emission performance of the vehicle were simulated. 
The simulation results were analyzed, particularly, the fuel economy and emission performance of the 
single Fuzzy Control (referred to as FC in the following) strategy and the synthetic strategies of the fuzzy 
control and genetic algorithm were compared. These simulation results demonstrate that the synthetic 
strategy that both the working area and switching time of APU are determined by means of fuzzy control 
technique and genetic algorithm has a high performance.

Keywords: Fuzzy control, Genetic algorithm, Fuel economy, Emission performance

parative simulations verify the effectiveness of the 
proposed control strategy.

2 DESCRIPTION OF EREV

The basic parameters of a certain EREV are shown 
in Tables 1, 2, and 3.

The basic parameters of a battery pack are 
shown in Table 2.

The basic parameters of a drive motor, an 
engine, and an ISG motor in the APU are given in 
Tables 3, 4, and 5, respectively.

1 INTRODUCTION

The Extended-Range Electric Vehicle (EREV) is 
a type of electric vehicle that is equipped with an 
Auxiliary Power Unit (APU), which consists of a 
small engine and an Integrated Starter And Gen-
erator (ISG) motor. The EREV not only can make 
full use of electrical energy, leading to less fossil fuel 
consumption and reduce air pollution, but also has 
a longer driving ranges than normal electric vehi-
cles. The working condition of the APU (i.e. the 
auxiliary power source for the EREV) has a signif-
icant influence on the fuel economy and emission 
performance. Therefore, it is of great significance 
to study the control strategy of the working condi-
tion of the APU. Qu Xiaodong et al. looked into 
the energy management strategy and selected the 
working area of the APU using fuzzy control tech-
nique, but they did not take the switching time of 
the APU into consideration [1]. Zhou Su et al. took 
the target driving ranges as the constraint condi-
tion to optimize the switching time of the APU 
using the fixed energy management strategy, but it 
could not be guaranteed that the APU works in 
the optimal area [2]. In this paper, the control strat-
egy for managing the working area and switching 
time of APU is studied. The optimal energy con-
sumption and emission performance are taken as 
the constraint condition to select the working area 
and switching time of the APU by means of fuzzy 
control technique and genetic algorithm. The fuel 
economy and emission performance of various 
competing control strategies obtained from com-

Table 1. EREV parameters.

Parameter Value

Vehicle mass 1450 kg
Air resistance coefficient 0.285
Wheel radius 0.3 m
Rolling resistance coefficient 0.0135
Frontal area 2.05 m2

Gear ratios [3.12 1.05]
Final ratio 3.85

Table 2. Battery pack parameters.

Parameter Value

Nominal voltage 336 V
Rated capacity 50 Ah
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The structure of this EREV is schematically 
shown in Figure 1.

3 FUZZY CONTROL MODES

According to the engine test data, the universal 
characteristic of the engine is plotted in Figure 2 
without considering the lag of the engine fuel sys-
tem and the instantaneous dynamic influence. The 
green-dotted line in this figure is the optimal fuel 
economy curve of the engine.

The engine emission characteristic diagrams 
are shown in Figure 3. The four subfigures 
(a), (b), (c) and (d), stand for the soot particles, 

carbon monoxide, hydrocarbon and nitrogen 
oxides, respectively.

Based on the data of the NEDC cycle, the model 
of the output power of the APU has been devel-
oped using fuzzy control technique[3∼4]. The output 
power of the APU (Pi) is a function of the required 
power of the vehicle (Pneed) and the deviation of 
real time SOC from the SOC threshold value when 
the APU should be opened (ΔSOC) as given by

Pi= f(Pneed,ΔSOC) (1)

The SOC threshold value is selected according 
to the power output characteristics of the battery 
pack shown in Figure 4, and the preliminary esti-
mate is 0.28.

Owing to the slow response of SOC, the state 
variables of ΔSOC can be selected as eight level 

Table 3. Drive motor parameters.

Parameter Value

Rated power 18 kw
Peak power 50 kw
Rated speed 2000 rpm
Peak speed 6000 rpm

Table 4. Engine parameters.

Parameter Value

Rated power 45 kw
Rated speed 5500 rpm

Table 5. An ISG motor parameters.

Parameter Value

Rated power 18 kw
Peak power 42 kw
Rated speed 2000 rpm
Peak speed 6000 rpm

Figure 1. Structure of an EREV.

Figure 2. Engine universal characteristic diagram.

Figure 3. Engine emission characteristic diagram.
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fuzzy linguistic variables, which are N, NS, ZO, 
ZOL, PS, S, PL, and L. The fuzzy set of the input 
variable ΔSOC is [−0.02, 0.12], and the triangular 
function is chosen as the membership function, as 
shown in Figure 5 (a).

Based on the analysis of the NEDC cycle, 
we know that the required power of the vehicle 
(Pneed) ranges from –30 kw to 40 kw and it can 
also be described by eight level fuzzy linguistic 
variables, which are N, NS, ZO, ZOL, PS, S, PL, 
and L. The membership function is the triangular 
function, which can be seen in Figure 5 (b).

According to the output power of the engine 
and ISG motor, the preliminary estimate of the 
fuzzy set of the APU output power lies between 
4.5 kw and 35 kw and it is described by means of 
eight level fuzzy linguistic variables, which are N, 
ZOS, ZO, ZOL, PS, S, PL, L, and LL. The trian-
gular function is also chosen as the membership 
function, as shown in Figure 5 (c).

Fuzzy reasoning is achieved using Mamdani 
algorithms and the fuzzy rules are based on test 
data and driver experience, as shown in Figure 6.

4 OPTIMIZATION OF APU 
WORKING CONDITION

In order to obtain optimal fuel economy and emis-
sion performance, this paper aims to optimize the 
switching time and work working area of the APU 
by means of fuzzy control and genetic algorithm 
[5∼6]. The optimization of the APU working con-
dition is a complex problem, which point can be 
seen from the optimization control model shown 
in Figure 7.

Figure 4. Power characteristics of battery pack.

Figure 5. Input and output membership functions of 
fuzzy control.

Figure 6. Fuzzy control interface.

Figure 7. APU optimization control model based on 
the genetic algorithm.
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We optimize the control strategy for the switching 
time of the APU in the following manner. The test 
data of the selected battery pack show that when 
the SOC value is greater than 0.35, the maximum 
output power of the battery pack can be main-
tained at 50 kw; When the SOC value is between 
0.1 and 0.35, the output power of the battery pack 
declines sharply; When the SOC is less than 0.1, the 
battery should not discharge, otherwise the life of 
the battery pack will be shortened. Considering the 
trade-off between the life and output power of the 
battery pack, the range of SOC to start the APU is 
from 0.28 to 0.32, while that to switch off the APU 
is from 0.38 to 0.42. Then, the optimal solution can 
be worked out using genetic algorithm[7], as follows:

SOC
SOC
SOConC offff

loC

hiC/

[ . , . ]
[ . , . ]( ) =

∈
∈

⎧
⎨
⎧⎧

⎩
⎨⎨

0 2. 8 0, 32
0 3. 8 0, 42

 (2)

where SOCon/off is the optimal value to switch on/off  
the APU, SOClo is the optimal threshold to switch 
on the APU, and SOChi is the optimal threshold to 
switch off  the APU.

To optimize the range of the APU output power, 
in this paper, the genetic algorithm is applied[8]. Based 
on the NEDC drive cycle, the range of the APU 
output power is limited in order to achieve optimal 
energy consumption and optimal emission perform-
ance. The specific practices are as follows: (1) The 
output power characteristics of the engine show 
that the output power at the optimal fuel economy 
point is approximately 19 kw. Therefore, the range 
of the lowest output power (PAPU_out_lo) is set between 
14 kw and 19 kw and the range of the highest output 
power (PAPU_out_hi) is set between 19 kw and 24 kw. (2) 
Genetic algorithm is applied to work out the opti-
mal values of the lowest output power and highest 
output power in the set ranges for optimal fuel econ-
omy. (3) The output power of the engine (PAPU_out) 
calculated using fuzzy control strategy is compared 
with the lowest output power and highest output 
power which are computed by the genetic algorithm. 
Then, the output power of the engine is determined 
in the following manner. If PAPU_out is not more than 
PAPU_out_lo, the output power of the APU is PAPU_out_lo. 
If PAPU_out is not less than PAPU_out_hi, the output power 
is PAPU_out_hi. If PAPU_out is less than PAPU_out_hi and more 
than PAPU_out_lo, the output power is PAPU_out.

Two types of control strategies are studied in 
this paper. The first control strategy (referred to 
as Strategy 1 in the following) is demonstrated in 
Figure 8. First, the instantaneous SOC value is 
compared with SOClo. If  it is less than SOClo, the 
APU is switched on. Then, the output power of 
the APU is calculated by fuzzy control technique. 
The second control strategy (referred to as Strat-
egy 1 in the following) is schematically represented 

in Figure 9. The control on whether the APU is 
switched on is the same as Strategy 1. The output 
power of the APU is calculated by means of fuzzy 
control and genetic algorithm.

5 SIMULATION AND ANALYSIS

This paper employs reverse simulation and estab-
lishes the backward simulation model of the vehi-
cle based on Matlab/Simulink, as demonstrated in 
Figure 10[9].

These simulations apply ten NEDC cycle con-
ditions (the total distance is 100 km) and the 
initial value of SOC is 0.95. Employing the above-
mentioned two control strategies, the simulations 
are carried out to obtain the energy consumption 
and emission performance. The simulation results 
are compared with those of the single FC strategy, 
as shown in Figures 11 and 12.

Figure 11 shows that, using Strategy 2, the range 
of the output power of the APU is from 17.3 kw 
to 23.3 kw. The span of the output power of the 
engine is approximately 5 kw and its working area 
lies in the low region of fuel consumption rate. The 
value of SOClo is 0.29, while the value of SOChi is 
0.41. The APU switches three times. At the end of 
the simulation, the SOC of the battery pack is equal 
to SOClo, which is ideal for the vehicle to make full 
use of electricity from the electric grid, The fuel con-
sumption per 100 km resulting from the FC, Strat-
egy 1 and Strategy 2 are 4.8747 L, 4.8249 L, and 
4.7345 L, respectively. Compared with the FC, the 
fuel consumption per 100 km using Strategy 1 and 
Strategy 2 are 1.02% and 2.88% lower, respectively.

In Figure 12, the emissions of hydrocarbon (HC), 
carbon monoxide (CO), Nitrogen Oxides (NOx) and 
soot particles (PM) are plotted in subfigures (a), (b), 

Figure 8. Optimal control schematic chart of APU 
(Strategy 1).

Figure 9. Optimal control schematic chart of APU 
(Strategy 2).
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(c) and (d), respectively. Figure 12 shows that the 
emissions of these four substances resulting from 
FC and Strategy 1 are similar. The emissions of HC 
and CO using Strategy 2 are a little lower than the 
other two strategies, while the emissions of NOx and 
PM produced by Strategy 2 are 27.17% and 31.08% 
lower than the other two strategies, respectively. The 
reason for these results is that in Strategy 2 the out-
put power of the APU is optimized by means of 
genetic algorithm and fuzzy control, which narrows 
the range of the output power and makes the engine 
work in the optimal emission area.

6 CONCLUSION

This paper applies reverse simulation and estab-
lishes the backward simulation model of an 
extended range electric vehicle based on Matlab/
Simulink. The simulations of vehicle performance 
are conducted using various control strategies. The 
analysis of the simulations results reveals that Strat-
egy 2 is much better than the other two strategies in 
terms of fuel economy and emission performance.

REFERENCES

 [1] Qu Xiaodong, Wang Qingnian, Yu Yuanbin. A 
Study on the Control Strategy for APU in an 
Extended-range EV. Automotive Engineering, 2013, 
09:763–768.

 [2] Zhou Su, Niu Jigao, Chen Fengxiang, Pei Fenglai. 
A Study on Powertrain Design and Simulation for 
Range-extended Electric Vehicle. Automotive Engi-
neering, 2011, 33(11): 924–929.

 [3] Duan Yanbo, Zhang Wugao, Huang Zhen. Simu-
lation of Fuzzy Logic Control Strategy for HEV. 
Chinese Internal Combustion Engine Engineering, 
2003, 2(24):66–69.

 [4] Chen Hanyu, Zuo Chengji, Yu Xiaoli. Parameter 
Matching and Simulation of Low Speed Range 
Extended Electric Car. Automotive Engineering, 
2014, 36(5):522–526.

 [5] Zhu Zhengli, Yin Chengliang, Zhang Jianwu. 
Genetic Algorithm Based Optimization of Electric 
Vehicle Powertrain Parameters. Journal of Shanghai 
Jiaotong University, 2004, 38(11):1907–1912.

 [6] Niu Jigao, Zhou Su. On/Off Timing Optimization for 
the Range-extender in Extended-Range Electric Vehi-
cles. Automotive Engineering, 2013, 05:418–423.

 [7] Xu Qunqun, Zhang Tong. Adaptive genetic algo-
rithm optimization program increased energy 
management strategy for electric vehicles. Vehicle 
technical, 2012, 10:19–23.

 [8] Cabral H, Melo M. Using genetic algorithms for 
device modeling. IEEE Transactions on Magnetics, 
2011, 47(5): 1322–1325.

 [9] Wipke K.B, Cuddy M.R, Burch S.D. A User-
friendly Advanced Power Train Simulation Using a 
Combined Backward/Forward Approach. Vehicular 
Technology.1999, 8(6):1751–1761.

Figure 10. Backward simulation of vehicle.

Figure 11. Simulation results of energy consumption.

Figure 12. Simulation results of emissions.
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ABSTRACT: Compared with the other Hybrid Electric Vehicles (HEVs), the advantage of power-split 
HEVs is that the various kinds and combination ways of the power-train and the benefits of the mechani-
cal transmission and the electric transmission are combined. The energy management strategy is the key 
for the excellent economy and dynamic performance. Global optimization-oriented energy control algo-
rithms can achieve the best fuel economy of HEVs, but it needs the priori knowledge of the driving 
condition. Therefore, in this paper, a neural network-based Driving Condition Prediction (DCP) method 
and an energy management strategy based on DCP have been proposed. BP (Back Propagation) neural 
network is used to predict the future driving condition in a short time horizon. The BP algorithm which 
is one of the most widely used algorithms has very high nonlinear fitting ability, and it can be used to 
predict the developing trend of driving data in practical application and simulation. For the DCP, the BP 
neural network was trained by the past driving condition data, and the output of the BP neural network 
is the future driving information in the limit time horizon. The optimization is executed in every sample 
time according to the prediction results. Simulation tests are carried out to verify the optimal energy man-
agement strategy. The results are compared with a rule-based logic threshold control strategy in the same 
driving cycle and prove that this energy strategy based on DCP is viable.

Keywords: energy management strategy; Driving Condition Prediction (DCP); BP neural network; 
power-split HEVs

be implemented in real-time, and only can be used 
as a benchmark for other implementable strategies. 
Nowadays, there are some strategies based on the 
prediction of road types, including the degree of 
congestion [3, 4, 5] and average velocity. However, 
seldom existing strategies focus on the prediction 
of specific driving conditions.

Based on the driving condition as the research 
object, this paper introduced BP Neural Network 
(NN) to predict the future driving conditions 
(speed). Then, the future driving information in 
the limit time horizon will be obtained, which 
is the foundation of  the energy management 
strategy. The algorithm of BP NN is expatiated 
in this paper, and the limitations of  the applica-
tion of  BP NN is analyzed. Predictive capability 
and precision of  BP NN are analyzed. At last, 
compare this energy management strategy with 
other strategies on fuel consumption to prove the 
effectiveness.

1 INTRODUCTION

Facing the severe emission problem and the 
desire for the new fuel-efficient vehicles, HEV has 
become a very effective solution. To a great extent, 
the performance of HEVs depends on the energy 
management strategy [1, 2]. Energy management 
in HEVs consists of deciding the power reparti-
tion between the two sources (engine and battery), 
with the objective to minimize the fuel consump-
tion, pollutant emissions, or a compromise among 
them. The energy management of HEVs is an opti-
mal control problem, in which the minimization 
objective is defined by an integral over an extended 
period of time. However, it poses some specific 
challenges, related to the fact that the driving cycle 
is not known in advance. If  the cycle were known, 
analytical control techniques or Dynamic Program-
ming could be used to obtain the optimal solution. 
However, the solution obtained in this way cannot 
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2 THE ALGORITHM ARCHITECTURE

In this paper, an energy management strategy 
based on a dual-mode electro-mechanical trans-
mission system has been established. This strategy 
includes three steps: First, train the BP NN off-
line. Second, predict the future driving conditions 
in a limited time horizon according to the history 
information. Finally, optimize this future driving 
condition on fuel consumption and SOC. Then, 
the optimal working points of engine and motors 
are obtained. Continue rolling optimization until 
the end of the whole cycle.

3 ESTABLISHMENT OF DCP

3.1 Basic structure of BP NN

Rumelhant and McClelland proposed a learning 
algorithm of multilayer feedforward network and 
error back propagation, referred to as “BP” algo-
rithm, which is a kind of multilayer network of 
reverse learning algorithm. The multilayer feedfor-
ward network using the BP algorithm is also widely 
known as the BP neural network [6] (hereinafter 
referred to as “BP NN”).

A typical structure of three-layer BP NN is 
shown in Figure 1.

BP NN is composed of an input layer, a hidden 
layer (middle layer), and an output layer. Hidden 
layer can be a single layer or multi-layers.

BP algorithm is composed of signal feedforward 
propagation and error back propagation [6].

In the feedforward propagation, input vectors 
enter the network by the input layer, and trans-
mit to the output layer via every hidden layer. If  
the output of the output layer is different with a 
desired output (learning signal), then go to the 
error back propagation. If  the output is the same 
as the desired output, end the algorithm.

In the error back propagation, the output error 
is calculated according to the back direction of 

original path, reverse through the hidden lay-
ers, until reaching the input layer. Apportion the 
error to every neuron of every layer to obtain error 
signal, then amend the weighted value according 
to the error signal. The gradient descent method 
is applied in this process. Adjust the weight 
and threshold until the error signal reduces to a 
minimum.

The process of weight and threshold value 
adjustment is also the learning and training proc-
ess of the network. During the forward propaga-
tion of signal and the back propagation of error, 
the weight and threshold keep adjusting repeat-
edly, until the preset training times is achieved or 
the error of output reduces to permitted [7].

3.2 DCP based on BP NN

The BP NN has very good nonlinear fitting char-
acteristics. A BP NN with a three-layered struc-
ture can fit arbitrary order nonlinear function [8]. 
In this paper, BP NN with three layers is used to 
establish the connection between the history driv-
ing conditions and the future’s. Then, the predic-
tion will be accomplished with this connection.

Specific steps of DCP:

1. In this example, we chose Figure 2 as the train-
ing sample.

2. Break the known driving cycle sample (shown 
as Figure 2) into fragments. There are 41 date 
points (41 seconds) in this sample. By extract-
ing every 15 adjacent data points as one frag-
ment, 27 fragments will be achieved. In every 
fragment, the 10 points in the front make up the 
input vector, the 5 points in the rear make up 
the learning signals of the neural network.

3. Then, train the network. In this example, the 
input date is a 10 × 27 matrix, and the out-
put date is a 5 × 27 matrix. The upper limit of 
training steps is 200. The transfer function of 

Figure 2. The training sample of network.Figure 1. A typical structure of the three-layer BP NN.
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neurons in the hidden layer is “tansig”, and the 
transfer function of neurons in the output layer 
is “logsig”. The trained network can be used 
to predict the driving condition with simple 
changes.

4. The test input vector is composed of every ten 
adjacent date points of the test driving cycle. 
As the test vector is updating from the begin-
ning to the end of the test cycle, the process of 
prediction keeps going. The results are shown in 
Figures 3(a) and (b).

In the figure, the solid blue line is the actual date, 
and the points are the prediction result.

The result shows that if  the peak value of the 
test sample (actual cycle) is higher than that of the 
training sample, the prediction result will be lower 
than the actual data; otherwise, the result will be 
higher than the actual data. Therefore, this method 
of prediction is only suitable for conditions, in 
which the peak of test sample is equal to that of 
the training sample. However, the peak value of 
the driving speed is changeable in reality, and 

therefore, there is a great limitation in this predic-
tion method. To solve this problem, this paper pro-
posed the prediction method of acceleration. First, 
the cycle which was expressed in speed is changed 
into acceleration before being input into the net-
work, then train the network using the acceleration 
of the driving cycle using the training method pro-
posed earlier. Finally, change the result of network 
from acceleration to speed.

The reason of using acceleration as the training 
sample is: in the process of a vehicle acceleration 
and deceleration, the same vehicle and the same 
driving cycle cause that there is a rule in the accel-
eration process—the maximum accelerations of 
every driving time are alike. The peak of accelera-
tion can be treated as a constant. The result of pre-
diction using acceleration as the training sample is 
shown in Figures 4(a)∼(d). The result indicates that 
this prediction method can be applied in the actual 
condition of prediction.

However, when the performance of the vehicle 
and the driving cycle are different, the maximum 

Figure 3(a). Prediction result: When the peak of the 
test sample is higher than that of the training sample.

Figure 3(b). Prediction result: When the peak of the 
test sample is lower than that of the training sample.

Figure 4(a). Speed of the training sample.

Figure 4(b). Acceleration of the training sample.
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Experimental steps are as follows:

 i.  Establish BP NN in accordance with the 
above-mentioned method.

 ii.  Set the current time as tc (initial value is 10). 
Input 10 history driving condition dates (tc − 9 
to tc) into the neural network as input vector. 
The outputs of the network are driving condition 
dates in the future 5 seconds (tc + 1 to tc + 5).

iii. When the vehicle drives to the next second, tc + 1 
changes to tc, and step (ii) is repeated until the 
end of the whole cycle. tc = 10, 11, 12, 13 …… 
tend. tend is the end time of the whole cycle.

The result of prediction is reserved in a 5 × n 
matrix (n was the length of time of the driving 
cycle). The first row of the matrix is the prediction 
result of the first second in the future of the cor-
responding time. The second row of the matrix was 
the prediction result of the second seconds in the 
future of the corresponding time, and so on. The 
comparison between the UDDS and the first row 
of the matrix is shown in Figure 5. The compari-
son showed that the errors are mainly concentrated 
in the range of ±5 km/h.

5 SIMULATION AND THE 
RESULT ANALYSIS

The simulation was carried out in MATLAB envi-
ronment. The neural network described in section 
III has been applied as the control system. Figure 6 
shows the key components of the system.

Figure 4(c). Prediction result.

Figure 4(d). Prediction result. R, reality; P, prediction.

Figure 5. Result of DCP.

acceleration will be another constant. Apparently, 
the maximum acceleration can make a great differ-
ence. In this paper, we decide to train several BP 
NN according to the different acceleration proc-
esses of all kinds of driving cycles (urban, suburb, 
highway mainly). The BP NN should be chosen 
before the prediction according to the maximum 
acceleration from the history information.

4 APPLICATION OF DCP

Before the prediction, the rule of acceleration proc-
ess (the change of acceleration, such as Figure 4(b)) 
in three kinds of driving cycles (urban, suburb, and 
highway) should be known. Then, three BP neural 
networks will be obtained. During the travel of the 
vehicle, the ECU calculates the maximum accelera-
tion according to the history information in limit 
time, and chooses the corresponding BP NN. In 
this example, the standard driving cycle UDDS was 
chosen to test the accuracy of the DCP system.
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Sensors on the vehicle provide history informa-
tion to the DCP system, and the DCP system can 
predict the future driving conditions depending on 
history information. After the optimization, the 
optimal control result is transmitted to the engine 
controller, which can control the engine working in 
the efficient fuel consumption area.

Based on the DCP proposed above, the future 
driving conditions of short term can be known. 
Optimize the short-term driving condition on fuel 
economy with the minimum principle. A series of 
optimal working points of engine and motors can 
be obtained, only the first working points can be 
used as the optimal control [12, 13], and then the 
rolling optimization can be continued till the end.

In this paper, the state variable (x) of the system 
is SOC, and the control variable (u) is (Te, ne)’. The 
system dynamic equation can be written as:

�x
E P R E

C R
b bE PP b bR E

b bC R
=

−P R2 4
7200

( )uu

where Eb is the electromotive force of power battery, 
Cb is the capacity of the battery, Rb is the internal 
resistance of the battery, and Pb is the charging or 
discharging power of the battery.

The power balance equation of the system is

p p pb Ap A
signi

B B
signi

C
signi= pAp signi + +( )uu ( )( )PPAP ( )PBPpBpsignisigni (uuuPAPPAPPAP

where PA and PB are the power of motor A and 
motor B, η is the efficiency of motors, “sign” is the 
signal function, and Pc is the power of the auxiliary 
system of the vehicle.

The performance function is:

J mfuel

N −

∑∑α βSOC SOC mSOC +tt
.

0CC
1

1

�

where �mfuel is the rate of engine fuel consumption, 
and α, β are the weight coefficients.

The simulation was carried out based on a 
heavy truck with a dual-mode electro-mechanical 
transmission system. The structure of the the dual-
mode electro-mechanical transmission system 
is shown in Figure 7. The simulation results are 
shown in Figure 8.

Figure 6. Schematic diagram of DCP-based strategy.
Figure 7. Structure of the dual-mode electro- mechanical 
transmission.

Figure 8. Simulation result.
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strategy in MATLAB environment. The result 
showed that it can save more fuel than rule-based 
logic threshold control strategy.
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Figure 9. Engine working points of the rule-based logic 
threshold control strategy.

Figure 10. Engine working points of the driving condi-
tion prediction strategy.

The simulation result shows that the DCP-
based strategy can work well on the vehicle behav-
ior model. When compared on fuel consumption 
with the rule-based logic threshold control strategy 
[9, 10, 11], this strategy can save 15.02% fuel. 
Figures 9∼10 show the result.

6 CONCLUSION

The information of future driving conditions is 
essential for the optimization of HEV control. 
In this paper, we presented a energy management 
strategy based on the driving condition prediction 
which is established on the BP NN. This strategy 
can solve the problem that both strategies based on 
rules and on optimization need to know the whole 
driving cycle to obtain the optimum performance. 
We accomplished simulation of this DCP-based 
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ABSTRACT: Compared with the traditional Hybrid Electric Vehicles (HEV), Plug-in Hybrid Electric 
Vehicles (PHEV) can be charged from external power grid and have higher efficiency. However, the effi-
ciency of PHEV is greatly affected by the energy management strategy. Based on the analysis of three 
kinds of typical structures of powertrain system, the merits and demerits have been summarized in this 
paper. According to the feasibility that the control strategy can be applied to real car or not, the existing 
control strategies are classified into off-line strategies and on-line strategies. Then, the main PHEV control 
strategies proposed in the last five years, including the advantages and disadvantages, have been summa-
rized and analyzed. Furthermore, according to the induction of these strategies, the difficulties and future 
development trend of the energy management strategy of plug-in hybrid electric vehicles are obtained.

Keywords: plug-in hybrid electric vehicle, energy management, off-line control, on-line control

structure and researchers put forward many methods 
to solve the energy efficiency optimization problem, 
but the optimization results of different methods are 
not the same. Therefore, it is necessary to analyze the 
merits and demerits of the various energy manage-
ment strategies to illustrate the difficulties and the 
development trend and lay the foundation for further 
research on the energy management of PHEV.

2 PLUG-IN HYBRID SYSTEM 
STRUCTURE

According to the power transmission mode of 
engine and motor, PHEV can be divided into series 
mode, parallel mode, and power split mode.

Series mode: the series hybrid system struc-
ture is shown in Figure 1. The engine genera-
tor (APU) and battery are connected in series to 
provide energy for the motor, and the wheels are 
only driven by motor. The characteristic of series 
structure is the engine without mechanical connec-
tion with wheels; therefore, the engine can work on 

1 INTRODUCTION

To deal with the energy and environmental crisis, 
which is caused by fossil energy, researchers around 
the world are looking for new alternative energy. Rel-
evant data showed that vehicles’ carbon dioxide emis-
sions accounted for more than 20% of global carbon 
dioxide emissions and consumed a lot of energy 
(Thiel et al. 2013). Therefore, alternative energy vehi-
cles become an inevitable solution to future trans-
portation system. Existing alternative energy vehicles 
includes pure Electric Vehicle (EV), Fuel Cell Vehicle 
(FCV), Hybrid Electric Vehicle (HEV), and Plug-in 
Hybrid Electric Vehicle (PHEV). There will be a 
period of time for the large-scale application of EV 
and FCV due to the limitation of battery technology 
and lack of charging infrastructure (Tie & Tan 2013). 
Therefore, HEV is recognized to be the most effective 
interim solution. Compared with HEV, PHEV can 
further reduce the reliance on fossil fuel, increase the 
pure electricity travel distance, and make use of exter-
nal grid electricity. Moreover, PHEV can be used as a 
controllable load of smart grid and smart building, by 
charging at night, using the rest of the excess power 
of wind farm (Tie & Tan 2013, Borba et al. 2012) and 
optimizing the energy flow path through combina-
tion of V2G technology and smart grids. There are 
many plug-in hybrid vehicles, which show excellent 
energy saving effect, such as Bea Di Qen, third-gener-
ation Toyota Prius hybrid vehicle, Roewe 550Plug-in, 
and Volvo S60L plug-in version. Plug-in hybrid elec-
tric vehicle offers the potential for further optimiza-
tion of energy efficiency because of the multi-energy Figure 1. The structure of series powertrain.

ICPT2016_Book.indb   743ICPT2016_Book.indb   743 9/29/2016   12:03:51 PM9/29/2016   12:03:51 PM



744

the highest efficiency point and avoid running in 
rapid acceleration, low efficiency, and other bad 
conditions, and to reduce the noise and the vibra-
tion of the engine. The merits of series are simple 
structure, low noise, small vibration, and simple 
energy management strategy. However, there are 
also many demerits such as low energy efficiency 
due to second energy conversion, larger size 
motor and it is challenging to the development of 
high-efficiency APU module. It is more suitable to 
these vehicles which run frequently in the ineffi-
cient region, such as heavy series hybrid vehicles, as 
has been the implementation of commercial UPS 
series hybrid truck and hybrid bus.

Parallel: the parallel system structure is shown 
in Figure 2; the power of the engine and the motor 
coupling by the mechanical coupling device, the 
engine, and the motor can drive wheel alone as well as 
together. The motor not only provides driven power 
but also acts as a generator to charge the battery 
because of without a separate generator. The advan-
tage is mechanical loss is more close to the traditional 
vehicles and get more extensive application, such 
as Insight and Honda Civic. However, they cannot 
avoid the engine run in low-efficiency area and the 
energy management strategy is more complex.

Power split: the powertrain structure also known 
as series-parallel is shown in Figure 3. The sys-
tem contains at least a motor, an engine, and a 
generator, which allow them work in series and in 

parallel. Power split is currently the most popular 
hybrid structure as its highest efficiency. However, 
the structure and energy management strategies 
are most complex among three powertrains. The 
familiar hybrid electric vehicles are third-generation 
TOYOTA Prius, Chevrolet Volt, and GM Tahoe.

3 OFF-LINE AND ON-LINE STRATEGIES

Multi-energy sources and energy flow paths make 
great improvement in PHEV’s energy efficiency, but 
how to achieve the highest energy efficiency and the 
lowest emission is the challenge facing the energy 
management system. At present, there are many 
literatures that introduced energy management 
strategies for PHEVs; the most common method of 
classification is in accordance with the control strat-
egy of its own characteristics and these strategies 
are divided into rule-based strategy and optimiza-
tion-based strategy. The shortcoming of this classi-
fication method does not directly point out whether 
it can be practical application. In this paper, accord-
ing to the energy management strategy, irrespective 
of whether it can be applied to real vehicles or not, 
the existing strategies are divided into off-line and 
on-line strategies, as shown in Figure 4.

Figure 2. The structure of parallel powertrain.

Figure 3. The structure of power split powertrain. Figure 4. Classification of energy management strategies.
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3.1 Off-line control strategies

An energy management strategy cannot be control-
led on-line mainly because of prior information of 
future driving cycle, time consumption, and large 
memory consumption, which make it not applica-
ble to real-time embedded systems.

The most common off-line control strategies 
are based on the optimal control theories, such 
as Dynamic Programming (DP) and Pontryagin’s 
Minimum Principle (PMP). They can obtain opti-
mal control effect, but need to know the future 
driving conditions. Moreover, the Equivalent 
Consumption Minimization Strategy (ECMS) is 
based on the improved optimization theory. The 
global optimization problem is transformed to an 
instantaneous minimization problem, and hence, 
the method does not need a prior knowledge of 
future driving cycle, and ECMS can be applied to 
real vehicles. However, a large number of studies 
show that the equivalent factor of the algorithm is 
sensitive to the driving cycle. Other off-line strate-
gies include Model Predictive Control (MPC) and 
Genetic Algorithm (GA). Although these global 
optimal control strategies cannot be used for real-
time control, they are very useful for development 
of PHEV’s energy management strategy. DP algo-
rithm is often used as the evaluation benchmark of 
other control strategies, combining various meth-
ods to develop a new control strategy.

If  there is a prior knowledge, the equivalence 
factors of ECMS can be off-line optimization. 
Get optimal equivalent factor off-line based on 
Dynamic Programming (DP) (Sinoquet et al. 2011, 
Pei & Leamy 2013), Genetic Algorithm (GA) (Park 
& Park 2012), and ant colony algorithm (Li et al. 
2014). Combination of PMP and ECMS allows 
for the selection of multiple value function, which 
increases the applicability of the proposed strategy 
(Guardiola et al. 2014).

In addition to fuel consumption optimization 
of energy management strategy, emissions, battery 
life, and driving comfort are also included. The DP 
algorithm can simultaneously optimize the PM 
emissions and fuel consumption (Nüesch et al. 
2014). The simulation results show that the vehi-
cle emission performance meets the Euro V emis-
sion standard, and fuel consumption increased 
by only 2% in comparison with fuel consumption 
optimization alone. Optimization of battery life 
and fuel consumption simultaneously (Chen et al. 
2014) takes the energy loss of battery as the design 
standard for battery protection; compared with 
traditional logic controller, both fuel consumption 
performance and battery life are improved.

The rapid development of vehicular networking 
and Intelligent Transportation System (ITS) pro-
vides the possibility for the sharing of information 
between vehicle and environment. The integration 

of ITS and plug-in hybrid technology can achieve 
higher fuel efficiency than traditional optimization 
(Zulkefli et al. 2014). He et al. (2012) proposed an 
energy management strategy of integrated intelli-
gent traffic data by wireless communication. Only by 
optimization of driving cycle fuel economy improved 
56–86%, further combined with energy manage-
ment system, fuel economy of 115% is achieved in 
comparison with traditional automobile.

3.2 On-line control strategies

The on-line control strategy is mainly based on 
the rules and the simplified optimization meth-
ods. Rule controllers include determining rule and 
fuzzy rules; rules are mostly based on the experi-
ence of engineers.

The real-time rule controller is based on the 
engine and the motor efficiency map (Wang et al. 
2013), and scholars have put forward strategies 
based on the optimal operation line (Ahn & Papal-
ambros 2009) and high efficiency region control 
(Sun et al. 2012). Rule-based strategies’ biggest 
advantage is simple and easy to vehicle application. 
However, the rule controller cannot obtain opti-
mal control and no standard unified rules. In order 
to combine the advantages of rules and optimum 
control, many rule-based controllers with optimiza-
tion method have been introduced in many litera-
tures, such as the rules based on results of ECMS 
(Škugor et al. 2014), genetic algorithm (Sorrentino 
et al. 2011), and DP algorithm (Peng et al. 2015).

The energy management strategy based on fuzzy 
rules is of good robustness, anti-noise ability, and 
adaptive performance (Li et al. 2011). Fuzzy rea-
soning is determined by the membership function 
and fuzzy rules, which determines the performance 
of the energy management strategy. However, the 
membership function and fuzzy rules are derived 
from human experience and intuition, and hence, 
it cannot ensure the optimal performance of the 
controller. In order to further improve the fuel 
economy and emissions, the membership function 
can be optimized by the optimization algorithm 
(Wu et al. 2012, Derakhshan & Shirazi 2014).

The optimization-based strategy can achieve 
better performance than the rule-based method. In 
addition, they are improved and appropriately sim-
plified for optimum method, and shortcomings of 
them, such as poor adaptability, time consuming, 
and large memory usage, can be overcome. Onori 
& Tribioli (2015) proposed an on-line strategy for a 
PHEV using Adaptive PMP (A-PMP) which only 
need little information of cycle, and puts forward 
the parameter adaptive control algorithm based 
on the SOC feedback; simulation results show that 
performance of SOC mixed mode strategy is better 
than Charge Depleting/Charge Sustaining  (CD-CS) 
strategy that is currently used on the vehicle. 
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The only drawback is the requirement of the total 
distance of the travel. For no knowledge of dis-
tance, Hou et al. (2015) proposed Range Adap-
tive Optimal Control (RADOC). For real-time 
application, Hou et al. (2014) proposed Approxi-
mate PMP(A-PMP); Hamiltonian function were 
fitted by the piecewise linear approximation and 
the problem is formulated as a convex optimiza-
tion problem. Then, the torque distribution ratio is 
divided into 5 types according to the engine on/off  
state. Compared with PMP, the computation time 
is greatly reduced and engine switch frequency is 
reduced by the filtering algorithm.

Adaptive Equivalent Consumption Strategy 
(A-ECMS) is such a method that its equivalent 
factor adjusted on-line. There are three types of 
A-ECMS strategies, based on SOC feedback (Pei 
& Leamy 2013), driving cycle, and driver intention 
recognition, respectively (Guardiola et al. 2014). 
The information of driving cycle can be predicted 
by algorithm or from the real-time information of 
the external device, such as GPS (Han et al. 2014). 
For making full use of breaking energy on steep seg-
ment, battery energy is consumed before the arrival 
of the steep slope. He et al. developed A-ECMS 
strategy for a power split PHEV and established 
traffic information prediction model. The strategy 
is suitable for real-time applications and fuel con-
sumption decrease greatly. As driving cycle and 
driver’s behavior directly affect the control effects 
of PHEV’s energy management strategy, research 
on interaction of human-vehicle-road is necessary. 
However, the interaction is a highly complex and 
nonlinear problem. Scholars are using the fuzzy 
intelligent algorithm to solve the problem (Khay-
yam & Bab-Hadiashar 2014); based on the research 
of road slope, curve, and ambient temperature, a 
number of databases were established. The system 
is composed of three fuzzy logic controllers (motor 
controller, engine controller, and air conditioning 
controller), and the engine controller uses the adap-
tive hybrid multilayer fuzzy inference system, which 
was optimized by the genetic algorithm.

Yong et al. (2015) proposed a novel method com-
bined with Extended Kalman Filter (EKF) and 
Recursive Least Squares (RLS) for improvement of 
estimation precision and speed. The proposed algo-
rithm can estimate the vehicle quality and the level 
of road with small error, fast convergence speed, and 
high precision without GPS information. Instead, 
Unger et al. (2015) proposed a nonlinear model pre-
diction energy management strategy for real-time 
control, and used Bayesian inference method and 
related analysis method to forecast the load and the 
road conditions, respectively. The Model Predictive 
Control (MPC) algorithm is a very promising algo-
rithm to energy management, as it can effectively 
solve the constraint optimization problem of mul-
tiple inputs and outputs. However, it is a challenge to 

establish a precise model for the approach with high 
computing requirements. For improvement of this 
method, explicit MPC (e-MPC) (Taghavipour et al. 
2015) and stochastic MPC (SMPC) (Li et al. 2015) 
are included. The core of the e-MPC transforms off-
line multi-parameter optimization problem into the 
explicit function of system variable and these func-
tions normally use piecewise affine function; then, 
polyhedral regions of the PMC are converted into 
a linear table. In this way, the control area can be 
selected according to the current state of the vehicle, 
and the output is obtained according to the table of 
this area. Its computational efficiency can be greatly 
improved by using a series of value functions instead 
of traditional MPC function and nearly optimal 
results are obtained. The SMPC strategy needs to 
establish a random driver model, such as using the 
K-means clustering algorithm to classify the driver’s 
behavior and the Markov driver model established 
for random input of SMPC (Li et al. 2015).

Furthermore, integrated information of  ACC 
system and Model Predictive Control (MPC) can 
improve the performance of  the energy manage-
ment system. According to the forecast informa-
tion by MPC and sensor data of  ACC system, the 
controller can predict the velocity and accelera-
tion of  the vehicle. The second-order curve fitting 
of  Equivalent fuel Consumption Minimization 
strategy (ECMs) value function was used to 
achieve global optimal control (Kural & Güvenç 
2015).

All above-mentioned energy management strate-
gies aim to achieve global optimal energy efficiency 
depending on their allocation of the torque or power 
between engine and motor. But, PHEV can be 
charged from the external power grid which is dif-
ferent from traditional HEV, and there will be sig-
nificant effect on power generation, power lines of 
electricity transmission and distribution, emissions, 
and economy, when millions of vehicles charging 
from the grid. Therefore, it is very necessary for the 
joint optimization of power grid and PHEVs, which 
requires forecast of the future demand of plug-in 
hybrid electric vehicles and electric vehicles on grid. 
Marano et al. (2012) proposed several prediction 
schemes, and developed an intelligent control system 
based on distributed wireless communication, which 
improves fuel efficiency and reduces the impact on 
the grid. In addition, in the vehicle development 
stage, the component size and energy management 
strategy are optimized at the same time, Hung & Wu 
(2012) can further improve the fuel economy of the 
vehicle.

4 CONCLUSIONS

Currently, various effective energy manage-
ment strategies for plug-in hybrid electric 
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vehicles have been presented in the literature, and 
the great energy saving and emission reduction 
were achieved. However, these control strategies 
are mainly based on model simulation research, 
which is different from real car running environ-
ment as the simplified model and single factor are 
usually adopted. Coordinate work, reliability, and 
redundancy design of hardware and software are 
included in the real-time system.

Based on the above analysis, development 
trend of  PHEV’s energy management strategy is 
concluded in three aspects: first, real-time opti-
mal algorithm, for improvement of  real-time 
performance of  traditional optimal algorithms 
which cannot be applied in real vehicle by sim-
plifying and appropriately improving the com-
plexity algorithm, such as ADP, A-PMP, SMPC, 
e-MPC, and A-ECMS. Second, integration, 
mainly reflected in three aspects, one is diversifi-
cation of  control target, such control strategy not 
only take fuel consumption as the optimization 
goal but also including emissions performance, 
driving performance, battery life, etc. The other 
one is integration of  the control algorithm, many 
methods mentioned in this paper, and combina-
tion of  two or more different algorithms, such as 
the combination of  rule and optimal algorithms, 
stochastic control and MPC, and ECMS and DP, 
with the purpose of  computation efficiency or 
control effect improving; the last one is the inte-
gration of  control systems, such as integration of 
energy management system and adaptive cruise 
system. Finally, intelligence is mainly reflected in 
the information sharing, with the development of 
Intelligent Transportation System (ITS), vehicu-
lar network, smart grid, intelligent parking lot 
etc. There will be great benefits for energy on-line 
optimization of  energy management for PHEV 
through the information integration. However, 
communication between intelligent system and 
automotive electronic control system brings great 
challenges, such as Electro-Magnetic Compatibil-
ity (EMC), controllers’ operation rate, and com-
munication rate, etc.
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Objective evaluation of mode switching and shift quality 
for a parallel hybrid electric vehicle

B. Du, L.J. Zhou, X.F. Yin & R.H. Yang
School of Automobile and Transportation, Xihua University, Chengdu, Sichuan, China

ABSTRACT: Five evaluation indexes reflecting the mode switching and shift quality for a parallel hybrid 
electric vehicle are determined from the aspects of vehicle drivability, durability, and ride comfort. The 
objective evaluation model based on the method of back propagation neural network optimized by the 
genetic algorithm has been developed to evaluate the mode switching and AMT shift quality. The predic-
tion result of the objective evaluation model is compared with the driver’s subjective evaluation. In addi-
tion, the influence of each evaluation index on the objective evaluation model is also analyzed. The results 
show that the objective evaluation model has a good consistency with subjective evaluation, and the 
selected five evaluation indexes are scientific and reasonable. This research will provide a new method for 
the evaluation of mode switching and AMT shift quality for the parallel hybrid vehicle.

computer technology and artificial intelligence 
algorithm, such as AVL-DRIVETM of AVL com-
pany, ‘Gequan’ of Volvo company, and ‘DART’ of 
Ricardo company (Schnetzler et al. 2000, Schoeggl 
et al. 2000, Dorey et al. 2000). The relationship 
between subjective evaluation and objective evalu-
ation is established by using these systems. These 
objective evaluation systems can avoid the draw-
backs of the subjective evaluation method, and is 
becoming an important supplement of subjective 
evaluation method. Zhang et al. (2007) extracted 
four evaluation indexes, representing the AMT shift 
quality, and developed the shift quality objective 
evaluation system based on the BP neural network 
method. Huang et al. (2004) used the peak value of 
jerk and the mean square value of jerk to evaluate 
the shift quality, and presented the empirical for-
mula of the shift quality evaluation. Zhang et al. 
(2009) proposed a comprehensive objective evalu-
ation index system of reflecting vehicle drivability, 
economy, durability, and ride comfort. Chen et al. 
(2009) designed a shift quality evaluation system 
based on the evidence theory and the fuzzy neural 
network method.

At present, there are no uniform evaluation cri-
teria and method for hybrid vehicle mode switching 
and shifting quality. Therefore, this paper extracts 
five objective evaluation indexes of reflecting the 
mode switching and shift quality for a parallel 
hybrid electric vehicle from the aspects of vehicle 
drivability, durability, and ride comfort. In addi-
tion, an objective evaluation model based on the 
method of back propagation neural network opti-
mized by genetic algorithm has been developed to 
evaluate the mode switching and shift quality for 
the parallel hybrid electric vehicle. The prediction 

1 INTRODUCTION

In order to improve fuel economy and reduce 
exhaust emission, the hybrid electric vehicle 
equipped with Automatic Manual Transmission 
(AMT) performs mode switching and shift gears 
frequently under driving conditions. However, 
the two kinds of dynamic processes cause large 
jerk in vehicle driveline, which has a great influ-
ence on the vehicle drivability, durability, and ride 
comfort. The three aspects of vehicle performance 
can be improved by the implementation of effec-
tive control strategies. However, the effectiveness 
of the control strategy is directly reflected in the 
mode switching and shifting quality. Therefore, it 
is significant to establish a set of scientific and rea-
sonable evaluation method for the mode switching 
and shift quality to evaluate the performance of 
the two dynamic processes.

Currently, there is little research on the evalua-
tion of mode switching and shift quality for hybrid 
electric vehicles. The research on shift quality 
evaluation is mainly focused on the conventional 
internal combustion engine vehicle. The shift qual-
ity evaluation can be classified into subjective 
evaluation and objective evaluation. Subjective 
evaluation is a scoring method given by experienced 
drivers, which is always an important method for 
the vehicle shift quality. However, there are some 
drawbacks in the subjective evaluation, such as 
time-consuming, easily influenced by driver’s per-
sonal subjective factors, and lack of guidance for 
product development and design in early stage 
(Dorey et al. 1999). Therefore, some foreign auto 
companies developed an objective evaluation sys-
tem for vehicle shift quality by means of advanced 
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result of objective evaluation model is compared 
with the driver’s subjective evaluation. In addition, 
the influence of each evaluation index to the objec-
tive evaluation model is analyzed.

2 CONFIGURATION OF THE PARALLEL 
HYBRID ELECTRIC VEHICLE

Figure 1 shows the configuration of the Paral-
lel Hybrid Electric Vehicle (PHEV). The gasoline 
engine and the motor (Integrated Starter & Gen-
erator, ISG) are connected to the driveline through 
a planetary gear coupling mechanism, which con-
sists of a Planetary Gear (PG), an One-Way Clutch 
(OWC), and a Wet Multi-disk Clutch (WMC). 
The PHEV can be operated in electric driving 
mode, engine driving mode, charging mode, and 
hybrid driving mode by coordination control of 
the engine, motor, and the clutch in planetary gear 
mechanism. In addition, a five-speed Automatic 
Mechanical Transmission (AMT) in the hybrid 
electric vehicle can achieve automatic shift to 
further improve the fuel efficiency of the parallel 
hybrid electric vehicle.

3 EVALUATION INDEX OF 
MODE SWITCHING AND AMT 
SHIFT QUALITY

There are many factors that affect the mode switch-
ing and AMT shift. In addition, owing to the dif-
ference in driving conditions and driver’s different 
driving habits, the focus of the evaluation indexes 
is also different. Therefore, it is very important to 
choose the scientific and reasonable evaluation 
index for the objective evaluation of mode switching 

and shift quality for hybrid electric vehicles. In gen-
eral, the selection of evaluation index should comply 
with the following principles (Zhang et al. 2011):

1. The evaluation index must be already con-
firmed, and is able to reflect the mode switching 
or shift performance.

2. The evaluation index should have strong physi-
cal meaning, and it can reflect the essence of 
vehicle dynamics.

3. The evaluation index should be easily obtained.
4. The evaluation index can simultaneously reflect 

the quality of mode switching or shift.

The requirement of the mode switching for 
hybrid electric vehicles is to ensure the power 
transfer smoothly and quickly under the condition 
of meeting the driver’s demand (Wang et al. 2006). 
Shift quality refers to the extent of shifting rapidly 
and smoothly under the condition of guaranteeing 
the vehicle drivability and durability of driveline 
(Ge et al. 2003). According to the above two defi-
nitions, it can be concluded that it is necessary to 
ensure that the vehicle has better drivability, dura-
bility, and ride comfort during the two dynamic 
process. Therefore, in this paper, the objective 
evaluation indexes of mode switching and AMT 
shift are determined from the aspects of vehicle 
drivability, durability, and ride comfort.

3.1 The duration of mode switching/AMT shift Δt

The duration of mode switching or AMT shift has 
an important influence on the vehicle drivability and 
ride comfort. Short duration of mode switching can 
quickly respond to driver’s demand, and improve 
the vehicle drivability. For a vehicle equipped with 
AMT, decreasing the shift time means that power 
interruption is reduced, which can effectively 
improve vehicle drivability and ride comfort.

The duration of mode switching refers to the 
time spent in transition from one driving mode to 
another, which can be expressed as:

Δt t te st t−t  (1)

where ts is the initial time of mode switching and te 
is the end time of mode switching.

The duration of AMT shift is the sum of clutch 
separation time, selecting gear ratio time, shifting 
time, and clutch engagement time, which can be 
expressed as:

Δt t t t t+t +t1 2t t+tt 3 4t t+tt  (2)

where t1 is the clutch separation time, t2 is the 
selecting gear ratio time, t3 is the shifting time, and 
t4 is the clutch engagement time.

Figure 1. Configuration of the parallel hybrid electric 
vehicle.
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3.2 Longitudinal acceleration fluctuation Δa

Longitudinal acceleration is an important index of 
representing the vehicle ride comfort. The torque 
fluctuation of the power source during mode tran-
sition or the output torque interruption during 
AMT shift could cause large vehicle longitudinal 
instantaneous acceleration or deceleration, result-
ing in poor vehicle ride comfort. Therefore, the 
longitudinal acceleration fluctuation is chosen to 
evaluate vehicle ride comfort, which can be writ-
ten as:

Δa aa ( )aa (max( ( )t( )tt ) mi t  (3)

where max (.) is max function; min (.) is the mini-
mum function.

3.3 Peak value of jerk jmax

Jerk is defined as the change rate of vehicle lon-
gitudinal acceleration. Jerk can easily synchronize 
with human feelings. It can exclude the impact of 
bump and bounces caused by bad road condition 
and truly reflect the drivability (Ge et al. 2003).
According to the definition of jerk, the formula 
can be calculated as follows:

j
da

dt
d v

dt
rd
i dt

r
J i

d
dto vi dt JJ oi

( )t ( ) ( )t ( )T To vTT TT−
= = =( ) =

2

2

2

2

ωvω  (4)

where To is the transmission output torque, Tv is 
the vehicle load torque with respect to the synchro-
nizer, ωv is the transmission output shaft speed, Jv 
is the equivalent rotational inertia of the transmis-
sion output shaft, io is the final drive ratio, and r is 
the wheel rolling radius.

As the peak value of jerk can be used to charac-
terize the impact of the subjective sense, the peak 
value of jerk jmax is chosen to be another evaluation 
index of vehicle ride comfort. The peak value of 
jerk jmax can be expressed as:

j max j jmajj mjjx max ax mijj nii( )  (5)

3.4 RMS value of jerk jrms

The shock and vibration caused by mode transi-
tion or AMT shift will pass through the driveline, 
which has a negative effect on the components in 
driveline. The Root Mean Square (RMS) value of 
jerk jrms characterizes the cumulative damage of the 
vehicle driveline, and has a great influence on the 
life cycle of the components in driveline (Zhang 
et al. 2009).Therefore, the RMS value of jerk can 
be chosen to be the evaluation index of vehicle 
durability, which can be expressed as:

j
j dt

trmjj s

t

=
( )t∫ 2

0∫∫
Δ

Δ
 (6)

3.5 Engine speed fluctuation Δωe

The engine often has large speed change during 
mode switching or AMT shift. If  the engine speed 
fluctuates sharply, it causes the engine roaring and 
noise, which will affect the ride comfort of the 
vehicle. Thus, the engine speed fluctuation is also 
considered as an important objective evaluation of 
reflecting vehicle ride comfort. The engine speed 
fluctuation can be calculated as:

Δ = ( )( ) ( )( )ω ω= ( ωe e(ω ωω ( e)) ((ωe(ω( eω( )) − i  (7)

In conclusion, the five indexes, including the 
duration of mode switching/AMT shift Δt, the 
longitudinal acceleration fluctuation Δa, the peak 
value of jerk jmax, the RMS value of jerk jrms, and 
the engine speed fluctuation Δωe, have been cho-
sen to be the objective evaluation of reflecting the 
mode switching and AMT shift quality for the 
investigated parallel hybrid electric vehicle.

4 OBJECTIVE EVALUATION MODEL 
OF MODE SWITCHING AND AMT 
SHIFT QUALITY

In order to make a comprehensive evaluation of 
mode switching and AMT shift quality for the 
parallel hybrid electric vehicle, it is necessary to 
unify the evaluation indexes mentioned above. 
However, these indexes are restricted to each 
other, and they have a strong nonlinear relation-
ship. It is difficult to establish an accurate math-
ematical model.

The Back Propagation (BP) neural algorithm 
has been successfully applied to the objective 
evaluation method of AMT shift quality for con-
ventional internal combustion engine vehicles. 
However, there are still some drawbacks, such 
as falling into local minimal value and slow con-
vergence rate. The genetic algorithm is a kind of 
parallel random search optimization algorithm by 
means of simulating the natural genetic mechanism 
and biological evolution. It uses the probabilistic 
optimization method, can adjust the search direc-
tion adaptively, and has the ability of global opti-
mization. The weight and threshold of BP neural 
network optimized by genetic algorithm can avoid 
the drawback of low efficiency and falling into 
local minimal value in BP neural network training. 
In addition, the weight and threshold of BP neural 
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network optimized by the genetic algorithm has 
the advantages of faster convergence speed and 
better prediction ability (Hu et al. 2011).

Therefore, this paper combines the genetic algo-
rithm with BP neural network (hereinafter referred 
to as GA-BP). The genetic algorithm is used to 
optimize the weight and threshold of BP neural 
network. An objective evaluation model for mode 
switching and AMT shift is established by GA-BP.

Figure 2 shows the process of objective evalu-
ation modeling by using GA-BP, which can be 
divided into four steps, including data preproc-
essing, BP neural network structure design, opti-
mization of weights, and thresholds of BP neural 
network based on genetic algorithm and BP neural 
network training (Wang et al. 2011). Each step is 
described in detail as follows:

4.1 Data preprocessing

Data preprocessing is the preparation of BP neural 
network training, which consists of training sam-
ple data selection and data normalization.

4.1.1 Training sample data selection
There are totally 148 groups of training sample 
data. The all objective evaluation indexes of train-
ing sample data were obtained through real-time 
data acquisition in the operation of the parallel 
hybrid electric vehicle. The subjective evaluation 
scores are the average value of the two experienced 
drivers’ subjective score. According to the subjec-
tive evaluation scores from high to low order, eight 
groups of training sample data were selected from 
148 groups of training sample data for testing. The 
remaining 140 groups of training sample data are 
used to train the BP neural network.

4.1.2 Data normalization
Owing to the large difference in the quantity level 
of each objective evaluation index, it is easy to 
make the BP network training time-consuming 
and produce inaccurate prediction results. There-
fore, the input and output data should be normal-
ized before BP network training. In this paper, all 
evaluation indexes are normalized to [0,1] by using 
the max-min method, which can be expressed as:

x
x xk =
( )x xk

max mx in

 (8)

where xk  is the normalized value, xk is the value 
of evaluation index in sample data, and xma and 
xmin are the maximum and minimum values in the 
sample data, respectively.

4.2 BP neural network structure design

As the five objective evaluation indexes were 
selected in this paper, the input layer has five input 
nodes. The output is the result of  objective evalua-
tion model. Therefore, there is only one node in the 
output layer. It has been found that the BP neural 
network structure with double hidden layers is 
better than that with single hidden layer in terms 
of convergence precision and generalization effect 
(Wang et al. 2011). Therefore, the double layer of 
BP network structure is applied in this paper.

The number of nodes in each hidden layer has a 
great influence on the prediction accuracy of the BP 
network. There is still no optimal method to deter-
mine the optimal number of hidden layer nodes. 
In this paper, the trial-and-error method is used to 
determine the number of nodes in two hidden layers. 
First, the number of nodes in the two hidden layers 
is initially set from 1 to 15. Then, the average error 
between expected result and actual result of each 
loop is calculated by using two-layer loop program-
ming. The two-hidden-layer node number with a 
minimum average error is considered as the optimal 
hidden layer node number. The BP neural network 

Figure 2. The process of objective evaluation modeling 
by GA-BP.
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structure of 5 × 12 × 12 × 1 is finally determined 
using the above method, as shown in Figure 3.

4.3 Optimization of weights and thresholds of BP 
neural network based on genetic algorithm

The method for optimization of weights and thresh-
olds of BP neural network based on the genetic 
algorithm consists of genetic coding, individual 
fitness calculation, and genetic manipulation.

4.3.1 Genetic coding
In order to speed up the search, the real number 
code is adopted in this paper. Each individual is 
a string of real numbers, which include all the 
weights and thresholds of the BP neural network. 
The coding length of each individual is 241.

4.3.2 Individual fitness calculation
The initial weights and thresholds of the BP neu-
ral network can be obtained from the individual. 
Then, the BP neural network is trained by the sam-
ple data to predict the output. The square sum of 
the errors between the predicted output value and 
the desired output value is used as the individual 
fitness value, which can be written as:

f

k

Z=
( )y yk ky

=
∑

1
2

1

 (9)

where f is the individual fitness value, yk is the 
desired output value of BP neural network, yk  is 
the predicted output value of the BP neural net-
work, and Z is the number of training sample 
data.

4.3.3 Genetic manipulation
Genetic manipulation includes selection, crosso-
ver, and mutation operations.

1. Selection operation.
The selection strategy based on the proportion of 
fitness is adopted in this paper. The selection prob-
ability of each individual can be expressed as:

p
f

f
i

iff

iff
i

N=
∑

 (10)

where pi is the selection probability of each indi-
vidual, fi is the fitness value of the individual i, and 
N is the number of population.
2. Crossover operation
As the individual uses the real number code, the 
crossover operation should use the real single point 
crossover method. The calculation formula of a 
group of paired chromosomes amj and anj in the 
number of j gene site by using the real single-point 
crossover method is written as:

a a a b
a a a b

mj mj nj

nj nj mj

+
+

( )b
( )b

⎧
⎨
⎧⎧
⎩
⎨⎨  (11)

where amj and anj are the paired chromosomes at 
the number of j gene site and a and b are a random 
number between 0 and 1, respectively.
3. Mutation operation
The non-uniform mutation operation is applied in 
this paper. The calculation formula of the gene xk 
in a chromosome using the non-uniform mutation 
operation can be expressed as:

′ =
−

−
( ) ( )
( )

X
XX + ( r×X )

X X+ ( X r×)
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⎩⎩ ≤2 0 5.r

 
 

(12)

where Xmax and Xmin are the upper and lower 
bounds of the gene Xk, respectively, r2 is a random 
number, Gmax is the current iteration number, and r 
is a random number between 0 and 1.

4.4 BP network training

The weights and thresholds optimized by the 
genetic algorithm are used to train the BP net-
work. BP neural network training process includes 
output error calculation, weight, and threshold 

Figure 3. BP Neural network structure.
Figure 4. Objective evaluation model of mode switch-
ing and AMT shift quality.
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update. The specific contents are detailed in refer-
ence (Wang et al. 2011), and not repeated in this 
paper. The trained network can be used to predict 
the output.

According to the above process, an objective 
evaluation model of mode switching and AMT 
shift quality for PHEV is established using the neu-
ral network toolbox and the Genetic Algorithm 
Toolbox (GAOT) in the MATLAB software, as 
shown in Figure 4.

5 OBJECTIVE EVALUATION 
MODEL PREDICTION

According to the selected sample data, the basic 
parameters of the objective evaluation model are 
set, as shown in Table 1.

The fitness value in the process of genetic algo-
rithm optimization is shown in Figure 5. It is clear 
from Figure 5 that the fitness value is getting bet-
ter and better with the increase in the number of 
evolution. After 76th iteration, it becomes a con-
stant value 0.27, which indicates that the method 
of weights and thresholds of BP neural network 
optimized by genetic algorithm is effective.

The relative error of the individual training sam-
ple is shown in Figure 6. It can be seen from Fig-
ure 6 that the absolute relative error was less than 
5%, which indicates that the BP network training 
based on the genetic algorithm optimization is 

Table 1. Parameters of the objective evaluation model.

Parameter Value

Initial population number 50
Crossover probability 0.6
Mutation probability 0.08
Termination of evolutionary algebra 200
The range of initial weight value [−1.0,1.0]
Adaptive learning rate of BP 1
Desired error 0.001
Maximum iteration number 500

Figure 5. Curve of fitness value along with the 
evolution.

Figure 6. Relative error of training samples.

successful, and the trained BP network can be used 
for evaluation and prediction.

The eight groups of data are selected as the test 
sample. The result of the objective evaluation model 
proposed in this paper has been compared with the 
result of driver’s subjective evaluation, as shown in 
Table 2. It can be seen from Table 2 that the relative 
errors between the result of the objective evaluation 
model prediction and the result of driver’s subjective 
evaluation are between –10% and 5%. Comparison 
results show that the objective evaluation model is 
consistent with the subjective evaluation, and can 

Table 2. Comparison of the objective evaluation prediction based on GA-BP with driver’s subjective evaluation.

Number

Δt Δa jmax Δωe jrms

Subjective evaluation GA-BP

Error

s m/s2 m/s3 rpm m/s3 %

1 2.24 2.37 6.38 1473 4.35 6.5 6.73 3.5
2 1.79 1.03 5.86 758 3.42 8.0 8.14 1.75
3 1.92 1.27 5.23 987 3.14 8.0 8.47 5.88
4 1.85 0.87 4.63 701 2.06 9.0 8.05 10.5
5 1.95 2.12 5.55 1128 3.22 7.5 7.24 3.47
6 1.87 1.31 4.79 1025 2.13 7.5 7.31 4.13
7 1.73 0.85 4.37 905 1.97 8.0 8.27 3.38
8 1.69 0.73 3.73 845 1.73 9.0 8.72 3.11
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be used for evaluation of the parallel hybrid vehicle 
mode switching and AMT shift quality.

6 ANALYSIS OF THE EVALUATION 
INDEX IN THE OBJECTIVE 
EVALUATION MODEL

In order to analyze the influence of the selected 
evaluation indexes on the objective evaluation 
model, the four evaluation indexes are selected 
randomly from the five evaluation indexes, there 
are totally five kinds of combination forms. Fig-
ure 7 shows the relative error of the objective eval-
uation model prediction results when all kinds of 
four evaluation indexes are used. Compared with 
Table 1, the relative errors in Figure 7 are generally 
larger than those in Table 1. Therefore, it is reason-
able to select five evaluation indexes.

Figure 8 shows the average relative errors of 
each evaluation index to the objective evaluation 
model, which is obtained by taking the absolute 
value and average value of relative errors in Fig-
ure 7 (a) to (e).

In Figure 8, the peak value of  jerk jmax has the 
biggest average relative error of  12.2%, followed 
by RMS value of  jerk jrms, and the average rela-
tive error is 11.3%, which indicates that the jerk 
is an important evaluation index to characterize 
the mode switching and AMT shift quality for 
the parallel hybrid vehicle. The average relative 
error of  the longitudinal acceleration fluctuation 
Δa and duration of  mode switching or AMT shift 
Δt are 10.8% and 10.5%, respectively. Both evalu-
ation indexes have great influence on the objective 

evaluation model. The engine speed fluctuation 
Δωe has the smallest average relative error, but the 
average relative error is still close to 10%. There-
fore, it is also an important evaluation index in the 
objective evaluation model.

The analysis result shows that the selected five 
evaluation indexes are scientific and reasonable, 
which can reflect mode switching and AMT shift 
quality of the parallel hybrid electric vehicle objec-
tively and accurately.

7 CONCLUSIONS

Five objective evaluation indexes reflecting the 
mode switching and AMT shift quality for a paral-
lel hybrid electric vehicle are determined from the 
aspect of the vehicle drivability, durability, and 
ride comfort. An objective evaluation model of 
mode switching and AMT shift quality has been 
developed using the method of BP neural network 
optimized by the genetic algorithm.

The prediction result of the objective evalua-
tion model is compared with the driver’s subjec-
tive evaluation. In addition, the influence of each 
evaluation index on the objective evaluation model 
is also analyzed. The results show that the objec-
tive evaluation model has a good consistency with 
subjective evaluation, and the selected five evalu-
ation indexes are scientific and reasonable. The 
proposed objective evaluation model can be used 
for evaluation of mode switching and AMT shift 
quality for the parallel hybrid vehicle.
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Study on the shift sequences of the power shifting transmission 
for parallel hybrid electric vehicles

X.L. Li, J.B. Hu & Z.X. Peng
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ABSTRACT: The design of the transmission for Parallel Hybrid Electric Vehicles (PHEV) with power 
shifting using one electric motor is a good solution of obtaining high transmission efficiency and low 
manufacturing costs. This paper proposes a novel method for the shift sequence of the power shifting 
transmission for PHEV, sidestepping the concrete schemes of transmission. The Degrees-of-Freedom 
(DOF) model, abstracted from the DOF of transmission schemes, is built to analyze the shift sequences 
considering the path of power flow and shift logics. All shift sequences for the power shifting transmission 
with 3 DOF are synthesized from six to nine gears for Internal Combustion Engine (ICE). Besides, this 
paper helps us further understand the systematic design of fixed gear transmissions, including Automated 
Mechanical Transmission (AMT) and Dual Clutch Transmissions (DCT).

The structure of power shifting transmission, 
similar to the two transmissions coupling together, 
is more complex than that of the conventional 
AMT. Without increasing the number of gear 
pairs, synchronous and shaft systems, the power 
shifting transmission can provide several CE gears 
as well as several EM gears, by improving the uti-
lization of mechanism components. Therefore, the 
design methods according to human experience 
are not applicable to design the schemes for power 
shifting transmission.

Therefore, many companies and institutions 
focus on the design of power shifting transmis-
sion. Roberto Finesso and Ezio Spessa designed a 
complex diesel parallel hybrid electric vehicle. Y.S. 
Yoon and S.J. Kim introduced a conceptual design 
of clutch-less geared smart transmission which 
consists of a planetary gear and fixed gears. Hohn 
and Pflaum proposed a scheme with 5 ICE gears 
and 4 EM gears, which can be applied to both front 
and rear wheel drive car. FEV developed a design 
concept of h-AMT with three shafts to obtain 
multiple gear ratios. H. Zhang and Z. Zhong put 
forward a systematic synthesis method for power 
shifting transmission based on the graph theory 
and morphological analysis. However, it can only 
get some simple transmission schemes that neither 
contain the hollow shafts nor provide the power 
shift during all gear shifts.

As for the fixed gear transmission liking power 
shifting transmission, different gears means that 
the power flows from the input to the output 
through different gear-pairs and shafts, depending 
on the synchronizers’ states. In order to achieve the 
function of power shifting, shift sequences must 

1 INTRODUCTION

The Hybrid Electric Vehicle (HEV) has been devel-
oped by global leading car manufacturers due to 
less emission and more energy efficiency. Many 
hybrid architectures, of series, parallel, or com-
plex series/parallel types, have been developed by 
car manufacturers. As fixed gear transmission is 
not only the most efficient transmission but also 
the most inexpensive one, the parallel architec-
ture, which is usually constituted by an electric 
motor and an Automated Mechanical Transmis-
sion (AMT), is currently almost most frequently 
adopted in HEV.

Generally, according to the position of the Elec-
tric Motor (EM), the transmission of the PHEV 
can be classified into three types. When talking 
about the first type, the electric motor is located 
in front of a conventional AMT. Although the 
EM can use all of the gears of the transmission, it 
does not have torque support during shifts. In the 
second type, EM is located behind a conventional 
AMT. This type allows for torque support shifts; 
however, only one fixed gear is available for EM. In 
the third type, EM power and Internal Combustion 
Engine (ICE) power are directly coupling in the 
transmission. This type can provide both several 
EM gears and several ICE gears without increas-
ing the complexity of the transmission, as well as 
power shifting. This paper therefore focuses on the 
last type of transmission of the PHEV, which is 
named power shifting transmission. Moreover, the 
reverse function of the power shifting transmission 
could be obtained by reversing the EM, eliminat-
ing the transmission’ reverse mechanism.
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follow some rules. For these reasons, this paper 
sidesteps the concrete structures of the transmis-
sion schemes. Thus, the concrete structures are 
abstracted into the vertices and the edges based 
on the Degree of Freedom (DOF) of the schemes 
to study the shift sequences. The shift sequences 
of power shifting transmission with several six-, 
seven-, eight-, and nine-speed transmissions for 
ICE are synthesized.

2 ANALYSIS OF THE SUB-PATHS 
AND THE SEQUENCE LOGICS

The DOF of transmissions is defined as the 
number of independently and arbitrarily present-
able parameters or states for definite operating 
condition [11]. As there are two power sources 
including the ICE and the EM, power shifting 
transmission contains three DOFs at least, which 
are connected with the ICE, the EM, and the out-
put shaft, respectively. Otherwise, the power shifts 
cannot be achieved.

The variable connection is defined as the gear-
pair that one gear of the gear-pair is permanently 
connected with the shaft or hollow shaft, and the 
other is an idler gear and the synchronizer whose 
state determines the idler gear whether connected 
to the shaft or not. When synchronizers do not 
work, all members belonging to a DOF except 
variable connections are represented by a vertex, 
and the variable connections are represented by 
edges between the vertices. Then, all of the power 
shifting transmission with three DOFs such as 
Fig. 1 (a) shown can be represented by a DOF 
model shown in Fig. 1 (b). The DOF connected 
to the input shaft of ICE is named F1, the DOF 
connected to the input shaft of the EM is called 
F2, and the DOF connected to the output shaft is 
called F3, respectively. The edges a, b, and c repre-
sent the variable connections between F1 and F2, 
F1 and F3, F2 and F3, respectively. The weight of an 
edge between two DOFs is equal to the number of 
variable connections between the DOFs. For exam-
ple, there are two variable connections, including c1 

and c2 between F2 and F3 shown in Fig. 1 (a), and 
the weight of the edge c is two.

The gears of power shifting transmission include 
two types: ICE gears and EM gears. The power 
flow in the DOF model is illustrated below. When 
synchronizers a1 and c1 work in Fig. 1, an ICE gear 
which is called A1C1 in this paper is generated. 
ICE’s power finally flows to the output shaft via 
gear-pair G2, sleeve of the count shaft, synchro-
nizer a1, gear-pair G4, and synchronizer c1 as Fig. 2 
(a) shown. It can be simplified as F1-a1-F2-c1 in the 
DOF model shown in Fig. 2 (b), which form is con-
venient to analyze the power flow and the variable 
connections of ICE gears and EM gears for power 
shifting transmission.

There are two types of power flow, the ICE or 
EM gears, respectively, on the power shifting trans-
mission with three DOFs. One of them is that the 
input DOF (F1 or F2) is directly connected to the 
output DOF (F3) without via the intermediate 

Figure 1. A transmission scheme and its DOF model.

Figure 2. The ICE gear A1C1 in the DOF model.

Table 1. Power flow for power shifting transmission.
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DOF (F2 or F1). As the ICE gear B1, the power flow 
is F1-b1-F3, and F2 does not participate. Another 
is that the input DOF (F1 or F2) is connected to 
the output DOF (F3) via intermediate DOF (F2 or 
F1). As the ICE gear A1C1, the power flow is F1-a1-
F2-c1-F3. These forms of power flow are shown in 
Table 1. The ICE gear AC or the EM gear AB is 
defined as the dual power gear, because the DOFs 
of both power sources are involved in the forma-
tion of the gear. When the ICE gear is AC or the 
EM gear is AB, the gear for EM or ICE must be 
C or B. Once the common variable connection is 
broken up, both the ICE gear and the EM gear 
disappear. For example, when the ICE gear is in 
A1C1, the power flow is F1-a1-F2-c1-F3, and all the 
DOFs of power sources participate, then the EM 
gear must be C1. Once the common variable con-
nection c1 is broken up, both ICE gear A1C1 and 
EM gear C1 disappear.

In order to provide torque support, the EM 
gear must keep the original gear still during the 
ICE gear shifts. Similarly, the ICE gear must keep 
the original gear still during the EM gears shifts. 
Therefore, during dual power gears shift, the com-
mon variable connection could not be broken up. 
When one source gear is in dual power gear, the 
other source gear cannot shift with torque sup-
port. When ICE (EM) gear shifts, the EM (ICE) 
gear must be in C (B).

3 RESEARCH ON THE SHIFT SEQUENCES 
OF POWER SHIFTING TRANSMISSION

In this paper, the power shifting transmission of 
our research has the following characteristics:

First, each EM gear corresponds to three or 
four ICE gears, because the operating range of 
EM is usually three or four times longer than that 
of ICE.

Second, ratio steps progressively decrease from 
the low gears to the top gears, in order to obtain 
the vehicle’s perfect acceleration performance in 
low-speed and fuel economy in high-speed.

As the EM gear cannot provide torque support 
during the ICE gear shifts, when the EM gear in 
dual power gear and each EM gear corresponds to 
two or three ICE gears, EM gears must always be 
in C. During EM gears shift, ICE gears must be 
in B.

The shift sequences of  the EM gears and the 
ICE gears are shown in Fig. 3 (a). There are at 
least n EM gears C including C1, C2…Cn, and n-1 
ICE gears B including B1, B2…Bn–1. As each EM 
gear can correspond to four ICE gears at most, 
some other ICE gears should be added to the 
shift sequence besides these existing gears, as the 
vacancy positions in Fig. 3 (a). These vacancy 

positions can be fulfilled with ICE gear B, AC 
or nothing as well. The variable connection c in 
the ICE gear AC is the same with the variable 
connection c of  the EM gear C. When adding 
a variable connection b, a new ICE gear B will 
be formed, and it can be placed in any vacancy 
position as shown in Fig. 3 (b). When adding a 
variable connection a, there will form some new 
ICE gear ACi corresponding to the numbers of 
EM gears Ci, as the light green positions shown 
in Fig. 3 (c).

As the gear for EM must be C, the number of 
EM gears is

gear cEM_  (1)

where nEM_gear is the number of EM gear and nc is 
the number of variable connections c.

For the reason that, during shifting of the EM 
gear, the ICE gear must be in gear B, and the 
number of variable connection b is no less than 
the number of variable connection c minus one as 
follows:

nb cn≥ −ncn 1  (2)

where nb and nc are the numbers of variable con-
nections b and c.

If  all the variable connections are used, the 
number of ICE gears is

n ngear a cn bCE_ _g max = ×n +  (3)

where na and nCE_gear_max are the number of vari-
able connections a and the number of all the ICE 
gears.

When the number of variable connections a is 
2, 2⋅nc ICE gears AC are formed at most, as shown 
in Fig. 3 (c). As A1C1 and A2C1 have the same vari-
able connection c1, the ratio step between A1C1 and 
A2C1 equals to the ratio of variable connection a1 
divided by the ratio of variable connection a2. Sim-
ilarly, the ratio step between A1Ci and A2Ci equals 

Figure 3. The shift sequence of h-AMT.
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to the ratio of variable connection a1 divided by 
the ratio of variable connection a2. All of the ratio 
steps between A1Ci and A2Ci are the same.

When the number of variable connection a is 
more than 2, we can either delete some ICE gears 
AC or add some ICE gears such as B and AC to 
obtain the progressively decreasing ratio steps. For 
example, the shift sequence in Fig. 4 (a), includes 
2 variable connections a, 1 variable connections b, 
and 2 variable connections c. Then, 5 ICE gears 
and 2 EM gears generate, whose ratio steps between 
A1C1, A2C1 and A1C2, A2C2 are the same. There are 
three methods including delete some AC, add AC, 
and add B to obtain the progressively smaller ratio 
steps from the low gears to the top gears, shown in 
Fig. 4 (b) (c) and (d), respectively.

The shift sequences of power shifting transmis-
sion with 8 ICE gears and 3 EM gears are designed 
as an example. There are four types of solutions: 
no containing variable connection a, containing 
one variable connection a, containing two variable 
connections a, containing three variable connec-
tions a, and other gears are made up by variable 
connections b, shown in Fig. 5. By comparing the 
total number of variable connections, it could be 
drawn that the third and the fourth shift sequences 
require less variable connections under the pre-
condition of achieving the same number of gears. 
Then, the preferable shift sequences are obtained 
by giving the number of gears for ICE and EM.

Table 2 lists all 9 types of shift sequences whose 
number of variable connections is from 6 gears to 
9 gears based on the above steps, and the number 
of synchronizers, ICE gears, and EM gears could 
be calculated. The shift sequences in second, 
fourth, and sixth columns are generated by the 
shift sequences of in first, third, and fifth columns, 
respectively, by adding a gear B, and this gear B 
can be arbitrarily placed under the precondition of 
not prejudicing ratio steps and the maximum ICE 
gear number under each EM gear.

4 CONCLUSIONS

In this study, a novel and efficient methodology is 
presented to design the shift sequences of power 
shifting transmission. The keys of the meth-
odology are the DOF model of power shifting 
transmission.

According to the analysis of the relationship 
between DOFs on the DOF model of power shift-
ing transmission, it is found that different variable 
connections have different characteristics on shift 

Figure 4. Gradually descending ratio step.

Figure 5. Shift sequence for 8 ICE and 3 EM.

Table 2. Synthesis results of shift sequence on power shifting transmission.
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sequences. Therefore, the possible shift sequences 
can be synthesized based on these characteristics. 
Finally, several six-, seven-, eight-, and nine-speed 
shift sequences are obtained for the h-AMT with 3 
DOFs. Furthermore, the design concept can also 
be applied to the other fixed gear transmissions, 
such as AMTs and dual clutch transmissions, 
which will be studied in the future.
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ABSTRACT: Control strategy of Plug-in Hybrid Electric Vehicles (PHEV) has received increasing 
attention in the field of automotive powertrain and control engineering application. Nonetheless, par-
ticular control strategy of plug-in diesel engine hybrid electric vehicles considering the emission from 
aftertreatment is yet to be investigated extensively for the increasingly stringent emission legislations. In 
order to achieve the optimal trade-off  between fuel consumption and emission from the outlet of diesel 
engine aftertreatment, this paper presents a schematic optimal control strategy for PHEV with Selective 
Catalytic Reduction (SCR) and Diesel Particulate Filter (DPF).The solution for optimal balance between 
fuel consumption and emission is presented by using PMP-based (Pontryagin’s Minimum Principle) con-
trol strategy which has two state variables. The SCR temperature is viewed as a second state variable as 
well as the battery State Of Charge (SOC). A validated model with aftertreatment using the emission 
experimental results is established to describe the dynamics of powertrain and aftertreatment system in 
order to demonstrate the effectiveness of the optimal control strategy we proposed. Simulation results 
show that the strategy can improve the fuel economy and emission performance, compared with the tra-
ditional approach significantly.

Great efforts of the control strategy for PHEV in 
the past decades have been dedicated to improve fuel 
economy or emission without sacrificing drivability[4]. 
Moreover, the engine and aftertreatment system had 
been controlled separately with individual perform-
ance indexes such as fuel economy, engine emission, 
or aftertreatment characteristic. Most of the studies 
show that the control objective, which is looking for 
a suboptimal value between fuel and emission, can 
be evaluated by means of weighting factors[1,5,6,7]. 
However, these strategies only pay more attention to 
limit engine-out emissions instead of the tail pipe-
out emission, where the dynamic character of the 
aftertreatment system has seldom been investigated. 
Therefore, the control strategy of integrated energy 
and emission especially the tailpipe emissions is of 
great significance[8].

It is well known that the temperature of diesel 
engine aftertreatment DOC/DPF/SCR has a notice-
able effect on conversion efficiency[9]. This effect is 
more prominent during cold-start, since light-off tem-
perature is not satisfied and the reaction rate is slower 
than that under normal operation. In addition, the 
great amount of exhaust emission would arise during 
the cold-start period in which the temperature of the 
aftertreatment system is low. Thus, as one of the most 
critical influences on the aftertreatment system, the 
temperature should be controlled in the appropriate 
ranges to efficiently decrease the emission from the 
tail-pipe[10].

1 INTRODUCTION

With the advent of  increasing energy costs and 
rigorous requirements for the fuel economy 
and emission of  automobile, greenhouse gases, 
hydrocarbon and nitrogen oxide, it is essential for 
the plug-in diesel engine hybrid electric vehicles 
to achieve the dramatic reduction in fossil fuel 
consumption and emission through substitut-
ing fossil fuels with electricity from power grid[1]. 
Meanwhile, diesel engines have been considered 
as the highly efficient power sources in automo-
bile applications for many years. However, Nitro-
gen Oxide (NOx) and Particulate Matter (PM) 
emission have been not only a historical weakness 
of  diesel engines but also challenging the increas-
ingly stringent emission standard[2]. For up to 
higher emission levels, a diesel engine aftertreat-
ment system, such as Diesel Oxidation Catalyst 
(DOC), Diesel Particulate Filter (DPF), and 
Selective Catalytic Reduction (SCR), will become 
mandatory in order to meet the Euro V emis-
sion on medium- and heavy-duty vehicles[3]. Once 
again the performance of  engine equipped with 
the aftertreatment system would be optimized. 
The energy management strategy for plug-in die-
sel engine hybrid electric vehicles with the after-
treatment system is more challenging and delicate 
due to the NOx-PM trade-off  and the complicated 
aftertreatment system.
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In this paper, the optimal control strategy with 
the two state variables has been proposed based on 
Pontryagin’s Minimum Principle (PMP) aiming to 
find an optimal, cost-efficient balance between fuel 
economy and the tail-pipe emission. Thereinto, the 
SCR temperature is viewed as a second state vari-
able as well as the battery State Of Charge (SOC). 
This paper is organized as follows: first of all, the 
system modeling is discussed, and the SCR after-
treatment model is validated by experimental data 
in section II; the optimal control strategy based on 
two-state PMP is formulated and solved in section 
III; simulation results will be presented in section 
IV; and conclusions are drawn finally.

1.1 System description

The system investigated in this study is composed 
of a plug-in diesel engine hybrid electric vehicle 
equipped with an aftertreatment system. Its power-
train structure is depicted in Figure 1. It includes a 
conventional diesel engine, an Integrated Starter and 
Generator (ISG), an Automatic Mechanic Transmis-
sion (AMT), a wet multi-plate clutch, a shift clutch, 
a battery pack, an on-board battery charger, an after-
treatment system including DOC, DPF and SCR, 
and the electronic control systems which consist of 
a Vehicle Control Unit (VCU), an Engine Control 
Unit (ECU), a Battery Management System (BMS), 
a Transmission Control Unit (TCU), etc. The param-
eters of main components are listed in Table 1.

To analyze the vehicle performance (static or 
dynamic) and evaluate the control strategy char-
acteristics, the modeling of plug-in diesel engine 
hybrid electric vehicle is of great importance[11]. As 
the focus is mainly on the energy flow, the quasi-
static models are used[12,13]. Therefore, a forward 
vehicle model is built in Fig. 2. As shown in Fig. 2, 
a driver model based on Fuzzy-PID controller 

enforces the vehicle to follow the target driving 
cycle by providing appropriate acceleration and 
braking commands[14]. Further, these requests are 
not only used to calculate the required power and 
torque of vehicle, but also passed on to the VCU. 
Then, VCU could decide on the optimal power 
split between the engine and the motor and out-
put the relevant control signals of powertrain and 
aftertreatment system.

1.2 Powertrain modeling

The complex combustion process in the engine 
cylinder which has strong nonlinear characteristics 
is difficult for control-oriented modeling by far. 
Alternatively, the static engine model is built by a 
torque-speed map and a fuel consumption map. 
By means of numerical methods, these maps could 
be obtained from the engine test rig experimental 
data. The power Pe of the engine can be described 
as

e eP TP T e⋅T ω  (1)

where Te is the engine torque and ωe is the engine 
speed.

The fuel consumption which is a function of 
engine torque and speed is expressed by:

m f� f ef ( )TeTT e  (2)

The electric motor is also modeled as a static 
model, in which the motor efficiency ηm is derived Figure 1. Structure of the vehicle powertrain.

Table 1. Parameters of main components.

Components Parameters Value

Vehicle Curb weight (kg) 1440
Total weight (kg) 1965
Wind resistance 0.32
Rolling resistance 0.0135
Rated power (kW) 62

Diesel Engine Rated speed (r/min) 4200
Maximum torque (Nm) 184

ISG motor Peak power (kW) 40
Battery Rated Capacity (Ah) 20

Figure 2. Structure of the forward vehicle dynamic 
model.
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from a nonlinear 3-D MAP. Intrinsically, it is a 
nonlinear function of motor torque and speed. 
The motor efficiency ηm can be expressed as:

ηmηη f ( )ωm mTm  (3)

where Tm is the torque of motor and ωm is the speed 
of motor.

The power of the ISG motor can be calculated 
as:

P T T

P
T

T
m mP TP T m m m

mPP m mTT

m
mTT

⋅T ⋅ >Tm mTT

=
⋅

<

⎧
⎨
⎪⎧⎧
⎨⎨
⎩⎪
⎨⎨
⎩⎩

ωm ⋅
ω

η

0

0  (4)

where Tm is defined as positive during propelling 
and negative during regenerative braking.

At any time, the power of engine and motor 
must satisfy the power requirement Preq of vehicle 
powertrain.

P P Pe mPP rePP q=PmPP  (5)

In this section, an internal resistance model is 
used to describe the energy storage system which 
consists of a voltage source and an internal resist-
ance component[15]. Then, the SOC and current Ibat 
of  the battery can be calculated by the following 
equation:

SOC
I
Q

batI

batQQ

i

= −  (6)

�I
V V R P

R
batPP

baII t
ocVV ocVV

= −
−V ⋅2 4

2
inR t

inR t

 (7)

where Voc is the open circuit voltage, Rint is the bat-
tery internal resistance, and Qbat is the initial energy 
capacity of battery.

1.3 SCR aftertreatment model

It is well known that the notorious “trade-off” 
between PM and NOx always exist when diesel 
engine operates. When we try to decrease the die-
sel engine PM emission, the NOx emission always 
increases. As one of the extensively used technique 
decreases the emission, the SCR system in the die-
sel engine aftertreatment can effectively convert 
NOx into N2 and H2O using ammonia as the reduc-
ing agent. The reducing agent used in SCR is AdB-
lue, an aqueous solution of urea (32.5%). Owing to 
the high level of accuracy, excellent existing models 
for the SCR make use of the adsorption and des-
orption of ammonia (NH3) on the catalyst surface 
to develop the AdBlue dosing strategy [9].

In this dosing strategy, the urea is injected into 
the exhaust gas, and the water in urea evaporates, 
then urea (NH2-CO-NH2) decomposes thermally 
into NH3 and isocyanic acid (HNCO) at a tem-
perature of 200°C.

NH CO NH HNCO NH2 2HH CO NHH 3HH- -CO → +HNCO  (8)

HNCO is very stable in the gas phase. Alterna-
tively, on solid oxides it can be hydrolyzed easily 
into NH3 and CO2.

HNCO H O NH CO+ →H O +2 3NHH→H OH 2OO  (9)

In the SCR catalytic converter, there are two 
important SCR reactions at the temperature range 
of 200°C to 450°C. Further, they are the so-called 
standard SCR reaction

4 4 4 63 2 2 26N 3 NO O N42 2 H O2+44NO 2N4 2  (10)

and the fast SCR reaction

4 2 2 4 63 22 2 2NH3 NO 2 N H62 26 O+22NO → 4N2  (11)

Reaction (11) is kinetically favored than reac-
tion (10). Most of the NOx is converted by (10) 
when the ratio of NO2 to NO in the exhaust gas is 
about 1/10[16]. Thus, DOC is utilized usually before 
SCR in order to convert the NO into NO2 and the 
ratio is almost 50%.

Compared with reactions (10) and (11), there 
are two slower reactions (12) and (13), which have 
less effects on the SCR conversion system.

8 6 7 123 2 2 2N 3 NO2 N H122 212 O→6 26NO2  (12)

4 6 5 63 25 2N 3 NO H62 2O→66NO  (13)

The most relevant side reactions in SCR will 
take place when the temperature is below 200°C or 
above 400°C. Hence, a side reaction (14) is the for-
mation of Ammonium Nitrate (NH4 NO3) below 
200°C.

2 23 2 4 3 2 2NH3 NO2 NH4NO3 N H2 2O→2 22NO2 + N2  (14)

At temperature above 400°C, the NH3 is oxi-
dized to Nitrogen (N2).

4 3 2 63 2 2 26N 3 O N22 2 H O233O2  (15)

More details about SCR can be found in refer-
ence [16] and [17].

Developing the optimal control strategy has to 
pay more attention to comprehensive optimization 
of fuel consumption and emission. A simplified 
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model is derived from the complex SCR model as 
described in [18], which only considers the general 
(slow dynamics) SCR characteristics in this paper. 
The model consists of two parts: a temperature 
model and a map for the NOx conversion ratio. 
The temperature model is expressed by:

�T
m C� h

CSCTT RCC
exh pC g e h

SCC RCC

=
( )T TeTT SCTT RCC − h( )T TSTT CR amTT b−T,  (16)

where TSCR is the SCR-out temperature, �mexh  is the 
exhaust mass flow, Cp,g is the specific heat capacity 
of exhaust gas, CSCR is the equivalent heat capacity 
of the SCR catalyst, h is the ambient heat transfer 
coefficient, Tamb is the ambient temperature, and Te 
is the engine-out exhaust gas temperature.

The tail-pipe NOx emissions leaving the SCR 
system can be described as:

� �m mNOx NOx em O ( )NOx−_ N  (17)

where mNOx_e is the engine-out NOx emission, and 
ηNOx is the conversion efficiency of SCR.

Fig 3 describes the relation between tempera-
ture and the NOx conversion efficiency. An empiri-
cal fitted model can be deduced as presented in 
Eq. (18). Further, these parameters Cp,g, CSCR and h 
have been identified using the experiment data.

y x x= +x −0 0015 2 1 0557 91 4597. .x0557 91  (18)

2 PMP-BASED OPTIMAL CONTROL 
STRATEGY

Most of the time, the PHEV utilizes less-expensive 
and typically cleaner electric grid energy due to a 
larger battery pack as well as the engine operates 
more efficiently. A two-state PMP-based control 

strategy is put forward in this section which meets 
the following two requirements:

1. Minimize the operational cost;
2. Limit tail-pipe NOx and PM emission.

The main challenge in achieving the optimal 
control strategy is that the both requirements have 
conflicting interests. To minimize the operational 
cost means to improve fuel economy meanwhile 
the tail-pipe emission may be neglected. Moreo-
ver, there is a trade-off  between NOx and PM. The 
aftertreatment system should decrease the tail-pipe 
emission to a limit which regulated by emission 
laws on condition that it need be heated from the 
exhaust gas in order to reach at light-off  tempera-
ture quickly and keep high conversion efficiency. 
The proposed PMP-based control strategy will be 
discussed in details in the following sections.

2.1 Optimal control problem formulation

Theoretically, the control strategy of PHEV does 
seek the optimal trajectories based on optimal con-
trol theories to minimize the overall cost over the 
total length of the trip. For the control strategy 
problem formulation, most of the problems pre-
sented previously are the fuel consumption only. 
The object of the control strategy can be formu-
lated as a constrained optimization problem in this 
paper, in which the operating costs J are formed by 
fuel consumption and NOx and PM emission from 
the tail-pipe.

J
w m w m

w m
dtf NOx

PM
t

t

ft
= ( )t ( )t

+ ( )t ( )PM−
⎧
⎨
⎧⎧

⎩
⎨⎨

⎫
⎬dd
⎫⎫

⎭
⎬⎬∫t

min 1 2m wf ( )t

3

0 � �( )
� P

 (19)

where mPM is the PM emission from the tail-pipe; 
ηPM represents the conversion efficiency of DPF; 
u is the control variable which means the power 
delivered by the motor, Pm; (t0, tf) is the optimiza-
tion horizon of the driving event; and wi (i = 1, 2, 
3) is the weighted coefficient.

As this control strategy is a constrained optimi-
zation problem by its nature, the cost-to-go func-
tion J is minimized under constraints on the state 
and control variables, which are shown as:

SOC SOC SOC
T T T
P P

miC n mSOC SOCii ax

SCR,TT min STTii CR SCR,TT max

m,miPP n mPPii

( )tt
( )t

( )t ≤ PP
T T T

m,maPP x

i,miTT n iTTii i,maTT x

i,min iii i,max

( )t
≤ ( )tω i mi ωn ii ≤ ω ,( )i engine mot=i ,i enginei oroo

 (20)

Here, all of the constrains are the physical limits 
of the vehicle such as the minimum and maximum 
engine/motor torque and speed Tx,min, Tx,min, ωx,min, 

Figure 3. Effect of temperature on NOx conversion 
efficiency.
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ωx,max, the minimum and maximum motor power 
Pm,min, Pm,max and the battery SOC SOCmin, SOCmax, 
the minimum and maximum SCR temperature 
TSCR,min, TSCR,max.

The system has two states including the state of 
charge SOC and the SCR temperature TSCR. Then, 
the state variable x is expressed by:

x SOC
TSCTT RCC

= ⎡
⎣⎢
⎡⎡
⎣⎣

⎤
⎦⎥
⎤⎤
⎦⎦

 (21)

The state space of the dynamic system repre-
sented by equations (6)–(16) will be described as:

x f�
I
Q

m C� h
C

batI

batQQ
exh pC g e h

SCC RCC

( )x u t =

−

( )T TeTT SCTT RCC − h( )T TSTT CR amTT b−T

⎡

⎣

u

,

⎢⎢
⎡⎡⎡⎡

⎢
⎢⎢⎢⎢

⎢
⎢⎢

⎢⎣⎣
⎢⎢

⎤

⎦

⎥
⎤⎤

⎥
⎥⎥

⎥
⎥⎥

⎥⎦⎦
⎥⎥

 (22)

The initial and terminal values of state variable 
SOC are set at SOC(t0) = 0.9 and SOC(tf) = 0.3, 
respectively. It indicates that a sufficient battery 
power can be used at the beginning of the driving 
cycle and the battery will be restricted to a 30% 
capacity depletion threshold at the end of the trip 
in order to protect battery health.

2.2 PMP-based optimal control solution

As a general case of the Euler-Lagrange equation, 
the PMP could be considered as an effective solu-
tion of energy management strategy. It can provide 
the numerical necessary conditions which become 
sufficient in special cases for solving the extreme 
problem[19]. Further, the PMP can make the cost-
to-go function demonstrated by an analytical 
function called the Hamiltonian function[14]. The 
Hamiltonian function, H, is of the form

m w m
w m x

f NOx

PM

( )t + ( )t
( )t( )( )PM( ) ( )t( ) ( )t

1 2m wf ( )t +
3

� �( )
�( )� ( )(+ λ)PM ) ()  (23)

where λ(t) is the co-state variable.
The necessary conditions have been proposed 

by the PMP for optimality.

∂
∂

=
H
u

0  (24)

−
∂
∂

= ( )H
x

�λ (  (25)

The first condition (24) can deduce the optimal 
control input u*, which minimizes the Hamilto-
nian for all t∈[t0,tf]

u t( )t ( )t ( )( ) ( ) ( ) ( )t( ), ,u( )t ,( ), ( )) ( , ,λx u t( )t ( )tλ H( )t ) (( ∗,x( )tH( )t ) ( , ,t  (26)

The second condition (25) is the co-state equa-
tion which has the following expression:

λ1λλ 1H
SOC Q

I
SOCbatQQ

batI( )t = −
∂

∂
= −

∂
∂

 (27)

λ λ
2λλ 3λλH

T C
m C h T

SCTT R SCCC CR
exh pC g Sh TT CR( )t = −

∂
∂

+m CpC g= 3 ( )( )t
,

�  (28)

In the co-state equation, λ1(t) stands for a 
cost-equivalent factor for charging/discharging 
of  the battery, which makes the SOC trigger the 
lower limit value at the terminal of  the driving 
cycle. λ2(t) weights the SCR catalyst temperature 
which can not only speed up its light-off  process 
but also keep a higher SCR conversion efficiency. 
Until now, how to determine the initial optimal 
value λ1(0), λ2(0) is still an intractable problem. 
It will be calculated by the two-point boundary 
problem methods[20] for a given driving cycle in 
this paper.

Finally, the cost function is added with a penalty 
function of the state variable in order to ensure it 
within the global constraints limit. This penalty 
is formulated as an integral constraint, which is 
expressed as

x p T dt
t

t

SCTT RCCt

t

f ft t
( )t( ) = ( )x ⋅ ∫ ∫SOCdt p

t

t

tft t
SOCdt ( )x1 ( )x ∫ SOCdt p

t
SOCdt 0t∫SOCd ( )

i
�  (29)

With the penalty function p(x):

p =
K x < SOC
0 SOC x SOC
K x SOC

miC nii

miC n mx SOCii ax

maC x

1

1KK

1KK
( )x ≤ xx

>

⎧
⎨
⎪⎧⎧
⎨⎨
⎩⎪
⎨⎨
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 (30)

p =
K x <T
0 T x T
K x T

SCR,TT minii

SCR,TT min Sx TTii CR,max

SCR,TT max
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2KK
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⎩⎪
⎨⎨
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 (31)

where K1, K2 could be iteratively calculated as 
constants.

Therefore, the function Φ(x(t)) is integrated into 
the cost-to-go function:

J
w m w m w m

p SOC p

f NOx PM

=
+w m

+ p SOC

( )t( ) ( )t( )tt ( )t ( )PM−

( )x ( )x

min
2w1mf w( )t 3

2SOC p1 SOC( )xx

� �( ) �
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i

TT
dt

SCTT RCC
t

t

f

⎧
⎨
⎧⎧
⎨⎨
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⎩
⎨⎨
⎩⎩
⎨⎨⎨⎨

⎫
⎬dd
⎫⎫
⎬⎬
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⎭
⎬⎬
⎭⎭
⎬⎬⎬⎬∫t

0  (32)

The initial value of p1(x), p2(x) will be 0 and have 
not any effect on the original cost-to-go function 
until the state variable triggers the constraints.
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3 ANALYSIS OF THE SIMULATION 
RESULTS

For validating the effectiveness of the control strat-
egy we proposed, the dynamic model is established 
and simulation is implemented in Matlab/Simulink 
platform. The driving cycle is designated as 7 
repeated New European Driving Cycle (NEDC) 
for providing long enough trips so that the PHEV 
can operate under charge sustaining mode. The 
results presented by the PMP-based control strat-
egy are compared to those of the Charge Deplet-
ing/Charge Sustaining (CD-CS) strategy which is 
commonly implemented on PHEV[21, 22].

Figs. 4–8 show the comparison of the simulation 
results for the two control strategies. Fig. 4 shows the 
comparison between desired velocity and simulation 
velocity. In Fig. 5, the first plot describes the com-
parison of operation model during CD operational 
period. The second plot displays the comparison of 
operation model during CS operational period. Note 
that during the vehicle operation mode as shown in 
Fig. 5, the idle is denoted as “0”, the regeneration 
braking is denoted as “1”, the pure motor driving 
is denoted as “2”, the engine drive alone is denoted 
as “3”, the combined driving is denoted as “4”, the 
driving charge is denoted as “5”. On the premise of 
the power request shown in the Fig. 4, the PMP-
based control strategy is willing to operate the vehi-
cle under the “3, 4, 5” operation mode to extend 
engine working time. In this way, the engine-out 
exhaust gas temperature can be improved to acceler-
ate the SCR light-off time. Hence, the PMP-based 
optimal control strategy could achieve higher SCR 
conversion efficiency than CD/CS strategy which 
effectively decreases the NOx emission. Fig. 6 shows 
the SOC profile comparison from PMP-based and 
CD-CS control strategy. As anticipated, the opti-
mal strategy can ensure that SOC trend is an almost 
linear decreasing to the terminal, which is approxi-
mated as globe optimum proved by reference [15].

As explained in 2.2 sections, SCRs de-NOx effi-
ciency is significantly affected by the SCR tem-
perature. Hence, more fuel is used to produce high 
exhaust gas temperature and heat up the SCR cata-
lyst, which increases the SCR conversion efficiency. 
Fig. 7 shows that the SCR catalyst temperature tra-
jectory obtained from PMP increases quickly and 

Figure 4. Comparison of velocity for two control 
strategies.

Figure 5. Comparison of operation mode for two con-
trol strategies.

Figure 6. Comparison of battery SOC for two control 
strategies.
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hold on about 350°C, whereas the trajectory given by 
the CD-CS strategy increases gently. Consequently, 
the SCR light-off can be speed up to improve the 
conversion efficiency shown in Fig. 8, which would 
decrease the NOx emission from the tail pipe.

The quantitative comparison is listed in Table 2. 
From this, we can proclaim that the PMP-based 
control strategy can effectively improve the fuel 
economy and emission performance. Specifically, 
the fuel economy can be increased by 9.3%, and 
the tailpipe NOx and PM emissions can be reduced 
by 20.7% and 13.793%.

4 CONCLUSIONS

In this paper, the comprehensive optimization for 
fuel economy and emission from tail-pipe of die-
sel engine hybrid electric vehicle has been investi-
gated. A control-oriented vehicle dynamic model 
has been established, which systematically incor-
porates powertrain and aftertreatment. Based on 
this, the PMP-based two-state optimal control 
strategy is implemented to minimize fuel consump-
tion and the tail-pipe emission. The performance 
index of the PMP-based control strategy such as 
trajectories of SOC and the SCR temperature are 
analyzed with comparison to the CD-CS strategy. 
Results indicate that the optimal control strategy 
we proposed can efficiently improve the fuel econ-
omy and the tail-pipe emission.
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Global optimization transmission ratio schedule for plug-in hybrid 
electric vehicles equipped with electric-mechanical continuously 
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ABSTRACT: Integrating engine fuel consumption, motor efficiency, battery State of Charge (SOC), 
and Electric-Mechanical Continuously Variable Transmission (EMCVT) efficiency, global optimization 
strategy of Plug-in Hybrid Electric Vehicle (PHEV) equipped with EMCVT running in NEDC driving 
cycles has been carried out based on Dynamic Programming (DP). In this optimization, SOC is the state 
variable, and motor torque and transmission ratio are decision variables. Ratio shifting model is built to 
estimate energy consumption during shifting. A new optimal control strategy is achieved by taking shift-
ing energy consumption into cost function. With this control strategy, shift times are much less than that 
without considering shifting energy consumption while no more fuel is consumed.

Keywords: electric-mechanical continuously variable transmission; hybrid electric vehicle; transmission 
ratios; global optimization; shifting energy

strategy, less energy consumption will be achieved 
in a drive cycle or a short time. C. Zhang et al. 
2010 proposed the equivalent consumption mini-
mization strategy and the dynamic programming 
algorithm to manage the power of PHEV with the 
idea of road condition prediction. Q. Wang et al. 
2010 proposed a multi-objective global optimiza-
tion method. With the power management strat-
egy, the PHEV equipped with CVT was optimized. 
As a result, energy consumptions and emissions 
were both reduced. According to practical opera-
tion conditions of PHEV, Bo Zhang et al. 2010 
achieved a good energy consumption result with 
global optimized energy management strategy, but 
shifting energy was neglected. Yinyou Lin et al. 
2011 proposed energy balance global optimization 
to reduce the energy consumption of PHEV. Hong 
Shu et al. 2011 built a predictive control model of 
plug-in hybrid electric system which made it pos-
sible for global optimization to be used in the nor-
mal driving vehicle.

From the research above, the global optimiza-
tion for PHEV mainly focused on power manage-
ment and road condition prediction. There is always 
energy consumption for traditional electric-hydrau-
lic CVT to maintain the hydraulic pressure when-
ever shifting or not while no energy consumption for 

1 INTRODUCTION

Plug-in Hybrid Electric Vehicle (PHEV) becomes 
a focus due to the long driving distance, low air 
pollution, and high economy (Amjad et al. 2010; 
Hendrickson et al. 2010).

Continuously Variable Transmission (CVT) 
is one of the smoothest transmissions. Equipped 
with CVT, the PHEV will get better work points 
due to the continuously variable ratios of CVT. 
Traditional CVT is controlled by electric-hydraulic 
system, which is powered by engine, and leads to 
lower efficiency and higher manufacturing cost. 
When the PHEV is driven only by motor, it is 
hard to maintain sufficient hydraulic pressure for 
CVT. Electric-Mechanical Continuously Variable 
Transmission (EMCVT), clamped by disk spring 
and driven by motor, is a perfect plan to solve the 
problems (Cheng et al. 2007).

Compared with conventional HEVs, PHEVs can 
achieve higher energy efficiency and longer electric 
range. There are several control approaches to 
reduce energy consumption for PHEV, such as the 
efficiency optimal control strategy, the equivalent 
consumption minimization strategy, and the glo-
bal optimal control strategy (Salmasi et al. 2007; 
Serrao et al. 2011). With the global optimal control 
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EMCVT whether ratio changes. Therefore, energy 
consumption will be increased if  EMCVT shifts 
frequently (Ming Ye et al. 2010). As a result, shift-
ing energy should be an important factor when sets 
ratio shifting strategy which was seldom studied in 
previous researches. In this paper, global optimi-
zation control strategy for PHEV equipped with 
EMCVT is proposed based on engine fuel con-
sumption, SOC, motor efficiency, EMCVT effi-
ciency as well as the shifting energy consumption.

2 SYSTEM CONFIGURATION

2.1 PHEV equipped with EMCVT

Figure 1 shows the configuration of PHEV 
equipped with EMCVT. Power source is composed 
of engine and Integrated Starter Generator (ISG). 
The engine and ISG are coupled with an automatic 
clutch which can combine and separate the power 
of engine and ISG. ISG connects the input shaft 
of EMCVT with spline. Through EMCVT and dif-
ferential, the power is transferred to wheels. PHEV 
has several working modes such as engine drive, 
motor drive, hybrid drive, regenerative brake, and 
charge drive.

2.2 EMCVT

The configuration of EMCVT is shown in  Figure 2, 
which consists of driving system, clamping mecha-
nism, and metal belt. The power unit of driving 
system is a Direct Current (DC) motor. The trans-
mission of driving system is composed of gear 
reducer, leading screw and nut mechanism. The 
main part of clamping mechanism is disk spring. 
Clamping force of driven pulley, varied with pulley 
axial movement, is totally provided by disk spring.

In stable conditions, clamping force of driving 
pulley is provided by disk spring, leading screw, 
and nut mechanism, while in ratio changing condi-
tions, it is provided by disk spring and DC motor. 
The metal belt of EMCVT is the same as the con-
ventional CVT, which is composed of multilayered 
bands and small metal segments. Power is trans-
mitted by clamping pulleys. The motion of driv-
ing pulley is controlled by DC Motor. As a result, 
ratios of EMCVT can be varied continuously by 
regulating the DC motor.

3 MODEL OF SHIFTING ENERGY

In this paper, shift energy will be considered in the 
global optimization. In order to get shifting energy 
of EMCVT, the ratio shift model should be built 
up.

3.1 Driving system of EMCVT

As Figure 2 shows, the driving system of EMCVT 
consists of a DC motor, a gear reducer, a leading 
screw, and a nut mechanism. The characteristics of 
DC motor are shown in Figure 3. Gear reducer, 
leading screw, and nut mechanism are considered 
as transmission mechanism with fixed efficiency.

3.2 Clamping mechanism

Clamping force of driven pulley is provided by 
disk spring. In order to match all work conditions 
of the vehicle, the desired clamping force should be 
applied as follows:

F T
f RaBFF r

i iTT

bAff AR
= β αi

2
 (1)

Figure 1. Plug-in hybrid electric system equipped 
with EMCVT. 1. Engine; 2. automatic clutch; 3. ISG; 4. 
EMCVT; 5. battery pack; 6. 12Vbattery; 7. starter.

Figure 2. EMCVT configuration. 1. Actuator motor; 2. 
Gear reducer; 4, 7. Disk spring; 3. Leading screw and nut 
mechanism; 5. Driving pulley; 6. Driven pulley.
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where FaBr is the desired clamping force of driven 
pulley (N); βi is the reservation factor which is 
1.2 in this paper; Ti, which is 250 Nm in this paper, 
is the maximum input torque of EMCVT (Nm); 
RA is driving pulley working radius (m); α is the 
groove angle of the pulley (rad); and fbA is coef-
ficient of friction between the element and the pul-
ley (set fbA = 0.08).

The pressure of disk spring, which should cover 
the desired clamping force in working area, is the 
actual clamping force of the driving pulley (FaB).

The desired clamping force of driving pulley can 
be calculated by the following equations suggested 
by Worley (Dorlan & Worley (1985)):
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where βA is the wrap angle of  driving pulley 
(rad), Fas is the axial force which is applied by 
belt (N), and FaA is the clamping force of  driving 
pulley (N).

The axial force Fas can be calculated using the 
following equations suggested by Miloiu:
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where βB is the wrap angle of driven pulley (rad) 
and b is a constant.

Clamping force ratio in stable condition can 
be calculated from equations (2) and (3). Desired 
clamping force of driving pulley is the product of 
force ratio and actual clamping force of driven pul-
ley. A proper disk spring must be chosen to match 
the desired clamping force as much as possible 
(shown in Figure 4). Leading screw and nut mech-
anism provide axial force to make up the difference 
between desired clamping force and disk spring 
pressure. For the driving system of EMCVT, it 
must overcome the difference between disk spring 
pressure and desired clamping force before ratio 
changes.

3.3 Transmission ratio changing rate

In this paper, the time derivative of speed ratio 
is described based on the revised Carbone model 
(Carbone et al. 2007):
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where ic is the transmission ratio; τc is the speed 
ratio, RB is the driven pulley working radius 
(m); ωA is the angular velocity of driving pulley 
(rad/s), Δβ is the coefficient of pulley deform, and 
Δβ = cΔβ0+cΔβ1,Fs, cΔβ0, cΔβ1 are constants. iF, which 
equals to FA/FB, is the clamping force ratio, FA, FB 
are clamping forces of driving and driven pulley 
respectively (N); iFs, which is equal to FaA /FaB, is 
the clamping force ratio at equilibrium, FaA, FaB 

Figure 3. Characteristics of DC motor.

Figure 4. Active belt-wheel clamping force.
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are clamping forces of driving and driven pulley, 
respectively, in steady-state condition (N). kc(τc), 
which is equal to RA/D0τc(Ck0+Ck1lnτc), is a polym-
erization varied with transmission ratio, D0 is the 
center-to-center distance of the pulleys (m), and 
ck0, ck1 are constants.

The relationship between pulley working radius 
and pulley axial position is as follows:
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where Rmin, Rmax are the lower and upper limits of 
pulley working radius, respectively (m); xB is the 
movable sheave axial position of driven pulley (m).

As is assumed, the total wrap angle of pulleys is 
180°, and the total working radius of driving and 
driven pulleys is a constant. As a result, axial mov-
ing velocity of two movable sheaves is achieved by 
using Equations (4) and (5):
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From above, when dτc/dt, ic, FaA, FaB and ωA are 
confirmed, FA and dxB/dt can be achieved. As a 
result, shift energy can be predicted as follows with 
efficiency of DC motor and transmission of driv-
ing system:
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where Wmc is the shift work for once, xAr is the desired 
position of driving pulley (m), xA0 is the initial posi-
tion of driving pulley (m), icr is the desired trans-
mission ratio, ic0 is the initial transmission ratio, ηtc 
is the efficiency of driving system of EMCVT, and 
ηmc is the efficiency of DC motor.

4 GLOBAL OPTIMIZATION 
OF THE SHIFTING STRATEGY

In this paper, dynamic programming, a kind of glo-
bal optimization algorithm is used to manage the 
power control strategy of PHEV. Based on NEDC 
driving cycle and driving resistance equation, 
desired torque of power source can be achieved:

T
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where Tps is the output torque (Nm), Fb is the 
mechanical braking force (N), ma is the vehicle 
mass (kg), g is the acceleration due to gravity 
(9.8 m/s2), rw is the tire rolling radius (m), fr is the 
rolling resistance coefficient, CD is the air drag 
coefficient, A is the vehicle frontal area (m2), and 
va is the vehicle speed (km/h).

Speed of ISG can be achieved based on vehicle 
speed as followed:

n v i i
rm
a 0ii ci

wrr
= 30

3 6. π
 (9)

where nm is the speed of ISG (rpm).
Battery State of Charge (SOC) is achieved as 

follows:

x SOC( )t ( )t=  (10)
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where Ub is the battery open circuit voltage (V), Pb 
is the battery power (W), Rb is the battery internal 
resistance varied with SOC (Ω), and Cb is the bat-
tery rated capacity.

The control variable of power train is:

u t i( )t ( (T ), ( )t )= m ct i(TT ),  (12)

The cost function is defined as equivalent fuel 
consumption at time t:

L t T t f f f( (SOC ), ( )t , (im cTT ( )t ,i e bff ff cff+feff  (13)

There are three parts of cost function: engine 
fuel consumption (fe), equivalent fuel consumption 
of battery energy (fb) and equivalent fuel consump-
tion of shifting energy (fc).

Engine fuel consumption can be obtained from 
fuel map indexed by engine speed and torque.

Equivalent fuel consumption of battery energy 
can be calculated by the following equation:

f s P
h

tbff bPP

lhh
Δs PbPP  (14)

where h1 is the lower gasoline heat value (J/g), s is the 
gas-electricity equivalent factor, when discharging, 
s = 1/ηbdηbc, when charging, s = ηbc/ηbc, ηbd and ηbc 
are the battery discharge and the charge efficiency, 
respectively, and ηe is the engine average efficiency.

Shift energy can be calculated using the shifting 
model in section 2, and equivalent fuel consump-
tion of shift energy can be calculated by the follow-
ing equation:
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f W
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where ηsbd and ηsbc are the discharge and charge 
efficiency of twelve voltage battery, respectively.

Constraints of control variables and state vari-
ables are transformed as follows:
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where SOCmin and SOCmax are the minimum value 
and the maximum value of SOC, respectively; ic_min 
and ic_max are the minimum value and the maximum 
value of the EMCVT transmission ratio, respec-
tively; nm_min and nm_max are the minimum value and 
the maximum value of ISG speed, respectively 
(rpm); Tm_min and Tm_max are the minimum value 
and the maximum value of the ISG torque, respec-
tively; ne_min and ne_max are the minimum value and 
the maximum value of engine speed, respectively 
(rpm); Te_min and Te_max are the minimum value and 
the maximum value of the engine torque, respec-
tively; and Pbc_min and Pbc_max are the minimum 
charging power (negative) and the maximum dis-
charging power (positive) of battery with current 
SOC.

From above, the optimal control problem of 
the PHEV can be solved by dynamic program-
ming. The details of this algorithm will not be dis-
cussed in this paper which can be found in other 
references.

5 OPTIMIZATION ANALYSIS

Key parameters of PHEV equipped with EMCVT 
are given in Table 1:

Figures 5 and 6 show the results of dynamic 
programming global optimization without consid-
ering shift energy. In Figure 5, the control strat-
egy is optimized for single NEDC driving cycle 
while been carried out for five NEDC driving 
cycles in figure 6. The initial SOC are both 0.7 in 
two Figures. The work points of engine, ISG, and 
CVT ratios in Figure 5 are different from that in 
Figure 6 due to driving cycles treated as a whole 
range in global optimization. The equivalent fuel 
consumption is 3.02 L/100 km and 3.65 L/100 km 
respectively. The shift times of EMCVT are 269 
and 1349 in two Figures, respectively.

Figure 5. Global optimization for single NEDC driving 
cycle (without considering shifting energy).

Figure 6. Global optimization for five NEDC driving 
cycles (without considering shifting energy).

Table 1. Key parameters of PHEV.

Parameters Value Parameters Value

Vehicle mass (kg) 1650 Vehicle frontal area 
(m2)

2.90

Drag coefficient 0.35 Tire rolling radius 
(m)

0.289

Engine maximum 
torque (N.m )
 / speed (r/min)

137/3500 Engine maximum 
power (kW) / 
speed (r/min)

67/5600

Final ratio 6 Transmission ratio 
range

0.5–2.0

Rated torque 
of ISG (N.m)

70 Rated power of ISG 
(kW)

15

Battery capacity 
(Ah)

20 Rated voltage of 
battery (V)

336

Rated power of DC 
motor (W) / speed 
(r/min)

150/3000 Maximum efficient 
of DC motor / 
torque (N.m)

0.7/0.13

Figures 7 and 8 show the results of dynamic 
programming global optimization considering shift 
energy. Transmission ratio at time t and time t+Δt are 
compared in control strategy. The shifting energy is 
0 if  two ratios are the same. Otherwise, if  ratios are 
different, the shifting energy which is a part of cost 
function would be calculated with equation (7). In 
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Figures 7 and 8, the shifting times are 73 and 532, 
respectively, which are significantly less than that in 
Figures 5 and 6. The equivalent fuel consumptions 
which are 3.02 L/100 km and 3.65 L/100 km, respec-
tively, are decreased slightly compared with that in 
Figures 5 and 6. As a result, with global optimiza-
tion of PHEV considering shifting energy, not only 
the shifting times are greatly reduced but also the 
equivalent fuel consumptions are decreased. The 
life of EMCVT is prolonged and fuel economy of 
PHEV is improved.

6 CONCLUSIONS

1. There is always energy consumption for EMCVT 
when the ratio changed. The shift energy is related 
to desired and current transmission ratio, clamp-
ing force ratio, and time derivative of speed ratio.

2. Shifting energy of EMCVT should be taken 
into cost function for global optimization of 
control strategy.

3. With global optimization of PHEV considering 
shifting energy, not only the shifting times are greatly 

reduced but also the equivalent fuel consumptions 
are decreased. The life of EMCVT is prolonged 
and fuel economy of PHEV is improved.
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A calculation method for determination of the bending strength of 
spiral bevel gears including friction
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ABSTRACT: Friction is not included in the calculation method of bending strength for spiral bevel 
gears according to ISO standards and the effect of friction on the root stress of spiral bevel gears is less 
focused in the previous studies. An improved calculation method of the bending strength considering 
friction for spiral bevel gears is presented on the basis of a Lewis cantilever beam model and a formula 
to calculate the maximum tensile root stress is derived in this paper. Firstly, the friction distribution in 
the instantaneous contact ellipse of the driving gear is studied and the root stress of the equivalent gear 
for spiral bevel gears is calculated when the normal load and friction are loaded at the Highest Point of 
the Single Tooth Contact (HPSTC). Then, the values of the root stress considering varying friction coef-
ficients is compared with those obtained from the Finite Element (FE) analysis results. The comparative 
results indicate that the formula is validated and the magnitude of the root stress is larger with an increase 
in the friction. Furthermore, the maximum root stress obtained from the presented formula is larger 
(around 11%) than that obtained from ISO standards when the friction coefficient is 0.16.

Keywords: spiral bevel gear, friction, root stress, finite element method

et al. 1992). The results show that the larger helix 
angle or normal diametral pitch or lower normal 
pressure angle will increase the bending strength 
of gears. José I. Pedrero et al. (2007) presented a 
non-uniform model of load distribution along the 
line of contact, which is used for calculation of 
the determinant load parameters and the nominal 
contact stress and root stress of gear drives with 
high transverse contact ratio. Patil et al. (2014) con-
ducted a finite element analysis on a spur gear pair 
to study the effect of the coefficient of friction on 
gear contact stresses along the line of action. The 
results showed an increase in contact stresses with 
an increase in the friction coefficient.

Handschuh et al. (1999) investigated the effects 
of rotational speed and torque on the bending 
stress, obtained via strain gauges, and compared 
these results to a three-dimensional contact anal-
ysis by using a finite element. They noticed that 
the pinion shaft speed only had a minor dynamic 
effect on the stress field and the midface loca-
tion had the highest root stress. The results of an 
experimental parametric study of the combined 

1 INTRODUCTION

Spiral bevel gears are widely used in high speed 
and heavy load transmission applications, which 
have advantages such as stable drive, strong carry-
ing capacity, and low noise. During the designing 
and operation process of the gears, to achieve an 
expected bending strength is an important issue.

Previous studies provide much knowledge on 
teeth stresses’ calculations of spur gears, helical 
gears, and spiral bevel gears, but the effect of friction 
on the bending strength of gears are less focused. 
Patil et al. (2014, 2015) obtained the maximum 
contact stress of gears with different helix angles 
under various friction coefficients by using a 3D 
finite element method, and evaluated the effect of 
the friction coefficient on the contact stress. Hwang 
et al. (2013) presented a contact stress analysis for 
spur and helical gears between two gear teeth at dif-
ferent contact positions during rotation. The non-
dimensional maximum root stress variations are 
presented for variations of normal pressure angle, 
helix angle, and normal diametral pitch (Chen 
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influence of shaft misalignments and gear leading 
to modifications on load distribution and tooth 
bending stresses of helical gear pairs were pre-
sented (Hotait et al. 2008) and the impact of mis-
alignments on root stresses of hypoid gear sets 
was investigated experimentally and theoretically 
(Hotait et al. 2011). It showed that excessive lead 
crown values were shown to increase maximum 
root and contact stresses while eliminating any 
edge loading. Litvin et al. (2002) calculated the 
maximum contact stress and bending stress of spi-
ral bevel gears with ABAQUS. A crack initiation 
life prediction methodology for the tooth bending 
fatigue of the hypoid gear is proposed by using a 
developed finite-element based on a hypoid gear 
root stress model (Hotait et al. 2013).

Obviously, friction has a significant influence 
on gear transmission, and thus friction should 
be included in the calculation method of bending 
strength for spiral bevel gears. In this paper, friction 
distribution in an instantaneous contact ellipse of 
the driving gear for spiral bevel gears with high 
contact ratio is analyzed and the maximum tensile 
root stress of the equivalent gear including friction 
is calculated. And then, an improved root stress 
formula for spiral bevel gears including friction is 
presented. Moreover, the friction factor is defined 
to analyze the effect of friction on the bending 
strength for spiral bevel gears and its validation is 
verified by results obtained from the finite element 
model of the gear.

2 CALCULATION MODEL FOR ROOT 
STRESS OF SPIRAL BEVEL GEARS 
INCLUDING FRICTION

Strength calculation of spiral bevel gears with 
complex tooth surfaces is generally equivalent to 
the calculation of an equivalent cylindrical gear 
at the midpoint on width, whose maximum root 
stress occurs when the HPSTC is in the meshing 
stage. The effect of friction on root stress is related 
to two factors. One factor is that friction changes 
the value of a normal load on the tooth profile and 
the other is that friction causes a bending moment 
on the root’s dangerous section. Furthermore, fric-
tion distribution of spiral bevel gears should be 
analyzed first.

2.1 Friction distribution on the spiral bevel gear’s 
tooth surface

The instantaneous axis, namely, the generatrix of 
the pitch cone, is the centrode of relative motion on 
the spiral bevel gear pair. The meshing of the gear 
pair is equivalent to the transmission of a pair of 
cylindrical gears on the transmission plane, which 

is perpendicular to the instantaneous axis. In order 
to ensure that the transmission ratio is constant, 
the relative speed of the gear pair on the line of 
action is retained at zero. Therefore, the direction 
of relative velocity is determined by the intersec-
tion of the transmission plane and tangent plane 
at the contact point, which is the common tangent 
on the transverse tooth profile at the contact point 
of the spiral bevel gear.

In Fig. 1, the theoretical contact point on the con-
cave side of the driving gear gradually moves from 
dedendum to addendum (or from heel to toe) during 
a meshing process. The instantaneous contact sur-
face is in the form of an inclined ellipse because of 
the elastic deformation and machining error, etc. The 
connection of ellipse centers, which are the theoreti-
cal contact points, is called the path of contact and 
all instantaneous contact ellipses are composed of 
contact zones. When the driving gear approaches the 
pitch line, the direction of friction is from the tan-
gent to the transverse tooth profile and points from 
addendum to dedendum, and it reverses in the gear 
recess. The sliding friction on the pitch line is zero.

The direction of friction in the contact ellipse is 
reverse in upper and lower sides of the pitch line 
since an instantaneous contact ellipse is inclined 
relative to the pitch line; and so, the value of fric-
tion is less than that obtained without considering 
the direction of friction. The inclined angle of the 
contact ellipse for spiral bevel gears with high con-
tact ratio is usually not large, and so the direction 
of friction is ignored when friction is loaded on 
HPSTC in this paper.

2.2 Load and moment balance equation on the 
transverse plane

The friction coefficient is assumed to be constant 
because of the calculation of the nominal load by 
using ISO standards (ISO 10300-1 2001) under static 
conditions and a low sliding velocity during gear trans-
mission at medium or low speed. Some studies indi-
cated that maximum root stress is more accurate when 

Figure 1. Friction distribution on the tooth profile of 
a driving gear.
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force is loaded at the HPSTC, as shown in Fig. 2 (a), 
than the stress underwent when force loaded on the 
top of the tooth (Ohte 1972). Point E is the HPSTC 
on the transverse tooth profile of an equivalent gear, 
αve1 and rve1 are the pressure angle and the radius of 
the circle at point E respectively, and Fbt(f ) is the pro-
jection of Fn(f ) on the transverse plane.

Moment balance relationships with/without 
friction are expressed in the following equations:

F r TbtFF f vb fF vb ve( f tan+rvrrb =rbr tan1rfFF vbrrrbr 1 1TT=α  (1)

F r TbtFF vbrr =rbr 1 1TT=  (2)

Where,

F f Ff nF fF FF f⋅ff ( )f

F F F FbtFF f nFF f ve bt n ve( f ( f cos⋅FF f( f ϕ ϕF Fve cF Fve FF osF 1bt n veϕbt n cFbFF t nFF osF

Thus,

F F fn fFF n vf e ve)f /( tan / s )+FnFF /(1 1veveve /ve cos/ cos  (3)

Where,  f and ϕve1 represent the friction coefficient and 
acute angle between Fn(f ) and Fbt(f ) (or Fn and Fbt).

2.3 Load and root stress on the normal plane

From equivalent processes of spiral bevel gears, it 
can be seen that a normal load on a normal plane is 
still equal to Fn(f ). In Fig. 2 (b), when the pinion is in 
the meshing stage at the HPSTC of the tooth pro-
file on the normal plane, the tooth is simultaneously 
subjected to normal load Fn(f ) and projection Ff′ 
of friction Ff on the transverse plane. For the sake 
of convenience of analysis and calculation, Fn(f ) is 
moved to the point E’ along the direction of the line 
of action and Ff′ is moved to the point F along the 
tangent direction of the tooth profile. Points E′ and 
F are both on the tooth’s central line. Point B is the 

point of intersection of the involute and tooth central 
line, SFn is the chord tooth thickness of the dangerous 
section, l is the distance from point E ′ to the danger-
ous section, and Δl is the distance between point E ′ 
and F, and γ is the acute angle between the tangent 
of the tooth profile at the point E and the tooth cen-
tral line. Then, Fn( f ) can be resolved into Fn( f )sinγ, the 
component present in the direction of the tooth cen-
tral line and Fn( f )cosγ, the component present in the 
vertical direction of the tooth central line. Similarly, 
Ff′ can be resolved into Ff′sinγ  and Ff′cosγ.

Studies show that the values of shear stress and 
compressive stress are much less than the bending 
stress. The root stress with/without friction is shown 
in Eq. (4)/Eq. (5) based on the Lewis cantilever beam 
model employing the planar section method.

(
( )

cos sin ( )n f f) ( )) ( cos
F f(

M F( ) ( ) cos sin (sin () ( )) ( cos
W W

γsf sinsin
σ

sin (sin (sin (sin
= =( f )  (4)

σ γ
Fσ nM

W
F lγn

W
= = cos  (5)

where,

2= cos /62
f f ven e Fn1F = coscosf f coscoscos 11coscosFF

Thus,

σ
ϕ γ

σ

ϕ
F fσ n f

n
Fσ

F fn f l l
Fn

f l

)f
)ff (f )cos t n ]γ

)l l cos

=
+ Δ

=

1(f (f

1 f+ f venvv

ve ve
Ff

1

1 1ve1
tan

tan /
γ

α ϕve1 /ve1 cos
σ F+

 (6)

Where, be and ϕven1 represent the effective tooth 
width and the acute angle between Ff and Ff′, 
respectively.

2.4 Derivation for main parameters of the 
equation

In order to solve Eq. (6), parameters γ, Δl, l, αve1, 
ϕve1, and ϕven1 must be derived. In Fig. 4, θB and θE 
are the generating angles of point B and point E on 
the involute, respectively.

As shown in Fig. 3,

γ α δ θ θ δ−α − θven B Eθ θθ1 ,

According to the involute equation under polar 
coordinates,

θ α α θ α αB Bθ αθ B Bα α Eθθ ven ven=α −tanα α θBα α θθα θ .1 1αven

Thus, γ α αt .α α−αven Bαi1
According to the formula for calculating the 

tooth thickness on any circle of an involute gear 

Figure 2. Schematic of the load model of an equivalent 
gear (a) on the transverse plane and (b) on the normal 
plane.
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Figure 3. Schematic showing calculation of parameters 
on the normal plane of the equivalent gear.

Table1. Parameters of spiral bevel gears.

Item Symbol Pinion Gear

Number of teeth Z 40 80
Outer module(mm) met 3
Normal pressure 

angle(deg)
αn 20

Mean spiral angle(deg) βm 35
Addendum coefficient ha

* 0.85
Tooth tip clearance 

coefficient
c* 0.188

Base helix angle(deg) βvb 32.615
Face width (mm) B 30
Addendum modification 

coefficient
X 0.3 −0.3

Thickness modification 
coefficient

xζ 0.125 −0.125

Theoretical contact ratio εγ 2.85

Table2. Parameters of equivalent gears for spiral bevel 
gears.

Item Symbol Pinion Gear

Transverse plane
Equivalent number of teeth zv 44.721 178.885
Reference diameter (mm) dv 119.164 476.656
Transverse pressure angle 

(deg)
αvt 23.957

Mean addendum (mm) ham 3.001 1.403
Mean dedendum (mm) hfm 1.967 3.566
Tip diameter (mm) dva 125.167 479.461
Base diameter (mm) dvb 108.900 435.597

Normal plane
Equivalent number 

of teeth in normal 
section

zvn 76.9434 307.773

Reference diameter in 
normal section (mm)

dvn 167.944 671.776

Tip diameter in normal 
section (mm)

dvan 173.947 674.581

Base diameter in normal 
section (mm)

dvbn 157.816 631.263

Profile shift coefficient 
in normal section

xn 0.447 −0.447

Mean normal module (mm) mmn 2.183
Contact ratio in normal 

section
εvαn 1.854

therefore, Eb and Ec′ are vertical to each other. αve1, 
αven1, and βve1 represent the transverse pressure angle, 
normal pressure angle, and helix angle, respectively.

As seen in Fig. 4,

1

1

1

tan '/ '1
tan '/ ' ,1
cos '/ '1

ve

ve

ve

'/'/
'/'/
'/'/

ϕ
βv
α

⎧⎪⎧⎧
⎨
⎪⎪

⎪
⎨⎨
⎩⎪⎪

and the fact that the arc tooth thickness is zero at 
point B,

S r inv ivnSS B vn B B n1rB vr n/ (r rBrrvrrn 2 ).inv(r α αinviB ninvii

Thus,

inv S i
d invii

B vn vn n

n n mn vn

αinviiinviiαB vSS nSS rvS n
dα

vnvrrnrrr
1dn mn vnddddd

2
         =( tnππ xnx2 2+ ) /mmmnmmn αα n.  

Δl C= S+E ⋅CC ven(ta ) / (ta ) /γ γ++ γ γcot 2+2 S= (t t ) /γ+ c+ ot ))1

DH is very close to the gear tooth height; thus,

l DH DE h h lam fmDH ′ ( )h hamh h+hamh ( cl Svan− ot / )1 1fmhfmh+ γ

S d inv i
S

ven vendd n n vn ven n

van

1 1 n 1 1inv ven

1

2 2dvendd 1 2 invi [( / t n )n / (zvn1 − )]xxn22 tan αinvii1ven

===
=

d x invi i
arc

vadd n n n vn van n

van

1n 1invii vinvii an

1

+i t n )n / (z −vz n )]x 1xnx+++ tan α α− inv1van
α cos(cc )

s / )
d dcos /
d( d

d r

vndd n van

ven vn n vendd

vendd

1 1cos dcos /n v/ dd/ an

1 1( vn 1

1

α αcosarc dcos(ven1 1cos(arc dcos( vndd

vavvrrrr n vbn mn n van vbnrvbn rv1
2

1
2

2

1
21− r −⎡⎣ ⎤⎦⎤⎤ +π mnmm εvs (nα )

Where, αvan1, Svn1, S Sven van1Svan1, d  are pressure 
angles at the addendum, arc tooth thickness at 
the pitch circle, chordal tooth thickness at point 
E, and chordal tooth thickness at the addendum 
circle, respectively. The meanings of other symbols 
are shown in Table. 1 and Table. 2.

The load model at the HPSTC of the equivalent 
helical gear is shown in Fig. 4. Eb and Ec′ represent 
the normal load Fn(f ) and friction Ff, respectively; and 

Where,
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Thus, tan cos .ϕ βtan αveϕϕ ve ve1 1βtan veββ 1

1

1

1

1
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tan ' '/ '1 ,sin '/ ' '1
cos '/1

ven
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ve

ven
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Thus, tan t sinϕ αtan β αcosvenϕϕ ve veββ ven1 1αtan ve 1 1αcos ven
Where,

tan t cos tan /
cos(

α αtan β βtan β
α

venαα ve veββ ve m vβ e v

ve v

d/
arc dcos( v

1 1αtan ve 1 1βtan veββ 1v/ d/ v/
1

=cosαtan βtan1αtan 1βtan
= 1 111 cos / )vt ved

2.5 Finite element model

The specifications of spiral bevel gears and param-
eters of equivalent gears are shown in Table.1 and 
Table.2. And then, an accurate geometric model, 
which is based on the principle of formation of 
spherical involutes and the generating method, and 
the finite element model are established. In order to 
facilitate mesh generation, a single tooth is divided 
into 8 parts, as shown in Fig. 5 (a). The influence of 
an inertial load can be ignored in the static analy-
sis; therefore, an FE model with four pairs of teeth 
(Fig. 5 (b)) is established, which ensures that sufficient 

number teeth are in the meshing stage, when tensile 
root stress of the target tooth reaches the maximum.

A rigid coupling constraint model is adopted 
(Argyris et al. 2002, Litvin et al. 2005) in this 
paper. The target torque is applied on the driven 
gear through multiple analysis steps while the driv-
ing gear is fixed, the axial rotational degree of 
driving gear is released, and an appropriate small 
rotational angle is applied to obtain the stress on 
different meshing positions in a certain period.

3 RESULTS AND DISCUSSION

3.1 Friction distribution of spiral bevel gears 
obtained from the FE model

Distribution of friction in an instantaneous con-
tact ellipse when tensile root stress of the target 
tooth reaches the maximum is shown in Fig. 8. In 
contact zones of spiral bevel gears, the friction near 
instantaneous contact ellipse center, namely the 
theoretical contact point, has a maximum value, 
and gradually decreases from the center to the two 
ends along the long axis of the ellipse. The value of 
friction is nearly equal to zero near the pitch line. It 
is obtained that the direction of friction is inverse 
above and below the pitch line in the collapse from 
Figs. 6 (b), (c), and (d). The results are in agree-
ment with the theoretical analysis.

3.2 Root stress without friction from theoretical 
result and FE result

The root stress of spiral bevel gears without fric-
tion (ISO 10300-3 2001) is given by the following 
equation:

σ εFσ mt

mn
Fa Sa LS K

KFm

bm
Y YFa S Y Yε L YK=  (7)

When the driving torque is 200Nm, the theo-
retical result of the root stress without friction 
is 226.742MPa from Eq. (7), where KA, Kv, KFα, 
KFβ, YFa, YSa, Yε, YLS, and YK are equal to 1.0, 1.0, 
1.0, 1.769, 2.142, 2.037, 0.625, 0.710, and 1.155, 
respectively.

The bending normal stress of spiral bevel gears 
is difficult to extract from FE results because of 
their complex tooth surfaces. In literature, the Von 
Mises equivalent stress or the maximum principal 
stress is regarded as the root stress. In this paper, the 
maximum principal stresses of integration points, 
which are more accurate than nodes according to 
the FE theory, are extracted as the root stress of 
spiral bevel gear (Tesfahunegn et al. 2010). The FE 
result that the root stress reaches the maximum for 
the target torque of 400Nm, applied on the driven 

Figure 5. Schematic of a FE model: (a) 8 parts of a sin-
gle tooth, and (b) mesh model in four pairs of teeth.

Figure 4. Schematic of loads at the HPSTC of equiva-
lent spiral gears.
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gear, is shown in Fig. 7. The value of the maximum 
root stress without friction is 216.089MPa, which 
is close to the one obtained from the theoretical 
formula.

3.3 Normal load factor and friction factor

According to Eq. (3) and Eq. (6), the normal load 
factor ρN and friction factor ρF with varying fric-
tion coefficients are defined respectively as Eq. (8) 
and Eq. (9). Effects of friction on the normal load 
and maximum root stresses are presented by ρN 
and ρF.

ρ αN nρρ f n ve veF F f( f /( t n /αve cos )ϕ+1 1/(/( 1 1ϕve/ cosϕve  (8)

ρ σ σ ϕ γ
α ϕF Fρ σρ f Fσ venϕϕ

veαα ve

f l
f

=σ σf σ
+( ff / )l l cos tϕϕϕ

tan /ααα
1 f+ f

1
1

1 1ϕve

 (9)

The values of normal load and maximum root 
stress obtained by using the FE method when the 
value of friction coefficient μ is 0, 0.04, 0.08, 0.12, or 
0.16 are shown in Table.3 and the corresponding nor-
mal load and friction factors can be calculated, which 
are also shown in Table.3. When the friction coeffi-
cient is zero, it indicates that friction is ignored.

When the values of friction coefficient μ vary in 
the range of 0∼0.16, the comparison between nor-
mal load and friction factors obtained by using the 
theoretical model and FE model is shown in Fig. 8. 
The results from two models are in good agreement. 
Hence, the validation of the FE model can be veri-
fied to some extent. The analyses indicate that the 
maximum tensile root stress of spiral bevel gears 
is larger with an increase in the friction coefficient 
and as root stress reaches the maximum, the cor-
responding normal load decreases with an increase 

in the friction coefficient. When the friction coef-
ficient is 0.16, the maximum root stress from the 
presented formula is larger (around 11%) than 
the one obtained by using ISO standards, which 
ignores the effect of friction, and the normal load 
is reduced by around 8%. Thus, effects of friction 
on root stress and normal load are significant. As 
a result, more precise values of root stress of spiral 
bevel gears are attained when friction is included.

In Fig. 8, it is clearly shown that the results from 
proposed formulas are slightly different from the 
ones in the FE model and its major reason is that 
the direction of friction loaded at the HPSTC of 
equivalent gears is ignored. Friction without con-
sidering the direction increases the moment of fric-
tion on the driving gear axis, which leads to slightly 
smaller theoretical normal load and slightly larger 

Figure 6. Graphs showing the friction distribution in 
an instantaneous contact ellipse in terms of the (a) value 
of friction, (b), (c) and (d) x, y and z components of fric-
tion on the coordinate axes.

Figure 7. Graph showing the maximum principal stress 
distribution ignoring friction of the target tooth root.

Table.3. Values of maximum root stress and the normal 
load with friction.

F σF(f )/(MPa) Fn(f )/N ρN ρF

0 216.089 2402.30 1.0000 1.0000
0.04 222.012 2359.94 1.0179 1.0274
0.08 227.758 2318.55 1.0361 1.0541
0.12 233.863 2278.14 1.0545 1.0823
0.16 239.923 2238.67 1.0731 1.1103

Figure 8. Graph showing the comparison between the 
normal load factors and friction factors of the theoretical 
model and FE model.
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theoretical tensile root stress considering friction. 
Moreover, friction loaded at the HPSTC without 
considering the direction increases the bending 
moment on the root’s dangerous section, which 
leads to larger theoretical tensile root stress as 
well.

4 CONCLUSIONS

The main conclusions obtained from this work are 
summarized as follows:

1. In the meshing process of spiral bevel gears, the 
distribution of friction, mainly for the value and 
direction, was analyzed theoretically and veri-
fied by using the FE model.

2. The maximum tensile root stress according to 
the proposed formula was well consistent with 
the one obtained from the FE model; hence, the 
formula was proved to be suitable in the bend-
ing strength calculation of spiral bevel gears 
including friction.

3. The results revealed that the root stress 
increased by around 11% for a rise in the fric-
tion coefficient from 0 to 0.16 and the normal 
load decreased by around 8% accordingly.

4. Friction had a significant effect on the root 
stress of spiral bevel gears; thus, more precise 
bending strength values for gears were attained 
when friction is included.
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A discretized TCA for spiral bevel gears with high-order transmission 
error

Fei Gong, Jian-jun Yang & Hao-jie Guo
School of Mechatronical Engineering, Henan University of Science and Technology, Luoyang, China

ABSTRACT: When compared with the traditional transmission error curve, the meshing performance 
of gears can be improved by using a high-order transmission error curve, which can reduce the vibration 
and the noise in the process of meshing significantly. In this paper, according to the given equation of 
the gear tooth surface, a fully conjugated gear surface is deduced based on the theory of gear meshing. 
The tooth contact analysis on the gear surface with high-order easy-off  deviation is applied to obtain the 
relations between the high-order transmission error and parameters of the gear surface, such as the spiral 
bevel angle, pressure angle, and torsion.

method and obtained an instantaneous velocity 
ratio function, by using TCA and LTCA to carry 
out simulation and analysis of the gear tooth con-
tact of the design of the high-order transmission 
error. And also, a survey conducted by Professor 
Wei Bing-yang shows that the high-order transmis-
sion error has more stable transmission and lower 
sensitivity for installation errors when compared 
to the parabolic transmission error (Wei B Y et al. 
2003). When compared with the traditional quad-
ratic parabolic transmission error, the high-order 
transmission error improves the dynamic and 
strength properties of the gear pair. The applica-
tion of a higher-order transmission error provides 
a new approach for the design of high performance 
spiral bevel gear pairs.

2 NUMERICAL CALCULATION OF THE 
TOOTH SURFACE

2.1 The mathematical model of gear cutting

The mathematical model of the formate spiral bevel 
gears is shown in Figure 1. The coordinate system 
SG(xG, yG, zG) is rigidly connected to the cutter head 
and its origin OG is located on the center of the cut-
ter head; ZG coincides with the axis of the cutter 
head; SG(xG, yG, zG) is changed to SGT(xGT, yGT, zGT) 
by the rotation of the angle θG; Sm (xm, ym, zm) is 
rigidly connected to the cutting machine; and Om is 
coincident with the center of the cutting machine. 
S2(x2, y2, z2) (it is rigidly connected to the formate 
gear) is used to describe the installation of the gear 
on the cutting machine.

Radial setting Sr2 and cradle angle q2 are instal-
lation parameters of the hear-cutter. γ2 and XG2 are 

1 INTRODUCTION

For an incomplete conjugated spiral bevel gear 
pair with point contact, the sensitivity to machin-
ing error, assembly error, elastic deformation, and 
thermal deformation is less than that in spiral 
bevel gear pairs with line contact. In the process 
of designing spiral bevel gears, the contact pattern 
and Transmission Error (TE) is considered to con-
trol the quality of the tooth surface contact and 
dynamic performance of transmission, so as to 
reduce the vibration noise and increase the bear-
ing capacity (Litvin et al. 2006).The latest research 
results show that not only the amplitude of trans-
mission error, but also the angle of two tangents 
of the TE curve at the transition point of adjacent 
teeth will affect the running performance. The 
larger the angle is, the smaller the impact will be. 
The gear pair undergoes smooth transition when 
the angle is up to180° (Su J Z et al. 2014, Jiang J K 
et al. 2014). Stadtfeld studied the grinding tooth 
surface and found that the spire of the quadratic 
parabolic transmission error curve is abraded off, 
and is similar to a biquadratic parabola. The angle 
between the two tangents of the TE curve at trans-
formation points is almost 180° (Stadtfeld 2000), 
and thus the vibration and noise of the gear pair 
are greatly reduced. Fang Zong-de analyzed the 
meshing characteristics of the high-order transmis-
sion error curve theoretically and the possibility to 
implement. He proposed to replace the traditional 
transmission error curve with high-order trans-
mission error curve (Fang Z D et al. 2001), so as 
to improve the dynamic performance of the gear. 
Wei Bing-yang presented a design method for 
high-order transmission error based on a modified 
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designated as the root angle and machine center to 
back, respectively. The gear can be cut by using the 
formate method after z2 cycles of the cutting proc-
ess in which the cradle is held at rest.

According to the theory of differential geom-
etry and space meshing, the gear tooth surface 
equation and the unit normal vector are derived by 
using the coordinate transformation.
� �
r G G m mG G G G2 2rr G G(uuG (m mG G (�

2 , )Guθ GG ) (�
M M rm mM G Grr2MM G  (1)

� �
n G G m mG G G G2 2G G 2(uuG (m mG G2 2 (� , )GuGθG ) (�

L L rm mL G Grr2LL 2 G  (2)

Here, uG and θG are the surface parameters 
of the gear; M2m, MmG, and rG are transforma-
tion matrixes and the gear head-cutter equation, 
respectively; L2m and LmG is the 3 × 3 submatrix of 
M2m, MmG, and rG2 is the 3 × 1 sub-matrix of rG. 
A detailed derivation process is present in the 
related literature (Litvin et al. 2004).

The mathematical model of a fully conjugated 
pinion tooth surface equation is solved based 
on the formate gear equation, and is shown in 
Figure 2. A fixed coordinate system Sh is rigidly 
connected to gear mesh housing. In addition to Sh, 
coordinate systems S1 and S2 are respectively and 
rigidly connected to the gear and pinion. An aux-
iliary coordinate system Sd that coincides with Sh 
initially is used to describe the positional relation 
of the gear and pinion. φ1 and φ2 are separately 
meshing rotation angles of the pinion and gear, 
and Γ is the shaft angle.

In gear meshing coordinate system Sh, the mesh-
ing equation of the gear pair in the reference point 
is as follows:

�
n vh h

( ) ( )�
v)M ( 0=vh

( )  (3)

Where,

� � �
�

�

v rh h h hrr
h h

(12) (1) (� 2) (2M)

(1) (�T 1) 1)
×

=
( )
�

h h
(1) (� 2)

[ ] (
h
(1) (

ωh
((Tωh

(1( ) = [ ]− (

ωhhω Tz
z

(2ωω ) = 1

2

0[cos sin ]Γ −0 sin

In the process of meshing, the gear and pinion 
are in mutual conjugation with each other and sat-
isfy the following relation:

m
z
z12

2

1

1

2

1

2

= = =
φ1

φ2

ω1

ω2

 (4)

Here, Z1, Z2, φ1, φ2, ω1, and ω2 are separately the 
numbers of pinion and gear teeth, rotation angles 
and angular speeds.

In order to improve the computing efficiency, 
the above equations are be simplified as follows:

A B Csinφ φB2 2φ φφ cos =φB cB os 2φφcB os  (5)

Here,

A m
B m
C n r n r EmEE

x z z x

y x x y

z y y z

m
m
n r

12 2x 2z

12 2 y 2x

2 rrzrrr 2 rryr

( )n r n rz x(n −n r2 2rrxrrr 2 2rrzr
( )n r n rx y(n −n r2 2rryrrr 2 2rrxr

1211 2n x

Here, r2x, r2y, r2z, n2x, n2y, and n2z are separately cor-
responding coordinate components of r2 and n2.

Angle φ2 and angle φ1 can be deduced as 
follows:

φ2φφ = ⎛
⎝
⎛⎛
⎝⎝

⎞
⎠
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⎞⎞
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⎛
⎝⎜
⎛⎛
⎝⎝
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⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
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⎞
⎠⎟
⎞⎞
⎠⎠

⎞
⎠⎟
⎞⎞
⎠⎠

− rctanC
A

B
A

B
A  (6)

φ φ1 1φφ 2 2φφ  (7)
Figure 1. Schematic of the mathematical model of the 
formate process for spiral bevel gears.

Figure 2. Schematic of a coordinate system for simula-
tion of the meshing process.
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Substituting equations (6) and (7) into transition 
matrices Md2 and M1h, the position vector with the 
function of uG and θG and the corresponding unit 
normal vector can be represented as follows:
� �
r G G h hd d G G1 1rr G G 2 2(uuG (h hd d1 2 2 (� , )GuGθG ) (�

M M M r
�

h hM d dM1MM 2 2rr G  (8)
� �
n G G h hd d G G1 1G G 2 2(uuG (h hd d1 2 2 (� , )GuGθG ) (�

L L L n
�

h hL d dL1LL 2 2n G  (9)

In above equations, M1h, Mhd, and Md2 are homo-
geneous transformation matrixes and L1h, Lhd, and 
Ld2 are obtained by removing the last line and row 
of M1h, Mhd, and Md2, respectively.

2.2 Numerical solution of the tooth surface

A spiral bevel gear tooth flank is a complex spa-
tial surface. It is difficult to solve the tooth surface 
directly. The commonly used method is to project 
the gear tooth surface into a projection plane 
which can be divided into a grid of m lines and n 
columns. The coordinate point on the tooth sur-
face of the spiral bevel gear is corresponding to the 
point on the projection plane. And therefore, the 
corresponding relation can be established to solve 
the gear surface. The sketch map of the tooth sur-
face mesh is shown in Figure 3.

In figure 3, point M is a spatial point on the 
tooth surface. Its coordinates are denoted as (xm 
(uG, θG), ym(uG, θG), and zm(uG, θG)). The correspond-
ing coordinates on the rotating projection plane 
are (XL, RL). According to the rotation projection 
relation, the following equations can be obtained:

x XL
y RL

M G G

M Gu G My G G

( ,uGu )
,uGu (y , )G

θG

θ uG G) y G(
=

=)GuG(yy G

⎧
⎨
⎧⎧

⎩
⎨⎨ 2 2(u )θ ) y 2LL

 (10)

For the gear with right-hand teeth, the initial θG 
value is 270°+β; the head cutter surface is a coni-
cal surface, and therefore, uG can be represented as 
uG = (hf1+hf2)/(2cosα2); here, hf1 and hf2 are the tooth 
dedendum in the middle point of the pinion and 
gear, respectively. α2 is the tooth profile angle of 
the tool. By solving the non-linear equation (10), 
the surface coordinates of the reference point 
of the gear (uG G

0 0θG ) can be obtained.
From figure 4, it can be observed that the 

gear surface Σ2 and pinion surface Σ1 are divided 
into existing grids with m rows and n columns, 
respectively.

The grid node is Pij(uG
ij

G
ij,θG ) (i = 1,2, … , m, j = 1,2, … , n), 

as shown in figure 4. In order to solve the coordi-
nates of the plane grid point, (Xij, Yij), we should 
take (Xij, Yij) as the initial value of XL and RL, 
and take (uG, θG) as the initial value of the reference 
point. Based on the appropriate solving strategy of 
the tooth surface, each point of the discrete tooth 
surface can be obtained. And then, we substitute 

these values in the equation (1), (2), (8), and (9), 
so that we can find out the position coordinates 
G(xij (u 

ij,θ  
ij)), yij (u 

ij,θ  
ij), zij (u 

ij,θ  
ij) and P(xij (u 

ij,θ  
ij)), 

yij (u 
ij,θ  

ij), and zij (u 
ij, θ  

ij), of the gear and pinion, 
respectively, and the corresponding unit normal vec-
tor n2(xij (u 

ij,θ  
ij)), yij (u 

ij,θ  
ij), zij (u 

ij,θ  
ij), n1(xij (u 

ij,θ  
ij)), 

and yij (u 
ij,θ  

ij), zij (u 
ij, θ  

ij).

3 THE CONSTRUCTION OF EASE-OFF 
TOPOGRAPHY OF THE PINION

If we consider a pair of conjugated tooth sur-
faces, an instant contact between the two surfaces 
is established through the line contact. The tooth 
surfaces of conjugated members are envelopes to 
each other. However, spiral bevel gears normally 
mesh in point contact due to the manufactur-
ing process used and the pre-designed modifica-
tion of the tooth surfaces. The meshing of tooth 
surfaces in point contact at any instant is called 
non-conjugation (Q.Fan 2016).

The ease-off phenomenon is defined as the rela-
tive amount of modification of the teeth surface 
(Kolivand 2010), namely the normal deviation of 
the modified teeth surface with theoretical gear teeth 

Figure 3. Sketch map of the tooth surface mesh point 
and coordinate point.

Figure 4. Division map of the tooth surface.
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surface. It has important theoretical and practical 
significance for the tooth contact analysis; ease-off  
can be numerically calculated using discretization 
of tooth flanks with grid points and presented as a 
topographic elevation for visualization. A grid of m 
rows and n columns is defined in the XL-RL axial 
plane of a bevel gear, as shown in Figure 5.

In the coordinate system XOY, the X axis is located 
by the midpoint of tooth surface grid to the big end 
of the pinion, the Y axis is perpendicular to the X 
axis and it is directed to the outside of the gear.

When calculating ease-off, we can transform the 
grid plane point (XLij, YLij) of the pinion into a 
coordinate (Xij, Yij) in the XOY coordinate system 
by using coordinate transformation.

The following polynomial equation is applied to 
calculate the deviation value of the corresponding 
coordinates:

δ ijδ ij ij ij ij ij ijX Yij ij X Yij ij= a X + a Yi + a a + a1 2ijX +ij a 3
2

4
2

5  (11)

Here, a1 is the spiral angle influence coefficient; 
a2 is the pressure angle influence coefficient; a3 
is the tooth length influence coefficient; a4 is the 
tooth profile influence coefficient; and a5 is the 
tooth surface torsion effect coefficient.

A generated ease-off  topological surface is 
shown in Figure 6.

4 THE TOOTH CONTACT ANALYSIS 
BASED ON DISCRETIZED GEAR FLANK

Based on the contact conditions between two tooth 
surfaces which are shown in Figure 2, the pinion’s 
discrete tooth surface coordinate points and the 

normal vector of the pinion in the Sh coordinates 
are respectively represented as follows:

G yh iG j iyi j ii j hi d d ij ij ij( )x y zix j yi iz ji ( , , )x y zij ij= M Mhd ×dM 2  (12)

P M Ph iPP j iyi j ii j hMi h iPP j iyi j ii ji( )x y zix j yi iz ji ( , , )x y zx iy j izi ji= MM 1  (13)

n L n yh ij ii j ii j hi ij ij ij1h ij iyi j ii j Li 1( )x y zx y zix j yi iz ji ( , , )x y zij ij= LLLL  (14)

Under the influence of a superimposed ease-off  
deviation with conjugated pinion surface, the error 
at the tooth surface of the pinion is represented as 
follows:

x x n
y n
z n

hx

hy

hz

′
′
′

1 1x 1

1 1 1

1 1 1

=
= y
= z

+ ×
+ ×
+ ×

⎧
⎨
⎪
⎧⎧
⎨⎨
⎩⎪
⎨⎨
⎩⎩

δ
δ
δ

 (15)

Where, P′h(x′ij, y′ij, z′ij) is the pinion deviation 
tooth surface. Therefore, the position vector of the 
error of the tooth surface is obtained on the basis 
of x, y, and z coordinates of the pinion’s tooth 
surface.

When two rigid gear flanks in point contact 
engage each other, they have only one instanta-
neous meshing point. Theoretically, the distance 
between meshing surfaces is zero at the contact 
point. For mathematical iterative algorithms, the 
result of zero distance is hard to achieve. In order 
to process this calculation, a precision requirement 
can be set for distance. When the calculation results 
meet with this requirement, the two surfaces can 
be regarded to be in the zero-distance contact state 
(Liu G L et al. 2001).

The process of implementing discretized TCA 
(DTCA) for gear surfaces can be described as 
follows:

In a fixed coordinate system, firstly, calculate 
the minimum distance between the corresponding 
points of the two tooth surfaces. Secondly, adjust 
the rotation angle of the gear and pinion accord-
ing to transmission ratio between the two tooth 
surfaces to meet with the precision requirement of 
minimum distance. Lastly, calculate the relation of 
rotation angles between the gear and pinion.

The steps of the iterative algorithm are as 
follows:

Step 1: Set the original minimum distance between 
the tooth surfaces as d0; the original angular 
position of Σ1 is ϕ1ϕϕ 0ϕϕ , as shown in Figure 7.

Step 2: Fix Σ2 and allow Σ1 to rotate on its own axis 
to adjust the tooth surface’s distance between 
the two tooth surfaces. Suppose Σ1 starts from 
position 1ϕϕ 0ϕϕ  and rotates by an angle of Δϕ1 
to reach ϕ ϕ ϕ ϕ1ϕϕ1ϕϕ 1

1ϕ 1ϕϕ 0
1;ϕ ϕ ϕ1ϕϕ1ϕ ϕϕ 1ϕϕ+ϕ 0ϕϕϕϕϕϕϕ Δ  now, the distance 

between the tooth surfaces is d1.
Define Δϕ1 = i12 × Δϕ: here, i12 is the rotation ratio 

between the gear and pinion and Δϕ is defined in 

Figure 5. Schematic depicting the definition of a tooth 
flank grid.

Figure 6. Schematic depicting an ease-off  topographi-
cal surface of the pinion.
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advance as the angle increment of the rotation 
angle of Σ2.

Step 3: According to the assumption that the angle 
increment of Σ1 is in a linear relation with the 
distance between the two tooth surfaces, it can 
be noted that the angular position ϕ1ϕϕ 2ϕ  of  Σ1 has 
the following relation with ϕ ϕ1ϕϕ 0ϕϕ 1ϕϕ1ϕ ,ϕ1ϕϕ  d0 and d1: 
ϕ ϕ1ϕϕ 2ϕϕ 1

1
0 1 1= +ϕ1ϕϕ1ϕ ( )ϕ ϕ1ϕϕ1ϕϕ 1ϕϕ 0ϕϕ⎡⎣⎡⎡ ⎤⎦/( .1)⎤⎦⎤⎤ ×d d0 1− 1

Step 4: Calculate the minimum distance d2 between 
the two surfaces when Σ1 is at position ϕ1ϕϕ 2ϕ . If  d2 
satisfies the convergence condition d2 < X, stop 
the iteration; otherwise, assign ϕ ϕ1ϕϕ1ϕϕ 1ϕϕ 2ϕ ,ϕ1ϕϕ  d1, and d2 
to ϕ ϕ1ϕϕ 0ϕϕ 1ϕϕ1ϕ ,ϕ1ϕϕ  d0, and d1, and then repeat the iteration 
until the convergence condition is satisfied.

In practical calculation, adopt the follow ing modi-
fied iteration algorithm ϕ ϕ1ϕϕ 2ϕϕ 1

1= +ϕ1ϕϕ1ϕ × ( )ϕ ϕ1ϕϕ1
1ϕϕ 0ϕϕ−ϕϕϕ1ϕϕ⎡⎣⎡⎡V /

( ) ;d d d0 1 1− ] ×  here, V is the relaxing factor which 

is able to accelerate the rate of convergence if  
chosen properly.

The iterative algorithm is shown in Figure 8.
It should be noted in Step 3 that we should 

decide whether the two tooth surfaces are inter-
fered when the pinion rotates at an increment angle 
every time. Calculate the vector of the n line where 
the minimum distance point of the two tooth 
surfaces is located. Designate Δri,n = Gh(xin, yin, zin) – 
P′

h(x′
in, y′

in, z′
in) (i = 1,2, …, m) as the relative posi-

tion vector between the two corresponding points. 
Validate signs between Δri,n and Δri+1,n. If  all signs 
coincide, the tooth surfaces do not interfere. If  the 
tooth surfaces interfere, reassign angle Δϕ for the 
next iteration.

5 NUMERICAL EXAMPLE

In this paper, a pair of spiral bevel gears is used to 
verify the proposed DTCA process. In general, the 
convex flank of the pinion is selected as the driv-
ing surface, and the concave flank of the gear as 
the driven surface. The geometric parameters and 
machining parameters of gear pairs are shown in 
Table 1 and Table 2, respectively. The calculated 
coefficients of ease-off  based on the pinion are 
shown in Table 3.

Tooth surface errors of the pinion are shown in 
Figure 9.

According to result of calculation, the transmis-
sion error curve can be fitted as 6th polynomial as 
follows:
Δϕ ϕ ϕ

ϕ
2 1ϕ ϕϕ 6

1ϕϕ 5ϕϕ 1ϕϕ 4ϕϕ
1
3

0 000000168 0 0000112 0 000238
0 000149 0

= +ϕ1ϕϕ 6ϕϕ0 000000168 +
+ −ϕ1ϕϕ 3ϕ0 000149

.1ϕ 0+1ϕϕ
. .ϕ1000 9 0ϕ1ϕ000149 027400 0 0690

0 3645
1
2

1ϕ ϕ0 06901
2

1
+ .   (16)

The transmission error curve is shown in 
Figure 10.

According to equation (16) and figure, it can 
be seen that the resulting transmission error curve 
can be expressed by 6th polynomial, which is high-
order transmission error curve with a slightly 

Figure 7. The solving process for DTCA.

Figure 8. Flowchart of the iterative algorithm.

Table 1. Blank data of gears.

Design parameter Gear Pinion

Number of teeth 46 15
Hand of spiral (deg) RH LH
Pressure angle (deg) 20 20
Mean spiral angle (deg) 35
Shaft angle (deg) 90
Pitch angle (deg) 71.939 18.060
Face angle (deg) 73.572 21.341
Root angle (deg) 68.658 16.427
Outer cone distance (mm) 198.857
Face width (mm) 57.15
Addendum (mm) 4.12 9.85
Dedendum (mm) 11.4 5.67
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conjugate surface with gear is presented based on 
the meshing theory.

By using a superimposed and predesigned ease-
off  deviation with conjugate pinion surface, the 
mathematical model of the discretized error of the 
tooth surface of the pinion is established.

With reasonable selection of the impact coeffi-
cient of tooth flank parameters, such as the spiral 
angle impact factor, pressure angle impact factor, 
and torsion impact factor, the desired high-order 
transmission error curve could be achieved by 
means of the DTCA technique.
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Table 2. Gear machine-tool settings.

Item Processing parameter

Cutter diameter (mm) 304.8
Cutter head distance (mm) 4.826
Pressure angle (deg) 20
Radial setting (mm) 149.0161
Cradle angle (deg) 52.5345
Machine center to back (mm) −3.44315
Machine root angle (deg) 69.6820

Table 3. Calculated coefficients of ease-off  based on 
the pinion.

a1 a2 a3 a4 a5

0.00002 0.00002 0.00009 0.0007 −0.000369

Figure 9. Schematic of the tooth surface errors of the 
pinion.

Figure 10. Graph showing the high-order transmission 
error curve.

concave top, and two steep ends. Its transmission 
error amplitude of changeover points between 
teeth is smaller than that of parabola. Angles of 
two tangent lines at transitions points are larger 
than that of parabola, so it can reduce the sensitiv-
ity of installation errors, and reduces vibration and 
shock with light loads for both these reasons.

6 CONCLUSIONS

In this paper, in order to obtain a high-order trans-
mission error between the gear and pinion, a fully 
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cutting and cutting test

Chuang Jiang
School of Mechatronics, Northwestern Polytechnical University, Xi’an, China

Rui Shi, Xiaozhong Deng & Zhengyang Han
School of Mechatronics Engineering, Henan University of Science and Technology, Luoyang, China 

ABSTRACT: Cutting force is an important factor affecting the cutting performance of milling machines. 
In this paper, a method for calculating the instantaneous undeformed cutting width and thickness is put 
forward. According to the formula of instantaneous undeformed cutting area established and using the 
theory of oblique cutting and the flow stress in the shear zone predicted from Johnson–Cook material 
constitutive equation, the rough milling force model of spiral bevel gear using generation method is con-
structed. The milling force simulation program is composed, and the relationships between the milling 
force and the cutting speed and feed rate are obtained by the analysis of the calculation results. The cut-
ting test is carried out and the milling force model is validated.

is presented. On the basis of the instantaneous 
undeformed cutting chip area formula, the flow 
stress of the shear zone is calculated by using the 
oblique cutting theory and material Johnson–Cook 
constitutive equation; the milling force model of 
rough milling spiral bevel gear is constructed using 
generation method. The milling force simulation 
program is written and the relationships between 
the cutting force and the cutting speed and feed 
rate are obtained by analyzing the calculated 
result, which reveals the effect of cutting heat and 
cutting deformation change on the cutting force 
of spiral bevel gear in processing. Then, accord-
ing to the characteristics of the SIEMENS 828D 
CNC system that the panel can display the instan-
taneous torque of each shaft of the servo motor, 
the cutting test is carried out. The driving torque, 
which is displayed by the numerical control system, 
is transformed into the dynamic cutting force, and 
then compared with the results of MATLAB simu-
lation, which verifies the correctness of the cutting 
force model.

2 CALCULATION OF WIDTH AND 
THICKNESS OF THE UNDEFORMED 
CUTTING CHIP

2.1 Width and thickness of the instantaneous 
undeformed cutting chip

In the process of generating rough cutting, the 
contact between the cutter and the workpiece is in 

1 INTRODUCTION

With the wide application of dry cutting technol-
ogy, the dry milling of spiral bevel gear has become 
the main development trend of spiral bevel gear 
milling. Compared with the traditional wet cutting 
process, the bevel gear dry cutting has many advan-
tages such as high efficiency, low energy consump-
tion, and less pollution. The research on cutting 
force has been focused on the dry cutting technol-
ogy. In the past decades, many scholars worldwide 
have studied the cutting force in the process of gear 
machining. The cutting force model of spur gear 
skiving hob was established by Antoniadis et al.[1] 
The cutting force model of clockwise milling and 
anti-clockwise milling for the machining process 
of the straight tooth cylindrical gear by the disk-
shaped milling cutter was established by Chen Bin 
et al.[2] The cutting force model of straight tooth 
pull was established by Sutherland et al.[3] A high-
speed dry cutting force model of spiral bevel gears 
was established by Liao Congjian et al.[4] The mill-
ing force model of spiral taper gear using form 
milling and the rough milling force model of spiral 
bevel gear using modified roll method were estab-
lished by Jia Xinjie et al.[5–6]

However, few studies have been conducted 
to determine the effect of cutting heat and cut-
ting deformation on cutting force in the process 
of machining spiral bevel gears. In this paper, a 
method for calculating the cutting width and thick-
ness of the instantaneous undeformed  cutting chip 
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line, whose position is shown in Figure 1. Accord-
ing to the milling force model established in the 
literature[6], the width of the instantaneous unde-
formed cutting chip can be expressed as

s f tp( )t ) ( )t )= ϕ ϕtp ), 1ϕϕ  (1)

where ϕ ϕpϕϕ ϕ( )t ( )td 1ϕϕ  are the rotation angles of 
the cutter and workpiece, respectively.

During the actual cutting process, the cutting 
thickness is changed when the blade cut in and cut 
out, as shown in Figure 2.

Because the rotational speed of the cutter is 
much higher than that of the gear billets, the effect 
of the rotational speed of gear billets and the 
curvature of tooth length on the thickness of the 
instantaneous undeformed cutting chip is slight. 
Hence, by ignoring this effect, the thickness of the 
undeformed cutting chip in time t is calculated as 
follows:

t f t f th zff zff( )tt ) [ )]= fff t fff) [R Rt) R2 2f ti )]f[  (2)

where R = radius of the cutter disk; fz = feed per 
tooth in the direction of tooth length.

Feed per tooth in the direction of tooth length 
denoted by the parameter u in the tooth surface 
equation of spiral bevel gear is shown in Figure 3. 
It can be calculated as follows:

fzff i i= +( )u ui iu +

cos
1

β
 (3)

where β is the nominal spiral angle and the parame-
ter ui can be obtained by the intersection equation[6] 
between the cone of spiral bevel gear and the cone 
formed by the cutting edge i in the machine coor-
dinate system Sp at time t 

L rpi pi parpir rpar( )t ps t,θ φt, φ βp u,p , ( )t ps,s ttθ φ, t p( )s θ φ φ ( )pφu,r (s = 0  (4)

2.2 The relationship between cutting width and 
thickness of the instantaneous non-deformed 
cutting chip

According to the relative motion between the cut-
ting tool and the workpiece in the process of gear 
machining, the chip shape of the theory should be 
similar to a tetrahedral, as shown in Figure 4, com-
paring with the actual chip, which is similar.

Figure 1. Sketch map of rough cut.

Figure 2. Undeformed cutting thickness.

Figure 3. Spiral bevel gear wheel coordinate system.

Figure 4. Chip shape.
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Take the th and the s at the same time. The 
instantaneous undeformed cutting chip area in the 
adjacent time during the time of the blade from 
cut in to cut out are mutually similar triangles, 
therefore, the relationship between the width and 
the thickness of the instantaneous undeformed 
cutting chip is

t
s

t
s

t
s

h

n

h

n

h

n

n nh n

−

= =1 1h h +h hnh nh

1 1s s +s sn n

 (5)

The cutting width and thickness of the instan-
taneous undeformed cutting chip are proportional 
change during the time of the blade from cut in to 
cut out. According to the change of the thickness, 
the cutting width of the non contact point is cal-
culated. The Figure 4 shows when take the maxi-
mum value of undeformed cutting thickness, the 
maximum value of the corresponding undeformed 
cutting width is not necessarily at the point of con-
tact, therefore, the maximum cutting force is not 
necessarily at the point of contact.

3 MILLING FORCE MODEL

When the position of the cutting edge is no longer 
perpendicular to the direction of cutting veloc-
ity, and there is an angle with the velocity vector, 
the cutting process is transformed from two-di-
mensional to three-dimensional one, and is called 
oblique cutting. When machining spiral bevel gear 
uses the generation method, workpiece, and shak-
ing table to keep the linkage relationship with a 
certain speed, the direction of relative velocity of 
tool and workpiece with cutting edge is in a certain 
angle, but not vertical, and the oblique cutting is 
formed. Therefore, the theory of oblique cutting 
for the cutting force of spiral bevel gear using the 
generation method is feasible. The following is the 
key angle of the oblique cutting and the conver-
sion model.

The oblique cutting is similar to the orthogonal 
cutting. As shown in Figure 5-a, the relationship 
between normal shear angle (φn), cutter forward 
angle (γn), and chip thickness is

tan
cos

sin
φ

γ

γ
nφ

h

c
n

h

c
n

t
t

t
t

=
−1

 (6)

where th = the undeformed cutting thickness;
tc = the deformed cutting thickness.
As shown in Figure 5-b, the angle ηs between the 

direction of shear flow with the normal direction 

and perpendicular to the cutting edge in the shear 
plane is given by

tan tan cos( ) tan i
cos

η φ η φsin
γs

n nφ γφ c nη φη sin

n

i
=

−)  (7)

where i = cutting edge angle;
ηc = chip flow angle.
According to the Stabler rule, chip edge angle 

and chip flow angle are approximately equal.
From the theory of oblique cutting, the shear 

force Fs is expressed as

F A
bt

is sF AF h
n

=A hAAA
τbb

φncos si in
 (8)

where τ = shearing stress;
b = cutting width;
t = the undeformed cutting thickness.
According to the literature [9], the shear stress 

distribution in the shear zone and the value of shear 
stress τ in the primary shear plane are obtained by 
using the Johnson–Cook constitutive equation 
model, which can be expressed as

τ γ γ

γ
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(9)

Figure 5. Angles of shear plane.
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where γ 0γ
•

= reference shear strain rate;
A, B, C, n, m = material constants;
Tr = reference temperature;
Tm = melting temperature.
When machining spiral bevel gear using the gen-

eration method, the instantaneous undeformed 
chip area is a triangular, and the cutting force of 
the external cutter is

F
s t
isoFF o ht

o ni o

=
τ ss

φn2cos sin
 (10)

where so = cutting width of the outer blade;
Io = cutting edge angle of the outer blade; 

φno = normal shear angle of the outer blade.
According to the force balance relationship that 

act on cutting chip, the normal pressure Fno per-
pendicular to the main shear plane is

FnoFF so o co

o co

=
( )no no−⎡⎣ ⎤⎦⎤⎤

−
cos co os

tan tatann
η ( n⎡ηso ⎣⎡⎡tso ⎡⎡⎡ an βo)no + tan o η

β ηo co cosos1 soFs( )no −φn γγ no

 (11)

where βo = the average friction angle between the 
outer knife and the chip surface;

ηso = shear flow angle of the outer blade;ηco = chip 
flow angle of the outer blade;γno = forward angle 
of the outer blade.

The normal shear angle in oblique cutting is 
assumed to satisfy the Merchant equation:

φ π β γ
nφ n= − +

4 2 2
 (12)

Simultaneously from formulas (2), (6), and (12), 
the average friction angle βo between the outer 
blade and the chip surface is obtained:

β π γ φo nβ γγ nφ= +
2

2  (13)

According to the theory of oblique cutting, the 
tangential force of the outer blade Fco, the radial 
force of the outer blade Fro, and the axial force of 
the outer blade Fao can be represented by the shear 
force Fso and normal force Fno of  the shear plane:
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(14)

From Figure 6, the cutting force components 
acting on the horizontal, normal, and axial direc-
tions of the outer blade are
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where φo = the rotation angle of the outer blade.
The chip shape of inner and outer blades are 

basically the same; therefore, the cutting force 
components acting on the horizontal, normal, and 
axial directions of the inner blade are
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where φi = the rotation angle of the inner blade, 
which satisfies

φ φ
πo iφ φφ

N
=φ

2
 (17)

where N  = total number of internal and external 
blades.

In order to simplify the object under study, let 
us assume that there is only one pair of blades 
cutting in the milling process at any moment. The 
inner and outer blade forces of x, y, and z axes can 
be expressed as

F F F
F F F
F F F

x xFF i xFF o

y yF FF F i yFF o

z zFF i zFF o

+FxFF i

−F
+FzFF i

⎧
⎨
⎪
⎧⎧
⎨⎨
⎩⎪
⎨⎨
⎩⎩

 (18)

Figure 6. Sketch map of the generation method.
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Table 1. Spiral bevel gear wheel parameters.

Parameter/
unit

Numerical 
value

Parameter/
unit

Numerical 
value

Teeth 
number

17 Average pressure 
Angle /°

20.00

Modulus 10.36 Bevel angle of 
gear surface 
δa/°

35.75

Facewidth 
B1/mm

50.00 Crown radius of 
rear wheel 
ra/mm

90

Direction of 
rotation

Left Outer cone 
distance of 
gear tip Be/mm

169.63

Helix angle/° 35.00
(Left-spur)

Table 2. Cutter parameters.

Parameter/unit
Numerical 
value

Cutter radius rc/mm 152.4
Staggered cutter spacing W/mm 5.5
Total number of internal and external 

blades N
16

Pressure angle of the outer blade α /° 18.00
Pressure angle of the inner blade α /° 22.00

4 CALCULATION RESULTS 
AND ANALYSIS

In this paper, MATLAB is used for compilation, 
and the calculation flow chart is shown in Figure 7. 
The values of the necessary parameters are entered 
to obtain the change curve of Fx, Fy, and Fz, and 
analyze the effect of different processing param-
eters on the milling force. Cutting parameters are 
shown in Tables 1 and 2. The workpiece material 
is 45 steel, whose Johson–Cook material con-
stant is[10] A = 507 MPa, B = 320 MPa, C = 0.064, 
n = 0.28, m = 1.06, γ 0γ

•
 = 0.0011/s, Tm = 1500 K, 

Tr = Tw = 300 K, ρ = 7850 kg/m3, and c = 500 J/
(kg • K).

1. When the feed rate at the Z-axis direction of gear 
milling machine is 8 mm/min, the cutting speeds 
of 36, 72, 144, and 288 m/min are simulated and 
analyzed, and then the maximum values of the 
cutting force are generated at different cutting 
speeds to draw the change chart, as shown in 
Figure 8. It is found that when the cutting speed 

Figure 7. Flow chart to calculate the milling gear force.

reached 70 m/min, the cutting force reached the 
maximum value, after which the cutting force 
slowly decreases with the increase of cutting 
speed.

2. When the cutting speed is 70 m/min, the feed 
rates at the Z-axis direction of the gear milling 
machine of 2, 4, 6, and 8 mm/min are simulated 
and analyzed, and then the maximum values of 

Figure 8. Effect of cutting speed on cutting force.
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the cutting force are generated at different feed 
rates to draw the change chart, as shown in Fig-
ure 9. The cutting force and feed rate are found 
to be proportional to each other.

5 CUTTING TEST

5.1 Introduction of test methods

The cutting test using CNC spiral bevel gear mill-
ing machine YK2260DX is independently stud-
ied and developed by Luoyang Keda Yuege CNC 
Machine Tool Co., Ltd. The two significant fea-
tures of the milling machine tool are: (1) the use 
of 17 kW servo motor drive, stepless speed regu-
lation, and high precision; and (2) the operating 
system using SIEMENS 828D CNC system; this 
system not only inherits the powerful function of 
the former SIEMENS numerical control system, 
but also the instantaneous torque of servo motor 
of each axis can be displayed, including the cut-
ter spindle, the workpiece spindle, the longitudinal 
feed (X axis), the vertical feed (Y axis), and the 
horizontal feed (Z axis). The above two character-
istics lay the foundation for the theoretical model 
of the cutting force.

The way of conducting the cutting test was set 
by the simulation. When the feed rate is constant, 
then the cutting test was carried out at different 
cutting speeds, to observe the change of the cutter 
torque. When the cutting speed is constant, then 
the cutting test was carried out at different feed 
rates. The cutting process is shown in Figure 10. 
It is important to note that the torque value of 
each axis idling before cutting should be recorded. 
The torque value of each axis during cutting gear 
must subtract the idling torque values to obtain the 
torque value, as the torque was generated by the 
cutting force.

5.2 The effect of cutting speed on cutting force

Because of the limitation of machine tool, the 
cutting test cannot be conducted in ultrahigh 
speed; therefore, at the feed rate of 8 mm/min in 
the Z-axis direction of gear milling machine, the 
cutting test was carried out at the cutting speeds 
of 60 (63 rpm), 70 (73 rpm), 80 (84 rpm), and 90 
m/min (94 rpm). The whole cutting process with 
different cutting speeds was recorded on a camera 
and the value of instantaneous torque at the same 
time interval was read from it. Then, the value of 
specific torque was converted to the cutting force 
value. Before cutting, the torques of the X-, Y-, and 
Z-axes are 3.88, 10.75, and 1.48 Nm, respectively.

The maximum torque of each servo motor was 
recorded at different cutting speeds and trans-
formed into the cutting force numerical value to 
draw the change chart, as shown in Figure 11. It 
was found that the cutting force increased when 
the cutting speed was increased from 60 to 70 m/
min; when the cutting speed reached 80 m/min, the 
cutting force was reduced slightly; and when the 
cutting speed reached 90 m/min, cutting force was 
increased. Comparing with the simulation results, 
when the cutting speed was 90 m/min, the test result 
was not in conformity with the results of simula-
tion, which was due to the increase of the cutting 

Figure 9. Effect of feed rate on cutting force.

Figure 10. Cutting process.

Figure 11. Effect of cutting speed on cutting force in 
actual machining.
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speed and tool wear, which affect the size of the 
cutting force. However, at the cutting speed of 70 
m/min, both results were almost similar, thereby 
proving the accuracy of the theoretical results.

5.3 The effect of feed rate on cutting force

When the cutting speed is 70 m/min, the cutting 
test was carried out in the Z-axis direction under 
the feed rates of  2, 4, 6, and 8 mm/min. The whole 
cutting process at different feed rates was recorded 
on a camera, and the value of instantaneous 
torque at the same time interval was read from it. 
Then, the value of specific torque was converted 
to the cutting force value. Before cutting, the val-
ues of  the torque of X-, Y-, and Z-axes were same 
as above.

The maximum torque of each servo motor was 
recorded at different feed rates and transformed 
into the cutting force numerical value to draw the 
change chart, as shown in Figure 12. The maxi-
mum cutting force increases with the increase of 
feed rate. Compared with the simulation results, it 
was found that although no proportional change 
was observed, the trend is very similar, which was 
due to the radial and axial installation errors of the 
cutter, non-uniformity of the workpiece material, 
and other factors. This does not affect the accuracy 
of the theoretical results.

6 CONCLUSION

1. A method for calculating the undeformed cut-
ting width and thickness during rough milling 
spiral bevel gear using generation method is put 
forward.

2. In order to consider the effect of the cutting 
speed and the increase of temperature on mill-

ing force, the milling force model of rough cut-
ting spiral bevel gear using generation method 
is established.

3. The milling force simulation program is worked 
out and the effect of cutting speed and feed rate 
on the milling force is analyzed, which provides 
a reference for the calculation of milling forces 
of different gears.

4. On the basis of the characteristics of the SIE-
MENS 828D CNC system that the panel can 
display the instantaneous torque of each shaft 
of the servo motor, the cutting test experiment 
is carried out. After transforming the driving 
torque displayed by the NC system into the 
dynamic cutting force, the comparison with the 
theoretical results is finished, and the results 
show the accuracy of the milling force model.
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An automatic approach to modeling the CAD model of face-milled 
spiral bevel gears

Yuansheng Zhou & Jinyuan Tang
State Key Laboratory of High Performance Complex Manufacturing, Central South University, Changsha, 
Hunan, China
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ABSTRACT: Finite Element Analysis (FEA) is widely used to evaluate the work performances of spiral 
bevel gears. The Computer-Aided Design (CAD) models of spiral bevel gears are fundamental inputs to 
conduct a FEA. In order to improve work performances, it is usually an iterative process to modify the 
CAD model and conduct a FEA. Hence, it is necessary to find an automatic way to build the CAD model. 
In this paper, the spiral bevel gears manufactured by using the face-milled method are used as examples to 
automatically build their CAD models by using commercial CAD software, CATIA. The generation of a 
process to cut spiral bevel gears by using the face-milled method is illustrated at the beginning. According 
to the generating process, the mathematical model of the tooth surface is designed. Although the math-
ematical model is obtained, the points in this model are too irregular to automatically construct the CAD 
model in CATIA. To solve this problem, an advanced mathematical model is proposed to represent the 
points as evenly distributed on the tooth surface.

representation of the tooth surface of face-milled 
spiral bevel gears.

While the tooth surface is calculated, the CAD 
model of the spiral bevel gears can be obtained as 
the inputs for the FEA [1–3]. Generally, the process 
of building the CAD model is a manually redun-
dant work. Ding et al. [10] proposed a simulation 
process modeling approach to automatically build 
the CAD model of spiral bevel gears. The accuracy 
of the CAD model is improved by different optimi-
zation methods [10, 11]. Although a CAD model 
can be obtained with Ding’s approach, the result 
still requires improve ment due to the following 
two aspects: (1) the tooth surface is not smooth; (2) 
it is time consuming, especially for generating the 
very accurate model. To solve this problem, a new 
approach is proposed in this work to automatically 
build the CAD model of spiral bevel gears.

2 THE MATHEMATICAL MODEL OF THE 
TOOTH SURFACE OF FACE-MILLED 
SPIRAL BEVEL GEARS

2.1 Generating process of face-milled spiral bevel 
gears

In the generating a process of cutting spiral bevel 
gears, the material of the gear blank is removed by 

1 INTRODUCTION

Spiral bevel gears have been widely used in trans-
mission systems such as automobiles, helicopters, 
etc. A FEA is an effective way to simulate the bear-
ing contact and obtain the contact and bending 
stresses [1–3]. In order to conduct the FEA, the 
CAD models of a pair of spiral bevel gears are 
needed as the fundamental inputs.

A key step to obtain the CAD model of a spi-
ral bevel gear is the calculation of the tooth sur-
face model. Many studies have proposed different 
approaches to model spiral bevel gears. Litvin 
et al. [1–3] calculated the tooth surface of spiral 
bevel gears by solving the equation of meshing, 
which is a non-linear equation. With the equation 
of meshing, many researchers modeled the tooth 
surface. Fong and Tsay [4] presented a mathemati-
cal model for the tooth surface of circular-cut 
spiral bevel gears. Tsay and Lin [5] introduced a 
universal hypoid gear generator to build the tooth 
surface model. Shih et al. [6] calculated the tooth 
surface model of face-hobbed gears. Lelkes et al. 
[7] modeled the tooth surface of Klingelnberg 
bevel gears. Vimercati [8] proposed an accurate 
geometrical representation for the tooth surface of 
face-hobbed hypoid gears. In contrast to Litvin’s 
approach, Zhou and Chen [9] proposed a new geo-
metric meshing theory to obtain the closed-form 
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the using a head cutter under the specific motions. 
When spiral bevel gears are machined with the face-
milled method, there are three rotation motions 
involved in cutting one tooth slot, as shown in 
Figure 1. Rotation (a) is the head cutter rotation 
along the head cutter axis. Rotation (a) is chosen 
to provide the desired cutting velocity. Theoreti-
cally, it does not affect the result of the gear tooth 
surface model. Rotation (b) is the gear blank rota-
tion along the gear axis. Rotation (c) is the cradle 
rotation along the cradle axis. The head cutter is 
mounted on the cradle. Subsequently, the motion 
of the head cutter can be treated as a planetary 
motion comprising rotations (a) and (b). More-
over, rotations (b) and (c) are related and they are 
called rolling or generating motions. The relation 
between these two rotations can be represented as 
follows:

φ φ φ φ φ φb cφ φφ bc c mφφ c m c mφφ c m c( )φcφ ( )φ φ φ φφφ φc mφ φφ c mφ cφC Dφc mφ E Fφc mφ⋅b= φD φm 2 3φφDφφ 4 5φφFφφ  
 (1)

Where, mbc is the roll ratio; Cm, Dm, Em, and Fm 
are referred to as the modified roll co-efficients.

When one tooth slot is cut, the head cutter will 
retract away from the gear blank. Consecutively, 
the gear blank is rotated on the gear axis at an angle 
(index angle). Subsequently, the cutter will engage 
again with the gear blank to cut the next tooth slot. 
This process is implemented till all tooth slots are 
cut. Since the principles to cut all tooth slots are 
the same, only one tooth slot is discussed in this 
paper.

At an instant of the generating process, to cut 
a tooth slot, the material is removed from the gear 
blank depending on the configuration of the cut-
ter relative to the gear blank, as shown in Figure 2. 
Subsequently, the total volume of the removed 
material is obtained by considering the whole 
equivalent trajectory of the cutter in relation to the 
gear blank. Theoretically, the boundary surface of 

this total volume, named as the envelope surface, 
can be calculated with meshing theory (or envelope 
theory) according to the following conditions [1, 3, 
9, 12]: (1) The cutter parameters are used to deter-
mine the shape of the cutter surface and (2) the 
configurations of the cutter surface are relative to 
the gear blank during the generating process.

2.2 The calculation of the envelope surface with 
geometric meshing theory

As shown in Figure 3 (a), a surface of revolution is 
the surface formed by rotating a planar generatrix 
around an axis l, which lies in the same plane as the 
generatrix. The surface of revolution can be rep-
resented with respect to h and θ in a vector form, 
which is as follows:

r( , ) (1 ) ( , )) h h) (ncθ ρ) o 1)) oc ))o 1  (2)

Where, oc is the tip point of the surface of revo-
lution; n is the unit normal of the surface of revo-
lution at a point p and assume that n always directs 
away from l; ρ is the distance between p and ph, 
which is the intersection point of n and l; h is the 
parameter that defines the distance from oc to ph, 
and assume that it is positive when ocph lies in the 
same direction as that of l.

For a surface of revolution, we have,

n( , ) ( ( ))h, ) 1 ( (θ) cos() c1 os( ((1  (3)

Where, α is the angle formed by n and l. Since 
Equation 3 is a geometric characteristic of the sur-
face of revolution, it is regarded as the geometric 
equation.

When the surface of revolution moves continu-
ously under a general motion, a family of the sur-
faces of revolution is obtained, as shown in Figure 3 
(b). If  we assume the parameter of motion is φ, 
then the family of the conical surfaces can be rep-
resented as r(h, θ, φ) with respect to a chosen fixed 
point o(f). At a given instance φ*, the configuration 
of the generating surfaces can be described as r(h, 

Figure 1. Schematic of generation motions of face-
milled spiral bevel gears.

Figure 2. Schematic of the equivalent trajectory of the 
cutter relative to the gear blank.
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θ, φ*). Subsequently, the family of the surfaces of 
revolution can be expressed as follows:

r o 1( , ) ( ( ) ( ) ( , )ho) ( ) ) (cθ φ, ) φ φ1) (h) ρ θ( ) ( ,n) ( φ))o ( )) 1  (4)

The velocity of the surface of revolution can 
be obtained by differentiating the equation with 
respect to φ as follows:

v
o 1( , , ) ( ) ( ) ( ) ( , ( ))do
d

h
d

d
dn(

d
cθ φ, ), )
φ

))
φ

ρ(( θ φ,( ))
φ

= +
( )c φ

⋅ +
( )φ

⋅  (5)

According to the meshing theory or envelope 
theory [1, 3, 9, 12], the envelope surface and 
the surface of  revolution are tangential with 
each other along a curve at every instant φ* and 
this curve is regarded as the grazing curve (also 
referred to as contact curve, characteristic curve, 
imprint curve, silhouette curve, generating curve, 
etc.), r(h, θ(h, φ*), φ*). The point on the grazing 
curve is the grazing point r(h, θ(h*, φ*), φ*) where, 
h* denotes a given value for parameter $h$. To cal-
culate the grazing point p, a necessary condition 
derived from the tangent condition is written as 
follows:

n( , ) ( , )v) (hθ φ, ) φ)) =)v ( φ)) 0  (6)

Where, vh is the velocity of point ph, and it is cal-
culated by using the following equation:

v
o 1

h
cdo

d
h

d
d

( ,h ) ( ) ( )φ))
φ

φ))
φ

= +c ( )φ
⋅  (7)

Equation (6) means that if  p is a grazing point, 
the normal of the surface of revolution at p is 
orthogonal to the velocity of the surface of revolu-
tion at ph. According to Equations (3) and (6), n 
is not related with the parameter θ and it can be 
represented as a closed-form expression as [9].

n 1 v

v

=
( )v×

⋅ −1
⋅

⋅

±
( )1 v − ⋅

cos ( )v⋅
( )v×

cos

α α
1

cv
1

⋅ os

α

h h

h
h

hv) cos α

2

2 2

2 2 22

2( )1×
⋅ ( )×

 (8)

Furthermore, the closed-form expression of 
the envelope surface can be obtained according to 
Equation (1) as follows:

r( , ) (1 ) ( ) ( , )) ( ) h h) (ncφ φ) (o) (o )c φ ρ) φ)))(o )) (1  (9)

Where, n(h, φ) can be calculated from Equation 
(8).

2.3 Cutter surface

The head-cutter with the blade cutting edges of a 
straight line with circular fillet is illustrated in this 
application, as shown in Figure 4. Each side of the 
blade cutting edges comprises the following two 
segments: the straight line and the circular fillet. 
The segment of the straight line with the profile 
angle αg generates the working part of the gear 
tooth surface. The circular arc of radius rf gener-
ates the fillet of the tooth surface. Therefore, the 
generating surfaces, which are the head-cutter 
surfaces, are the surfaces of revolution formed by 
rotating the blade cutting edges on the head-cutter 
axis lc.

From Equation (2), the working part of head-
cutter surface can be represented as follows:

( , ) (1 ) ( , )) h h) (nc cθ ρ) o 1)) oc c ))o 11  (10)

Where, ρ(h) = Rc(h) ⋅ csc(a(h)), R h Rc u( ) = ±
P h hw gPP hh , ( ) chth an )hh ( )g/ 2/ ⋅hg , (a ) cschg , a ) csccsc (

The upper and lower signs refer to the concave 
and convex sides, respectively. The parameter h 
can also be replaced with parameter s, which is a 

Figure 3. Schematic of the envelope surface of a surface of revolution.
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positive value when pop⋅lc is negative. Thus, the fol-
lowing relations are obtained:

h s R P

R P s

u
wPP

g g

u
wPP

g

( )s tan

( )

±RuR= ⎛
⎝
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

⋅ tan

±R⎛
⎝⎝⎝
⎛⎛ ⎞

⎠
⎞⎞
⎠⎠

⋅ ±g ⋅

∓
2

2

α αg gssg s ec

αgsecRuR w±RuR
⎝

ρ( )(s
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

⋅ gsec
2

tatt n .αgα
 (11)

Similarly, the fillet of the head-cutter surface 
can be represented as follows:

r( , ) (o ) (1 ) ( , )ϕ θ,, )) ϕ ρ)) ϕ ϕ) (n ))o 11c c  (12)

Where,

ϕ π α

ϕ ϕ

α

⊆ −⎛
⎝
⎛⎛
⎝⎝

⎤
⎦⎥
⎤⎤
⎦⎦

± ⋅ α

0
2

2

gα

f w

w u
w

f gαα g

h r X

X R=w u
Pw rf

,

(ϕϕϕ t ,ϕ

(sec t n )αgα ,∓

ρ ϕρρ π π( )ρ ϕρρρρρ csc ( )ϕ π .= ( )ϕsinϕ⋅ ±
π

⋅ csc ⎛
⎝
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

±±
2 2

ϕ(ϕ

2.4 The configurations of the cutter surface 
relative to the blank

The configurations of the cutter surface are usu-
ally represented as the tip point oc and the cutter 
axis lc. They can be obtained firstly at the cutter 
coordinate system Sc (oc; xc, yc, zc). Subsequently, it 
can be obtained in the blank coordinate system Sb 
(ob; xb, yb, zb) according to the HTM (Homogenous 
Transformation Matrix) from Sc to Sb. The details 
are stated in 3 steps as follows:

Step (1): in Sc, the following relation is observed:

o 1c
T

c
c T=1c [ ] ⋅[ ] ,  (13)

Here, oc
c represents the expression of vector oc in 

Sc. This explanation is also used in similar items.

Step (2): according to the machining settings 
and the generation motions, the instantaneous 
HTM from Sc to Sb can be obtained as Mbc. 
From equation [9], the following relation is 
observed:

M R T R

T

bc Z b

D

Y m
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R ⋅
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⎟
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 (14)

Where, R and T are rotation and transla-
tion HTMs, respectively [13]. For example, 
RZ(–φb) is the rotation HTM obtained by rotat-
ing along the Z axis at an angle –φb, and T([0, 0, 
–ΔXD]T) is the translation HTM with the trans-
lational vector [0, 0, –ΔXD]T. The machine set-
tings include the following parameters: ΔXD, 
ΔEm, ΔXB, γm, Sr, and q2. The details about these 
HTMs and machine settings can be studied from 
literature [9].
Step (3): while the instantaneous configuration 

of the head-cutter surface is considered with 
respect to Sb, the following relation is observed:

o
M

oc
b

c T( )c ( )
φc

1 1
( )φ

⎡

⎣
⎢
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= [ ]M M M 114MM 24M 34MMbc

c
c

 (15)
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 (16)

Where, Mij (i = 1, 2, 3; j = 1, 2, 3, 4) is the element 
at the ith row and jth column of Mbc. By substitut-
ing Equations (16) and (17) in Equation (7), vh(h, 
φ) can be calculated in Sb by using the following 
relation:

v o 1
h
b

c
c
b

c

c
b

c

c c c

c
( , ) ( )c ( )cdo
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h d
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 (17)

vh
b(h, φc) is used to calculate the envelope surface 

of the working part. Similarly, vh
b(φ, φc) can also be 

calculated and it is used to calculate the envelope 
surface of the fillet.

Figure 4. Schematic of blade cutting edges of a straight 
line with a circular fillet.
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2.5 The mathematical model of face-milled tooth 
surface

Since the parameters for the cutter shape and 
configuration are obtained, the closed-from rep-
resentation of the tooth surface can be obtained 
by substituting these in Equations (8) and (9). Sub-
sequently, the mathematical model of the tooth 
surface is obtained and it can be written in Sb as 
follows:

r( , ( ( , ) ( , ), ) h s, ) , ) hx y) s)
T

φ () h, φ ( ,) hx (h,x ( ,h,cφφ )) c czφ φφ ) ( ,) hz⎡⎣ ⎤⎦⎤⎤ ⋅  (18)

With this mathematical model, the points and 
grazing curves on the tooth surface can be obtained 
automatically in CATIA V5. However, the tooth 
surface may not be generated automatically.

An example, which is obtained from a previous 
study [2], is implemented, as shown in Figure 5. 
The grazing curves on the concave side are shown 
in Figure 5. The gear model is also shown as a com-
parison. Although the grazing curves are obtained, 
they are not evenly distributed on the tooth sur-
face. Consequently, the tooth surface cannot be 
generated automatically in CATIA V5 with this 
mathematical model. Hence, an advanced math-
ematical model is needed to generate the grazing 
points and curves evenly on the tooth surface.

3 ADVANCED MATHEMATICAL MODEL 
OF THE TOOTH SURFACE OF FACE-
MILLED SPIRAL BEVEL GEARS

3.1 A definition of the points on the tooth surface 
according to the blank

Since the space of the tooth surface relies on the 
blanks, the points could be defined according to 
the blank parameters. The blank definition of a 
spiral bevel gear is shown in Figure 6. Correspond-
ingly, the space of the tooth surface corresponds 
to a quadrilateral, such as quadrilateral BCDE in 
Figure 6.

As shown in Figure 7, the point q is defined 
depending on two parameters d and f. Subse-
quently, the following relations can be obtained:

R dq oR ( )A foA −A i cd osΓd cd ⋅ os  (19)

Z dq oZ ( )A foA −A sd i Γd sd ⋅ in  (20)

Where, 0 ≤ f ≤ F, –bf ≤ d ≤ af; and Ao is the outer 
cone distance between ob and A; af and bf are 
the addendum and dedendum corresponding to 
parameter f, respectively.

3.2 The advanced tooth surface model to 
automatically build CAD model

As shown in Figure 8, when point q is rotated on the 
gear axis, a circular curve is formed and intersected 
with both sides of the tooth surface as qi and qo, 
respectively. According to Equations (18)∼(20), the 
following system of two equations can be obtained 
in two unknowns for both qi and qo,

s R
s Z

x y c qR

z q

2 2 2

.ZqZ
ysssy( )h chh* *, cφc ( )h c

* *φh c
* *,hh =

( )h ch* *
c,φ*
c =

⎧
⎨
⎧⎧
⎨⎨
⎧⎧⎧⎧

⎩
⎨⎨
⎩⎩
⎨⎨⎨⎨  (21)

Figure 5. Schematic of an example of the mathematic 
models of the tooth surface.

Figure 6. Schematic of a blank definition of a spiral 
bevel gear.

Figure 7. Schematic of the definition of the tooth sur-
face point according to the blank parameters.
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Once parameters h* and ϕc
* are calculated accord-

ing to Equation (21), the corresponding points 
(either qi or qo) on the tooth surface are obtained 
by substituting both parameters in Equation (18). 
Consequently, the new curves are obtained in 
CATIA, as shown Figure 9. Since they are evenly 
distributed on the tooth surface, they can be used 
to automatically generate the tooth surface model 
in CATIA. Subsequently, the complete models of 
a pair of spiral bevel gears can be automatically 
obtained and assembled, as shown in Figure 10.

4 CONCLUSIONS

A new approach is proposed to automatically obtain 
the CAD model of spiral bevel gears. At the begin-
ning, the tooth surface model is established as a 
closed-form representation. Furthermore, the graz-
ing points and curves are calculated to be evenly dis-
tributed on the tooth surface. Subsequently, the tooth 
surface can be automatically generated in CATIA to 
automatically build the whole CAD model.
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A novel lean flank designing methodology for spiral bevel gears

Xue-mei Cao, Xin He, Shao-wu Nie & Ju-bo Li
School of Mechanical and Electrical Engineering, Henan University of Science and Technology, Luoyang,China

ABSTRACT: This work proposes a novel lean flank designing methodology for spiral bevel gears by 
modification of the conjugate flank, based on predesigned transmission errors and a contact pattern. To 
break through the limitations of the previous design, there is no need to rigidly control the higher order 
parameters for design reference points. The first step establishes the pinion’s auxiliary flank conjugating 
with the gear flank according to predesigned transmission errors. The second step is to modify the grid 
nodes on the pinion’s auxiliary flank for the needs of the contact pattern. Therefore, the predesigned 
transmission errors and contact pattern could be guaranteed precisely when the modified pinion flank 
meshes with the gear flank. The topology of the full pinion flank also could be controlled precisely by 
using this novel methodology of flank designing. The method is illustrated with a numerical example and 
to prove its validity. This proposed flank methodology can also serve as a basis for developing a general 
technique of flank designing for other gear types.

cannot meet the need of a high meshing perform-
ance (Wei B Y 2003) of the gear pair.

In this paper, a novel lean flank designing meth-
odology is proposed, by which the topology struc-
ture of the whole tooth surface can be designed 
precisely according to the predesigned transmis-
sion errors and contact patterns. A free-form CNC 
hypoid gear cutting machine can produce this kind 
of free-form tooth surfaces; meanwhile, precise 
controlling of the surface topology lay a good 
foundation for converse solution to the machine 
tool settings for cradle-type hypoid machines 
(Gabiccini 2012).

2 PINION SURFACE TOPOLOGY’S 
STRUCTURE DESIGN PRINCIPLE

1. Gear’s tooth surface Σ2 could be determined 
by using the given gear machine tool settings. 
A number of points, usually arranged as a rec-
tangular grid, are divided and then the position 
vector r 2

ij  and the unit normal n 2
ij  for each grid 

point M ij
2M  could be calculated.

2. The pinion’s auxiliary tooth surface Σ0 is 
defined as the fully conjugated surface to the 
given gear’s tooth surface Σ2, that is to say that 
it is in line contact with predesigned transmis-
sion error during meshing of the surface Σ2. The 
position vector r 0

ij  and the unit normal n 0
ij  for 

each grid point M ij
0MM  on the pinion’s auxiliary 

tooth surface Σ0 corresponding to point M ij
2M  

could be calculated;

1 INTRODUCTION

Transmission errors and contact patterns are the 
essential characteristics for evaluating the mesh-
ing and dynamic performance of the gear pair 
(LITVIN 1990). An approach called “function-
oriented active tooth surface design” aims to con-
trol the transmission error amplitude, the contact 
path, and the length of the major axis of the con-
tact ellipse (LITVIN 2002).

Designing of the tooth surface has been per-
formed using two fundamentally different meth-
ods. And the first method (Cao X M et al.2007) 
that was used widely defines the topology struc-
ture of the tooth surface by using the machine tool 
settings, which is suitable for cradle-type hypoid 
machines mainly. The core of this method is to 
control zero to third order contact parameters for 
one or three meshing points. The second method 
is based on a free-form gear generator (Cao X M 
et al.2008). This method could design and control 
the second-order topology of each point on the 
contact path directly; however, the topology struc-
ture which is far away from the contact point has 
to depend on the topological parameters of con-
tact points. The above-mentioned methods that are 
based on the topology of contact points can not 
control the topology of the full tooth surface.

The development of five-axis and six-axis gear 
generators provides more flexibility to designing 
of the tooth surface. Traditional design methods 
have already dropped behind the development of 
production techniques; on the other hand, these 
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3. The meshing points on the gear’s tooth surface 
Σ2 could be determined according to the pre-
designed position and orientation of the con-
tact path and then the corresponding meshing 
points on the pinion’s auxiliary tooth surface Σ0 
could be found out;

4. The pinion’s auxiliary tooth surface Σ0 is modi-
fied according to the instantaneous contact 
ellipse length, which means that each grid point 
M ij

0MM  is modified. The predesigned transmission 
error and the contact pattern could be precisely 
achieved by the modified pinion’s tooth sur-
face Σ1 meshing with gear’s tooth surface Σ2, 
the modified pinion’s tooth surface Σ1 is repre-
sented as the grid point position vector 1

ij.

3 COPYING OLD TEXT ONTO NEW 
FILES—THE DETERMINATION OF THE 
TOOTH SURFACE’S EQUATION AND 
GRID POINTS FOR GEARS

3.1 Expression of the gear’s tooth surface

Based on the differential geometry and space mesh-
ing theory, the gear’s tooth surface Σ2 is presented 
by the vector-parametric equation (Wu X C 2000) 
with the given machine tool settings:

r r2 2r ( , )θ φ,
g gφ  (1)

Where, φg and θg are the surface parameters of 
the gear.

3.2 Determination of grid points on the gear’s 
tooth surface 

As shown in Figure 1, the grid point ij
2M  of  the 

gear’s tooth surface is meshed on the axial plane 
(projection plane) with coordinates(Lij,Rij), while 
[i∈m] and [j∈n] are the indices along the length 
and profile directions of the grid point with m and 
n as the number of surface grids in the respective 
directions.

The grid point M ij
2M  on the gear’s tooth surface 

and its projection point on the projection plane 
have the following one-to-one relationship:

x
y

2

2
2

2
2

( , )
( ) (z2

2 , )
θ φ,

θ φ θ
g gφ,

g gφ g gφ,

ij
ij

ij ij
ij

Li=
=2(z2 )θ ,, Rii

 (2)

By solving equation (2), the normal vector n 2
ij  

and position vector r 2
ij  of  grid point M ij

2MM  on the 
gear’s tooth surface can be obtained.

4 DETERMINATION OF THE TOPOLOGY 
STRUCTURE OF PINION’S TOOTH 
SURFACE

4.1 Determination of pinion’s auxiliary tooth 
surface conjugating with the gear’s tooth 
surface

If  the angular velocity ratio of the gear and the 
meshing pinion is equal to the gear ratio, the trans-
mission error is zero and the transmission function 
is represented as follows:

ϕ ϕ ϕ2ϕϕ 1

2
1 1ϕ 0

2
0+Z

Z ( )ϕ ϕ1ϕϕ ϕ 0−ϕ1ϕ  (3)

Where, ϕ1 and ϕ2 are the rotation angles of 
the pinion and gear in the process of meshing; 
ϕ ϕ2ϕϕ 0ϕϕ 1

0ϕϕd  are the rotation angles for the gear and 
pinion during meshing at the design reference 
point.

Taking the manufacturing and installation 
errors, load deformation and influence of other 
factors into account, the transmission error which 
is generally designed in the form of a parabolia is 
represented by the following equation:

δφ φ φ2 2φφ 1 1φφ 1
0 21

2 21= m′ ( )φ φφφ 1
0φφφ  (4)

Where, m21
′  is the derivative of the transmission 

ratio, which can be calculated according to the 
required amplitude of the transmission error.

Therefore, the following relationship between 
the gear’s meshing rotation angle φ2 and pinion’s 
meshing rotation angle φ1 can be obtained by equa-
tions (3) and (4):

ϕ ϕ ϕ ϕ2ϕϕ 1

2
1 1ϕ 0

2
0

21 1 1ϕ ϕϕ 0 21
2

+ +ϕ 2
0Z1

Z2

m( )ϕ ϕ1ϕϕ ϕ 0−ϕ1ϕ ( )ϕ ϕ 1ϕ ϕϕ 0′  (5)

Higher-order transmission errors could be pre-
designed according to high meshing performance 
(Artoni 2003). Based on the theory of gearing, the Figure 1. Graph showing grid points.
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meshing equation for the gear and the pinion can 
be obtained as follows:

n v =v =12
2 0f ( , , )2θ φ, ϕ2g gθ φ,  (6)

Combining the meshing equation (6) with posi-
tion vector and normal vector of  the grid point 
M ij

2M  on the gear’s tooth surface, the position vec-
tor r 0

ij  and normal vector n 0
ij  of  the correspond-

ing point M ij
0MM ,  which meshes with point M ij

2M  on 
the pinion’s auxiliary tooth surface can be deter-
mined in the pinion’s moving coordinate system 
S1; the pinion’s auxiliary tooth surface Σ0 meshes 
with the gear’s tooth surface Σ2 which is in line 
contact with predesigned transmission error. The 
gear rotation angle 2

ijϕϕ  and the pinion rotation 
angle ϕ1

ijϕϕ  can be calculated when the gear’s tooth 
surface Σ2 and pinion’s auxiliary tooth surface Σ0 
mesh at the meshing grid point pair, point M ij

2MM  
and point M ij

0MM .

4.2 Definition of contact path on the pinion’s 
auxiliary tooth surface

The contact path could be designed according to 
the position and orientation on the gear’s tooth 
surface and then the contact path on the pinion’s 
auxiliary tooth surface Σ0 could be calculated, as 
shown in Figure 2.

The contact path is designed to be a straight 
line passing through mean contact point p2, at 
which the instantaneous transmission ratio is 
equal to the gear ratio. Usually, this point is cho-
sen in the middle of  the tooth surface.η2 denotes 
the orientation of  the contact path from the root 
cone. The contact point pij

2  on the predesigned 
contact path has the same rotation angle ϕ 2

ijϕϕ  as 
the grid point M ij

2MM  when the gear’s tooth surface 
meshes with the pinion’s auxiliary tooth surface 
∑0. Therefore, the meshing equation between the 
gear’s tooth surface ∑2 and the pinion’s auxiliary 
tooth surface ∑0 at contact point pij

2  is observed 
as follows:

n v =v =12
2 0f ij( , )2, ijθ φ, ϕ2
i

g
*

g
*ij  (7)

Based on the location of the contact point P2 
and the given orientation of the contact path η2, 
the location of contact point pij

2  can be deter-
mined. The location equation of the contact point 
pij

2  is written as follows:

g ij( , , )ijθ φ, ϕg
*

g
*ij

2 0=  (8)

Equations (7) and (8) should be solved to obtain 
the position vector and unit normal of point pij

2  at 
the gear surface Σ2. The position and normal vec-
tor of contact point Pij

0PP  could be determined by 
point pij

2  by using the coordinate transformation 
and then the projection length l from point M ij

0MM  to 
point Pij

0PP  in an axial plane can also be calculated.

4.3 Modification of the pinion’s auxiliary tooth 
surface

If  the gear’s tooth surface meshes with the pinion’s 
auxiliary tooth surface, the predesigned parabolic 
function of transmission errors could be guaran-
teed, but the two tooth surfaces are in line contact. 
Therefore, the pinion’s auxiliary tooth surface has 
to be modified to ensure that two meshing tooth 
surfaces are in point contact with the predesigned 
length of the half-long axes of the instantaneous 
contact ellipse; that is to say that the position vec-
tors of the grid points on the pinion’s auxiliary 
tooth surface need to be modified based on the 
predesigned length of the half-long axes of the 
instantaneous contact ellipse.

The localized instant surface contact is character-
ized by a narrow contact ellipse under a given sur-
face separation parameter, Δ ( )=δ (Δ .)  
The modification of grid point M ij

0MM  on the pinion’s 
auxiliary tooth surface along the normal direction 
is given as follows:

δ = l
a

2

2
0 00635.  (9)

While, a is the pre-designed length of the half-
long axes of the instantaneous contact ellipse; l is 
the projection length from point M ij

0MM  to point Pij
0PP  

on the tangent plane to the meshing tooth surfaces 
at the contact point Pij

0PP .
The position vector r 1

ij  for any grid points M ij
1MM  

on the modified pinion’s tooth surface Σ1 is repre-
sented as follows:

r n1 0 0
ij ij ij= +r 0r ij δ n  (10)

By modifying the grid points Pij
0PP  on the 

pinion’s auxiliary tooth surface Σ0, the topology 
Figure 2. Graph showing the contact path and grid 
points.
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of the modified pinion’s tooth surface Σ1 can be 
constructed, which meets the need of predesigned 
transmission error and contact pattern when mesh-
ing with the gear surface Σ2.

5 EXAMPLE FOR DESIGNING OF SPIRAL 
BEVEL GEARS

An example for designing of spiral bevel gears 
has been accomplished to illustrate the developed 
theory. The design parameters are represented in 
Table 1. The gear machine-tool settings are shown 
in Table 2.

The transmission error is designed to be a para-
bolic function and the magnitude of  transmission 
error is designed to be 11.5 arc-second, prede-
signed contact path orientation is 28º from the 
root cone and the ratio for half  the length of  the 
major axis of  the contact ellipse to tooth width is 
0.15 for a working flank and a non-working flank 
as well.

The pinion’s reference surface is defined as the 
fully conjugated tooth surface derived from the 

mating gear’s tooth surface Σ2 which is in line 
contact and with zero transmission error. And 
also, the ease-off  topography shows the devia-
tions of the pinion’s auxiliary tooth surface Σ0 
with respect to the pinion’s reference surface, as is 
shown in Fig.3.

The mating gear set for the pinion’s auxil-
iary tooth surface Σ0 and gear’s tooth surface Σ2 
is in line contact with predesigned transmission 
error.

In response to these characteristics, the ease-
off  topography shown in Fig.3 indicates that the 
pinion’s auxiliary tooth surface Σ0 is modified only 
along the contact path over the pinion’s reference 
surface.

The ease-off  topography presented in 
Fig.4 shows the deviations of the pinion’s tooth 
surface Σ1 with respect to the pinion’s reference 
surface. The pinion’s tooth surface Σ1 is modi-
fied according to the pre-designed transmission 

Figure 3. Schematic showing ease-off  for the pinion’s 
auxiliary tooth surface.

Figure 4. Schematic showing ease-off  for the pinion’s 
tooth surface.

Table 1. Basic parameters of the flank.

Table 2. Gear machine-tool settings.
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error, contact path, and the instantaneous contact 
ellipse; therefore, it meshes with the mating gear’s 
tooth surface in point contact.

In response to these characteristics, the ease-
off  topography shown in Fig.4 indicates that the 
pinion’s auxiliary tooth surface Σ0 is modified not 
only along the contact path but also along the 
instantaneous contact curve over the pinion refer-
ence surface.

The contact paths for the convex and concave 
sides of the pinion’s tooth surface and the gear’s 
tooth surface are shown in Fig.5. On the gear’s 
tooth surface, the contact paths are present as 
straight lines and the orientation is 28º from the 
root cone, which coincides with the design require-
ment. While on the pinion’s tooth surface, the 
contact paths are slightly bent instead of straight 
lines.

The topography of  the pinion’s tooth surface 
is represented in the form of  discrete points, with 
which a non-uniform rational B-spline surface is 
fitted. This kind of  a digital pinion’s tooth sur-
face (Zhang J H 2009) could be employed for 
tooth contact analysis according to the spatial 
meshing theory. The transmission errors for 
working side and non-working side are shown in 
Figure.6.

The results of TCA show that the magnitudes 
of the observed transmission error are 11.321" 
and 11.397" on the drive and coast sides, respec-
tively. The pre-designed magnitude of transmis-
sion errors is 11.5". There are slight errors and the 
reason is that the fitting errors by digital fitting of 
the pinion surface caused the minor changes in the 
amplitude of transmission errors.

Figure 5. Schematic of contact paths.

Figure 6. Schematic of transmission errors on the drive 
side and coast side.

6 CONCLUSIONS

There are two main methodologies for designing 
of the tooth surface. The core of the first meth-
odology is to control zero to third order contact 
parameters of the reference point; the core of the 
second methodology is to control zero to second 
order parameters of each contact points. However, 
the high order control of the design points can only 
control the local area around design points, but not 
achieve the control of the full tooth surface.

In this paper, a novel methodology for flank 
designing is developed. The fully conjugated 
pinion’s tooth surface derived from the mating 
gear’s tooth surface ensures that the gear set is in 
line contact with zero transmission error. The first 
modification to the fully conjugated pinion’s tooth 
surface was implemented to ensure the presence of 
the pre-designed transmission error, and then the 
second modification was fulfilled to assure the pre-
designed surface with the position and orientation 
of the contact path and the instantaneous contact 
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lengths. This novel methodology could guarantee 
that the full pinion flank also could be controlled 
precisely.

As illustrated in the numerical example, the 
proposed methodology could precisely construct 
the pinion’s tooth surface which could satisfy the 
pre-designed contact conditions. In addition, this 
methodology is quite universal and flexible for 
designing of other gear types.
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ABSTRACT: In this paper, the principle of the generating gear by using the face hobbing method was 
analyzed and the relative motion relationship between the workpiece and the cutter during the CNC cut-
ting was deduced by combining the structure characteristics of the CNC hypoid generator. It proposed a 
face hobbing machine setting calculation method, which can designate the position of contact reference 
points on the tooth surface as necessary and simultaneously control the contact status on both sides of 
the tooth. With cutter axis vector as the control objective, the overall gesture of the cradle type machine 
tool was converted to obtain the method of directly calculating coordinates on each coordinate axis of 
the CNC hypoid generator, without the need for solving complex nonlinear equations. The tooth indexing 
and generating motion were separated by using a Siemens 840Dsl system, realizing the six-axis linkage 
CNC control of face hobbing. Finally, the contact characteristics control and CNC cutting method were 
verified based on the example for gear cutting adjustment and calculation as well as the face hobbing cut-
ting experiment.

of the Oerlikon system and Klingenberg system 
face hobbing method, and studied the tooth form 
modification and tooth contact analysis method; 
they also studied the application of a Fanuc 16i 
CNC system in a CNC cutting machine to adapt 
the face hobbing method to machine straight bevel 
gears [4,5]. F.L. Litvin proposed the approach of 
local synthesis to determine the machining param-
eters of the pinion with the curvature of the gear’s 
tooth surface [6]. Dong Xuezhu studied the tooth 
surface formation principle of face hobbing and 
machine setting calculation method in a relatively 
systematic way with the help of the machine set-
ting calculation cards issued by Oerlikon Company 
at the early stage, but the degree of freedom for 
control over contact characteristics is relatively 
limited [7]. Gleason and Klingenberg had their 
own respective mature theories in the aspect of 
face hobbing hypoid design and machine setting 
calculation and developed CNC machining equip-
ment, but the specific method for realization was 
not made public.

1 INTRODUCTION

Face hobbing is a very effective hypoid gear cut-
ting method. In this method, the gear is subject to 
continuous indexing during the machining process 
and one cutter is adopted to machine two sides of 
the gear tooth simultaneously in one cutting cycle. 
Therefore, its machine setting calculation should 
maintain the status of contact areas at both sides 
of the tooth simultaneously, which is subjected to 
considerable calculation difficulty. In addition, the 
motion of the cutting machine is complex accord-
ingly, requiring consideration to be given to the 
accurate high-speed index motion and low-speed 
tooth generating motion simultaneously.

In the aspect of face hobbing research of the 
hypoid, F.L. Litvin and Qi Fan analyzed the 
machine tool motion of the face hobbing method, 
studied the tooth surface formation principle 
based on universal cradle type generators, and 
deduced the tooth form equation [1–3]. Shih and 
Fong established the uniform tooth form equation 
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In recent years, as the face hobbing method has 
high efficiency and offers a relatively low noise level 
to a machined gear set, its application has become 
more and more extensive in the auto industry of 
China. However, China did not attach great impor-
tance to this method in the past, resulting in no 
face hobbing packaged technology and equipment 
developed for applications in production practice. 
In this article, the contact characteristics control 
and CNC face hobbing machining method of 
hypoid gears for the urgent need of the face hob-
bing technology in auto and other industrial fields 
of China, providing a solid foundation for devel-
oping face hobbing machining equipment.

2 BASIC PRINCIPLE OF FACE HOBBING

The process of face hobbing can be regarded as 
a transmission process of continuous meshing 
between a virtual generating gear and a machined 
gear. The virtual generating gear’s tooth surface is 
formed by sweeping the track of epicycloids curve 
by the blade edge, when the cutter, working piece, 
and generating gear rotate at a certain transmis-
sion ratio in a continuous index process [1,2,4], as 
shown in Fig. 1. Assume that ωc is the cutter speed, 
ω pω  is the generating gear speed, and ωbωω  is the 
workpiece speed; according to above-mentioned 
generating gear formation principle, the cutter in 
the generating gear coordinate system should be 
observed and it can be seen that the cutter includes 
the following two movements: one is the rotation 
on its own axis which is represented as ′ω ′′c  and 
the other one is the transitional motion generated 
by generating gear rotation to the cutter, which is 
represented as ωp, i.e.,

ω ω ωcω ωω pω′ωω +  (1)

After formation of the generating gear, in order 
to achieve a continuous index while generating the 

workpiece’s tooth form, similarly, the workpiece’s 
angular speed ωbωω  requires including two parts of 
motions, in which one part is the continuous index 
motion and the other part is the generating motion 
between the generating gear and workpiece, i.e.,

′ −⎛
⎝
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

ω⎛ω′′ = −
⎝⎜
⎛⎛
⎝⎝

ωc

b
cω p

b
pωz

z
zp

z
 (2)

Where, zc  is the number of blades’ groups of 
cutter, zb  is the teeth number of the workpiece, 
and zpz  is the teeth number of the generating gear.

For the CNC machine tool, the virtual gener-
ating gear motion ω pω  corresponding to the cra-
dle rotation is replaced by circular interpolation 
motion of two linear axes. The cutter is in trans-
lational motion status in the generating gear coor-
dinate system and therefore, the cutter’s absolute 
angular speed only rotates on its own axis ωc. 
This type of change in the machine tool structural 
type results in missing ω pω  of  the cutter’s abso-
lute motion in the CNC cutting machine, which 
will cause an abnormality of index motion in the 
gear machining process. Therefore, it is required to 
reduce the corresponding motion in the workpiece 
motion ωbωω  in the CNC machine tool to compen-
sate for the change in the cutter motion.

ω ω ωbω ωω c

b
pωz

z
′ωω +  (3)

3 TOOTH CONTACT CHARACTERISTICS 
CONTROL

The hypoid gear machined by face hobbing gen-
erally adopts constant tooth depth. Therefore, 
adopting an indirect generating method ensures 
that the gear and pinion generated by this type of 
relative motion can carry out meshing transmis-
sion in accordance with the required transmission 
ratio. The basic idea is that the same generating 
gear generates the gear and pinion based on the 
conjugate meshing principle. In the generation 
process, the mutual relative installation position 
between the gear and pinion and generating gear 
shall ensure satisfying conjugate contact con-
ditions at the pitch point, and at the same time, 
ensure that the pitch point is not on the conjugate 
boundary, i.e. the normal curvature KvKK  of  the gen-
erating gear in the direction of the tooth trace is 
equal to the limit normal curvature Ko, the normal 
vector of the generating gear at the pitch point is 
not equal to the limit normal vector. Then, a pair 
of gear and pinion tooth surfaces determined by 
using this method can satisfy the conjugate contact 
requirements in theory [7, 8].

Figure 1. Formation sketch of a face hobbing generat-
ing gear.
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However, this type of conjugate contact tooth 
surface is likely to generate edge contact when gear 
machining and installation errors exist. An appro-
priate modification of its tooth form is therefore 
required. Generally, the tooth form modification 
method is that, while ensuring that the normal 
vector at the pitch point of gear and pinion is 
unchanged, the cutter axis is made to tilt towards 
the pitch point at a certain angle to change the flat-
top generating gear into conical generating gear, to 
make the tooth surfaces of the machined gear and 
pinion lose curve conjugate contact characteris-
tics, turning to local contact with the pitch point as 
the central point of the contact area. This type of 
tooth form modification method is easily achieved, 
but the position of concave-convex sides contact 
area cannot be selected based on the load status, 
and the contact characteristics parameters are not 
easily controlled. Therefore, this article proposes a 
method for contact characteristics control of the 
hypoid gear by using the face hobbing method, 
which can control the contact area position and 
shape parameters in a relatively free manner. Its 
specific realization process flow is as shown in 
Fig. 2.

Firstly, according to the basic parameters of 
the transmission of the gear pair, the pitch cone 
parameters of the gear and pinion and the pitch 
cone parameters of the generating gear are calcu-
lated based on the satisfaction of meshing condi-
tion. The pitch cone of the generating gear forms 
the gear cutting meshing pitch cone pair together 
with the gear pitch cone and the pinion pitch 
cone separately, so that the installation param-

eters of the gear blank can be confirmed during 
gear cutting. On this account, according to the 
formation principle of generating gears described 
in Section 2, the equation of the tooth form of 
generating gears can be obtained. The equation 
of the gear and pinion can be solved through the 
equation of the tooth form of generating gears and 
the installation parameters of the gear blank in 
accordance with the meshing theory. As the tooth 
surface is not modified, both of them should own 
the characteristics of the curve conjugate contact. 
In order to form a local contact and control the 
contact characteristics of the concave and convex 
sides at the same time, the position of the contact 
reference point should be designated on the axial 
section on the tooth part of the gear firstly. And 
then, the position vector, normal vector, and cur-
vature parameters of the contact reference point 
on the tooth surface of the gear can be obtained 
according to both the equation of the tooth form 
of gears and the designated position of the con-
tact reference point. Under the condition that the 
installation parameters of the gear and pinion 
and the transmission ratio are ensured, the posi-
tion vector and normal vector of the contact refer-
ence point on the tooth surface of the pinion can 
be worked out through the equation of meshing 
in accordance with the position vector and normal 
vector of the contact reference point on the tooth 
surface of gear. At this moment, set the shape 
parameters (length coefficient of contact area, 
diagonal direction, and transmission error) of the 
contact area, and then the curvature parameters 
of the contact reference point on the tooth surface 
of the pinion can be worked out through the local 
synthetic method in accordance with the curvature 
of the contact reference point on the tooth sur-
face of the gear. By comparing the normal vector 
and curvature parameters of the contact reference 
point of the pinion with the parameters calculated 
by using the equation of tooth surface of the pin-
ion, it can be observed that there is some deviation 
between them and then it is required to introduce 
the tilt angle of the cutter during the cutting proc-
ess of the pinion and modify the radial distance, 
center roll position, pressure angle, and curvature 
of inside and outside blades, so as to modify the 
tooth surface of the pinion till the normal vector 
and the curvature parameters are satisfactory. At 
this moment, output of the machine setting param-
eters of the gear and pinion and the cutter param-
eters for processing, and then the processed gear 
pair with the predetermined contact characteris-
tics can be ensured. During the actual computation 
process, because there are many constraint condi-
tions, but the adjustable independent variables are 
limited and some adjustable independent variables 
have similar influence rules on the parameters 

Figure 2. Schematic of the process of machine setting 
calculation of the face hobbing method.
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of contact characteristics and so generally, the 
normal vector and curvature parameters of the 
contact reference points at both concave and con-
vex sides of the pinion cannot be ensured com-
pletely. The iteration of the normal vector and that 
of the curvature parameters can be carried out 
separately. The iteration of the internal layer will 
control the normal vector which adjusts the radial 
distance, center roll position and pressure angle of 
the blade and the iteration of external layer will 
control the curvature which adjusts the tilt angle 
and curvature of the blade. The iteration of the 
internal layer requires rigorous solution, so as to 
ensure the contact position. The iteration of an 
external layer adopts an optimization method to 
obtain an approximate solution, so as to obtain a 
contact area which is similar to the expected one.

4 CNC FACE HOBBING METHOD

According to the conjugate contact theory, the 
tooth surface of the processed gear is completely 
determined by the cutter shape and the relative 
position and relative motion between the cutter 
and the gear. After the machine setting parameters 
and the cutter parameters are obtained through 
the calculation according to the method men-
tioned in Section 3, take the right-hand hypoid as 
an example, the face-hobbing mathematical model 
of the universal cradle type hypoid generator can 
be built, as shown in Fig. 3a. The geometric shape 
parameters (pressure angle, cutter radius, curva-
ture of blade, and offset angle) of the cutter are 
usually ensured by the blade sharpening and set-
ting. For the motion control of the machine tool 
during the cutting process, it is necessary to only 
consider the relative position and relative motion 
between the cutter and the gear. The relative posi-
tion and attitude between the cutter and the gear 
can be expressed with the position vector from the 
crossing point of the gear to the center point of the 
cutter and the axis vector of the cutter [9,10]. Then 
in the static coordinate system Σs i j k= { ,O , j },

� � �
 

these two vectors can be expressed by using Fig. 3 
and the following equations:

� � �
R SV Rg qVV e( ) ( ) ( )sSVVV  (4)
� � � �
�
�

R j
V
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e

pVV T

qtVV

( ) ( )

( )s

( )s

( )X V X k E jp pXX VV b mk EE jj( ) X kbXX k
= [ ]mcos i m,m ,sin
== [ ]T

 (5)

� � � � �
k M k q M kM o( ) ( ,k )M k( )JJ,kc ( )i Iii ,  (6)

Where XpXX  is the distance from the machine 
center to the cross point, EmEE  is the work offset, 

XbXX  is the sliding base, γ mγγ  is the machine root 
angle, S  is the radial distance, q  is the roll posi-
tion, I  is the tilt angle, and J is the swivel angle. �
ko

T= [ ]  is the axis vector of the cutter in the 
coordinate system of the cutter Σo o oio j ko= { ,Oo , jo }

� � �
. 

M(θ, �u ) is the vector transformation matrix, of 
which some vector is rotated at the θ angle around 
the �u  vector.

Its transformation in the coordinate system 
of gear Σg g gig j kg g= { ,gOg , jg }

� � �
 yields the following 

equation:
� � �
� � �R M j R
k M j k

gc gc

o

( ) ( )s

( ) ( )s

( ,jjj )
( jjj

γ
γ

 (7)

When the processing of gear cutting is car-
ried out on the CNC hypoid generator, the two 
relative position and attitude vectors between the 
cutter and gear need to be realized by the adjust-
ment of the coordinate axis of machine tool [11]. 
Fig. 4 shows the model of the CNC hypoid genera-
tor. The machine tool has six coordinate axes.

Figure 3. Schematic of the face hobbing mathematical 
model of the right hand hypoid.
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The cutter is at the left side of machine tool and 
the cutter moves up and down or moves forward 
and backward driven by the Y axis and Z axis and 
the rotation of the cutter itself  is at axis C. The 
gear is at the right side of the machine tool and 
the gear rotates on axis A. Axis A is on axis B and 
it can swing around axis Y. The B axis is on the 
X axis and it can move longitudinally. We can see 
from the figure that the axis of the cutter on the 
machine tool cannot be adjusted and it is always in 
the Z direction, so that the relative attitude vector 
of the cutter and gear axis needs to be obtained 
through the adjustment of gear axis. As shown in 
Fig. 3b, set the coordinate system of machine tool 
such that it is consistent with the coordinate system 
of the gear. And therefore, let vector 

�
ko( )g  rotate 

on axis 
�
imii  at angle A1  and in the plane 

� �
i O ki Oi O mkk  

Firstly, then rotate it on axis 
�
jmjj  at angle B  and 

the axis vector of cutter will be consistent with the 
direction 

�
kmkk .

tan
( )

( )
A k j( )

k k( )

mjj
mkk1AA =

� �
� �  (8)

tan
( )

( )
B k k( )

k i( )
mk

mi
=

kk
kk

� �
� �  (9)

� � �
k M′′ = A km o( ) ( )g( ,imi )

1
 (10)

After the axis vector of the cutter is transformed, 
the position vector 

�
Rgc( )g  of  the cutter should also 

be transformed accordingly.
� � � �
′R M′′ = j M Rgc M gc( ) ( )g( )j B−j Bj − ( )i AmiM)B (imii 1AA  (11)

And then, the three components of the vector �
′R′′ gc( )g  after transformation are the coordinates of 

the three linear axes, i.e., X, Y, and Z. B is the B axis 
coordinate of the machine tool, and in addition to 
A1, the A axis coordinate should also consider the 

influences of the generating motion of the tooth 
form and the motion of tooth indexing.

A A A A−A1 2AA AAA 3AA

A z
z

tc

b
c2A = − ω  (12)
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The cutter should run with higher rotary speed 
during cutting and speed control mode is usually 
adopted for axis C, as the motion of the part A2  
of the workpiece spindle is linearly related to the 
motion of the cutter spindle; therefore, the work-
piece axis also needs to coordinate with the cutter 
spindle C to achieve continuous high-speed rota-
tion. Therefore, its feed rate will be much faster 
than that of the other four axes which only carry 
out the generating motion, and at this moment, 
adopting the regular linkage interpolation control 
mode of the given axis coordinate is not beneficial 
to ensure the control precision. Thus, the motion 
of axis A is decomposed into a high speed part 
and low speed part during actual control. The high 
speed part 2  adopts the electronic gearbox func-
tion control of the NC system, so as to make it 
rotate along with the cutter after coupling with the 
main axis of the cutter; the low speed part A A1 3A  
adopts a coordinate interpolation control. The 
motions of the two parts control the servo motor 
of axis A after they are synthesized together with 
"enable following axis override" function.

5 GEAR CUTTING EXPERIMENT

In order to verify the accuracy of the contact char-
acteristics control method and the CNC face hob-
bing machining method mentioned above, take a 
pair of 14 × 47 hypoid gears of the bus drive axle as 
an example to test the contact area control and gear 

Figure  4. Schematic of the virtual model of CNC 
hypoid generator.

Table 1. Basic parameters of the hypoid gear set under 
experimental conditions.

Item Pinion Gear

Number of Teeth 14 47
Modulus (mm) 5.106
Shaft Angle 90°
Offset 30
Spiral Angle 44° 27°59′
Face Width (mm) 42.19 38
Hand LH RH
Sum of Pressure Angles 42°30′
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cutting. The basic parameters of the gear set are 
shown in Table 1. When the gear cutting machine 
setting calculation and the contact area control are 
carried out, preset the location of the contact area 
at the middle part of the tooth surface and preset 
the length coefficient as 0.3, the angle of diagonal 
direction as 45°, and the transmission error as 15’’. 
The shape of the contact area which is as shown in 
Fig. 5 can be gained through the calculation with 
the method mentioned above. We can see that the 
center of contact area is just at the setting position 
and the shape of the contact area and the amplitude 
of the transmission error are consistent with the 
settings basically and only a little deviation exists.

The cutting experiment is carried out on a 
YKH2235 CNC hypoid generator produced by 
Tianjin No.1 Machine Tool Works with the machine 
setting parameters gained from the calculation. 
Based on the computation method described in 
Section 4, NC machining software of the machine 
tool is developed from the Siemens 840D NC sys-
tem, as shown in Fig. 6. And the machining process 
of gear cutting is as shown in Fig. 7. The measure-
ment experiment is carried out for the tooth form 
deviation after machining, as shown in Fig. 8; the 
maximum deviation is smaller than 25.7 um, so 
that it can be considered to be consistent with the 
theoretical tooth surface considering the existence 

Figure 5. Schematic showing the control result of the 
contact area.

Figure 6. Picture of a dialog box of NC machining 
software of face hobbing.

Figure 7. Picture showing the experimental process of 
gear cutting.

Figure 8. Graph showing the measuring result of the 
tooth form deviation of the pinion.

of the calibrated error at the origin of the machine 
tool and the sharpening error of the blade into 
account. The rolling test is carried out for the gear 
set which has been machined according to the theo-
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Figure 9. Picture of the contact area of the convex side 
of gear.

retical installation position. The actual contact area 
of the convex side of gear is as shown in Fig. 9, and 
as such is consistent with the theoretically designed 
contact area shown in Fig. 5.

6 CONCLUSION

In this paper, the relative motion relationship 
between the workpiece and the cutter during the 
CNC face hobbing machining was deduced. It was 
found that there is a missing parameter involved in 
the motion of the cutter on the CNC hypoid gener-
ator when compared with the cradle type machine. 
And it must be compensated in the motion of the 
workpiece. A machine setting calculation method 
for performing face hobbing was proposed, and the 
simultaneous control for the contact position and 
shape of the two sides of the gear set was realized. 
A method for calculating the coordinates of the 
various axes of the CNC hypoid generator directly 
was put forward. The tooth indexing motion and 
generating motion of the face hobbing system in 
a Siemens 840D NC system was separated so that 
the six-axis linkage CNC control of face hobbing 
was realized. Adopting the mentioned machine 
setting calculation method and the CNC face hob-
bing machining method can process the hypoid 
gear products with excellent contact characteris-
tics. This provides a solid theory foundation for 
developing the complete-set machining equipment 
of the face hobbing technique.
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Mapping rules between the gear hobbing processing technique and gear 
geometric errors
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ABSTRACT: To meet the demand of working under high speed, heavy duty conditions, and low noise 
emission, high precision gears are required in geared power transmission systems of high-end equipment. 
In order to improve the gear precision as well as to lower the gear manufacturing cost, in this study, it is 
aimed to establish the mapping rules between the gear hobbing processing technique and gear geometric 
errors. Based on the control variable method, the key gear processing parameters, such as cutting speed 
and feed rate, are selected as the input parameters for the proposed model. The output parameters are 
the gear geometric errors obtained by using the precision gear measurement machine, which include total 
error of the tooth profile, total helical error of the tooth surface, single pitch error of the tooth surface, 
and accumulated pitch error of the tooth surface. These data are recorded and analyzed by applying the 
back propagation neural network algorithm that predicts the aforementioned errors of interest if  certain 
input parameters are provided. Furthermore, the predictions made by using the proposed model are vali-
dated using experimental results. The accuracy of the proposed model is evaluated using the root mean-
square error equation that quantifies the predicted and true values of gear geometric errors. The analysis 
method reveals the mapping rules between the gear hobbing processing technique and gear geometric 
errors, and thus can provide guidance for optimization of gear’s processing parameters for precision gear 
manufacturing.

gear processing technique, gear cutter precision, 
and the dynamic precision of machine tool. Since 
adjustment of the processing technique is a much 
more direct and easier way in practice to obtain 
more precise gear, this study focuses on the map-
ping rules between the gear hobbing processing 
technique and gear geometric errors. In the past, 
many methods have been proposed to obtain the 
relationship between the processing techniques and 
errors of workpiece. Ozcelik et al. (2006) studied 
the mapping relationship between process param-
eters of high speed milling and surface rough-
ness by using a statistical method. Bouzakis & 
Lili (2008) presented a comprehensive analysis 
method of the critical state about the cylindrical 
spur gear manufactured by using the hob machin-
ing process. Michalski & Skoczylas (2008) obtained 
the correlation rules between an actual tooth pro-
file and a theoretical tooth profile with compara-
tive analysis of the cylindrical gear’s theoretical 
and the actual tooth profiles. Shokrani et al. (2012) 
summarized the key influencing factors, such as 
cutting tool/process parameters/cutting fluid when 
treated with the material which is hard to process. 
Karpuschewski et al. (2008) analyzed the surface 

1 INTRODUCTION

Gears are widely used in high-end equipment, such 
as industrial machines and transportation vehicles. 
The precision of gears is an important factor that 
greatly affects the performance, service life, safety, 
and reliability of high-end equipment and is deter-
mined by the gear manufacturing and finishing 
process. As one of the most common gear man-
ufacturing methods, gear hobbing is widely used 
due to its extremely high efficiency. Nowadays, 
gear hobbing is also usually considered as a semi-
finishing process. Compared with the gear grind-
ing process, gear hobbing has advantages such 
as high efficiency and low cost. The efficiency of 
gear hobbing is 4 times higher and the cost is more 
than half  less than that of the grinding process. To 
improve the gear hobbing precision, it is necessary 
to find out the factors that affect the gear geomet-
ric errors. Many factors could affect the precision 
of the gear’s surface, such as the position error of 
the machine tool, the inaccuracy of the cutting 
edge, the built up edge of the cutter, the processing 
technique, the properties of material to be cut, etc. 
Among these factors, three main aspects are the 
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grinding technology to improve the gear surface’s 
forming accuracy and surface finish. Zhou et al. 
(2015) developed an exact model of the spiral bevel 
gear by studying the process of the milling gear 
tooth surface by using the method of differential 
geometry. Bergseth et al. (2012) investigated the 
influence on the tooth surface microstructure with 
different processing methods.

So far, very few studies can be found in the liter-
ature that explain the exact mapping rules between 
the gear hobbing process and gear geometric errors. 
In this study, some key gear processing parameters, 
such as cutting speed and feed rate, are investi-
gated and their influence on the gear geometric 
errors are analyzed based on the control variable 
method. A precision gear measurement machine is 
used to test gear geometric errors, including profile 
errors, helix errors, and pitch errors. The data are 
recorded and analyzed with the Back Propagation 
(BP) neural network algorithm. The algorithm can 
predict the aforementioned errors of interest if  cer-
tain processing parameters are given.

2 MODELING PROCESS

2.1 Principle of the BP theory

The BP neural network is an error back propaga-
tion modeling method and it has three main layers, 
including the input layer, the hidden layer, and the 
output layer. The training procedure can be divided 
into the following two parts: the calculation of the 
error from the input layer to output layer and the 
adjustment of the weights from the output layer to 
input layer. Based on the gradient steepest descent 
method, the square sum of the network error will 
be minimized.

The BP neural network calculation steps are illus-
trated in Figure 1 and are explained as follows:

1. The initialization: assign a random number 
within the interval (−1, 1) to each connection 
weights. And then, set the error function and 
provide the calculation precision value and the 
maximum training times.

2. Select several pairs of the input sample and 
the corresponding expected output sample, 
randomly.

3. Calculate the input and output of each layer.
4. Compare the output of the output layer and the 

expected output sample and calculate the error 
between them.

5. By using the gradient steepest descent method, 
calculate the partial derivative between error 
functions and each of the connection weights.

6. Compute the global error.
7. To determine whether the calculating error 

meets the requirements marks the end of the 
algorithm, when the error reaches the preset 

accuracy or the training time is greater than the 
maximum training time that was set. Otherwise, 
select the next training data as well as the cor-
responding expected output and then return to 
Step 3 to start the next round of training.

2.2 Model building

This model includes the following two main parts:
1. Process of the forward propagation of the 

signal.
Input hj of  node j in the hidden layer is shown 

in equation (1).

xj ih w j ixi
i

M

=
∑

1

 (1)

The S function is chosen as the excitation func-
tion, as shown in equation (2).
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+ −
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Output ′hjh  of  node j in the hidden layer is shown 
in equation (3).
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Input ok of  node k in the output layer is shown 
in equation (4).

o w f w xk
j

N

jk
j

N

ij i
i

N⎛
⎝⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠= =

∑ ∑w hjw k jhjjw hw kh ∑
1 1j=j 1

 (4)

Output ok
′oo  of  node k in the output layer is shown 

in equation (5).

Figure 1. Flowchart of the BP neural network.
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2. Process of the back propagation of the error.
First calculate the error (e) between the output 

of the output layer (ok
′oo ) and the real output (tk), as 

is shown in equation (6).

e o tk kt−ok
′oo  (6)

Taking all the samples into consideration, the 
total error criterion function of the training sam-
ple is shown in equation (7):

e
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1

′oo  (7)

Where, p is the number of training samples.
In order to make the final result of the output 

layer approach the expected value, the weights of 
each layer are adjusted according to the gradient 
steepest descent method, as shown in equations (8) 
and (9).
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Where, −η denotes the step length of the layer 
searching from the gradient descent direction.

For this model, the inputs are hob cutting speed 
and feed rate, the outputs are total error of the 
tooth profile, total helical error of the tooth sur-
face, the single pitch error of the tooth surface, 
and accumulated pitch error of the tooth surface, 
respectively. Therefore, for this model, the node 
number of the input layer is 2 and the node number 
of output layer is 1. According to the existing 
theory, a 3-layer-BP neural network can emulate 
any proportion of input and output; and so, for 
this experiment, a single hidden layer is adopted. 
According to the Kolmogorov principle (Qian, 
M.P. et al. 2004), the number of hidden layer nodes 
is determined by using equation (10):

N P2 1P +  (10)

Where, N is the number of nodes of the hidden 
layer and P is the number of nodes of the input 
layer. Let P = 2, so that N = 5. The modeling topol-
ogy of this model is 2-5-1.

Programming is established in accordance with 
the steps of the BP neural network algorithm as 
mentioned above. Simulation was performed with 

data collected from the experiment. In order to 
approach the forecast results with the true value, 
the numerical range of the input data and output 
data should be consistent. The ranges of input data 
and output data are compressed between 0∼1. And 
then, the predicted results are unzipped to the orig-
inal range and compared with the expected data.

The maximum training time of this model is 
8000, the calculation precision is 10−3, and the 
error function is shown above. After training, the 
model is completely built. By substituting the hob 
cutting speed and feed rate of test data in the train-
ing model, results are calculated and the predicted 
results and actual values are compared to verify the 
accuracy of the model.

3 EXPERIMENTAL SETUP

The gear hobbing machine, which is a 5-axis com-
puter numerical control machine tool, is adopted 
in this study. In order to improve the machining 
efficiency as well as consider the module range 
that the machine tool could support, small mod-
ule gears are selected as the research object. The 
depth of the cut is constant as the small module 
gear is finished by using the one-time processing 
technique. Under such circumstances, the only 
variables are the cutting speed and feed rate. The 
cutting speed and feed rate are adjusted according 
to the stiffness of the machine tool. The adjusting 
range of the cutting speed is 70% ∼ 120% of the 
normal processing speed. The adjusting range of 
the feed rate is 30% ∼ 120% of thenormal process-
ing feed rate. The parameters of the hob and gear 
used in the experiment are shown in Table 1.

The hob, machine tool, and precision gear meas-
urement machine are shown in Figures 2–4.

Gears are manufactured under the conditions 
mentioned above. After finishing the machining 
process, each gear is numbered in accordance with 
its cutting speed and feed rate. The gear is tested 
by using the precision gear measurement machine 
with the maximum measuring range of 260 mm, 
which can meet the demands of the gear measur-
ing procedure.

Table 1. Parameters of the hob and gear used in this 
experiment.

Hob parameters Gear parameters

Module [mm] 2.5 Module [mm] 2.5
tooth number 18 tooth number 18
pressure angle [°] 20 pressure angle [°] 20
lead angle [°] 2.28 lead angle [°] 25
Material M35 tooth width [mm] 12.5
direction of 

turning
left modification 

coefficient
0.072

precision grade A Base diameter [mm] 46
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The gear measuring machine starts with basic 
parameters setting, such as parameters of the 
manufactured gear, test standard, and so on. 
GBT10095.2-2008 is used as the test standard in 
this study and the magnitude is 7. After clamping 
the gear, the precision gear measurement machine 
begins to measure the total error of the tooth pro-
file, total helical error of the tooth surface, the single 
pitch error of the tooth surface, and accumulated 

pitch error of the tooth surface. Each data group is 
numbered successively corresponding to the process-
ing parameters that are also known as the input data 
and then the output data are collected.

4 RESULT ANALYSIS

The results are summarized in Tables 2 and 3. The 
test data of the total tooth profile error and total 
helical error are shown in Table 2 and the test data 
of the single pitch error and accumulated pitch 
error are shown in Table 3.

As it is shown in Tables 2–3, V is the speed of 
cutting, f is the feed rate, Fα is the total profile 
error, Fβ is the total helix error, fp is the single pitch 
error, and Fp is the accumulated pitch error. The 
columns “Left” and “Right” depict the error of the 
gear’s left and right flanks, respectively.

Figure 2. Picture of the hob used for the experiment.

Figure 3. Picture of the 5-axis CNC Machine Tool.

Figure 4. Picture of the precision gear measurement 
machine.

Table 2. Test data of the tooth profile error and helical 
error.

No.
V
(rpm)

F
(mm/r)

Left Fα
(um)

Right Fα
(um)

Left Fβ
(um)

Right Fβ
(um)

1 165 2.06 17.87 17.5 16.4 16.07
2 176 1.93 17.07 16.73 15.2 13.67
3 187 2.73 20.63 20.07 18.9 18.57
4 198 2.21 17.13 18.47 17.7 16.3
5 220 2.32 19.8 20.6 17.5 19.87

Table 3. Test data of the single pitch error and accumu-
lated pitch error.

No.
V
(rpm)

f
(mm/r)

Left fp
(um)

Right fp
(um)

Left Fp
(um)

Right Fp
(um)

1 165 2.06 15.5 14.7 84.9 81.6
2 176 1.93 15.4 15.5 69.4 76.1
3 187 2.73 18.2 17 98.7 96.4
4 198 2.21 14.2 13.3 75.1 73.9
5 220 2.32 15.5 15.8 83.7 93

Figure 5. Graph of the Left Fα distribution.
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Figures 5–12 show the distribution of the 
expected output and predicted output, respectively.

From the figures shown above, the predicted 
output and the expected output are very close to 
each other. To assess the performance of the BP 
model, the Root Mean-Square Error (RMSE) as 
shown in equation (11), is applied. The perform-
ance of the BP model for the gear geometric error 
prediction is shown in Tables 4 and 5.

RMSE

o
t

m

k

k
m

m
=

−
⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

=∑
1

2

1

′

 (11)

Where, ok
′oo  is the predicted error, tk  is the expected 

error, and m is the number of the test data.
It can be seen from Tables 4 and 5 that all RMSE 

values are less than 10%, which signify that the the 
BP neural network algorithm may be used to effec-
tively predict the gear geometric errors if  the corre-
sponding parameters of the gear hobbing processing 
technique are used in the proposed model.

Based on the stiffness of the hobbing machine, 
the hob cutter, and the workpiece, all the gear 
processing parameters can be used in this model 

Figure 6. Graph of the right Fα distribution.

Figure 7. Graph of the left Fβ distribution.

Figure 8. Graph of the right Fβ distribution.

Figure 9. Graph of the left fp distribution.

Figure 10. Graph of the right fp distribution.

to obtain all the corresponding predicted outputs, 
which are the gear geometric errors. With optimi-
zation algorithm, such as the genetic algorithm, 
particle swarm optimization, and so on, all the 
output data can be sorted and the minimization 
can be achieved. Thus, the corresponding opti-
mal input data, which are the hobbing processing 
parameters, can be detected and all these are ben-
eficial to the selection of processing parameters in 
practice.

ICPT2016_Book.indb   827ICPT2016_Book.indb   827 9/29/2016   12:17:52 PM9/29/2016   12:17:52 PM



828

Propagation (BP) algorithm is used here to 
predict the gear geometric errors.

2. Experimental work is performed to verify the 
accuracy of the BP model and the RMSE equa-
tion is applied to test the performance of the pro-
posed model. The results show that reasonably 
good predictions can be achieved and reveal the 
strong adaptive ability of the BP neural network.

3. The proposed model is also applicable to opti-
mize the selection of gear hobbing processing 
parameters. The input parameters such as the 
cutting speed and feed rate can be adjusted to 
improve the gear precision accuracy. It can also 
improve the efficiency of selecting certain gear 
manufacturing parameters.

4. This study can be extended to other machine tools 
by using more relevant processing parameters, 
such as parameters of the workpiece material, cut-
ting tool geometries, and machine tool precision.
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Figure 11. Graph of the left Fp distribution.

Figure 12. Graph of the right Fp distribution.

Table 4. BP performance of the tooth profile and heli-
cal error,.

Performance 
measures

Left Fα
(um)

Right Fα
(um)

Left Fβ
(um)

Right Fβ
(um)

RMSE (%) 5.81 6.96 6.10 8.43

Table 5. BP performance of single and accumulated 
pitch errors.

Performance 
measures

Left fp
(um)

Right fp
(um)

Left Fp
(um)

Right Fp
(um)

RMSE (%) 9.07 7.92 8.23 7.81

5 CONCLUSION

In this study, a reliable BP neural network model 
is established to predict the gear geometric errors. 
The proposed model takes advantage of the com-
plex non-linear ability of the BP network.

1. The mapping rules between the gear hob-
bing processing technique and gear geometric 
errors are hard to formulate accurately mainly 
because of the non-linearity, complexity, and 
the stochastic process mechanism in gear hob-
bing manufacturing. For this reason, the Back 
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ABSTRACT: Aiming at realizing the integration operation and networked management in spiral bevel 
gear closed-loop manufacturing process, a kind of integration operation model for spiral bevel gears net-
worked closed-loop manufacturing is proposed. The integration operation mechanism and information 
integration framework of integration operation model are set up. On this basis, the integration opera-
tion prototype system for spiral bevel gears networked closed-loop manufacturing is developed. Finally, 
the feasibility and practicability of the proposed integration operation model and prototype system are 
proved by the networked closed-loop manufacturing application experiment of a kind of spiral bevel 
gears, which lays a networked integration operation foundation for improving the processing efficiency 
and quality of spiral bevel gear tooth surfaces.

are restricted to the digital design, machining and 
measuring correction process of spiral bevel gear 
tooth surfaces, there is still limited resources focus-
ing on the integrated operation and management 
mechanism of whole closed-loop manufacturing 
process.

Based on this consideration, an Integration 
Operation Model for Spiral Bevel Gears Networked 
Closed-loop Manufacturing (IOM_SBGNCM) is 
proposed by combing the spiral bevel gear manu-
facturing technologies and network technologies. 
On this basis, through establishing the integration 
operation mechanism and information integration 
framework of IOM_SBGNCM, and developing the 
Integration Operation Prototype System for Spiral 
Bevel Gear Networked Closed-loop Manufactur-
ing (IOPS_SBGNCM) to realize the integration 
control and networked management in whole spiral 
bevel gear closed-loop manufacturing process.

2 IOM_SBGNCM

The final purpose of spiral bevel gears networked 
closed-loop manufacturing is to improve the 
machining efficiency and quality of there tooth 
surfaces, as well as shorten there production cycle. 

1 INTRODUCTION

As one of the efficient and precise mechanisms, 
spiral bevel gears are widely used in industrial 
machinery (Xing, et al. 2011). Currently, net-
worked closed-loop manufacturing, combined 
with the network information technologies and 
digital closed-loop manufacturing technologies of 
spiral bevel gears, has become one of the important 
development trends of spiral bevel gears (Deng, 
et al. 2015). Due to it can effectively improve the 
machining accuracy and efficiency of spiral bevel 
gear tooth surfaces, many scholars have conducted 
extensive research into this issue, such as the 
computer-integrated optimization design meth-
ods (Argyris, et al. 2002), tooth surface machining 
integration system (Xu & Zeng 2006), collabora-
tive design system (Ren & Fang, 2003; Han, et al. 
2013), digital measurement of tooth surfaces based 
on the CAD/CAM/CMM integration (Pan, et al. 
2007), digital feedback and correction of spiral 
bevel gear tooth surface deviations (Li, et al. 2011), 
and the expert manufacturing system (Fan 2011).

To sum up, although the above research con-
tributions have provided a good solution and 
theoretical support for the networked closed-
loop manufacturing of spiral bevel gears, they 
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But now, due to lacking the unified and effective 
information integration and management mecha-
nism, there are some defections such as lower infor-
mation integration level, poor data correlation and 
traceability in spiral bevel gear closed-loop manu-
facturing process. In order to realize the integrated 
management and control of networked closed-loop 
manufacturing information, the IOM_SBGNCM 
is presented, which is as shown in Figure 1.

In this model, through building an integrated 
network environment and IOPS_SBGNCM, the 
following technologies of design and calculation, 
CNC machining, tooth surface digital detection 
and correction, control management and so on 
will be organically integrated. Informatization and 
process integration within the overall machining 
processes is achieved by information integration 
and management in each link, which results in the 
effective improvement in machining quality and 
efficiency of spiral bevel gears.

3 INTEGRATION OPERATION 
MECHANISM OF IOM_SBGNCM

The integration operation mechanism of IOM_
SBGNCM is as shown in Figure 2. Firstly, under 
the support of network integration environment, 
the design and calculation system determines the 
basic design parameters of spiral bevel gear pair 
based on the working conditions, as well calcu-
lates the geometric parameters of gear and pinion 
blanks, checks the strength, and carries out the 
parametric drawing. Furthermore, it can calculate 

the corresponding machining parameters, confirm 
the optimal theory machining parameters of spiral 
bevel gears, and compile the machine tool settings 
through the tooth contact analysis. The machine 
tool settings data can be transmitted to the distrib-
uted numerical control system through the closed-
loop manufacturing communication network.

Then, the distributed numerical control system 
can get the design information of spiral bevel gears 
via the network, and compile the CNC milling 
programs according to the corresponding design 
drawings, machine tool settings, etc. After the 
CNC milling programs are compiled, CNC gear 
milling machine tools can gain the corresponding 
CNC milling program by combining their network 
communication with the distributed numerical 
control system to carry out the rough-milling and 
finish-milling of gear and pinion tooth surfaces.

The tooth surface measurement system can get 
the basic geometric parameters and theory machin-
ing parameters of gears and pinions through the 
network. Then, the tooth surface measurement sys-
tem will set the measurement parameters and grids, 
measure the tooth surface deviations of gears and 
pinions, analyze and assess the tooth surface devia-
tions data, establish the correction model of tooth 
surface deviations, and solve out the reverse correc-
tion terms and values of machine tool settings. On 
this basis, the reverse correction information can 

Figure 1. IOM_SBGNCM.

Figure 2. Integration operation mechanism of 
IOM_SBGNCM.
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be fed back to the CNC gear milling machine tools 
via the closed-loop manufacturing communica-
tion network. Combined with the revised machine 
tool settings, the CNC gear milling machine tools 
can conduct the corrective milling of tooth sur-
faces again. Thus, through repeated tooth surface 
deviations measurement and corrective milling, the 
machine tool settings meeting tooth surface preci-
sion can be finally determined, which will be used 
to guide the batch machining of subsequent gear 
tooth surfaces.

At the same time, in the whole networked closed 
loop manufacturing process, through the informa-
tion interaction of manufacturing information, the 
data of design and calculation system (e.g. spiral 
bevel gear blanks design modeling, tooth contact 
analysis, and machine tool settings), distributed 
numerical control system (e.g. CNC machine tools, 
network settings, communication protocols, and 
CNC machining programs), tooth surface meas-
urement system (e.g. measurement parameters set-
tings, tooth surface deviation measurement, and 
reverse correction of machine tool settings) and 
so on can be integrated into the IOPS_SBGNCM 
to realize the unified management of networked 
closed-loop manufacturing information. As a result, 
a complete networked closed-loop manufacturing 
mode is formed, which integrates the design, 
machining, tooth surface measurement, and 
information management of spiral bevel gears.

4 INFORMATION INTEGRATION 
FRAMEWORK OF IOM_SBGNCM

From an overall operation perspective, the essence 
of spiral bevel gear networked closed-loop manu-
facturing of is to finally realize the effective control 
of tooth surface quality through the information 
integration among application systems and func-
tion modules. Its core is the function integration 
of multi-source heterogeneous information. Con-
sequently, in order to achieve the organic opera-
tion and information integration management in 
the whole networked closed-loop manufacturing 
process, in this paper, an information integration 
framework of IOM_SBGNCM is set up, which is 
as shown in Figure 3.

As illustrated in Figure 3, the network com-
munication of CNC milling machine tools and 
entire closed-loop manufacturing can be realized 
by employing the distributed numerical control 
communication mode and the Transmission Con-
trol Protocol/Internet Protocol respectively. On 
this basis, by applying the Web services application 
integration mechanism (Yang, et al. 2012), the data 
and function calls of design and calculation sys-
tem, distributed numerical control system, tooth 

surface measurement system, CNC equipment, 
distributed database resources and so on can be 
encapsulated to the corresponding Web services. 
Every Web service, including the service title, 
methods description, input and output parameter 
types etc, can expose the united service interface in 
the form of input and output parameters and pro-
vide the corresponding information (e.g. design, 
machining, and measurement) of closed-loop 
manufacturing process.

At the same time, the closed-loop manufactur-
ing process information can be managed by differ-
ent management modules of the IOPS_SBGNCM, 
which will be provided to operators with different 
roles. Thus, the real-time interaction and optimal 
integration of information in the whole networked 
closed-loop manufacturing process are realized.

5 IOPS_SBGNCM

Combined with the integration operation model 
and information integration framework of the 
IOM_SBGNCM, at the environment of Win-
dows XP and VB.NET, the IOPS_SBGNCM 
and its function interfaces (e.g. design and calcu-
lation management, tooth surface measurement 
management, and NC program management) are 
developed, and the information management of 
networked closed-loop manufacturing process (e.g. 
gear design, CNC machining, and tooth surface 
measuring) is implemented

Figure 3. Information integration framework of the 
IOM_SBGNCM.
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Additionally, based on the service-oriented soft-
ware architecture and unified access control, the 
IOPS_SBGNCM can provide different module 
interfaces and services according to the different 
user roles and permissions. After passing the iden-
tity authentication, the users can enter into the 
corresponding spiral bevel gear design and man-
ufacture interfaces according to their roles and 
permissions, invoke the corresponding application 
system function services through the service inter-
faces, and complete the corresponding manufac-
ture tasks of networked closed-loop manufacturing 
process. For example, the developed NC programs 
management interface is as shown in Figure 4.

6 APPLICATION EXPERIMENT

Aiming at verifying the feasibility of the pro-
posed IOM_SBGNCM and the developed IOPS_
SBGNCM, the network operating environment of 
spiral bevel gear networked closed-loop manufac-
turing is set up based on the gear manufacturing 
and equipment engineering lab of Henan province. 
With the high-speed Ethernet and the network 
communication protocol of TCP/IP, the LAN of 
entire engineering lab is realized. On this basis, take 
the pinion networked closed-loop manufacturing 
of one kind of spiral bevel gears as an example, the 
basic parameters of spiral bevel gear pair is shown 
in Table 1.

In the networked closed-loop manufactur-
ing process of pinion, the design and calculation 
system, according to the design requirements, 
calculates the geometric parameters and process-
ing parameters, generates the optimal machine 
tool adjustment parameters (i.e. machine tool set-
tings). Combined with the machine tool settings, 

the distributed numerical control system compiles 
the corresponding NC milling programs and trans-
mits to the CNC milling machine tool via network. 
Based on the NC milling programs, the CNC mill-
ing machine tool carries out the rough-milling and 
finish-milling trial cut. For the finished-milling 
tooth surface of pinion, the tooth surface meas-
urement system and gear measuring center check 
the tooth surface deviations and determine the 
reverse correction data. The corrective machine 
tool adjustment parameters are feed back to the 
CNC milling machine tool to reopen the correc-
tive trial cut. As a result, only through 2 times trial 
cut and 1 time corrective feedback, the tooth sur-
face deviations of pinion are meet the precision 
requirement. The tooth surface deviations before 
and after correction are as shown in Figure 5 and 
Figure 6 respectively

Meanwhile, the information of whole closed-
loop manufacturing such as design data, NC mill-
ing programs, and tooth surface measurement can 
be integrated to the IOPS_SBGNCM to realize the 
unified management. The corresponding design 

Figure 4. NC programs management interface.

Table 1. Basic parameters of spiral bevel gear pair.

Parameters Pinion Gear

Number of teeth 18 27
Pressure angel/° 20 20
Mean spiral angel/° 35 35
Hand of spiral Right Left
Face width/mm 36 36
Outer diameter/mm 138.46 193.89
Whole tooth height/mm 13.22 13.22
Mounting distance/mm 116 125
Root angle/° 30.7921 51.8881
Pitch angle/° 33.6901 56.3099
Face angle/° 38.1236 59.1961
Tip distance/mm 25.6547 65.6693

Figure 5. Tooth surface deviations before correction.
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and management results of manufacturing process 
information are accurate, the integrated optimiza-
tion operation form the spiral bevel gear pair design, 
NC program generation, CNC milling machin-
ing to the tooth surface measurement is achieved, 
which effectively improving the information inter-
action capacity among closed-loop manufactur-
ing links. In pinion closed-loop manufacturing 
process, the different operators can easily invoke, 
inquire, and edit the pinion design, machining, and 
measuring data and so on, which providing the 
accurate technical support for the spiral bevel gears 
networked closed-loop manufacturing. As a result, 
the inheritance and traceability of manufacturing 
information are guaranteed, and the information 
integration and management level of entire closed-
loop manufacturing process is enhanced.

7 CONCLUSION

In this paper, through proposing the IOM_
SBGNCM, establishing the integration operation 
mechanism and information integration frame-
work of IOM_SBGNCM, and developing the 
IOPS_SBGNCM, the integrated operation and 
information management of spiral bevel gear net-
worked closed-loop manufacturing process are 
achieved. The proposed IOM_SBGNCM and 
IOPS_SBGNCM fundamentally improve the 
information correlation and traceability of spiral 
bevel gear networked closed-loop manufacturing 
process, as well as will provide a valuable reference 
for more in-depth research on the spiral bevel gear 
networked closed-loop manufacturing.
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the gears generated were widely used in the field 
of mechanical transmission for their advantages 
of high load carrying capacity and fine dynamic 
performance [19–21].

By application of the face-milling cutting method, 
the longitudinal geometrical shape of the gear tooth 
of spiral bevel gear is no longer a line, thus generat-
ing a new type of non-circular bevel gear, namely, 
spiral non-circular bevel gear. Compared to straight 
non-circular bevel gear, this new gear type embodies 
many advantages, such as high contact ratio, high 
intensity, fine dynamic performance and adjustable 
contact region. And most importantly, it can be fab-
ricated on a 6-axis spiral bevel gear cutting machine 
efficiently and precisely.

In this sense, the successful manufacture of spi-
ral non-circular bevel gear bypasses the compli-
cated process of straight non-circular bevel gear, 
and will therefore contribute to the application of 
non-circular bevel gear.

Based on the discussion above, the following 
works are done in this paper:

a. Combining the machining principle of spiral 
bevel gear and the theories related to non-cir-
cular bevel gear, the generating method of spi-
ral non-circular bevel gear with head cutter is 
introduced.

b. Based on the geometrical relationship, the 
mathematic model of spiral non-circular bevel 
gear, including the tooth profile of head cutter, 
envelope equation, meshing equation and the 
tooth profile of generated gear, is established.

c. Through research on 6-axis spiral bevel gear 
cutting machine, a linkage model of face-mill-
ing spiral non-circular bevel gear is derived. 
Additionally, an equal-arc-length cutting model 
is proposed to avoid variable cutting areas.

d. The mathematical model and the linkage model 
are validated by applying kinematic analysis in 

1 INTRODUCTION

Due to the compact structure and accurate non-
uniform transmission, non-circular cylindrical 
gear is widely used in function generator [1, 2], gear 
pump [3], as well as a variety of other mechanical 
systems [4–7]. Meanwhile, the application of non-
circular bevel gear is limited, although it can still 
be applied in high-order ellipse bevel gear pump 
[8], variable ratio differential [9–10] and some func-
tion generator [11] with compact structure and 
high load-bearing capacity.

One of the first works on non-circular bevel gear 
was published by OLLSON, who first proposed the 
non-circular bevel gear type to implement variable 
speed driving of intersecting axes in 1956. After his 
work, Xia et al. [12] presented the function map-
ping for the tooth profile of straight non-circular 
bevel gear and that of virtual non-circular cylin-
drical gear; Jiqiang et al. [13] established the math-
ematic model of straight non-circular bevel gear 
based on the spatial meshing theory; Lin et al. [14] 
investigated the tooth profile generating method for 
straight non-circular bevel gear. All these works are 
focused on the straight non-circular bevel gear (the 
longitudinal geometrical shape of the gear tooth is a 
line), whose manufacture is the bottleneck restrict-
ing the application of non-circular bevel gear. 
Concerning this problem, Jia et al [10] proposed a 
wire-electrode cutting method, which turned out be 
inefficient and the gears obtained are of low sur-
face roughness. Lin et al [15] then put forward a cut-
ting method on a 5-linkage CNC milling machine, 
which also has the demerit of low efficiency and is 
thus not suitable for mass production.

The present paper proposes a novel cutting 
method in spiral bevel gear, a face-milling cut-
ting method, which was originally applied to the 
cutting of spiral bevel and hypoid gear on a bevel 
gear cutting machine [16–18], and through which 
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ADAMS software and simulation processing 
test in Vericut software to a pair of non-circular 
bevel gears with 2-order sinusoidal gear ratio.

e. A face-milling process for manufacturing spiral 
non-circular bevel gear is implemented; mean-
while, a rolling experiment of variable-speed 
intersecting axes driving is applied to illustrate 
the feasibility of the face-milling process.

2 GENERATING METHOD

Non-circular bevel gearing can be regarded as 
the pure rotation of drive pitch cone and driven 
pitch cone [22] in the driving process. As is shown 
in Fig. 1, the generating plane, pitch cone of drive 
gear and pitch cone of driven gear are all tangent 
to the contact line, both the drive cone and driven 
cone rotate along their own axis with a speed of and 
correspondingly, and the generator rotate on the 
generating plane with a speed of. Thus, the tooth 
profile of both drive gear and driven gear can be 
generated by the tooth profile of the planar gen-
erator [23] and they together satisfy the conjugate 
meshing condition [24]. Therefore, while straight 
non-circular bevel gears are generated by straight 
tooth line generator, spiral non-circular bevel gears 
are generated by arc tooth line generator.

The cutting method of spiral non-circular bevel 
gear is similar to that of spiral bevel gear. As is shown 
in Fig. 2, a head cutter is set on the generating plane, 

and the tooth profile of spiral non-circular bevel gear 
can be generated by the blade of the cutter. However, 
there is a theoretical error in this cutting method for 
the pitch cone of flat top generator is with a near 90° 
pitch angle instead of being a plane.

3 GENERATING MATHEMATIC MODEL

3.1 Tooth profile of generator

In general, the tooth profile (normal section) of 
head cutter is an involute rack. To ensure identical 
pressure angle on both sides of the tooth profile of 
generated gear, the convex pressure angle for the 
cutter is not equal to the concave pressure angle 
(assumed α, α2 respectively). Without taking ease-
off and rounded corners into consideration, the 
equation of the rack tooth profile is as follows [25].
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where, W is point width of cutter blade, l is the 
variable of tooth profile. Take a derivative with 
respect to variable l, then,
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Thus, the surface of head cutter is as follows.

rcr ( , )

( )cos( )
( )sin( )

( )y l(

v

v

vyy
θ ))

θ ))
θ ))

=

⎡

⎣

⎢
⎡⎡

⎢
⎢⎢

⎢
⎢⎢

⎢
⎣⎣

⎢⎢

⎤

⎦

⎥
⎤⎤

⎥
⎥⎥

⎥
⎥⎥

⎥
⎦⎦

⎥⎥
1

 (3)

Fig. 3 shows the cradle location of the head cut-
ter, S2(O2 – x2y2z2) is the coordinate system con-
nected to the cradle. The radial distance of the 
cutter can be calculated as follows [26].

r re fr v frr v f= +rfr2 2r+ 2 sr rfr vrr in ( )fβ f  (4)

Figure 1. Generating principle of spiral non-circular 
bevel gear.

Figure 2. Cutting principle of spiral non-circular bevel 
gear.
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where, rf is the mean pitch radius of generated gear, 
βf is the mean spiral angle of generated gear, rv is 
the cutter radius. The cradle angle of cutter φ0 is 
calculated as follows.

φ0φφ
2 2 2

2
= ±

−2⎛

⎝
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⎝⎝

⎞

⎠
⎟
⎞⎞
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a

r2 + r
r r

f er r+ vrr

f er r
cos  (5)

where, the cradle angle is positive in generating a 
left handed gear (Fig. 3.a) while negative in gener-
ating a right handed gear (Fig. 3.b). In the case of 
generating a pair of contacted non-circular bevel 
gears, assuming that the cradle angle of drive gear 
is φ0i, the cradle angle of driven gear is as follows.

φ φ
φ

0φφ
2o i0φφ fφ

+φ0φ i0φφ  (6)

where, the index angle of cradle is as follows.

φ fφ p

f

Lp

zrf

= ±

where, z is the tooth number of generated gear, 
Lp is the mean pitch arc-length of generated gear 
and its calculated equation will be presented in 
section 3.2.

In the case of generating spiral bevel gear, after 
cutting one tooth, only an index angle ϕf(ϕf = 2π/z) 
of the generated gear needs to be rotated to continue 
processing the next tooth profile and the cradle loca-
tion remains the same all the time. While for generat-
ing spiral non-circular bevel gear, this method is not 
feasible since the index angle of the generated gear 
is different for each of the teeth. Thus, a method of 
changing the cutter cradle angle is proposed.

φ φi fφ φφ φ fφ±φφφφφφ φφ fφφ fφ( )i 1 ( )i z1i =i  (7)

where, the sign in this equation is determined by 
the rotation direction of generated gear. In general, 

the variable of gear ratio function is the angle of 
drive gear, and the rotation direction of the driven 
gear is in the opposite direction. In this sense, the 
sign is opposite in the case of generating drive gear 
and driven gear.

Thus, the equation of head cutter, namely, the 
tooth profile of generator, in coordinate system S2 
is as follows.
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3.2 Basic cones of non-circular bevel gear

Fig. 4 shows three basic cones of non-circular bevel 
gear: pitch cone A0, root cone Af and face cone Aa. 
Reference frame S0(O0 – x0y0z0) is fixed on the gear 
center, and the pitch cone of non-circular bevel 
gear is represented by vector function rA0(ϕ1, R) 
as [27]
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 (9)

where, R is the radius of the pitch cone; ϕ0 is the 
rotating angle of non-circular bevel gear; δ0 is the 
pitch angle. For a pair of non-circular bevel gears, 
ϕ1 and ϕ2 are defined as the rotating angles of 
the drive and driven gear respectively, δ1 and δ2 
are the pitch angles of the drive and driven gear. 

Figure 3. Cutting principle of spiral non-circular bevel 
gear.

Figure 4. Cutting principle of spiral non-circular bevel 
gear.
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In general, gear ratio is the function of the ϕ1, 
namely i12 = i12(ϕ1), thus,

ϕ
ϕ

ϕ
ϕ

2ϕϕ
120

11ϕϕ

= ∫ i1
d

( )ϕ
.

In the case of 90o shaft angle, the pitch angle can 
be calculated as follows.

δ ϕ
δ ϕ
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)]
12 1ϕϕ
12 1ϕϕ  (10)

Substituting R = rf into Eq. 17, a spatial curve 
is obtained, namely, the mean pitch curve of spi-
ral non-circular bevel gear. Then, in term of arc 
length formula [28], the arc-length of the mean 
pitch curve can be yielded as follows.
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Assuming the teeth number of generated gear 
as z, the mean module (module on the mean pitch 
curve) can be calculated as follows.
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The root cone and face cone are different in dif-
ferent tooth system. In this paper, these cones are 
defined as cones with a constant angle to the pitch 
cone. Assume that P0(δ0, ϕ0, R) is a point on pitch 
cone, t1 is the tangent vector of the pitch cone A0 in 
circumference direction at point P0, and it can be 
calculated as follows [29].
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Thus, the unit tangent vector

t
t

1u
1

1

( , ) ( , )
| (t1 , ) |

ϕ ϕ
ϕ0

0

0ϕ
R

R
=  (14)

Then the tangent vector of the pitch cone A0 in 
radial direction at point P0
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Its corresponding unit vector

t2u (( ) ( , )ϕ0 02ϕ ϕϕ 2, ) (t2R) (t ,ϕ(t 0ϕ(t2  (16)

The unit normal vector of the pitch cone at 
point P0 is calculated through the cross product of 
two tangent unit vectors as follows.
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In term of  unit normal vector above, the 
root cone and face cone can be represented by 
the vector functions rA0(ϕ0, R) and rAa(ϕ0, R) as 
follows.
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where, ha and hf are the addendum and dedendum 
of teeth.

3.3 Applied coordinate system

The geometrical relationship of generating spiral 
non-circular bevel gear can be established by the 
generating principle (as shown in Fig. 1 and Fig. 2) 
based on the methods presented in Refs. 16, 17, 18. 
However, due to the complexity of the generating 
relationship for spiral non-circular bevel gear, the 
method above is no longer applicable. Therefore, a 
method with the help of pitch cone normal vector 
is proposed. This concise method is based on the 
vector algebra instead of calculating the complex 
spatial angle and position.

As shown in Fig. 5, generated gear is fixed on 
the ground; coordinate system S0(O0 – x0y0z0) is 
fixed on the generated gear with its z0 axis along 
the direction of the axis of generated gear. Ap is 
the face cone of the flat-top generator (generating 
plane), OfPf is contact line of root cone Af and gen-
erating plane AP. Pf is the contact point on mean 
radius rf. Substituting R = rf into Eq. 24, the posi-
tion of Pf is then yielded.

rPfrr 1u( ) ( , ) (n1u , )ϕ ) ϕ0 0A0ϕ ϕϕ A0) ( 0ϕ= ( ,r (rA0r ( r ))f f))) f  (19)
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In term of Eq. 27, the unit tangent vector of the 
root cone in circumference direction t3u is the same 
with that of the pitch cone t1u, namely

t t3u u( ) ( , )ϕ t (0 01uϕ ϕϕ t1u) ( rfr  (20)

And the unit tangent vector of the root cone Af 
in radial direction can be calculated.
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The unit normal vector of the root cone Af at 
point Pf is calculated by the cross product of two 
tangent unit vectors as follows.

n t t3u 3u 4u( ) ( ) ( )ϕ ϕ0 03uϕ ϕϕ t3u) ( 0×t ( )t (t3u (  (22)

Cartesian coordinate system of generating plane 
S1(O1 – x1y1z1) is established at point O0 based on 
these three direction vectors above: x-axis is in the 
direction of n3u; y1-axis is in the direction of t3u; 
y1-axis is in the direction of t4u.

The base vector of the coordinate system S0 is 
as follows
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And the base vector of the coordinate system S1 
is as follows.
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Through vector transformation method [30], the 
coordinate relationship from mobile coordinate 
system S1 to ground coordinate system S0 can be 
yielded.
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where, n3ux, n3uy, n3uz are the vector components of 
the normal vector n3u in three axes; t3ux, t3uy, t3uz are 
the vector components of the tangent vector t3u; 
t4ux, t4uy, t4uz are the vector components of the tan-
gent vector t4u.

Assuming that mobile coordinate system 
S2(O2 – x2y2z2) is fixed on the generator and its 
angle to coordinate system S1 is θp. In order to 
meet conjugate meshing of the gear and generator, 
there is a pure roll relation between the pitch cones 
of the gear and generator, namely,
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Coordinate relationship from coordinate 
system S2 to mobile coordinate system S1 is as 
follows.
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Thus, the coordinate transformation relation-
ship from mobile coordinate system S2 to ground 
coordinate system S0 can be obtained.

Figure 5. Geometrical relationship of generating.
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3.4 Generated tooth profile

The tooth profile of flat-top generator is obtained 
by Eq. 16, and the coordinate transformation 
matrix between the flat-top generator and gener-
ated gear is presented by Eq. 37. Thus, the enve-
lope equation of generated gear can be derived by 
transforming the tooth profile of generator into 
the coordinate system of generated gear [31].
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And the tangent vectors of generating tooth 
profile in two different directions are
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Therefore, the normal vector of the generating 
tooth profile is

n t tr 1t r×t1t  (31)

The relative positional relationship between 
the generator and generated gear is presented by 
Eq. 29. Thus, the relative velocity can be derived 
by taking the derivative of Eq. 29 with respect to 
time as follows [32].
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where, ω1 (constant) is the relative velocity between 
mobile coordinate system S1 and coordinate sys-
tem S0 and d

d
Mdd 02

0ϕ00
 is the derivative of each compo-

nent of the coordinate transformation matrix M02 
with respect to ϕ0.

According to meshing principles, tooth profile of 
generated gear must meet the following equation,
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Finally, the tooth profile of generated spiral 
non-circular bevel gear can be solved in combina-
tion with the meshing equation (33) and envelope 
equation (29).

4 LINKAGE MODEL AND 
MANUFACTURING PROCESS

4.1 Basic linkage model

Fig. 6 shows the coordinate systems for the six-axis 
Cartesian-type bevel gear cutting machine [33], the 
cradle is replaced by a vertical slide (Y-axis) and a 
horizontal slide (X-axis). Based on the discussion 
above, the rotation of the cradle is the compound 
rotation of the generating plane (coordinate sys-
tem S1 as shown in Fig. 5) and the generator (coor-
dinate system S2 as shown in Fig. 5). The vector 
transformation matrix from A-axis to B-axis is as 
follows.
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The vector transformation matrix from B-axis 
to the machine bed is as follows.

MPB ( ) ( ) sin( )
sin( ) ( )

Σ) cos(
Σ ) cos(

Bcos(Σcos(B )) B

B B) cos() cos(−

⎡

⎣

⎢
⎡⎡

⎢
⎢⎣⎣
⎢⎢

⎤

⎦

⎥
⎤⎤

⎥
⎥⎥

⎥⎦⎦
⎥⎥

1 0 0
0
0

 (35)

And the vector transformation matrix from the 
machine bed to the generating plane is
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Figure 6. Coordinate systems for the 6-axis Cartesian-
type bevel gear cutting machine.
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Besides, the principle of cutting is to ensure the 
consistency in three vector directions between the 
root cone of the generated gear and the virtual cra-
dle, namely,
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Then, the rotation angle of each axis can be 
solved and represented.
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  (38)

The rotation angle of visual cradle can also be 
obtained.

θ θ θc gθ θθ θ Pθθθθθ  (39)

As shown in Fig. 7, the vector transformation 
matrix from the visual cradle of machine to the 
machine bed is as follows.
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Thus, the position of the cutter center in 
machine bed is
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The values of X-axis and Y-axis show the corre-
sponding position of cutter center in machine bed 
and they can be presented as follows.
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The linkage model discussed above is based on 
the assumption that the cutting machine and the 
generated gear share a center point, namely, the 
center distance between the cutting machine and 
the generated gear Es is zero. Thus, a correction 
of some corresponding axes must be conceded. 
As shown in Fig. 8, Ot is the center point of the 
generated gear, OB is the center point of B-axis, 
zt and yt are the positions of Z-axis and Y-axis 
before correction, while zr and yr are the positions 
of Z-axis and Y-axis after correction. The relation-
ship among zr, yr, zt and yt thus can be represented 
as follows.

Y Y Yc
Z Z

i tYY i rYc
crZ
+YtYY i{ ( )i z  (43)

where,

Y E
Z E

crYY s BE
crZ s BE{ sin( )

cos( )
Σ
Σ

Figure 7. Coordinate relationship between the visual 
cradle and machine bed.

Figure 8. Axes correction in consideration of center of 
blank and machine.
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In combination with Eq. 38 and Eq. 42, the 
position of each axis is obtained.
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 (44)

4.2 Linkage model with equal-arc-length cutting 
method

However, because the pitch angle of the blank of 
non-circular bevel gear varies along with the change 
of the variable ϕ0, the rotational pitch arc-length 
and cutting area in each cutting step is different in 
the linkage model in section 4.1. These inconsist-
ent cutting areas will result in varying degrees of 
roughness on the surface of tooth profile, and may 
cause severe damage to the cutter and spindle [34]. 
To solve this problem, a linkage model with equal-
arc-length cutting is proposed.

Because the pitch curve of generator is a circle, 
and the pitch arc-length of generator is equal to 
that of generated gear based on the meshing the-
ory, the relationship between pitch arc-length of 
generated gear and the rotating angle of generator 
θg is linear. Thus, by making the generator rotate 
uniformly, namely, replacing the variable ϕ0 with 
the angle of generator θg, an equal-arc-length cut-
ting method can be obtained.

In term of Eq. 26, ϕ0 can be presented as a func-
tion of variable θg.
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Taking the derivative of Eq. 26, then
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Substituting Eq. 45 into Eq. 44, the position 
of each linkage axis with equal-arc-length cutting 
method can be presented as
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5 EXAMPLE AND ANALYSIS

5.1 Geometric design and kinematic analysis

A pair of non-circular bevel gears with 2-order 
sinusoidal gear ratio is used to verify the validity 
of the proposed mathematical model and linkage 
model. The design data is listed in Table 1.

Based on Eq. 9, the pitch cone of drive gear and 
driven gear, are shown in Fig. 9.

Here, this example is focused on the generat-
ing mathematic model and the linkage mode of 
spiral non-circular bevel gear instead of adjusting 
the contact path, thus, a simple cutting method is 
adopted: the drive gear and driven gear are cut by 
the same head cutter. The data of head cutter and 
machine-tool setting for the drive gear and driven 
gear are listed in Tables 2, 3 and 4, respectively.

In combination with the meshing equation 
(Eq. 33) and the envelope equation (Eq. 29), the 
tooth profile of generated gear can be solved. 

Table 1. Design date of spiral non-circular bevel gear.

Drive gear Driven gear

Module (mm) 2.5
Shaft angle (deg) 90
Gear ratio function i12(ϕ1) = 2.154 + 0.8 cos (ϕ1)
Face wide (mm) 20 20
Mean cone distance (mm) 40 40
Number of teeth 12 24
Mean spiral angle (deg) 32.65 32.65
Addendum (mm) 3.125 3.125
Dedendum (mm) 2.5 2.5
Clearance (mm) 0.625 0.625
Hand of spiral LH RH

Figure 9. Pitch cone of drive gear and driven gear.

Table 2. Date of head cutter.

Radius of cutter (mm) rv 38.1 (1.5 int)
Point width (mm) 1.5
Pressure angle, convex (deg) 22.833o
Pressure angle, concave (deg) 17.167 o
Tip fillet radius (mm) 0
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Fig. 10 shows the 3D model of drive gear and 
driven gear.

Import the 3-D model above into ADAMS soft-
ware, define the revolute pairs to the gears and 
contact force between these two gears, and set the 
velocity of the drive gear as ω1 = 36 deg/s (shown 
in Fig. 11), the angular velocity of the driven gear 
can thus be obtained (shown in Fig. 12). Besides, 
in term of the gear ratio listed in Table 1, the theo-
retical angular velocity of the driven gear ω2 can be 
obtained (shown in Fig. 13).

ω ω ω π2 1ω ωω ω 12
1ωω

180
36

2 154 0 8 0
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⎝⎜
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⎝⎝ ππ

Then in comparison with the analyzed curve in 
Fig. 13, the consistency of the designed gear ratio 
and the analyzed gear ratio is verified. Further-
more, the correctness of  the generating method 
and the generating mathematic model can be 
proved.

5.2 Simulation processing test

The simulation processing test is implemented in 
Vericut software as follows.

1. Establish a visual 6-axis Cartesian-type bevel 
gear cutting machine in Vericut software (shown 
in Fig. 14). Build a model of cutter based on 
the parameters listed in Table 2. Import the 
3D-model of the blank and the theoretical 
model (shown in Fig. 10) into the software.

Table 3. Machine-tool setting for the drive gear.

concave convex

Machine center to back 0 0
Sliding base 0.21 0.21
Blank offset 0 0
Cradle angle of cutter 61.062 60.454
Radial distance 36.732 36.531
Machine root angle varying

Table 4. Machine-tool setting for driven gear.

Machine center to back 0
Sliding base 0.25
Blank offset 0
Cradle angle of cutter 53.95
Radial distance 36.635
Machine root angle varying

Figure 10. 3D model of drive gear and driven gear.

Figure 11. Constraint setting in ADAMS.

Figure 12. Angular velocity of driven gear analyzed in 
ADAMS.

Figure 13. Theoretical angular velocity of driven gear.

Figure 14. 6-axis Cartesian-type bevel gear cutting 
machine.
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2. Take the step as 0.1, thus the increment of θg 
is Δθ πgθ rfr =f= 360 00

pp
. /1 . d28 eg. Calculate the NC 

code according to the parameters listed in 
Table 4 and the position equation of each axis 
(Eq. 48), and then import it into the software.

3. Put the theoretical model and the blank model 
together, and then start the simulation process-
ing test. As shown in Fig. 15, the red part is the 
theoretical model, the yellow part is the blank 
model, and the green area refers to the cut area 
of the blank.

4. After the simulation processing test, analyze the 
surface error between the theoretical model and 
the simulation model.

The results of surface error analysis are presented 
in Fig. 16. The comparison tolerances are divided 
into over-cut (gouge) and less-cut (excess) by dif-
ferent colors as shown in Fig. 18 (a). Surface errors 
of finished drive gear and driven gear are shown 
in Fig. 16 (b) and Fig. 16(c) respectively. It is thus 
known that both the maximum over-cut value and 
less-cut value in drive gear and driven gear are 0.05, 
less than the setting program step (0.1 mm). In this 
sense, the consistency of the generating mathematic 
model and the linkage model is verified.

5.3 Manufacture and rolling experiment

The blanks of the driven gear and driven gear are 
fabricated as shown in Fig. 17(a) and Fig. 17(b) 
correspondingly.

The cutting process is implemented in a 
6-axis CNC bevel gear cutting machine with 

Figure 15. Simulation processing test.

Figure 16. Surface error analysis.

Figure 17. Finished blanks of the drive and driven 
gear.
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Figure 18. Manufacturing process for the drive gear 
and driven gear.

Figure 19. Finished drive gear and driven gear.

Figure 20. Angular velocity of driven gear analyzed in 
ADAMS.

The rolling experiment

Figure 21. Angular velocity of drive gear in rolling 
experiment.

drive gear (a) and driven gear (b). Besides, there 
is also a rolling experiment of this pair of gears as 
shown in Fig. 20, and the angular velocity of the 
driven gear is obtained as shown in Fig. 21. This 
measured curve is consistent with the theoretical 
curve shown in Fig. 13. Thus, the correctness of 
the generating method and the consistency of the 
generating mathematic model and linkage model 
are verified.

6 CONCLUSIONS

The performed research enables one to draw the 
following conclusions:

1. The mathematic model of generating spiral non-
circular bevel gear has been established in term 
of the generating method for spiral non-circular 
bevel gear, involving basic cones, applied coor-
dinated systems and generated tooth profile. 
According to the coordinate systems for 6-axis 
Cartesian-type bevel gear cutting machine, a 
linkage model of cutting spiral non-circular 
bevel gear is deduced. Furthermore, an equal-
arc-length cutting method has been proposed to 
avoid the defect of varying cutting area in the 
above model.

2. The feasibility of the generating method, as 
well as the correctness of the mathematic model 

SINUMERIK 840D system. Fig. 18 shows the 
manufacturing process for the drive gear (a) and 
the driven gear (b). Fig. 19 shows the finished 
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 [6] Shanming Luo, Yue Wu, Jian Wang, The genera-
tion principle and mathematical models of a novel 
cosine gear drive, Mechanism and Machine Theory 
43 (2008), 1543–1556.

 [7] D. Mundo, Geometric design of a planetary gear 
train with non-circular gears, Mechanism and 
Machine Theory 41 (2006), 456–472.

 [8] Lin Chao, Hou Yujie, Gong Hai, Zeng Qinglon, 
Nie Lin, Flow characteristics of high-order ellipse 
bevel gear pump, Journal of Drainage and Irriga-
tion Machinery Engineering 29 (2011), 379–385 (in 
chinese)

 [9] Zhao Yumin, Ma Yanhui, Hua Lin, Liu Jin.Pla-
nar, Unfolding Algorithm of Noncircular Bevel 
Gears. China Mechanical Engineering 19 (2008), 
2046–2049.

[10] Jia Jumin, Gao Bo, et a1. Study on a new type of dif-
ferential with variable ratio for off-road vehicles, China 
Mechanical Engineering 23 (2012), 2844–2847.

[11] Ollson U, Non circular bevel gears, the Royal Swed-
ish Academy of Engineering Sciences, Stockholm 
Sweden, 1959.

[12] Xie Xia, Zhang Xiaobao, Jia Jumin, et a1. Coor-
dinate measuring of the variable ratio noncircular 
bevel gear, Proc. Im. Confi Electron. Mech. Eng. 
Inf. Techn01. EMEIT 9 (2011), 4471–4473.

[13] Xia Jiqiang, Liu Yuanyuan, Geng Chunming, et a1. 
Noncircular bevel gear transmission with intersect-
ing axes, Journal of Mechanical Design, Transac-
tions of the ASME 130 (2008), 1–6.

[14] Fangyan Zheng, Lin Hua, Xinghui Han and Ding-
fang Chen, 2016, “Generation of Non-Circular 
Bevel Gears with Free-Form Tooth Profile and 
Tooth Lengthwise Based on Screw Theory”, ASME 
J. Mech. Des. doi: 10.1115/1.4033396

[15] Fangyan Zheng, Lin Hua, Ding-fang CHEN and 
Xinghui Han, 2016, Generation of Non-Circular 
Spiral Bevel Gears by Face-Milling Method, ASME 
J. Manuf. Sci. Eng, (2016); doi: 10.1115/1.4033045

[16] Haitao Li, Wenjun Wei, Pingyi Liu, Di Kang, 
Shaoying Zhang, The kinematic synthesis of invo-
lute spiral bevel gears and their tooth contact analy-
sis, Mechanism and Machine Theory, 79 (2014), 
141–157.

[17] Faydor L. Litvin, Alfonso Fuentes, Kenichi Haya-
saka, Design, manufacture, stress analysis, and 
experimental tests of low-noise high endurance spi-
ral bevel gears, Mechanism and Machine Theory 41 
(2006), 83–118.

[18] J. Astoul, E. Mermoz, M. Sartor, J.M. Linares, A. 
Bernard, New methodology to reduce the transmis-
sion error of the spiral bevel gears, CIRP Annals—
Manufacturing Technology 63 (2014), 165–168.

[19] Z. Yang, Z. Hong, B. Wang, X. Zhang, New tooth 
profile design of spiral bevel gears with spherical 
involute, Int. J. Adv. Comput. Technol. 4 (2012), 
462–469.

[20] J.T. Alves, M. Guingand, J. Vaujany, Design-
ing and manufacturing spiral bevel gears using 
5-axis computer numerical control (CNC) milling 
machines, J. Mech. Des. Trans. ASME 135 (2013), 
024502–024507.

[21] Chung-Yunn Lin, Chung-Biau Tsay, Zhang-Hua 
Fong, Computer-aided manufacturing of spiral 

and the linkages model is verified by the kine-
matic analysis in ADAMS software, simulation 
processing test in Vericut software, manufactur-
ing process with a 6-axis NC spiral bevel gear 
cutting machine and a rolling experiment.

3. The result of the rolling experiment shows that 
this type of gear can be applied to variable-
speed intersecting axes driving, although its 
dynamic performance and bearing capacity still 
needs further research.

4. The successful manufacture of spiral non-circu-
lar bevel gear on a 6-axis CNC bevel gear cutting 
machine, which is widely used in the manufac-
ture of spiral bevel gear at present, shows that 
spiral non-circular bevel gear is liable to indus-
trial production, and will therefore contribute 
to the application of intersecting axes driving.
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Sustainable technologies and their application in industrial gearbox 
development

Daizhong Su & You Wu
Design and the Built Environment, Advanced Design and Manufacturing Engineering Centre, 
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ABSTRACT: In order to apply sustainable technologies in production and related stages in product 
lifecycle, a Web-based sustainable production support toolbox has been developed which consists of 
regulations and directives related to sustainability, standards for sustainable production, LCA software, 
LCA databases, LCA methods, and sustainable design methods/tools. In this paper, the structure and 
contents of the toolbox are presented first, followed by a case study illustrating the application of the 
tools into product development. In the case study presented, an overview of application of the tools in 
gearbox development is presented first, and then the lifecycle impact assessment in gearbox is presented 
in details.

In the following sections of this paper, the 
structure and contents of the toolbox is presented 
first, followed by a case study illustrating the 
application of the tools in the industrial gearbox 
development.

2 THE TOOLBOX

2.1 Overview of the toolbox

The toolbox is Web-based and can be accessed from 
http://adm-global.org/productionsupporttools/. 
Figure 1 shows the home page of the toolbox, which 
consists five pull-down menus: Life Cycle Impact 
Assessment (LCIA), Ecodesign Tools, Manage-
ment Standards, Directives and Regulations, and 
Data Bridging Tool. The pull-down menus are of 
two levels, as illustrated in Figure 2 using ‘Life 
Cycle Impact Assessment’ as an example: the first 
level of the pull-down menu consists of four items 
(Software Tools, LCIA Methods, Databases, and 
Terminology); after clicking on ‘Software Tools’, 
its second level pull-down menu appears which 
lists the titles of seven software tools. After click-
ing at ‘Open LCA’, the information of the software 
tool is shown on the screen (see Figure 3).

The tools included in the toolbox can be 
grouped into seven modules, including LCA (life 
cycle assessment) methods, LCA software, LCA 
database, regulation and directives related to sus-
tainability, Eco-design tools, standards for sustain-
able production, and data bridging tool.

Figure 4 shows the structure of seven modules. 
The three LCA modules are under the ‘Life Cycle 
Impact Assessment’ pull-down menu as shown in 

1 INTRODUCTION

Nowadays, sustainable development has become 
an urgent issue in order to reduce the resource con-
sumption, prevent the world from climate change, 
and reduce negative impact on the environment. 
The need for a transition of economy towards more 
sustainability has attracted great attention (UNEP 
2015). This includes the reduction of material 
consumption (UNEP 2014) and carbon emissions 
(IPCC 2014) in production and consumption. 
There have been number of tools to support sus-
tainable productions, such as lifecycle assessment 
software, sustainability regulations and directives, 
eco-design guidelines, etc.; but production stake-
holders may not aware them or have difficulty to 
select ones to suit their needs. Therefore, there 
is a demand for an easy-use toolbox to support 
sustainable production.

In order to meet the demand, this study is 
to provide necessary tools to help stakeholders 
involved in production to apply sustainability tech-
nologies into the production and related stages in 
product lifecycle. For this purpose, a sustainable 
production toolbox is developed, which is part 
of the international collaborative research 
project, myEcoCost, supported by the European 
Commission (myEcoCost, 2016). The project con-
sortium consists of nine partner organisations from 
the UK, Germany, Sweden and Belgium, includ-
ing seven industrial partners (Boots, Ecover, GS1 
and others), Wuppertal Institute and Nottingham 
Trent University (NTU). As members of the NTU 
team, the authors developed the toolbox with sup-
port from other teams of the myEcoCost project.
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Figure 2 and the rest modules are under the pull-
down menus with the titles same as those of the 
module, as shown in figure 1. The tools contained 
in each modules are further detailed below.

2.2 LCA methods

This module presents the main features of LCA 
methodologies from the perspective of impact cat-
egory, middle/end points, applicable scopes. The 
included methodologies are as follows: Ecological 
footprint (Hischier et al. 2010), Cumulated Energy 
Demand (PRé 2015b), Ecological Scarcity 2006 
(Frischknecht et al. 2009), EDIP (Hauschild & 
Potting 2004), IMPACT World+ (Annie 2011), 
ReCiPe (Goedkoop et al. 2009), CML (Guinée 
2002), TRACI 2.1 (Bare 2011), Eco-indicator 
99 (PRé 2015a), IMPACT 2002+ (Humbert et 

Figure 1. Home page of the toolbox.

Figure 2. An example of pull-down menus.
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al. 2012). They link different types of life cycle 
impact results and cover different impact catego-
ries and characterization models. Common impact 
categories are climate change, human and eco-
 toxicity, acidification, eutrophication and resource 
depletion.

2.3 LCA software

This module introduces the state-of-art LCA soft-
ware that are specialized in assessing environmental 
impact: SimaPro (PRé 2015b), GaBi (PRé 2015b), 
openLCA (Ciroth 2014),

SolidWorks (Ciroth et al. 2015), Quantis SUITE 
(Humbert et al. 2012), Sustainable Mind (Meijer 
2013). The available methodologies, databases of 
each software are introduced, and the unique func-
tions or services related to them are also reported. 
The generalized rules applicable for selection of 

these tools are developed and included in this 
module. 

2.4 LCA databases

This module includes the information of well-
known and widely used LCI (life cycle impact) 
databases: Ecoinvent (PRé 2015a), Gabi data-
bases (Education 2009), WFLDB (World Food 
LCA Database) (Whittaker et al. 2013), ELCD 
(European Reference Life Cycle Database) 
(European Commission 2011), Exiobase (Wood 
et al. 2015), GEMIS (Global Emission Model for 
Integrated System) (Skarvelis-Kazakos et al. 2009), 
USLCI (EarthShift 2015), CEDA (Comprehensive 
Environmental Data Archive (Mayyas et al. 2013). 
The presented information relates to the reliabil-
ity, comprehensibility, usability, latest update, and 
availability.

Figure 3. Information page of a software tool.
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Data of product life cycle are crucial elements 
to the results in the life cycle assessment. The accu-
racy and applicability of the LCI results depends 
on the data provided by LCI database. Different 
databases focus on particular regions and specific 
areas. Therefore, it is advisable to compare and, 
if  possible, integrate the information of the LCI 
databases into the complementary system. Guide-
lines for selection and utilisation of these databases 
are also provided.

2.5 Regulations and directives

This module presents the details of regulations and 
directives of sustainability related to production in 
the EU: Waste Framework Directive (European 
Commission 2008), Eco-Management Audit Scheme 
(European Commission 2009c), Ecodesign Directive 
(European Commission 2009a), Energy Labelling 
Directive (European Commission 2010a), Eco-label 
Regulation (European Commission 2009b), Indus-
trial Emissions Directive (European Commission 
2010b), Waste Electrical and Electronic Equip-
ment (European Commission 2012), Environmental 
Impact Assessment Directive (European Commis-
sion 2014).

The intention of establishing this module is to 
help the toolbox users, particularly smaller compa-
nies to better understand the environmental require-
ments increasingly encountered in public tenders.

2.6 Ecodesign tools

This module constitutes the generic sustainable 
design guidelines that widely used in the indus-
try and academic fields, which include EcodEX 
(Schenker et al. 2014), ECO-it (Owsianiak et al. 
2014), Ecodesign Pilot (Vallet et al. 2013), Greenfly 
(Behrisch et al. 2010), Eco-labelling.

The module presents the possibilities offered 
by a series of generic sustainable design guidelines 
and convey possibilities to improve the sustainabil-
ity of products.

2.7 Standards of sustainable production

ISO standards in this area are included in this 
module, and these standards enable sustainable 
development and cover environmental aspects of 
organizations’ activities in terms of identifying prob-
lems, controlling impacts and monitoring perform-
ance. The included standards are: Environmental 
Management System (To & Lee 2014), Guidelines 
for Incorporating Eco-design (Lewandowska & 
Matuszak-Flejszman 2014), Environmental Labels 
and Declarations (Finkbeiner 2013; Pastor et al. 
2014), Environmental Performance Evaluation 
(O’Reilly 2000), Life Cycle Assessment Principles 
and Framework (ISO 2006a), Life Cycle Assess-
ment Requirements and Guidelines (ISO 2006b), 
Greenhouse Gases (Johnson 2009; Bastianoni et al. 
2014). This module also clarifies the link between 
those standards and other supportive tools within 
the context of sustainable production.

2.8 Data bridging tool

This web based tool contains two aspects includ-
ing: integrating myEcoCost methods and frame-
work with SimaPro and openLCA; and exporting 
myEcoCost data into openLCA. The core of this 
tool for exporting LCA data into EcoSpold format 
file is a Java-based GUI. It calls ‘GetProduct’ and 
‘GetElementaryFlow’ API functions in the eco-
Account Module to acquire data from myEcoCost 
database and collect direct input from user to sup-
plement the data required by standard format of 
EcoSpold file.

Figure 4. Outline of the toolbox.
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3 CASE STUDY: UTILISATION OF THE 
TOOLBOX INTO THE DEVELOPMENT 
OF AN INDUSTRIAL GEARBOX

The gearbox shown in Figure 5 is used in this case 
study, which is a one-stage gearbox with input power 
3.9 kW, speed reduction ratio 4 and input speed 572 
rpm. This case study is to illustrate how relevant 
sustainable production support tools mentioned 
previous section have been utilised in the product 
development process, which involves Product 
Design Specification (PDS), conceptual design, 
detail design, manufacture and supply-chains. The 
overview of application of the tools is presented 
in sub-sections 3.1 and 3.2, then the LCIA of the 
gearbox is presented in details in sub-section 3.3.

3.1 Application of regulations/directives and 
sustainable production standards

At the PDS phase, relevant regulations and direc-
tives are involved in the formulation of PDS. For 
example, according to the EU Industrial Emissions 
Directive (European Commission 2010), Environ-
mental Impact Assessment Directive (European 

Commission 2014) and Life Cycle Assessment 
Requirements and Guidelines (ISO 2006b), the 
following PDS item is derived: to reduce materials 
and energy consumption and to reduce the 
product’s negative impact on the environment. 
This PDS is implemented at several stages of the 
product development process, for example,

• In the design of the gearbox, it should be 
designed to be easily disassembled. This enables 
the gearbox to be easy repaired and hence to 
have long service life, and easy for recycling or 
reuse at the end of service life of gearbox;

• at the manufacture stage, second-hand compo-
nents, such as shafts or case, could be used for 
the assembly of the gearbox;

• in the product supply chain, local suppliers are 
to be used in order to reduce harmful emissions 
during the transportation.

3.2 Application of eco-design and lifecycle impact 
assessment tools

The eco-design tool and lifecycle impact assessment 
tools (LCA software, methods and databases) 

Figure 5. Gearbox assembly drawing and the summary of main components.
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are utilised at the conceptual design and detail 
design phases.

In the conceptual design phase, because the 
detailed information of the gearbox is not available 
and, hence, in depth LCA cannot be conducted; 
but the estimation of the LCA is still required in 
order to assess the concepts of the gearbox and to 
make a decision to select the final concept for detail 
design. Due to such a feature and LCA require-
ment, a simple eco-design tolls, such as ECO-it 
which is a software tool specifically geared towards 
product designers and allows product lifecycles to 
be modelled in a matter of minutes, is used for 
LCA at the conceptual design.

In detail design phase, because the detail infor-
mation of the gearbox is available, its in-depth 
lifecycle impact assessment can be conducted. 
Relevant LCA software tools, LCA methods and 
databased can be applied. In this case study, the 
following are involved:

• LCA method: ReCiPe which comprises harmo-
nised category indicators with seventeen mid-
points and three end-points.

• LCA software tool: openLCA which is the 
leading LCA software to implement LCIA 
methodology with ReCiPe methods.

• LCA database: Ecoinvent which is the most 
powerful database the subject area and contains 
all the data required for conducting the gearbox 
LCA of this case study.

3.3 Analysis of life cycle impact assessment

The analysis conducted includes the gearbox 
assembly and its production; and the rest of phases 
within the product life cycle, including transport, 
disposal, disassembly, and waste scenario.

Figure 6 shows the LCIA results of the gearbox 
with ReCiPe endpoint indicators. 10% cut-off  was 
applied, which means the processes or materials 
with less than 10% impacts are hidden. As the 
diagram shows, the low-alloyed steel, steel turn-
ing, cast iron, and chromium cause the majority of 
impacts among all the processes and material used 
in the gearbox life cycle. They score 15 Pt, 4.172 
Pt, 4.298 Pt, and 4.641 Pt respectively. It is clearly 
that low-alloyed steel has the highest impact. More 
than half  impact is contributed by the extraction 
of the low-alloyed steel (52.39%). The chromium 
steel contributes to low speed and high speed shaft 
bearings. The low-alloyed steel contributes to low 
speed shaft, gear, and high speed shaft. The turn-
ing contributes to results related to the gear, low 
speed shaft, and high speed shaft.

Figure 7 shows the single score of gearbox 
with ReCiPe endpoint indicators. As the figure 
shows, the gearbox causes 18.36 Pt, 10.28 Pt, 3.74 
Pt impacts for Resources, Human Health, and 

Figure 6. Partial sankey diagram of the gearbox LCIA 
results with 10% cut off.

Ecosystems, respectively. The contributions of each 
life cycle stage in impact categories are also identi-
fied: subassembly of low speed shaft (57.10%), sub-
assembly of high speed shaft (22%), case (17.41%) 
and transportation (2.38%) share the main impacts 
of Resources (98.89%); subassembly of low 
speed shaft (47.84%), subassembly of high speed 
shaft (18.31%), case (28.55%) and transportation 
(3.93%) share the main impacts of Human Health 
(98.63%); subassembly of low speed shaft (48.64%), 
subassembly of high speed shaft (19.04%), case 
(25.39%) and transportation (5.40%) share the 
main impacts of Ecosystems (98.47%). Therefore, 
in order to reduce environmental impacts, the pri-
orities of optimization design are identified as fol-
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materials with high impacts in the life cycle. 4% 
cut-off  is applied to the two charts for presenting 
with highlights. Pig iron and hard coal share 8% for 
each. They are the materials with highest impacts, 
and cause 4.98 Pt and 4.74 Pt of impacts for each. 
Iron ore with 46% Fe shares 7% as the third place. 
Hard coal shares 5% as the fourth place. Sinter 
of iron and cast iron are placed as fifth and sixth 
places, respectively, sharing about 3%.

4 CONCLUSIONS

This study presents a toolbox which includes 
state-of-art technologies and tools in the field of 
LCIA and sustainable production, and this tool-
box providing information for users to support 
sustainable production at different stages of the 
product life cycle. This toolbox distils the analytic 
results of LCIA into key principles or instructions 
to help users deliver economic and social benefit 
outcomes.

The toolbox is Web-based. The tools contained 
in the toolbox are presented in six pull-down 
menus: Life Cycle Impact Assessment (LCIA), 
Eco-design Tools, Management Standards, Direc-
tives and Regulations, and Data Bridging Tool.

A case study is conducted to illustrate how rel-
evant tools contained in the toolbox are utilised in 
the gearbox development process, which involves 

Figure 7. Single score of gearbox LCIA.

Figure 8. Single score of process contributions for 
gearbox.

lows: subassembly of low speed shaft, subassembly 
of high speed shaft, and case.

Figure 8 shows pie chart and bar char of proc-
ess contributions, which indicate the processes or 
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product design specification, conceptual design, 
detail design, and manufacture. In the case study 
presented in this paper, an overview of application 
of the tools is presented first, and the LCIA of 
the gearbox is then presented in details. The LCIA 
is implemented using open LCA with ReCiPe 
method. The results of LCIA consist of Sankey 
diagram, single score, and process contributions. 
The results obtained illustrate the impact of gear-
box throughout its life cycle, and these analytical 
results can be used for benchmarking the gearbox’s 
environmental performance.

Sustainable production has become an urgent 
issue. Although some tools to support sustainable 
production exist, but the production stakeholders 
may not aware them or have difficulty to select ones 
to suit their needs. The toolbox developed by this 
research help stakeholders to apply sustainability 
technologies into the production and related stages 
in product lifecycle, which is a novel contribution.
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A novel synchronous coupling precision control method 
for electronic gearbox

L.L. Wu, J. Han, X.Q. Tian & L. Xia
School of Mechanical Engineering, Hefei University of Technology, Hefei, Anhui, China

ABSTRACT: The gear generation machining accuracy is strongly dependent on the synchronous 
motion control precision of the Electronic Gearbox (EGB). In this paper, a novel synchronous coupling 
control method is presented to minimize the EGB synchronous errors contributed by mismatching of all 
servo motion. The online error estimation model is deduced from the perspective of geometry combining 
EGB movement control model. The generative error and the compensation components are estimated 
in real time. The compensation commands are sent to the position control loop of each axis with a pro-
portional gain. The stability and control effect of the proposed method are verified through simulation 
analysis and gear machining experiment on a six-axis gear hobbing machine tool. The simulation and 
measured results all show that the proposed control method can reduce the EGB synchronous motion 
error, improve the gear machining accuracy effectively.

Keywords: Electronic Gearbox (EGB); Synchronous coupling control; Generative error; Gear machining

Jeon 2013; Xiao, Pang, Ge & Sun 2013). The syn-
chronous controllers are designed with different 
error models to minimize the position and speed 
synchronous errors of absolute synchronous sys-
tem, proportion synchronous system and other 
arbitrary synchronous system (Peng, Liu & Zhang 
2013; Tian, Han & Xia 2015).

In most cross coupling control system, the com-
pensation signals are injected into the velocity 
commands and work with velocity loops of each 
axis. In this case, the inner loop controllers should 
to be modified and the design and stability analy-
sis process will become more difficult. Further, 
it is not available for some control system closed 
around position loop. Because of this reason, the 
position loop-based cross coupling controllers are 
designed injecting compensation value into the 
position reference input to decrease the contour 
error (Shih, Chen & Lee 2002; Yang & Li 2011; 
Yang & Altintas 2015). In this paper, the synchro-
nous coupling controller employing the position 
loop-based structure is presented to improve the 
control precision of EGB control system.

Henceforth, the rest sections are organized as 
follows. The EGB structure model is introduced 
in Section 2. The design process of the EGB syn-
chronous coupling controller is described in Sec-
tion 3. Then the experiments and analysis results 
are presented in Section 4 to verify the proposed 
approach. Finally, the paper is concluded in last 
Section.

1 INTRODUCTION

For characteristics of simplifying the machine tool 
transmission chain, reducing the transmission error 
and improving the structure, etc, the Electronic 
Gearbox (EGB) has been concerned and studied 
in depth (Martinova, Pushkov, Kozak & Trofi-
mov 2014; Tian, Han & Xia 2015; Zheng, Hua, 
Han, Li, B. & Chen 2016). The EGB technology 
has been widely applied in machining fields of 
gears and cams, etc. As a multi-axis control sys-
tem, good tracking performance for the individual 
motion subsystem within the EGB control system 
doesn’t mean satisfactory whole response require-
ments. The interactions among subsystems need to 
be considered for good whole performance (Huo & 
Poo 2013; Ramesh, Mannan & Poo 2005).

In order to reach the object, the coupling syn-
chronization control is proposed, which is realized 
by synthetically using feedback information of dif-
ferent control subsystems. The cross coupling con-
troller is first presented by Koren (Koren 1980), 
which is used for biaxial linear profile. Then on 
the basis, the modified cross coupling controllers 
are extended to three-axis and five-axis machine 
tools, etc with arbitrary profile (Barton & Alleyne 
2008; Koren & Lo 1991; Shih, Chen & Lee 2002; 
Yang & Li 2011; Yang & Altintas 2015). Also 
the cross coupling concept is applied into multi-
axis synchronous control system (Cheng, Li & 
Bakhoum 2014; Jeong & You 2008; Le, Hoang & 

ICPT2016_Book.indb   859ICPT2016_Book.indb   859 9/29/2016   12:18:36 PM9/29/2016   12:18:36 PM



860

2 EGB STRUCTURE MODEL

Different from the traditional multi-axis machin-
ing process, the position and speed synchronization 
relationship between each axis of gear machine 
tool should to be restrained strictly during the gear 
machining process. The gear machining accuracy 
depends on the synchronization motion control 
precision greatly.

In order to realize the synchronization of mul-
tiple axes, the EGB is adopted. In the EGB, the 
position and speed commands of following shafts 
are computed according to the feedback data of 
encoders installed on machine tool axes or motor 
shaft for master-slave mode structure. And for par-
allel structure they are computed according to the 
command data of machine tool axes. Then they 
are sent to position controllers to drive these axes. 
The EGB structures are different for various gear 
machining methods such as gear milling, shaping, 
hobbing, scudding, grinding and honing.

The axis movement relationship of gear hobbing 
machine tools is illustrated in Figure 1. The accu-
rate linkage relation should to be kept between hob 
spindle B and workpiece spindle C. Meanwhile 
additional motion caused by hob axial endplay Y 
and axial feed Z need to be attached to the move-
ment instruction of workpiece spindle C. The syn-
chronous movement relationship of B-axis, C-axis, 
Z-axis and Y-axis can be describe as,

θ θ β
c Bθθ B

c
B Zθ

n c
Y

n c

ZB

Zc

KZ m Zn c

z KY m Zn c

y+θBθ 360 360sin cβ
K

360 os
π

λ
π

 (1)

where θc, θB, z and y represent the following angle 
position of C-axis, the movement angle position of 
hob spindle, the travel distance of Z-axis and the 
travel distance of Y-axis, respectively. The symbols 
ZB, Zc, mn, β and λ correspond to the hob threads, 
the gear teeth number, the machined gear normal 
module, the helix angle of machined gear and the 
installation angle of hob, and they are known for 

the gears to be machined. The value of KB, KZ and 
KY are ‘−1’ or ‘+1’ determined by β, λ and the direc-
tion of B-axis, Z-axis and Y-axis. So the value of θc 
can be obtained by Equation 1.

Due to the speed closed-loop mode is applied 
in cutter spindle B, the value θB is acquired from 
encoder installed on it. Other axes adopt position 
closed-loop mode and the value z and y are gotten 
from their command data. So the composite struc-
ture shown in Figure 2 is used in the EGB control 
model.

3 EGB SYNCHRONOUS COUPLING 
CONTROL STRATEGY

The control precision of EGB directly affects the 
gear machining quality and maps to the gear helix 
deviation, pitch deviation and gear tooth surface 
morphology. The EGB synchronous coupling con-
troller is designed to compensate the gear gener-
ating machining errors caused by uncoordinated 
motion.

3.1 Relationship between EGB synchronous 
control and gear machining error

The existence of each axis tracking error make the 
hob cutting edge deviates from the desired tooth 
profile surface causing machining error. Defining 
ei(i = y,z,B,c) as the tracking error for the struc-
ture model illustrated in Figure 2. Because of 
C-axis follows the actual position of B-axis, so the 
tracking error of B-axis has no effect on the preci-
sion of EGB. Combining the linkage relation of 
gear hobbing, the gear pitch deviation and helix 
deviation can be deduced from the perspective of 
geometry as,

f
Z m
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m Z

e K
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Figure 1. Movement relationship of gear hobbing. Figure 2. EGB control structure model.
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δ π β λ=
360

m Z e K− e βn cZ c ZK z Yβ yi βββ  (3)

If  fpt = 0 and δ = 0 can be reached through error 
compensation, the object of eliminating pitch devi-
ation and helix deviation can be realized, although 
the tracking errors exist. By combining Equation 2 
and Equation 3, the EGB synchronization error 
can be given as,

ε λ
π

β
π

= e K−
m Zππ

e K−
m Zππ

ec YKK
n cZ y ZK

n cZ z
360 360cos sλ

K
360 in  (4)

Furthermore, defining the coefficient kcc = 1, 
kcz = –KZ⋅360sinβ/(πmnZc) and kcy = –KY⋅360cosλ/
(πmnZc). In above Equation 4, we can see that 
the synchronization error can be calculated in real 
time. With suitable compensation algorithm, the 
gear machining error caused by out of sync will 
be reduced.

3.2 EGB synchronous coupling controller design

The structure of the designed EGB synchronous 
coupling controller is shown in Figure 3, which 
references the idea of multi-axis control coupling. 
Where Pai and Pri are the actual and reference posi-
tion of drive axis i(i = y,z,c). Gpi is the open loop 
transfer function. And Gci is the controller.

From Figure 3, if  the EGB synchronous con-
troller does not exist, the tracking error ei can be 
easily deduced as,

e P
G G

G G
P

P
G Gi rPPi

ciG piG

ciG piG riPP riPP

ciG piG
−P =

+1 1G GG piG ri+
 (5)

Substituting Equation 5 into Equation 4 the 
synchronous error of the uncoupled system can be 
obtained as,

ε0ε
1 1

1

= = +
+

+
+

e k+ e k+ e
P
G G

k P
G G

k P
G G

c ck+ y yec czk z
rcPP

ccG pcG
cyk ryPP

cyG pyG
czk rzPP

czG pG zz  (6)

By bringing in synchronous controller, extra 
position loops are used to modify the reference 
position command of each axis. But the original 
control system does not need to design again. With 
the compensation instruction, the tracking error 
can be computed as,

e P
G G

G G
P k G G G

Gi rPPi
ciG piG

ciG piG
riPP cik cccG ciG piG

cG
−P ( )P k GriPP cik cccG =

+1 1G GG piG+
( )ri ci ccckk

εkk

i pii iGp

 
 

(7)

Similarly, Substituting Equation 7 into Equa-
tion 4, we can obtain,

ε ε ε ε= +ε +1 2εε+εε 3εε  (8)

where

ε
ε

1εε
1

=
+

P Gεε− G G
G G

rcPP cccG ccG pcG

ccG pcG

ε
ε

2ε
2

1
=

−
+

k P k Gε 2 G G
G G

cyk ryPP cyk cccG cyG pyG

cyG pyG

ε
ε

3εε
2

1
=

−
+

k P k Gε 2 G G
G G

czk rzPP czk cccG cyG pyG

czG pzG

It is necessary to reduce the order of the con-
trol system for practical application. Hence, Gccc is 
designed as adjustable controller gain m. Synchro-
nous error can be rewritten as,

ε =
+

+
A B+ C

D H+ Q P+
 (9)

where

A P G G G Grc cyG pyG czG pzGPrcPP ( ) +( )1 1G GG pyG+ )(
B k P G G G Gcyk ryPP ccG pcG czG pzGk Pcyk PP (( )( )1 1G GccG G )(

C k P G G G Gczk rzPP ccG pcG cyG pyGk Pczk PP (( )( )1 1G GccG G )(Figure 3. EGB synchronous controller.

ICPT2016_Book.indb   861ICPT2016_Book.indb   861 9/29/2016   12:18:37 PM9/29/2016   12:18:37 PM



862

D G G G G G GccG pcG cyG pyG czG pzG(( )( )( )1 1G GccG G )( 1

H mG G G G G GccG pcG cyG pyG czG pzGmG GG pcG ( ) +( )1 1G GG pyG+ )(
Q mk G G G G G Gcyk cyG pyG ccG pcG czG pzGmk G Gk cyG G (( )(( )2 11 G GccG G )(

P mk G G G G G Gczk cyG pyG ccG pcG cyG pyGmk G Gk cyG G (( )(( )2 11 G GccG G )(
Comparing Equation 6 and Equation 9, the 

relationship of uncoupled system and coupled sys-
tem can be obtained as,

ε =
+ +

+
+

+

1

1
1 1+ 1

2 2+m
G G

G G
mk

G G

G G
mk

G G

G G
cc pc

cc pc

cy
cy py

cy py

cz
cz pz

cz pzpp

ε0  
 

(10)

From Equation 10, we can see the denominator 
greater than 1 obviously, so the synchronous error 
decreases significantly. Within the drive band-
width allowed and optimal control parameters, 
the closed loop transfer function GciGpi/(1+GciGpi) 
can approximate to 1. The synchronous error can 
approximately reduce to,

ε ε1
1+ 2 2 0ε

m kcy cz )+( 2 2+k+1 kcyk czk
 (11)

From above Equation 11, we can see that 
the synchronous error can easily reduce to 1/
(1 + m(1 + (kcy)2 + (kcz)2)) times just with a sim-
ple proportional synchronous controller. So the 
pitch and helix errors caused by out of sync can 
be reduced.

4 SIMULATION AND EXPERIMENT 
ANALYSIS

In order to verify the performance of proposed 
method, the computer simulation was done under 
the Matlab/Simulink environment and machin-
ing experiments were done on a six-axis hobbing 
machine tool retrofitted with a home-made gear 
machining CNC system. The actual motion rela-
tionship of gear machining process was simulated, 
which is restrained by EGB. The machined gear 
and hob parameters are shown in Table 1.

Based on the parameters, the EGB synchronous 
controller coefficient can be calculated as kcc = 1, 
kcz = 0.008 and kcy = 0.03. The simulation model 
is constructed in the Matlab/Simulink environ-
ment, according to the mentioned EGB synchro-
nous control method. The position control loop 

Table 1. Gear and cutter parameters.

Gear Hob

Pressure angle α (°) 20
Tooth number Zc 65 Pressure angle α (°) 20
Module mn (mm) 1 Thread number Zc 1
Effective tooth

width B (mm)
15 Module mn (mm) 1

Blank diameter
Dc (mm)

69.3 Helix angle ν (°) 1.97

Helix angle β (°) 15 Outside diameter
DB (mm)

30

Hand of helix Right Hand of helix Right
Change factor χ 0

Figure 4. Tracking error simulation results.

uses P controller. The velocity control loop uses 
PI controller. And the current loop is simplified 
as a proportional amplification link. The control 
parameters are optimized before the synchronous 
controller is introduced. The synchronous con-
troller employs P controller with gain m = 1. The 
results of coupling and uncoupling control are 
shown in Figures 4–5.

From the simulation results, we can see that 
although the change of the tracking error is not 
obvious, yet the EGB synchronization control per-
formance improves a lot. During system simula-
tion, the uncertainties and other nonlinear factors 
of actual system are not taken into consideration 
completely. In order to verify the effectiveness for 
practical application, the machining experiments 
are done on a gear hobbing machine tool retrofit-
ted with a home-made gear machining CNC system 
as shown in Figure 6. To ensure the consistency of 
machining results, three gears are machined in the 
case of uncoupling and coupling way. The typical 
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Figure 5. Synchronization error simulation results.
Figure 6. Gear hobbing machine tool used in 
experiments.

Figure 7. Helix error curves without compensation.

Figure 8. Pitch error curves without compensation.

measured results of helix and pitch error are shown 
in Figures 7–10 and summarized in Table 2–5.

The helix and pitch errors are shown in Figure 7 
and Figure 8 when the coupling control action is 
absent, and they are summarized in Table 2 and 
Figure 3. When the coupling control action is 
introduced, the errors change to Figure 9 and Fig-
ure 10 and are summarized in Table 4 and Figure 5. 
Compared the measured results, we can see that the 

helix and pitch errors are all reduced with the syn-
chronous coupling control method. The helix total 
error maximum value changes to 12.0 from 14.7. 
The helix shape error maximum value reduces to 
12.4 from 16.0. Likewise, the maximum value of 
single pitch error and adjacent pitch error reduces 
to 13.9 and 20.5 from 30.7 and 37.9 respectively. 
The tendency is consistent as illustrated in simu-
lation. Because of the influence of interference 
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Table 3. Helix error without compensation.

Left tooth surface Right tooth surface

Measured value Measured value

fpt (um) max 21.2 30.7
fu (um) max 21.1 37.9

Figure 10. Pitch error curves with compensation.

Figure 9. Helix error curves with compensation.

Table 2. Helix error without compensation.

Left tooth surface
GB10095
7

Right tooth surface

50 34 18 1 1 18 34 50

4.1
7

10.0
6

8.3
6

14.7
7

Fβ  15.0 13.6
7

9.6
6

13.9
7

10.5
6

8.4
7

6.6
6

5.3
5

16.0
9

ffβ  11.0 9.9
7

7.0
6

9.0
7

6.0
6

Table 4. Helix error with compensation.

Left tooth surface
GB10095
7

Right tooth surface

50 34 18 1 1 18 34 50

10.4
   7

10.8
  6

9.0
6

12.0
  7

Fβ  15.0 7.7
7

5.9
5

7.9
6

6.8
5

9.1
   7

6.2
  6

7.1
6

12.4
  8

ffβ  11.0 7.7
7

6.1
6

6.9
7

7.1
6
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factors such as geometric errors, thermal errors and 
force errors etc, the control effect shown in Equa-
tion 10 and Equation 11 is not absolutely reached. 
In spite of this, the effectiveness of the proposed 
method can be illustrated through the machining 
experiments.

5 CONCLUSIONS

EGB is widely used in gear cutting machine tools. 
The EGB synchronous control precision directly 
affects the gear machining accuracy. In this paper, 
a novel synchronous coupling precision control 
method for EGB has been proposed. First, the 
EGB control structure used for gear hobbing 
is introduced. Then the synchronous control-
ler is designed and the control effect is analyzed. 
Finally the simulation and machining experiments 
are done to verify the performance of proposed 
method. By simulation and measured results 
the proposed control method is proved to reduce 
the EGB synchronous movement error, improve the 
gear machining accuracy effectively and it can be 
applied in existing CNC system easily.
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Effects of and compensation for tooth profile deviations of CNC gear 
profile grinding machines
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ABSTRACT: To reveal the relationship between tooth profile deviations and temperature of large-scale 
Computer Numerical Control (CNC) gear profile grinding machines, the tooth profile models of profile 
grinding helical-spur cylinders with relative position errors between the grinding wheel and tooth profile 
deviations are established based on the theories of gear engagement and profile grinding. And then, the 
thermal error models of temperature and thermal displacement are set up by using the fuzzy clustering 
theory and multiple linear regression method. Finally, the thermal error models with tooth profile devia-
tions of gear profile grinding machines are obtained and a compensation experiment is carried out to 
verify the feasibility and accuracy of the thermal error models. The results show that the tooth profile 
slope deviations are deceased by more than 76%. The proposed models and method are shown to be capa-
ble and practical of improving the accuracy and feasibility of the machine effectively.

machine caused by thermal deformation, thermal 
error compensation technology is an effective and 
economical method. Its core issue is to establish a 
high precision and reliability thermal error model 
which reflects the relationship between incremental 
temperature and the thermal error of the machine 
and the accuracy and robustness of the model 
depend on whether it can reflect the dynamic char-
acteristics of the temperature field distribution of 
the machine accurately (Wang et al. 2011).

The thermal error of  machine is one of  the 
most important factors which lead to tooth pro-
file deviations. Therefore, many scholars focus on 
the mechanisms of  thermal error and establish 
various compensation models using numerical 
analysis with finite element method (Mian et al. 
2013) and finite difference method (Mayr et al. 
2009) or experimental measurements with artifi-
cial neural networks (Wu et al. 2008), grey system 
theory (Wang et al. 1998), Bayesian theory (Yao 
et al. 2008), fuzzy logic (Lee et al. 2001), multi-
ple regression analysis theory (Wu, Vyroubal & 
Han 2012), support vector machines (Miao et al. 
2013), and so on to improve the machining preci-
sion of  the machine in recent years. Meanwhile, 
the influence factors and change rules of  tooth 
profile deviations in processing are also analyzed 
with various theories and methods. Yuan et al. 
(Yuan et al. 2011) analyzed the factors including 

1 INTRODUCTION

A large-scale CNC gear profile grinding machine, 
which is widely applied on wind power, hydro-
electric power, ships, engineering machinery and 
other heavy equipment, is a kind of efficient and 
precise equipment for large size and module hard-
ened gear machining. Because of long time and 
continuous processing, multiple procedures and 
steps for single workpiece, the machining accuracy 
and efficiency of the machine is affected by inter-
nal and external factors significantly. The friction 
heat from guide rails, sliding blocks, ball screws 
and other moving components, the grinding heat 
between the grinding wheel and workpiece, and 
the motor heat of the machine increase gradu-
ally and largely, which leads to thermal deforma-
tion obviously. Thus, the relative position errors 
between the grinding wheel and workpiece caused 
by thermal deformation will have an impact on the 
machining precision of the workpiece seriously. As 
a result, the machining error caused by the thermal 
deformation of the machine, which is referred as 
thermal error, makes up to as much as 70% of total 
machining errors with the rapid development of 
grinding speed, motor power, and machining effi-
ciency (Bryan 1990).

To reduce the machining errors and improve the 
machining accuracy of the gear profile grinding 
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the cross-section of  the variable wheel, the errors 
of  the wheel mounting angle, central distance 
between the grinding wheel and workpiece, and 
grinding wheel dressing to find the factors which 
affect the law of  error of  the tooth profile. The 
results could be used in the designing and manu-
facturing of  the large module CNC gear profile 
grinder and improve the gear precision. Chen et al. 
(Chen et al. 2013) analyzed the thermal deforma-
tion phenomenon and the effect of  gear machining 
accuracy caused by thermal deformation of  gear 
hobbing machines and proposed a novel thermal 
error measurement scheme, which can be used to 
measure the position deviation between the hob-
bing cutter and workpiece entirely and effectively. 
Cao et al. (Cao et al. 2016) identified the features 
of  workpiece thermal deformation errors and 
developed an error compensation model to com-
pensate both machine thermal errors and tooth 
thickness errors, which are induced by workpiece 
thermal deformation and the experimental result 
demonstrates that workpiece thermal deformation 
has a great influence on tooth thickness errors in 
dry hobbing.

Though these progresses have reduced the ther-
mal error and improve the machining precision of 
machines greatly, both thermal error and tooth 
profile deviations are researched individually. The 
relationship between them, especially of large-scale 
CNC gear profile grinding machines, has received 
much less attention. Moreover, it is difficult to 
analyze the thermal error only in theory because 
of the large size, complex structure, various heat 
sources, and interactive temperature variables of 
the machine.

Considering that the machining precision 
is determined by the relative position errors 
between the grinding wheel and workpiece on 
the precondition of  the wheel dressing preci-
sion, research on the thermal variation rule of 
the relative position errors is the key to establish 
the relational model between them. Therefore, to 
reveal the relationship between the temperature 
of  the machine and the tooth profile deviations 
of  workpiece, the models of  the relative position 
errors between the grinding wheel and tooth pro-
file deviations are established according to the 
principle of  gear engagement and the theory of 
gear profile grinding. The variations between 
temperatures and displacements of  the grinding 
wheel and workpiece are obtained through exper-
imental methods on a certain type of  large-scale 
CNC gear profile grinding machine, and then the 
thermal error models between the grinding wheel 
and workpiece were set up with the methods of 
fuzzy clustering and multiple linear regression. 
Based on the above-mentioned studies, the error 

models between temperature and tooth profile 
deviations of  the machine are proposed. Finally, 
the models are tested practically by using ther-
mal error compensation experiment on a certain 
type of  large-scale CNC gear profile grinding 
machine and their feasibility and accuracy are 
verified.

2 TOOTH PROFILE DEVIATION MODELS 
WITH RELATIVE POSITION ERRPRS

In the process of gear profile grinding, the machin-
ing accuracy of the tooth surface is affected by 
many factors, such as the dressing precision of the 
grinding wheel, installation error of the workpiece, 
the relative position errors between the grinding 
wheel and workpiece, which are the major factors 
to machining accuracy, and so on.

To evaluate the machining accuracy of the tooth 
surface, tooth profile shape deviation, helix shape 
deviation, helix slope deviation, and tooth profile 
slope deviation are the main indexes. When the rel-
ative position errors, that is, the errors of Δx, Δy, 
and Δz in X, Y, and Z directions of the machine 
coordinate system, respectively, are generated, 
the deviations of the tooth profile, helix shape, 
and helix slope of the workpiece are close to zero, 
and Δz only affects the position of the tooth sur-
face on the circumference of the workpiece with-
out causing any tooth profile deviations (Zhang 
2014). Therefore, Δx and Δy are the main errors for 
machining accuracy, especially in the tooth profile 
slope deviation of the tooth surface of the work-
piece and the thermal error modeling only includes 
Δx and Δy.

2.1 Foundation and coordinate transformation of 
gear profile grinding coordinate systems with 
relative position errors

During the gear profile grinding process, the col-
umn, Y-axis carriage, and Z-axis carriage move 
along the X, Y, and Z directions, respectively, and 
the grinding wheel center is positioned out of the 
rotation axis of the workpiece by using a radial dis-
tance vector a. While the workpiece rotates on its 
axis, the Z-axis carriage drives the grinding wheel 
that moves up and down along the Z direction. 
And therefore, the Cartesian coordinate systems of 
cylindrical helical gear profile grinding with rela-
tive position errors are founded, which are shown 
in Figure 1.

Considering that Cartesian coordinate system 
S (O-x,y,z) is a fixed space coordinate system, 
the Cartesian coordinate systems Sg (O-xg,yg,zg) 
and Sw (O-xw,yw,zw) are rigidly connected to the 
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workpiece and the grinding wheel, respectively. 
The rotation axes of  the workpiece and grind-
ing wheel are zg-axis and yw-axis, respectively. 
More over, the xg-axis of  Sg is coincident with 
the xw-axis of  Sw. The grinding wheel moves 
from an ideal coordinate system Sw to the actual 
coordinate system Sw1 and the workpiece moves 
from the ideal coordinate system Sg to the actual 
coordinate system Sg1 when the relative position 
errors Δx, Δy, and Δz are generated. Because 
the workpiece rotates on its axis and the grind-
ing wheel not only moves along the zg-axis, but 
also moves along the xg-axis by an additional 
radial feed δx(θ) in the gear profile grinding proc-
ess, the relative position between Sg1 and Sw1 can 
be expressed by using parameters of  ideal center 
distance a between the grinding wheel and work-
piece, setting angle φ of  the grinding wheel and 
rotary angle θ of  the workpiece.

The signs r, rg, rg1, rw, and rw1 denote the radial 
vectors of any point in coordinate systems S, Sg, 
Sg1, Sw, and Sw1, respectively. Therefore, the homo-
geneous coordinate transformation from Sg1 to Sg 
is given by Eq. (1).
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Where, Mg is the homogeneous coordinate 
transformation matrix from Sg1 to Sg; Δxg, Δyg, and 
Δzg are position deviations of the workpiece in X, 
Y, and Z directions of Sg, respectively.

The homogeneous coordinate transformation 
from Sg to S is given as Eq. (2).
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Where, Mθ is the homogeneous transformation 
matrix from Sg to S; p is the helix parameter of 
the workpiece; p = pz/(2π); and pz is the lead of the 
helix.

Similarly, the homogeneous coordinate trans-
formations from S to Sw and then from Sw to Sw1 
are shown as Eqs. (3) and (4), respectively.
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Where, Mφ and Mw are homogeneous transfor-
mation matrixes from S to Sw and then from Sw 
to Sw1, respectively; Δxw, Δyw, and Δzw are position 
deviations of the grinding wheel in X, Y, and Z 
directions of Sw, respectively.

As mentioned above, the homogeneous coor-
dinate transformation from Sw1 to Sg1 is as 
follows:

r M M M M r M rg1rr g wM M M w gr Mr w wrr 1= ⋅M M MM M ⋅M −1 1 1 1M M MM M −M M MMM M 1
ϕMMMM θϕww  (5)

Where, the homogeneous transformation matrix 
Mgθφw is represented as follows:

Figure 1. The diagrammatic sketch of Cartesian coor-
dinate systems of a cylindrical helical gear with position 
errors between the wheel and workpiece in gear profile 
grinding.
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Solution of the tooth profile with relative posi-
tion errors.

According to Figure 1, when the helicoid of the 
tooth of the workpiece is moved from Sg1 to Sw1, 
the tooth flank equation is as follows:
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Where, δ is the half  angle of the tooth space of 
the workpiece base circle; rb is the radius of the 
workpiece base circle; and u is the involute param-
eter of the workpiece.

Moreover, according to the involute spiral 
surface presented by a non-instantaneous pole 
envelope formula of the plate grinding wheel, the 
contact condition between the grinding wheel and 
workpiece is shown as Eq. (7) (Wu 2009).
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Eq. (7) is a transcendental equation of the rela-
tionship between u and θ, whose analytical solution is 
hard to calculate. In this case, θi can be obtained by ui 
traverse all the defined domains based on the Newton 
iterative algorithm until it meets the demands of 
accuracy in practical use. And then, the calculation 
result (θi, ui) is substituted into Eq. (6) and the discrete 
point equation of the space contract line between the 
grinding wheel and the spiral surface of the work-
piece is obtained, which is shown as follows:
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The discrete points of the space contact line 
generated according to Eq. (8) are projected onto 
the plane zg = 0. Thus, the end surface shapes of 
the tooth after grinding are obtained and shown 
as Eq. (9).
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Eventually, the tooth profile slope deviation can 
be calculated and evaluated according to Eq. (9).

3 THERMAL ERROR MODELING

3.1 Selection and optimization of the temperature 
variable

Since the accuracy and robustness of the thermal 
error model could be reduced by the couplings of 
various temperature variables caused by large size, 
complex structure, and various and interactive 
heat sources of the machine, the temperature vari-
ables can be classified by soft division with fuzzy 
clustering theory according to the closeness degree 
and similarity. Based on the fuzzy clustering theory 
(Guo et al. 2009), the correlation of various tem-
perature and displacement variables are analyzed 
and the similar correlative coefficients among 
them are placed in the same bracket firstly, and 
then the maximum temperature variable of each 
cluster is selected as a representative, and finally 
all of  the representatives are chosen and used for 
thermal error modeling as a temperature variable 
cluster.

The optimization steps of temperature variables 
are as follows:

Firstly, calculate correlation coefficients between 
temperature variables and displacement variables 
with fuzzy clustering analysis. Similar to the con-
struction of correlation coefficients between tem-
perature variables, the formulas rTx and rTy are 
shown as Eqs. (10) and (11) according to fuzzy 
clustering analysis.
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Where, rTx and rTy are correlation coefficients 
between Ti and Δx and Ti and Δy, respectively; n 
is the sample number in each temperature vari-
able; m is the number of temperature variables; 
and T = [T1, T2, …, Tm] is a combination of tem-
perature variables; and Ti = [Ti1, Ti2, …, Tin] (i = 1, 
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2, …, n) is the n raw measurement data of the ith 
temperature variable.
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n n

x y
n

yiTT
k

k
k

n

k
k

n

= 1 1n 1
1 1n k 1=1 n k =

∑ ∑T
niTTkTiiTTT
1

T ∑x∑x Δ∑x=x
1 ∑x ΔyyΔyy= 1 ∑

Secondly, optimize the temperature variables after 
calculating. The temperature variables Ti, which have 
strong correlation with displacement variables Δx 
and Δy, respectively, are divided into clusters with 
Euclidean-centroid clustering algorithm. Then, the 
key temperature variable which has the highest cor-
relation degree of each group is selected to reduce 
the number of temperature variables and avoid the 
coupling problem between temperature sensors.

Thirdly, to simplify the thermal error regres-
sion model and make the prediction of thermal 
deformation more accurate, the non-significant 
key temperature variables with small correlation 
coefficient are excluded and the phenomenon of 
multicollinearity between temperature variables 
can be eliminated.

Finally, the eventually selected key temperature 
variables T* are combined as optimal temperature 
sensitive variables for carrying out thermal error 
modeling.

3.2 Multiple linear regression models

As a kind of multivariate and statistical analy-
sis method, multiple linear regression is used to 
seek the relationship between single-output and 
multi-input, that is, to establish the multiple linear 
regression models between the thermal displace-
ment variable and temperature variable, which are 
optimized by using the fuzzy clustering theory.

Because of the linear correlation between ther-
mal displacement Δx and optimal temperature 
variable T *, the general form of the multiple lin-
ear regression analysis model between them is as 
follows:

Δx aT T a Ti ka aT a T a ii k i
= +aa + +a Ta T + +a Ta∗ ∗T+ a T ∗a

(1 () )(ii )
� ε i  (12)

Where, thermal displacement variables Δxi 
denotes experimental measurement data of thermal 
deformation; T * is the optimal temperature-sensitive 
variable of the machine; a0, a1, …, ak are total regres-
sion coefficients of T *, which need to be estimated; 
and εi denotes residual and captures all the other 
factors which affect the dependent variable Δxi.

Let bj be the least square estimation parameter 
of aj (j = 0, 1, 2, …, k). Eq. (12) is expressed as 
follows:

Δx b bT b T b Ti kb
i k i

∧
∗ ∗b T ∗+b + +b T ∗b T +0 1bb bb+bb 2bbb

(1 () )2(i (2i 2 )
�  (13)

Where, Δxi is the calculated value of thermal 
displacement.

To obtain the estimate parameter bj, the sum 
of squared residuals Q of  experimental measure-
ment data Δxmi is considered as the minimum value 
based on the least squares methods. That is,
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According to Eq. (14), the partial derivative of 
Q with respect to bi is zero. That is,
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 (15)

The experimental measurement data T*
(1)i, T*

(2)

i,...,T*
(k)i, and Δxmi are substituted in Eq. (15); thus, 

the estimate parameter bj is obtained. Finally, the 
thermal error model between thermal displacement 
Δx and temperature T* of the machine, which is 
shown as Eq. (16), is obtained from Eq. (13).

x b bT b T b T
i k ikb+b + +b T +∗ ∗b T+ b T ∗

0 1bb bb+bb 2bbb
(1 () )2(i (2i 2 )

�  (16)

4 EXPERIMENTAL DESIGN

The thermal error experiments are implemented 
on a certain type of large-scale CNC gear profile 
grinding machine. The lathe bed and the NC rotary 
table, which are fixed as rigid holes with bolts, are 
both independent structures. Meanwhile, the foun-
dation and the bases of lathe bed and rotary table 
are fixed with shims and foundation bolts. Includ-
ing these methods, the machine has a strong resist-
ance to impact, vibration, and displacement to 
ensure the precision of experimental data.

There are 26 temperature sensors of Pt-100 ther-
mal resistance with high accuracy and calibration that 
are used to detect the temperature change according 
to the structure characteristics and temperature dis-
tribution of the machine. Besides, four LTS-25-02 
laser displacement sensors are used to measure the 
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displacements Δxw, Δyw, Δxg, and Δyg of the grind-
ing wheel spindle and workpiece spindle in X and Y 
directions, respectively. The position diagrammatic 
sketch of temperature sensors and displacement 
sensors are shown in Figure 2 and the installation 
locations of sensors are listed in Table 1.

During the experiment, the ambient temperature 
of the workshop is 20 −0.2/+0.2°C; the detection 
accuracy of the temperature sensors and the dis-
placement sensors are 0.01 °C and 0.1 um, respec-

tively. The motorized spindle works in a constant 
rotating speed of 2500 rpm and the experimental 
data are collected every minute; the duration of the 
experiment is more than six hours. The experimen-
tal measurement of temperature and displacement 
is shown in Figure 3 and the displacement meas-
urement data of the grinding wheel and workpiece 
are shown in Figure 4.

5 THERMAL ERROR MODELING WITH 
TOOTH PROFILE DEVIATIONS

5.1 Selection and optimization of temperature 
points

According to Eqs. (10) and (11), the correlation 
coefficients rTw and rTg between temperatures and 

Table 1. The installation locations of sensors.

Sensors Installation location

T1, T7 Bottom end of lathe bed
T2, T3 X end screw and nut
T4, T9 X motion guide rails side of the column
T5, T6 Sliding blocks side of the column
T8, T12 Z motion guide rails side of the column
T13, T14 Z end screw and nut
T10 Top of lathe bed
T11 Middle of the column side
T15, T16, T17 Motorized spindle front & side
T18, T19 Sliding blocks side of the Z-axis 

carriage
T20 Top of the rotary table
T21 Rotary table side
T22 Worm gears side
T23 Workpiece fixture side
T24, T25 Cooling station inlet & outlet
T26 Environment
S1, S2 Radial outside and end face of the 

grinding wheel spindle
S3, S4 Radial outside X-axis and Y-axis of the 

workpiece spindle

Figure 2. The position diagrammatic sketch of tem-
perature sensors and laser displacement sensors. 
Note: because the cooling station is not shown in this 
figure, the sensors T24 and T25 which are placed in it are 
not labeled in this figure.

Figure 3. Picture showing the experimental measure-
ment of temperature and displacement.

Figure 4. Graph showing the displacement measure-
ment data of the grinding wheel and workpiece.
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the thermal displacement of the machine, that 
is, the grinding wheel and the workpiece and the 
measurement data of temperature variables are 
calculated, respectively, which are listed in Table 2.

According to Table 2, the temperature sensors 
T1–T26 are classified in Table 3.

According to Table 3, the highest correlation 
degrees of each cluster of rTw are T16, T2, T9, T24, 
T13, T8, T11, and T26 from the highest to lowest. 
Compared with other temperature points, the cor-
relation degrees of T11 and T26 are much lower 
and excluded to make the thermal error models 

simpler and to achieve a more accurate prediction 
of thermal deformation.

Therefore, the significant key temperature 
points T2, T8, T9, T13, T16, and T24 are selected 
as the typical temperature variables for thermal 
error modeling of Δxw and Δyw.

Similarly, T9, T20, T22, T23, and T24 are selected 
for the thermal error modeling of Δxg and Δyg.

5.2 Thermal error modeling

According to the above analysis, the experimen-
tal measurement data Δxw, T2, T8, T9, T13, T16, and 
T24 are substituted in Eq. (15). Thus, the estimate 
parameter bj is obtained and substituted in Eq. 
(16). Therefore, the thermal error compensation 
model between thermal displacement Δxw of the 
grinding wheel and typical temperature variables is 
obtained, which is shown as follows:

Δx T T
T T

w 158.4026 5.7002 28 9071
28.3242 3 3031 5.614

+T
T−28 3242 +

2 8T TT28.9071+TT
9 1T TT T3.303 3 33

0.661
T

T
16TT

24TT−  (17)

Similarly, the thermal error compensation models 
of Δyw, Δxg, and Δyg are shown as Eqs. (18)–(20).

Δy TΔ T
T T

w 109 7147 2 4906 14 3999
13.1977 1 8323 3.510

+T
T−13 1977 +

2 8T TT14.3999+TT
9 1T TT T.83 3 3 44

0.1146
T

T
16TT

24TT+  (18)

Δx T T T
T T

g 3.6774 1 9018 3 4565
4.5213 0.707

−T
T− 4 5213

9 2TT TT1.9018TT 0 2TT3.4565 2

23TT 24TT  (19)

Δy TΔ T T
T T

g 21 7306 15 3874 2 0808
9.9481 1.555

−T
T− 9.9481

9 2TT TT15.3874TT 0 2TT2.0808 2

23TT 24TT  (20)

Finally, the thermal error compensation models 
of the gear profile grinding machine are shown as 
equations (21) and (22).

Δ Δ Δx x x+ΔxΔ w gΔx+  (21)

Δ Δ Δy yΔ yΔ+ΔyΔ w gΔyΔ+  (22)

Where, φ is the setting angle of the grinding 
wheel.

5.3 Thermal error modeling with tooth profile 
deviations

According to the analysis in Section 2, when the 
relative position error Δx is generated, the left and 
right tooth profile slope deviations, fHal and fHar, are 
equal and in the same direction, where fHal = fHar. 
However, when the relative position error Δy is 
generated, fHal and fHar are equal and opposite, 
where fHal = – fHar. Moreover, Δx and Δy depend 

Table 2. The correlation coefficient results of rTw and rTg.

Sensors Correlation rTw Correlation rTg

T1 0.5132 0.5396
T2 0.8837 0.8833
T3 0.8816 0.8826
T4 0.8759 0.8808
T5 0.8677 0.8622
T6 0.8515 0.8694
T7 0.5129 0.5199
T8 0.8517 0.8570
T9 0.8781 0.8783
T10 0.8588 0.8568
T11 0.5134 0.5185
T12 0.8763 0.8777
T13 0.8603 0.8651
T14 0.8831 0.8866
T15 0.8819 0.8867
T16 0.8882 0.8885
T17 0.8756 0.8763
T18 0.8593 0.8617
T19 0.8686 0.8701
T20 0.8509 0.8550
T21 0.4447 0.4362
T22 0.8825 0.8829
T23 0.8671 0.8631
T24 0.8691 0.8724
T25 0.8876 0.8816
T26 0.4975 0.4935

Table 3. Results of correlation coefficient clusters.

Cluster

Temperature variable

Correlation rTw Correlation rTg

1 T16, T25 T14, T15, T16
2 T2, T3, T14, T15, T22 T2, T3, T4, T22, T25
3 T4, T9, T12, T17 T9, T12, T17
4 T5, T19, T23, T24 T6, T19, T24
5 T10, T13, T20 T5, T13, T18, T23
6 T6, T8, T20 T8, T10, T20
7 T1, T7, T11 T1, T7, T11
8 T21, T26 T21, T26
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linearly on fHal and fHar, respectively (Zhang 2014), 
which are shown as Eqs. (23) and (24).

f f k xHff xkα αfl Hffffffff( )xxxx ( )xx = kk  (23)

f f k yHff r ykα αfl H rffffffff yy( )yyyyyy ( )yyy =  (24)

Where, kx and ky are proportional factors.
Meanwhile, Δx and Δy satisfy the superposi-

tion principle with fHal and fHar, respectively (Zhang 
2014), which are shown as Eqs. (25) and (26).

f f fHff H lff H lffαfH llffαl αllfH lff ll( )x yx yΔx yyyyx ( )xΔx ( )yΔyy  (25)

f f fHff H rff H rffαfH rrffαr αrrfH rff rr( )x yx yΔx yyyyx ( )xΔx ( )yΔyy  (26)

According to Eqs. (23)–(26), the thermal error 
models with tooth profile deviations are shown as 
Eq. (27).
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According to Eqs. (5) and (9), for the workpiece, 
whose basic parameters are similar to the listed 
parameters in Table 4, the proportional factors 
kx and ky are calculated and shown in Figure 5. 

It shows that kx and ky induced by relative posi-
tion errors between the grinding wheel and work-
piece are constant for the same parameters of the 
workpiece.

6 COMPENSATION EXPERIMENT

6.1 Compensation system

To testify the thermal error models with tooth 
profile deviations, compensation experiments 
are carried out on a certain type of  large-scale 
CNC gear profile grinding machine by software 
on-line compensation. And the three- Coordinate 
Measuring Machine (CMM), LH1512 WEN-
ZEL, is used to measure the shape deviation 
ffa, slope deviation fHa, and total deviation 
Fa of  the tooth profile before and after the 
compensation.

Before compensation, thermal resistance sen-
sors are used to collect the signals of optimized 
temperature points. And then, the temperature 
signals are gathered and transformed into memory 
bytes, which are read by using the R-parameter, 
through the PLC module. And then, the thermal 
error compensation module which is embedded 
into the CNC system of the machine read the 
acquired temperature data and calculated the posi-
tion errors Δxw, Δyw, Δxg, and Δyg. Finally, the sys-
tem read the errors and adjusted the pulse number 
of the driving motor of the X-axis and Y-axis and 
the torque motor of the NC rotary table to com-
pensate the position errors of the grinding wheel 
and workpiece. Moreover, the adjustment of com-
pensation parameters can be achieved in the sys-
tem completely and automatically without using 
an adjustable mechanical device.

During the experiment, the ambient tempera-
tures of the workshop and measurement room 
are 20 −0.2/+0.2 °C and 20.1 −0.1/+0.1 °C, respec-
tively. The probe diameter of CMM is 4.99 mm. 
The basic parameters of the workpiece are listed in 
Table 4. The compensation experiment and CMM 
measurement are shown as Figure 6.

Table 4. Basic parameters of the workpiece.

Parameter Size

Normal modulus 14 mm
Tooth number 35
Pressure angle 20°
Helix angle 30°
Modification coefficient 0.274

Figure 5. Proportional factors induced by relative posi-
tion errors.

Figure 6. Pictures showing the compensation experi-
ment (a) and CMM measurement (b).
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6.2 Performance verification of compensation

The tooth profile deviations of the workpiece 
before and after the compensation are shown in 
Figure 7. It can be seen that kx and ky are reduced 
from 37.7 and 30.8 um (without compensation) to 
4.9 and 4.3 um (with compensation), respectively. 
Their actual decrements are 33.8 and 26.5 um, 
respectively. According to Eq. (27) and Figure 5, 
the theoretical decrements of kx and ky are 33.7034 
and 26.5391 um, respectively. The tooth profile 
slope deviations are deceased by more than 76%, 
and the machining precision of the tooth profile 
is enhanced effectively to an accuracy grade 3 
from 5 in accordance with international standard 
ISO 1328-1:2013. It also indicates that the ther-
mal error compensation models with tooth pro-
file deviations are effective and meet the actual 
requirements of gear profile grinding. Moreover, 
ffa is little affected by the relative position errors, 
because the variation of ffa is very small before and 
after the compensation.

7 CONCLUSIONS

The homogeneous transformation matrix is 
obtained according to the foundation and coor-
dinate transformation of the gear profile grinding 
coordinate systems with relative position errors. 
Then the relationships between the relative posi-
tion errors and the tooth profile deviations of 
workpiece are analyzed and the tooth profile 
equations of the tooth surface of profile grinding 
helical-spur cylinder gear are established based on 
the principle of gear engagement and the theory of 
gear profile grinding.

Based on the fuzzy clustering theory between 
temperature and displacement variables, the 
thermal error experiments are implemented on a 

certain type of large-scale CNC gear profile grind-
ing machine to exclude non-significant temperature 
points and eliminate the multicollinearity problems 
of temperature variables. And then, the significant 
key temperature measurement points are selected 
as the optimal temperature variables for thermal 
error modeling of Δxw, Δyw, Δxg, and Δyg. Subse-
quently, the multiple linear regression models of 
thermal error are established. Through the analysis 
of models, the thermal error models between the 
temperature and tooth profile deviations of the 
gear profile grinding machine are proposed.

To testify the feasibility and accuracy of the 
thermal error models with tooth profile deviations, 
a compensation experiment is carried out on a cer-
tain type of large-scale CNC gear profile grinding 
machine by using software online compensation. 
The results show that the tooth profile deviations 
fHal and fHar of  the workpiece are reduced from 
37.7 and 30.8 um to 4.9 and 4.3 um before and 
after the compensation, respectively. When com-
pared with the theoretical decrements 33.7034 and 
26.5391 um, the actual decrements of fHal and fHar 
are 33.8 and 26.5 um, respectively. The tooth pro-
file slope deviations deceased by more than 76%, 
and the machining precision of the tooth profile 
is enhanced effectively from accuracy grade 5 to 3. 
Therefore, the thermal error compensation models 
with tooth profile deviations have a good reference 
value and usefulness for thermal error prediction, 
control, and compensation of the CNC gear pro-
file grinding machine effectively.
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Effect of cutting speed on tool life in dry gear hobbing
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ABSTRACT: This paper presents the result of a systematic dry hobbing experiment to examine the 
effect of cutting speed on tool life and machining performance. Three types of High-Speed Steel (HSS) 
hobs with different coatings are tested under a cutting speed ranging from 100 to 300 m/min. All hobs 
exhibit satisfactory cutting performance suitable for practical production. On the basis of the experimen-
tal results, some important machining items related to the tool life of hob, for example, characteristics of 
hob wear, chip deformation, and the effect of chip crush behavior, are discussed in detail. A desirable con-
clusion, that is, appropriately increasing the cutting speed leads to a smaller deformation and better fluid-
ity of chips, reduces the occurrence of chip crush action, and thus prolongs the tool life, is obtained.

ferentially set on the cutter body. With a rotation 
together with a straight feed perpendicular to the 
body axis, the cutter machines up one tooth groove 
on work blank. The cutting speed of the cutter is 
the same as that of the hob. In general, the feed 
speed is determined according to the condition that 
the material cut away from the blank by the cutter 
or by a cutting tooth of the hob in one rotation 
has the same volume and maximal undeformed 
chip thickness. The cutting tooth to be simulated is 
pushed upon the severest cutting condition among 
all cutting teeth of a hob, that is, it removes the max-
imal volume of material from work blank. In other 
words, the purpose of the fly tool test is to simulate 
the machining state of a cutting tooth, which eas-
ily wears in hobbing. In order to make machining 
kinematics between the cutter and the hob tooth as 
close as possible, the idea of conducting a fly tool 
experiment for machining a helix tooth groove on 
a five-axis Computer Numerical Controlled (CNC) 
milling machine was proposed (Rech 2006). Even 
so, there is obvious difference between the rela-
tive movement conditions of a hob and a fly tool 
to machine the work blank. Therefore, data from 
the fly tool test can provide valuable reference, but 
are not always applicable to a hobbing situation 
as well as the data from an end mill cutting (Rech 
2006, Kubo & Qiu 2013). On the contrary, a typi-
cal manufacture trouble is often encountered in dry 
hobbing, that is, the pinching and crushing of chips 
between hob cutting tooth and gear blank surface. 
This trouble readily leads to abrupt chipping and 
violent wear of hob cutting teeth (Sumi et al. 2005, 
Umezaki et al. 2010). However, the chip crushing 

1 INTRODUCTION

Dry hobbing does not require cutting fluid in 
machining and thus reduces environmental pollu-
tion and health risk to workers. As an environmen-
tally friendly machining technique, this process is 
being increasingly used in the manufacture of auto-
mobile transmission gears (Winkel 2010). Further-
more, with the advances in hobbing machine and 
coating technology, PM HSS (powder metallurgi-
cal high-speed steel) hobs with hard coating film 
are progressively replacing cemented carbide hobs 
as the cutter used in dry hobbing practice (Tokawa 
et al. 2001, Maiuri 2009).

Data related to the performance of various 
types of coating and substrate materials for dry 
cutting tool can be readily found from the litera-
ture and manufacturers’ instructions. However, 
only limited systematic data have been published 
on the tool life of coated HSS hobs in dry hobbing, 
except for some results from fly tool machining 
experiments (Matsuoka et al. 2005, 2013, Ume-
zaki et al. 2011). As pointed out by some German 
researchers, selecting adequate cutting parameters 
to enhance the performance of coated HSS hobs 
is of paramount importance in the application of 
dry hobbing, which has not been fully addressed 
(Karpuschewski et al. 2012).

As a practical solution to the problem of high 
cost and low efficiency of hobs, the fly tool experi-
ment is usually conducted to simulate a hobbing 
procedure. In a general experiment, a tool bite, 
which has the same geometric parameters as the 
cutting tooth of the hob to be simulated, is circum-
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does not always occur at the cutting tooth to cut 
away the maximal volume of chip. Therefore, from 
the further application and prevention of manufac-
ture trouble point of view, the fundamental hob-
bing experiments with dry cutting condition and 
the results are very important.

In a previous research to examine the machining 
performance of HSS hobs with different coatings 
in dry hobbing, the authors observed an interesting 
phenomenon, that is, increasing cutting speed does 
not result in the shortening of tool life (Kubo et al. 
2015). However, the speed adopted in the experi-
ments was only less than 200 m/min. In order to 
further study and clarify the effect of the mecha-
nism of cutting speed on the tool life and machining 
performance, a systematic dry hobbing experiment 
within the cutting speed range of 100–300 m/min 
was conducted. This paper summarizes the experi-
mental results, together with discussions of some 
related details such as the characteristics of hob 
wear and chip deformation and the effect of chip 
crush behavior.

2 CONDITIONS OF HOBBING 
EXPERIMENTS

Three hobs with the same substrate material but 
different coating films were tested in this paper. 
The specifications of the hobs are summarized in 
Table 1. A careful inspection was dealt with for each 
hob before cutting experiment to confirm whether 
a full coat completely covers the whole rake face 
and flank of every cutting tooth. The flank wear 
of each cutting tooth involved in machining was 
measured and recorded with a microscope after 
hobbing the first, third, fifth, and then every fifth 
gear up to the hob achieving the judge criterion 
to tool life, 0.2 mm for the maximum flank wear 
width, or machining up 65 gears.

The gear material used was chromium molybde-
num steel SCM420, which is widely used in auto-
mobile transmission gears. The gear specifications 
are shown in Table 2. The corresponding cutting 
length to cut a gear is 2.28 m, calculated by face 
width × tooth number.

The experiments were conducted on a mechani-
cal transmission type of hobbing machine, Kashi-
fuji KS-300. All cutting parameters adopted in 
hobbing experiments are listed in Table 3. The 
position of a hob relative to all gear blanks to be 
machined was fixed, that is, no axial shifting oper-
ation was done with the hob in the experiment to 
each cutting condition.

A sufficient amount of chips was collected 
and preserved for the experiment of each hob 
under each cutting condition. These chips were 
thoroughly observed and taken a photograph if  
necessary.

Figure 1 shows the material volume cut away 
from the work blank by each cutting tooth in one 
revolution of hob, which is calculated using the 
commercial software Hob Chip. The cutting teeth 
are numbered relative to a reference tooth, No. 0 
of tooth, as shown in the figure. No. 0 of tooth is 
located at a special position because of the hob set-
ting in the experiment, that is, while the hob turns 
the rotation trace of the center line on the rake face 
of No. 0 of cutting tooth just passes through the 
common perpendicular between the axes of both 
the hob and work blank. From Figure 1, it can be 
confirmed that the chip removed by No. −11 of 
cutting tooth has the maximum volume.

3 EXPERIMENT RESULTS 
AND DISCUSSIONS

3.1 Tool life

Figure 2 illustrates the relationship between hob 
flank wear and cutting length with respect to dif-
ferent cutting speeds. The top wear is the maximal 
flank wear width observed on the circular arc and 
top line edge areas, and the side wear is the maxi-

Table 1. Specifications of tested hobs.

No. of hob A, B, C No. of gash 14
Module 2.5 mm Rake angle 0°
Pressure angle 20° Radial relief  angle 12°
Outside diameter 120 mm Length 80 mm
No. of thread 1, RH Substrate material PM SKH55
Lead angle 1°16′ Coating state Full coat
Coat material AlCrSiN for Hob A, TiSiN for Hob B, 

TiAlN for Hob C

Table 2. Gear specifications.

Module 2.5 mm Face width 40 mm
Helix angle 0° Tooth profile Standard
No. of tooth 57 Material SCM420
Outside diameter 147.5 mm Hardness HB 170

Table 3. Cutting parameters.

Cutting speed 100, 200, 300 m/min
Feed rate 2.5 mm/rev
Cutting depth 5.625 mm
Cutting direction Climb
Coolant Air in pressure of 0.2 MPa, 

50 L/min
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mal flank wear width occurred on the involute 
curve edge areas, among all cutting teeth of a hob. 
As shown in this figure, although the wear rate in 
either the beginning stage or some local stages of 
the cutting process seems to be considerably differ-
ent because of the coat material or cutting speed, 
all hobs show appreciable cutting performance in 
these experiment situations. That is, a hob without 
axial shifting has cut up 50 gears at least before the 
wear achieved the criterion of tool life. Such per-
formance is suitable for practical production.

Furthermore, a wear feature clearly different 
from wet hobbing can be found in Figure 2. That 
is, in some experiments, the side wear developed 
quicker than the top wear, so the former gov-
erned the tool life of  the hob. For a rough cutting 
in wet hobbing, the tool life is usually deter-
mined by the top wear occurred on those cutting 
teeth to cut away the largest amount or closing 
to the largest amount of  material from the blank. 
In dry hobbing, No. −11 of  the cutting tooth or 
its neighbor has the maximal top wear in most 
of  the experiments; however, it is also possible 
that the maximal flank wear appears on a cut-
ting tooth to cut away only a smaller amount of 
chip, as shown in Table 4, and the maximal wear 
is expressed in a form of  side wear. This result 
suggests that a fly tool experiment may not accu-
rately estimate the tool life and cutting perform-
ance of  a hob.

Finally, in Figure 2, a trend seems to exist that 
the increase of cutting speed prolongs the tool life. 
In the following, we will further discuss the result 
of Figure 2 from different angles.

Figure 1. Cut away material volume of each cutting 
tooth in one revolution of hob.

Figure 2. Relationship between flank wear and cutting 
length.
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prevent the chip crush occurrence, it is often neces-
sary to determine appropriate hobbing parameters 
through a preparatory experiment in production 
field (Karpuschewski et al. 2012). When chip 
crushing often occurs in a hobbing process, it not 
only significantly shortens the tool life of the hob 
but also produces many remarkable scratch marks 
on the hobbed gear surface (Sumi et al. 2005, 
Umezaki et al. 2010). Figure 3 (a) shows that such 
scratch marks remained on the gear surface, and 
as a result, the short tool life had been verified in 
this situation (Kubo & Qiu 2013). In these experi-
ments, the cutting marks regularly queue up on the 
surfaces of all hobbed gears, as shown in Figure 3 
(b). Only in some local surface areas of a few gear 
blanks hobbed with a cutting speed of 100 or 200 
m/min, slight scratch marks as shown in Figure 3 
(c) are observed. From this result, the existence of 
chip crushing cannot be entirely ruled out, but it 
can be concluded that, at least, the violent chip 
crushing rarely occurred in these experiments.

3.3 Characteristics of flank wear

Figure 4 shows some images of the cutting tooth 
edge with the maximum flank wear. Because of the 
protection effect of a full coating film on rake face, 

Table 4. No. of maximal flank wear cutting tooth.

Cutting speed 
(m/min) No. of hob

No. of max. wear tooth

Top wear Side wear

  100 A −11 −12
B −13 −6
C −7 −1*

  200 A −6 1*
B −12 −3
C −7 −8*

  300 A −13 −5
B −14 −4
C −14 −12

* The side wear is larger than the top wear in wear 
width.

Figure 3. Scratch marks and cutting marks on gear surfaces.

Figure 4. Images of hob tooth edge with the maximum wear.

3.2 Effect of chip crush

Because the interference behavior of chip stuck at 
cutting edge with hobbed gear surface easily leads 
to abrupt chipping and violent wear of cutting 
edge, it sometimes raises manufacture troubles in 
practice of dry hobbing. The chip crush is con-
cerned with many factors, and thus, in order to 
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the remarkable crater wear was hardly observed in 
all experiments. Moreover, the flank wear growth 
was also relatively progressive in each hobbing 
condition.

A detailed growth process of the top wear accom-
panied with No. −12 of cutting tooth of Hob B with 
cutting speed of 200 m/min is illustrated in Fig-
ure 5, the position of the examined wear along the 
cutting edge is circled in Figure 4, and top and side 
wear growth are shown in Figures 6 and 7, respec-
tively. At the early stage of hobbing, an original 
coat material peeling off  at a local area of the cut-
ting edge appeared. As the cutting progresses, the 
coat peeling further extended and finally developed 
a chipping wear at the cutting edge.

Figure 6 shows the growth of the top wear 
occurred on No. −14 of cutting tooth of Hob C 
at the cutting speed of 300 m/min. The procedure 
is similar, but progressed very slowly, with the situ-
ation shown in Figure 5, and the flank wear was 
smaller after cutting up 65 gear blanks.

Figure 7 shows the growth of the side wear 
occurred on No. 1 of cutting tooth of Hob A at the 

cutting speed of 200 m/min. In this situation, the 
coat material peeling off first occurred near the cut-
ting edge, and then some small chipping occurred 
at the local area of the cutting edge of the coat 
material. Finally, the chipping wear width arrived 
at the criterion value of tool life. The No. 1 of cut-
ting tooth only removed a smaller amount of chip 
material as shown in Figure 1; however, the side 
wear induced by coat material peeling at early stage 
developed quicker than the top wear and finally 
governed the tool life of the hob.

The similar growth process of the top wear or 
side wear is also observed in other experiments.

As shown in Table 4, a cutting tooth with the 
maximum side wear was a generating cutting tooth 
in most of the experiment situations. Because a 
generating tooth directly cut and formed the final 
tooth surface of a hobbed gear, the scratch mark 
more easily remained on the gear surface if  the 
chip crush action has occurred on a generating 
tooth in hobbing. Therefore, we can consider that 
the slight scratch marks shown in Figure 3 (c) are 
the result of a chip crushing action on some gener-

Figure 5. An example of top wear growth at the cutting speed of 200 m/min.

Figure 6. An example of top wear growth at the cutting speed of 300 m/min.

Figure 7. An example of side wear growth.
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ating cutting teeth. Although the actions are slight 
and highly possible, their effects make the growth 
rate of the side wear higher than the top wear in 
some experiments.

At the same time, the chip crushing effect seems 
to induce the hobs tested in the lower cutting speed 
a higher wear rate than those tested at the cutting 
speed of 300 m/min.

3.4 Chip deformation

Hobbing is a very complex cutting process. A 
few dozens of cutting teeth of a hob concern 
with machining, and furthermore, the chip shape 
generated by each tooth is different. Up to now, 
much effort has been made to develop an effec-
tive approach that enables to correctly analyze 
or simulate the chip shape for a hobbing process. 
However, at present, estimating a correct chip 
feature has become an extremely difficult task 
(Bouzakis K.-D. 2008). Thus, to examine the chip 
deformation, we picked and chose carefully those 
chips with the maximal volume in each hobbing 
experiment, and took these chips as an example, 
which was cut away by a cutting tooth with the 
same number in each experiment. Figure 8 shows a 
comparison of the chosen chips. A clear similarity 
in shapes of the chips can be confirmed, and the 
higher the cutting speed is, the thinner and flatter 

the chips become. The same feature is also con-
firmed from the comparison of the chips obtained 
by other hobs. Therefore, it can be concluded that 
the increase of cutting speed effectively decreases 
the deformation level and cutting resistance of the 
chips (Shaw 2005).

3.5 Effect of cutting speed

On the basis of the above discussions, the effect of 
cutting speed on the tool life and machining per-
formance of the tested hobs can be determined. 
That is, under the experimental conditions, the 
increase of cutting speed effectively decreases the 
deformation and increases the fluidity of the chips, 
and thus reduces the possibility of the occurrence 
of chip crushing action. As a result, the flank 
wear of cutting tooth, especially the side wear is 
restricted and the tool life of hob is extended.

4 CONCLUSIONS

The main conclusions of this study can be sum-
marized as follows:

1. All three types of HSS hobs examined showed 
appreciable cutting performance under the 
tested cutting conditions. No violent chip crush 

Figure 8. Feature comparison of chips cut away by hob B due to different cutting speeds.
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behaviors are observed in the experiments. The 
results sufficiently verify that these hobs are 
suitable for practical production.

2. Because of the protection effect of a full coating 
film on rake face, no remarkable crater wear is 
observed and the growth of flank wear is pro-
gressive. However, it is possible that a side flank 
wear develops quicker than the top flank wear, 
so it governs the tool life in a dry hobbing at a 
lower cutting speed.

3. From the results of the experiment, the effect 
of cutting speed on the tool life in dry hobbing 
is confirmed. Appropriately increasing the cut-
ting speed leads to the smaller deformation and 
better fluidity of the chips and thus reduces 
the occurrence of chip crushing action. This is 
a desirable advantage to prolong the tool life 
and increase the production stability in dry 
hobbing.

4. The experimental result also hints that the 
coated HSS hobs tested in this study may be 
further expected to apply in a dry hobbing with 
a cutting speed above 300 m/min.

5. Because the maximal wear does not always 
appear on the cutting tooth to remove the maxi-
mum volume of the chip, the result of a fly tool 
experiment may not accurately estimate the tool 
life and cutting performance of a hob used in 
dry hobbing condition.
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A two-stage retrieval method of similar process case in gear hobbing

W.D. Cao, C.P. Yan & C. Chen
The State Key Laboratory of Mechanical Transmissions, Chongqing, China

ABSTRACT: To improve the retrieval efficiency and veracity in the process of similar process case 
retrieval in gear hobbing, a two-stage retrieval method of similar process case in gear hobbing is proposed. 
A matter-element model is used to describe the process case. The graph theory is applied to build the proc-
ess case network. The database is sent to store process cases. Retrieval rules are formulated. The first stage 
retrieval of the process case of gear hobbing is performed by using an expressions method. The second 
stage is carried out by using a process case network. The feasibility and effectiveness of the proposed 
method is validated by using experimental methods.

One-stage retrieval is the mainstream of the 
current process retrieval method and situations of 
the retrieved case unrelated with target case may 
occur. According to some other retrieval methods 
such as template retrieval and classification net 
model, multiple interference cases may be retrieved, 
as a result of hindering, correcting, and evaluating 
the case. This paper proposes a two-stage retrieval 
method of similar process case of gear hobbing 
that improves the retrieval efficiency and veracity 
in the process of similar process case retrieval.

2 CREATION AND STORAGE OF THE 
GEAR HOBBING PROCESS CASE 
LIBRARY

The process case network is an undirected weighted 
graph G = <O, E, W>. O is a set of nodes in the 
process case network and the node shows the case 
described by using the matter-element model. 
E presents a set of sides and W is a set of weights. 
The case of matter-element is represented by 
oi ∈ O and the relationship between task i and task 
j is shown by ek = <oi, oj> ∈ E. The weight wi of 
side ek shows weights of the side (the proximity 
between oi and oj)[9]. Figure 1 displays the process 
case network diagram.

1 INTRODUCTION

During the optimization decision, plenty of time is 
occupied by similar process case retrieval of gear 
hobbing and the veracity of the retrieved case plays 
a decisive role on process results. Many domestic 
enterprises are still in the stage of making decisions 
by experience. With to many years of experience 
in the process, the technologists applying the proc-
ess manual or other tools, combining workpiece 
parameters, process routing, and process require-
ments carry out the process parameters decision. 
In recent years, many domestic and foreign schol-
ars have devoted themselves to the research of sim-
ilar process case retrieval in gear hobbing optional 
decisions. The referred studies can be divided into 
the following three categories: (a) hierarchical 
retrieval[1]: based on hierarchical expression and 
organization as well as the hierarchical similarity 
matching principle, a corresponding threshold is 
set up and the case process is filtered layer-by-layer 
and finally, a most similar to machining technology 
of parts to be processed case process is obtained; 
(b) feature retrieval[2–3]: the relationship and attri-
bution of the parts technology feature or process 
feature is regarded as the basis for the retrieval 
algorithm and this retrieval algorithm is feasi-
ble and useful; And (c) case-based reasoning[5–9]: 
case-based reasoning is applied widely in the field 
and steps generally include retrieval, reusing, cor-
rection of case, and saving of case. The effects of 
case-based reasoning rely on the structure of the 
case library and the way of knowledge expression 
of the case to some extent. That is to say, two goals 
should be achieved during the retrieval stage. The 
first is that the case is retrieved as little as possible. 
The second is that the case retrieved as related or 
similar with target case as possible. Figure 1. Diagram of the process case network.
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Two tuples TempCase(tc), tc = {KTemp,Relation} 
are used to describe the logical structure of the 
gear hobbing process case library. KTemp is a finite 
set of process cases, KTemp = {TempIDn, ContCasen | 
n ≥ 0}. TempIDn is the number identifier of KTemp 
and ContCasen is the content of KTemp. As shown in 
Table 1, Relation is a finite set of binary relations 
in KTemp. The matter-element model[11] describes 
the design of process case Rdesign = (N,C,V) and 
the problem of process case Rproblem = (N0,C0,V0). 
N represents the number of design cases. C rep-
resents a set of matter-element characteristics of 
the design case. V represents a set of eigenvalues. 
N0 represents the number of problem cases. C0 rep-
resents a set of matter-element characteristics of 
problem cases. V0 represents a set of eigenvalues. 
The content of KTemp is ContCasen = {Ni,I,J,matterij, 
MapIsi | i ≤ m, j ≤ k} and m is the number of design 
process cases and k is the number of matter-
element characteristics, matterij = (cNi,j,vNi,j), 
cNi,j ∈ C, vNi,j ∈ V. A graph theory tool is used to 
create the undirected weighted graph. The proc-
ess case network represents a finite set of binary 
relations Relation=<O, E, W> in the KTemp. O is the 
node of the process case network and also is a set 
of design cases, E is a set of sides, and W is a set 
of weights.

2.1 Creation of the process case network

The process case network (undirected weighted 
graph) is created as follows specifically:

Step 1: counter variable i = 1, j = 1, design case 
variable next Case = 0;

Step 2: As the node oj of the undirected weighted 
graph, the design case matter-element is used to 
represent the case of historical processing;

Step 3: When j ≤ m, goto Step4, else goto Step 8;
Step 4: When i ≤ k, nextCase = j + 1, based on 

ρ
ν

ν
( , )( )

( )ν

( )ν
o,

v

vi j,o, i
i jv i

i jv i

=
−

+
, to calculate the 

proximity ρ (O(nextCase)i, Oji) between number i 
matter-element characteristics of number next-
Case design case and number i matter-element 
characteristics of the number j design case, else 
goto Step7;

Step 5: Based on the feature weight (process 
problem description attribute distribution 
0.4 and process solution attribute distribu-
tion 0.6), to calculate the integrated proximity 
ρ (OnextCase, Oj) between the number nextCase 
design case matter-element and number j design 
case matter-element and the result is the weight 
w(nextCase)j of  the side ek = <onextCase,oj> in the undi-
rected weighted graph;

Step 6: i = i + 1, goto Step4;
Step 7: j = j + 1, goto Step2;
Step 8: Since the node oj, the side ek = <onextCase,oj> 

and the weight w(nextCase)j are all obtained, 
G = <O,E,W> is obtained. The algorithm is over.

2.2 Creation of the gear hobbing process case 
library

The gear hobbing process case library is created as 
follows specifically:

Step 1: the description of process case matter-
element involves the following parameters:
Design process matter-element: the design case 

is the result of meeting the specific design require-
ments and is represented by the matter-element 
model as follows:

R
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Where, N represents the number of design cases; 
c represents the feature name; v is the measure of 
N about c, remarked as v = c (N), where N, c, and v 
are called the three elements of matter-element R. 
Two tuples M = (c,v) compromised c and v. It 
shows the feature of matter-element N, called the 
characteristic element. The index of the case can 
be created based on the name of case N.

Problem case matter-element: problem case 
matter-element is a set of group constraints that 
reflects the design requirement of the product in 
engineering semantics. A matter-element case is 
represented as follows:
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N0 represents the number of problem cases; 
c0 represents the feature name of the prob-
lem case; v0 denotes three tuples of N0 about c0, 

Table 1. Specific structure of ContCasen.

N J1 J2 … Jk MapIs

I1 N1 (cN1,1, vN1,1) (cN1,2, vN1,2) … (cN1,k, vN1,k) MapIs1

I2 N2 (cN2,1, vN2,1) (cN2,2, vN2,2) … (cN2,k, vN2,k) MapIs2

… … … … … … …

Im Nm (cNm,1, vNm,1) (cNm,2, vNm,2) … (cNm,k, vNm,k) MapIsm

ICPT2016_Book.indb   886ICPT2016_Book.indb   886 9/29/2016   12:22:18 PM9/29/2016   12:22:18 PM



887

v v v w i nil v i0 0vi v ih wii 1 2v v w il v w0v wv ihi , ,i , , ;  v0il, v0ih represents 
the range of design requirements of c0i; and w0i 
represents the weight of c0i; 
Step 2: the main content ContCasen of  creating 

KTemp, which is a finite set of process cases is as 
follows:
After describing the design process case as a 

matter-element, the characteristic element of each 
design process case is regarded as the main body 
of ContCasen; and so, ContCasen is represented as 
{Ni,I,J,matterij, MapIsi | i ≤ m, j ≤ k}, and m is the 
number of design process cases and k is the number 
of characteristic matter-elements. Based on N, 
substitute the design process case into ContCasen 
successively; matteriN = (ci,vi), ci ∈ C, vi ∈ V; 
Step 3: Apply the process case network created in 

chapter 3.1 to represent Relation=<O, E, W> a 
finite set of binary relations in KTemp. O is a set of 
nodes (design cases) of the process case network 
unit, E is a set of sides And W is a set of weights.

Step 4: Apply two tuples TempCase(tc), tc = 
{KTemp,Relation} to describe the logical struc-
ture of the gear hobbing process case library 
and KTemp = {TempIDn, ContCasen | n ≥ 0}. 
TempIDn is the number identifier of KTemp. 
ContCasen = {Ni,I,J,matterij, MapIsi | i ≤ m, 
j ≤ k}, Relation=<O, E, W>.

3 FORMULATE THE RULE OF RETRIEVAL

The retrieval rules [12] of  the science citation index 
(SCI) are combined with the retrieval rules [13] of  
Google. The formulated retrieval rules include 
case-insensitivity, supports Boolean (AND, OR, 
and NOT) algebra, punctuation overlook, location 
retrieval, truncation retrieval, and range retrieval. 
Based on the manual of the gear manufacturing 
process[14], the data dictionary such as the basic 

input-output conversion rule library, cutting 
condition library, cutting speed library, feed 
amount, and so on are formulated. Table 2 and 
Table 3 show the retrieval rules.

4 TWO-STAGE RETRIEVAL OF SIMILAR 
PROCESS CASE OF GEAR HOBBING

4.1 The model structure of two-stage retrieval of 
similar process case of gear hobbing

The model structure of two-stage retrieval of similar 
process case of gear hobbing is shown in Figure 2.

4.2 The first stage retrieval of process case of 
gear hobbing driven by expressions

Based on retrieval rules and aimed at the decision 
problem of specific gear hobbing process param-
eters, to convert the input weight of characteristic 
matter-elements into the output weight of charac-
teristic matter-elements, the most output weight of 
characteristic matter-elements is within a certain 
range. The problem case matter-element represents 
Rproblem = (N0,C0,V0), following by converting Rproblem 
into the expression Exp of the matching retrieval 
rule. The design process case of the matching 
expression is retrieved from the gear hobbing proc-
ess case library in which the candidate decision case 
is Rresult and RNum is the number of retrieval cases.

The steps of the first stage retrieval of the proc-
ess case of gear hobbing driven by expressions are 
as follows:

Step 1: Based on the retrieval rule and aimed at the 
decision problem of specific gear hobbing proc-
ess parameters, to convert the input weight of 
characteristic matter-elements (workpiece cat-
egory, workpiece module, workpiece pressure 
angle, workpiece teeth, workpiece helix angle, 
workpiece accuracy level, number of hobbing 
pasts, outer diameter of workpiece, and hobbing 
category) into the output weight of characteristic 
matter-elements (diameter of hob, head of hob, 
rotation speed of hob, cutting speed, feed speed, 
and hobbing allowance), and the most output 
weight of characteristic matter-elements is within 
a certain range. The problem case matter-element 
is represented as follows: Rproblem = (N0,C0,V0).

Step 2: Based on retrieval rule, to formulate the 
retrieval expression. Exp = {(c01 = the diameter 
of hob,v01 = (60, 120) ) AND (c02 = the head of 
hob,v02 = (1, 2) ) AND (c03 = the rotating speed 
of hob,v03 = (160, 450) ) AND ⋅⋅⋅⋅⋅⋅}; 

Step 3: The design process case of the matching 
expression is retrieved from the gear hobbing 
process case library in which the candidate 
decision case is Rresult and RNum is the number 
of retrieval cases.

Table 2. Retrieval rules.

Rule category Specific description

case-insensitive Upper-case, lower-case or mix enter is 
regarded as the same input.

supports of 
Boolean

Include AND, OR, NOT; the default 
operation is AND.

punctuation 
overlook

Most punctuation will be overlooked 
except for quotation marks and 
hyphen.

location 
retrieval

Operator SAME: search terms on 
both sides of the SAME will show 
on one phrase or one sentence.

truncation 
retrieval

Support unlimited truncation “*” and 
limited truncation.

Range retrieval Operator BETWEEN: the data can 
be retrieved within a certain range.

…… ……
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4.3 Two-stage retrieval of similar process case of 
gear hobbing based on the process case network

To traverse the candidate decision case Rresult 
retrieved from first stage, the proximity formula is 
used to calculate the proximity between the number 
i matter-element characteristic of the case repre-
sented by node or and the number i matter-element 
characteristic of problem case Rproblem. Thinking 

about the influence of weight, to calculate the inte-
grated proximity ρ ( )o or , 0  between the case rep-
resented by node or and problem case Rproblem, the 
smallest ρ ( )o or , 0  value and the case represented 
by this node or can be regarded as the optimum 
decision case Ropresult. Finally, the process case net-
work is used to retrieve the weight of side of nodes 
represented by Ropresult in the process case network. 
If  the weight bellows the threshold e1( = 0.006 
normally), remove the node of this side to obtain 
another optimum decision case Rmopresult.

Figure 3 represents the process of two-stage 
retrieval of similar process case of gear hobbing 
based on the process case network and specific 
steps are as follows:

Step 1: counter variable i = 1, m = 1, r = 1; 
Step 2: If  r ≤ RNum goto Step3, else goto Step11;
Step3: If  i ≤ k goto Step4, else goto Step6;
Step 4: Apply 

ρ
v v v

v v v

ri
ih

ri
ih

0 0vil

0 0vil

2
1
2

2

( )o ori i, 0 =
− + − ( )v v il0 0vihv

+ +

 

to calculate the proximity ρ ( )o ori i, 0  between 

Table 3. The basic input-output conversion rule library.

Input Rule Output

Workpiece Category Straight tooth cylindrical gear: right-hand hob Helical 
tooth cylindrical gear: it is better for the hob spiral 
direction to be same as the workpiece spiral direction

Hob Spiral 
Direction

Processing Properties Fine machining: single-head hob Rough machining: 
multiple-head hob

Hob Head Count

Normal Module Equal Hob Module
Helix Angle Helix angle > 200: hob with cutting cone Hob Category
Step after Hobbing Teeth Grinding after hobbing teeth: hobbing before grinding 

Shaving after hobbing teeth: hobbing before shaving
Workpiece Module Assumptions that satisfy machine, workpiece, tool 

stiffness conditions, and refer table 4–36, 4–37, 
4–38 in reference[14].

Cutting Speed Feed 
Amount Hobbing 
Allowance

Workpiece Teeth
Workpiece Material
Workpiece Accuracy
Number of Hob Pasts
Gear Hobbing Stiffness Defined within the limit speed of the dividing worm 

of gear hobbing. n
v

dad0
0

1000
=

πdd
,  where, n0 is the hob 

rotating speed, v is cutting speed, and da0 is the outer 
diameter of the hob.

Hob Rotating Speed

Outer Diameter of Hob
Workpiece Material
Workpiece Heat Treatment 

Hardness
Refer table 4–24 in reference[14] Hob Material

Workpiece Accuracy Refer table 4–22 in reference[14] Hob Accuracy
Workpiece Material Refer table 4–40 in reference[14] Cutting Fluid
Hob Material
…… …… ……

Figure 2. Schematic of the model structure of two-stage 
retrieval of similar process case of gear hobbing.
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the number i matter-element characteristic of 
the case represented by node vr;

Step 5: i = i + 1, goto Step3; 
Step 6: According to the weight in Table 4, calcu-

late the integrated proximity ρ ( )o or , 0  between 
the case matter-element represented by node vr 
and the problem case matter-element; 

Step 7: Select the smallest integrated proximity, 
and the node is regarded as the optimum deci-
sion case; 

Step 8: If  m <= NodeNum (NodeNum is the 
number of nodes) and m ≠ r, calculate the abso-
lute value wjm ( )o orρ  and wrm is the weight 
of node connected with the optimum decision 
case node. If  wjm ( )o orρ  < e1, this node 
is regarded as the optimum decision case, else 
goto Step11;

Step 9: m = m + 1, goto Step8;
Step 10: r = r + 1, goto Step2;
Step 11: All of the obtained optimum decision 

cases are the retrieval results, and the algorithm 
is over.

5 CASE STUDY

CNC hobbing process case samples are obtained 
from the gear manufacturing plant in Chongqing. 
The gear category is cylindrical helical gears and 
the scale of the historical process case is 54, as 
shown in Table 5.

First, the gear hobbing process case library 
is created and data are stored. According to the 
method of creating the process case network as 
described in chapter 3.1, the process case network 
is created, as shown in figure 4, aiming at this case. 
Each of the design case matter-element is shown in 
Table 6. The actual process problem parameters of 
this case are as follows: WM = 2.5 mm, WPA = 20°, 
WTN = 38, WHA = 11.5°, Wm = S390, WAG = 7, 
TPN = 1, WOD = 94.5 mm, and HT = Up.

The first stage retrieval of the process case of 
gear hobbing driven by expressions is carried out. 
Based on the retrieval rule, the obtained problem 
case matter-element Rproblem aiming at this case is 
as follows:

R

N c
c
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The candidate decision case Rresult = {R7, R11, 
R49} is retrieved according to the expression.

At last, the two-stage retrieval of similar proc-
ess case of gear hobbing based on the process 
case network is carried out to obtain the inte-
grated proximity between Rproblem and R7, R11, and 
R49. The result is 0.077, 0.081, and 0.097 and the 
optimum decision case Ropresult = {R7}. The process 
case network of this case is used to look for other 
optimum decision cases. The node is not retrieved 
whose the integrated proximity with R7 is between 
0.071 and 0.083, and so, Rmopresult = {0}. That is to 
say, the optimum decision of this case is the proc-
ess parameter represented by R7.

From the above calculation, it can be observed 
that the theory proposed in this paper has better at 
the case retrieval efficiency when compared to the 
existing retrieval method based on the gear hob-
bing process of case reasoning. The case retrieval 

Figure 3. Flowchart showing the process of two-stage 
retrieval of similar process case of gear hobbing based on 
the process case network.

Table 4. Characteristic weights of the case matter-element outputs.

Hob diameter Hob head Hob rotating speed Cutting speed Feed speed Hobbing allowance

w 0.066 0.066 0.127 0.227 0.230 0.284
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Table 5. A case set of the gear hobbing process.

NO.Ni

Process problem description attribution Process solution
W

M
 c

1

W
PA

 c
2

W
T

N
 c

3

W
H

A
 c

4

W
m

 c
5

W
A

G
 c

6

T
PN

 c
7

W
O

D
 c

8

H
T

 c
9

H
O

D
 c 10

H
H

a 
c 11

H
S 

c 12

C
S 

c 13

C
F

 c
14

C
A

 c
15

N1 2.25 22.5 46 25 20CrMnTi 6 1 128.5 Up  80 3 360  90.5 540 4.72
N2 2 20 44 35 40Cr 7 1 110 Up  80 3 360  90.5 540 4.46
N3 2 15 30 36 40Cr 7 1  73.9 Down  80 2 360  90.5 648 3.74
N4 2 20 33 33 40Cr 7 1  76.3 Up  80 2 360  90.5 720 4.36
N5 2 15 39 33 40Cr 7 1  93.5 Up  80 2 360  90.5 648 4.30
N6 2 20 31 33 20CrMnTi 7 1  67.8 Down  80 2 400 100.5 800 3.58
N7 2.5 20 17 33.1 20CrMnTi 6 2  59.8 Up 120 1 380  95.5 608 5.07
N8 3.5 20 23 19.4 40Cr 7 2 101.7 Up 120 2 300  84.8 600 7.69
N9 3.5 20 23 19.4 45# 6 1 101.7 Up 120 2 360 101 540 6.98
� � � � � � � � � � � � � � � �
N52 5 25 33 21 20CrMnTi 6 1 178.3 Up 100 2 230  72.3 368 9.35
N53 2.75 22.5 61 13 40Cr 7 3 175.3 Up 110 3 300 105.1 456 6.07
N54 3.5 20 32 13 40Cr 7 1 120.2 Down  80 3 300  73.2 384 7.50

P.S. WM: Workpiece modules (mm), WPA: Workpiece pressure angle (°), WTN: Workpiece teeth number, WHA: 
Workpiece helical angle (°), Wm: Workpiece material, WAG: Workpiece accuracy grade, TPN: Tool past number, 
WOD: Workpiece outer diameter (mm), HT: Hobbing type, HOD: Hob outer diameter (mm), HHa: Hob headage, HS: 
Hob rotation speed (r/min), CS: Cutting speed (m/min), CF: Cutting feed (mm/min), CA: Cutting allowance (mm).

Figure 4. Schematic showing the process case network 
aiming at this case.

Table 6. Decision case matter-elements aiming at this case.
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result of this paper is the same as the retrieval result 
of the literature [9]; however, the time spent is half  
of what is previously reported [9]. This method is 
feasible and effective.

6 CONCLUSION

In order to improve the efficiency and accuracy in 
the retrieval of similar process case of gear hob-
bing, the design case matter-element and the prob-
lem case matter-element is first picked to describe 
the historical process case and decision process case 
separately. The graph tool is applied to describe the 
process case network. And then, the retrieval rule is 
formulated to make sure that the input of matter-
element characteristics can be converted into the 
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output of matter-element in the decision problem 
of the gear hobbing process parameter. Finally, 
the first stage retrieval of the gear hobbing process 
case based on the method of driving by expression 
to determine the candidate decision case initially 
and the second stage retrieval of the gear hobbing 
process based on the process case network to select 
the optimum decision case are carried out. Experi-
mental results show the feasibility and effectiveness 
of this method.
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ABSTRACT: With recent development in wireless communication and Micro Electro Mechanical Sys-
tems (MEMS) technology, it becomes easier to monitor rotating machinery conditions by mounting com-
pact wireless MEMS accelerometers directly on the rotor. This has the potential to provide more accurate 
dynamic characteristics of the rotating machine and hence achieving high monitoring performance. In 
this paper, a tiny MEMS accelerometer together with a battery powered microcontroller is mounted on 
the flywheel to acquire the on-rotor accelerations of a two-stage reciprocating compressor. The measured 
acceleration data is streamed to a host computer wirelessly via Bluetooth Low Energy (BLE) module. The 
true tangential acceleration is reconstructed by combining two orthogonal outputs of the sensor, which 
contain gravitational accelerations. To evaluate the performance of the wireless sensor, three different 
fault conditions including intercooler leakage, second stage discharge valve leakage and asymmetric stator 
winding of the motor driver are simulated individually on the compressor test rig. To confirm the wireless 
sensor performance, an incremental optical encoder was installed on the compressor flywheel to acquire 
the Instantaneous Angular Speed (IAS) signal for comparison with signals from the wireless sensor. The 
experimental results show that the running status of the compressor can be remotely monitored, allowing 
different leakages and motor faults to be diagnosed based on the tangential acceleration reconstructed 
from a wireless on-rotor MEMS accelerometer.

to IAS signal, faults can be simply detected (Roy 
2014). Many other researches have employed an 
optical encoder to obtain IAS, however, the cost 
and installation difficulties are issues that make it 
important to find an alternative to measure IAS. 
With recent development in wireless transmis-
sion techniques and Micro Electro Mechanical 
Systems (MEMS) technology, it becomes feasible 
to measure the on-rotor accelerations of rotating 
machines at low cost for condition monitoring. As 
the accelerometer is directly mounted on a rotor, it 
has the potential to capture dynamic characteris-
tics of the rotating part with high accuracy (Arebi 
2011 & Feng 2016) making wireless MEMS accel-
erometers a good alternative to expensive optical 
encoders. Recently, on-rotor MEMS accelerometer 
based condition monitoring has attracted a lot of 

1 INTRODUCTION

Instantaneous Angular Speed (IAS) is a widely 
used technique for monitoring the dynamic con-
dition of rotating machinery. Many studies have 
evaluated the condition of rotating machines using 
IAS measurement based on shaft encoder. In 
(Renaudin 2010), a magnetic encoder was used to 
measure the IAS of an automotive gearbox in dif-
ferent operating conditions. The results proved that 
different faults, like pitting in bearing, causing small 
angular speed fluctuations are measurable with 
magnetic encoders, meaning abnormal conditions 
can be detected. Roy et al investigated the behavior 
of IAS signal for different gearboxes under various 
speed and load conditions. They concluded that 
by applying Time Synchronous Averaging (TSA) 
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attention. (Albarbar 2008) studied the usage of 
MEMS accelerometers in condition monitoring 
and investigated the performance of three different 
MEMS accelerometers. From their investigation, 
it is concluded that MEMS sensors could be used 
instead of standard sensors especially for wireless 
implementation. (Arebi 2010) developed a wireless 
MEMS accelerometer that was attached directly 
on a rotating shaft and the results demonstrated 
that different degrees of misalignments can be suc-
cessfully monitored using MEMS accelerometer. 
Furthermore, (Arebi 2011) studied and compared 
response from data collected via a MEMS acceler-
ometer and shaft encoder under different degrees 
of shaft misalignment. Findings from their study 
showed that the wireless MEMS accelerometer out-
performs the shaft encoder in detecting small shaft 
misalignment. The authors previously mounted a 
three-axial MEMS data logger on the flywheel of 
a reciprocating compressor to record the on-rotor 
accelerations. By combining the acceleration from 
two axes, the gravitational acceleration was effec-
tively removed and the tangential acceleration was 
reconstructed with good accuracy (Feng 2016). 
The focus of this study is to improve on the data 
collection method by bringing in the wireless data 
transmission technique which enables online con-
dition monitoring. Furthermore, the reconstructed 
tangential acceleration signal is compared with the 
IAS signal from an optical encoder.

2 THEORETICAL BACKGROUND

2.1 IAS measurement based on a shaft encoder

The IAS measurement is widely used in the area 
of fault diagnosis, condition monitoring and con-
trol of rotating machines. By studying the IAS 
variations, a large amount of information about 
the health status of the machine can be obtained 
(Nurmi 2013). Many different methods have been 
developed for angular speed measurement. Each 
successive method has attempted to improve meas-
urement performance using a different strategy to 
process encoder signals based on two basic prin-
ciples: counting the number of pulses in a given 
time duration and measuring the elapsed time for 
a single cycle of encoder signal (Nurmi 2013). In 
general, average angular speed may be defined as:

ω θ
=

Δ
Δt

 (1)

where Δθ is the angular displacement and Δt is the 
time taken to complete the displacement.

A typical and precise way of measuring IAS 
is installing an optical encoder on one end of the 

rotor. The encoder working principle is presented 
in Figure 1 (a). It uses a slotted wheel with a single 
LED and photo detector pair to generate pulses as 
the wheel turns and the speed of an object can be 
calculated by measuring the pulse duration Δti (i.e. 
elapsed time or time span for a pulse i) between 
successive pulses (Nurmi 2013).

Assuming that, M is encoder pulses in one revo-
lution, the duration of the clock cycle is ts and the 
number of clock cycles in a speed pulse is Nc, then 
the IAS in rad/sec can be calculated as:

IAS
t Mi

=
2π

Δ
 (2)

where Δti is the time interval of the given speed 
pulse and it is equal to Ncts. Considering the change 
in angular variation Δθ π2 /π ,M  equation (2) in 
RPM can be written as (Gubran 2014):

IAS
ti

=
60
2

Δ
Δ

θ
πΔΔ

 (3)

Traditional encoders have been used for a long 
time in industries to monitor a machines per-
formance and for fault detection. However, these 
sensors are usually expensive, their installation 
is difficult and not suitable for isolated environ-
ment. Therefore, many researches have tried to use 
MEMS sensors, which are low-cost, small in size 
and easy to install as an alternative for encoders 
(Nurmi 2013).

Figure 1. (a) Encoder principle and (b) operations of 
measuring elapsed time.
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2.2 IAS measurement based on an on-rotor 
MEMS accelerometer

MEMS is a process technology that produces tiny 
integrated devices which combine mechanical and 
electrical components. They are fabricated using 
Integrated Circuit (IC) batch processing techniques 
and can be made with a different size from a few 
micrometers to millimeters. These systems are capa-
ble of performing several signal processing tasks in 
areas including mechanical, electrical, optical, flu-
idic and other types of signals (Arebi 2011). The 
measured signal using 3-axis on-rotor MEMS accel-
erometers contains the required rotor dynamic infor-
mation as well as gravitational acceleration, which 
can be successfully removed by combining the phase 
shifted normal and tangential direction outputs of 
the MEMS accelerometer. Using property that the 
gravitational acceleration on X axes (gx) and Y axes 
(gy) have a phase difference of π/2 for all frequency 
components, a method was suggested in (Feng 2016) 
to cancel the gravitational acceleration projection on 
the Y-axis, i.e. gy, therefore allowing the tangential 
acceleration of interest to be reconstructed. The 
reconstruction steps can be summarized as follows:

1. Remove the high frequency noise by applying a 
low-pass filter to both ax yand .aya

2. Use a Hilbert transform to add a phase shift of 
π/2 to the filtered signal ax .

3. The phase shifted signal is added to the filtered 
signal ay  resulting in a signal that excludes the 
gravitational components and only includes the 
tangential acceleration components:

a r A n ttx o n o nt
n

+
=

∞∑∑ ( )n +n cos( )
1

ω ωA no nA cos( ϕ  (4)

4. Scale the amplitude of nth harmonic com-
ponent to be n / ( )n +  in atx in the frequency 
domain and get the true tangential acceleration 
at. Consequently,

a A n tt on n o nn
+n tnr Anr

=

∞∑∑ nnno nAnA ϕ( )
1

 (5)

Then, the IAS can be computed by finding the 
integration of tangential acceleration signal at:

IAS
r

a dtt= ∫
60
2πrr

 (6)

where r is the distance of accelerometer to the 
wheel center.

3 WIRELESS TRANSASSION

According to signal range, wireless network stand-
ards can be divided into four categories which are 

Wireless Wide Area Network (WWAN), Wireless 
Metropolitan Area Network (WMAN), Wireless 
Local Area Network (WLAN) and Wireless Per-
sonal Area Network (WPAN) (Feng 2013). 
Networking standards usually address the 
physical layer and the lower part of the data link 
layer, which is also known as the Medium Access 
Controller (MAC) sub layer. The physical layer 
addresses modulation, frequency use and transmis-
sion, whereas the MAC layer mentions to access 
points and maintains the order of signal flow to 
avoid signal collision and cancellation (Townsend 
2014). The most popular wireless communication 
protocols include Wi-Fi, ZigBee, Bluetooth and 
Bluetooth Low Energy (BLE), which operate on 
Industrial, Scientific and Medical (ISM) bands (Lin 
2007 & Sidhu 2007). These standards have their 
own advantages and can satisfy specific application 
requirements. In recent years, BLE has gained wide 
application in smart phones, tablets and wearable 
devices due to its inherent features like low power 
consumption, low cost and good community sup-
port (Dementyev 2013 & Kun 2013).

In this work, the sensor node is mounted directly 
on the rotor, making it not convenient to change 
battery. Thus, low power consumption becomes 
the main concern for designing the sensor node. 
On this basis, BLE is employed for wireless data 
transmission mainly because of its low power con-
sumption feature and good development support. 
In the future, wireless charging techniques will be 
employed to improve the life-span of the sensor 
node, making such on-rotor condition monitoring 
more practical.

4 EXPERIMENTAL SETUP

4.1 Test rig setup

To confirm the performance of  the wireless accel-
erometer sensor, a compression experimental 
study with incremental encoder was performed 
on a two-stage, single acting Broom Wade (Model 
TS9) reciprocating compressor. Figure 2 (a) 
presents a diagram of  a two-stage reciprocating 
compressor, which mainly consists of  three parts; 
an electric motor, a compression unit and a high 
pressure tank to store the compressed air. The 
compression part is composed of  two cylinders, 
two pistons, two connecting rods, a crankshaft, 
four self-acting valves and an intercooler. The 
compressor is driven by a three phase 2.5 kW 
induction motor KX-C184, whose power is trans-
ferred to the flywheel through a pulley belt sys-
tem with a transmission ratio of  3.2:1. The rated 
speed of  the motor is 1420 rpm (revolutions per 
minute), thus the rated speed of  the flywheel is 
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about 440 rpm. As shown in Figure 3 (b), an 
incremental shaft encoder RI32 is installed on 
the end of  the flywheel to measure the IAS. The 
encoder provides two outputs: 100 electrical pulse 
trains per revolution and one pulse per revolution 
known as index signal. Besides, a MEMS accel-
erometer, ADXL345, is attached directly to the 
flywheel to measure the on-rotor acceleration. 
This sensor is a low-power, 3-axis MEMS acceler-
ometer module with both I2C and SPI interfaces. 
A detailed description of  the ADXL345 sensor is 
listed in Table 1.

As shown in Figure 3, the data from ADXL345 
is read by a low power microcontroller (MCU) and 
then forwarded to a BLE module. The power is 
provided by a 270 mAh lithium battery.

4.2 Test procedure

During the test, ADXL345 is configured to oper-
ate with a dynamic range of ±16 g and a sampling 
rate of 200 Hz to allow sufficient inspection of the 
rotor dynamic characteristics. The acquired data 
is transmitted wirelessly to a remote computer. 
Simultaneously, encoder signals and the tank pres-
sure are also recorded via a CED 1401 data acqui-
sition system with a sampling rate of 49019 Hz. In 
this experimental work six groups of data were col-
lected for different compressor conditions, includ-
ing one healthy condition (BL) and five faulty 
conditions. These cases are listed in Table 2 and 
performed one by one.

5 RESULTS AND DISCUSSION

Figure 4 displays the periodic wireless sensor 
outputs in both X and Y axes as well as their fre-
quency spectrums when the high pressure tank is 
around 80 psi.

Figure 2. (a) schematic of a two-stage reciprocating 
compressor and (b) installation of (I) MEMS accelerom-
eter, (II) microcontroller board and (III) optical encoder.

Figure 3. Schematic of wireless sensor node.

Table 1. Specification of ADXL345.

Accelerometer sample rate 10–3200 Hz configurable
Accelerometer range ± 2/4/8/16 g configurable
Accelerometer resolution 10–13 bit (3.9 mg/LSB)
Dimensions 3 × 5 × 1 (mm)
Weight 30 mg

Table 2. Test cases description.

Test case Description

BL Baseline signal
DVL Discharge valve leakage on the high 

pressure cylinder
ICL intercooler leakage
ASW Asymmetric stator winding of the motor
DVL+ASW Discharge valve leakage on the high 

pressure cylinder + asymmetric stator 
winding of the motor

ICL+ ASW intercooler leakage + asymmetric 
stator winding of the motor
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From these frequency spectrums, it can be seen 
that the peak value is at around 7.4 Hz, which is 
actually the compressor speed. The tangential 
acceleration can be reconstructed by combining the 
acceleration in X-axis and Y-axis using the method 
explained in Section 2.2. To verify the reconstructed 
signal, an integration operation is performed on the 
obtained tangential acceleration so as to get the 
alternating IAS signal. In the meantime, the multi-
ple pulse signal from the encoder is also computed 
using the method explained in Section 2.1.

The computed IAS signals are compared in Fig-
ure 5 in both time domain and frequency domain. 
Note that the presented IAS signal only contain 
alternating components. It can be seen that the 
IAS signal from these two sensors have good match 
in waveform shape, amplitude and very similar 

frequency components. This verifies the accuracy 
of the reconstructed signal obtained from wireless 
accelerometer. To classify the compressor condition 
using the reconstructed tangential acceleration, the 
harmonics changes with discharge pressure for all 
test conditions are presented in Figure 6. It can be 
seen that the amplitude from the fundamental and 
the 3rd harmonic frequency components show a lin-
ear increasing trend with the tank pressure from 0 to 
0.82 MPa (120 psi). Therefore, these two components 
are employed for further condition classification.

Figure 7 (a) shows the relationship of third har-
monic with the fundamental frequency for tank 

Figure 4. Acceleration signals and their spectra at pres-
sure of 0.55 MPa (80 psi) (a) X-axis and (b) Y-axis.

Figure 5. IAS comparison from the wireless sensor and 
encoder. (a) wireless sensor time domain, (b) wireless 
sensor frequency domain, (c) encoder signal time domain 
and (d) encoder signal frequency domain.

Figure 6. Harmonics amplitude of the reconstructed accel-
eration signal vs. tank pressure. (a) fundamental frequency, 
(b) 2nd harmonic, (c) 3rd harmonic and (d) 4th harmonic.

Figure 7. Fault signal classification (a) 3rd harmonic 
vs. fundamental frequency (b) residual vs. fundamental 
frequency.
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pressure ranging from 0.41 MPa to 0.83 MPa (60 
psi to 120 psi). Based on the relationship between 
fundamental and third harmonic, the fault signals 
are classified in Figure 7 (b).

It is clear that the intercooler fault (ICL), the 
Discharge Valve Leakage fault (DVL) and both 
combined faults (IC+ASW, DVL+ASW) can be 
well separated from the baseline signal (BL). How-
ever, some part of the Asymmetric Stator Wind-
ing fault (ASW) classification still falls within the 
set boundaries, making it difficult to detect or 
properly classify them. Furthermore, the residual 
of DVL related fault, i.e. DVL and combined 
fault (DVL+ASW), is positive whereas that of 
ICL related fault, i.e. ICL and combined fault 
(ICL+ASW), are negative. It can also be noticed 
that the effect of the combined fault in both cases 
are clearly evident while the combined faults make 
the residual more deviated from the boundaries.

6 CONCLUSION

In this paper, a performance test of a wireless 
MEMS accelerometer is carried out for differ-
ent common faults appearing in a reciprocating 
compressor. The measured signals of the wireless 
sensor are compared with signal obtained from 
a traditional optical encoder. The experimental 
results demonstrate that, acceleration signals from 
the wireless sensor and the encoder are similar and 
there is a very good matching in both waveform 
and spectrum, proving that the reconstructed tan-
gential acceleration from on-rotor accelerometer is 
accurate and reliable. Furthermore, a remote con-
dition monitoring and common fault diagnostic 
for a reciprocating compressor can be achieved by 
using only one MEMS accelerometer.
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ABSTRACT: Early fault features of rolling bearings are relatively weak, and therefore it is difficult to 
extract fault characteristic frequencies of rolling bearing effectively through the spectrum analysis of bear-
ing’s vibration signals. In order to solve this problem, a hybrid method of bearing fault diagnosis based 
on the Complementary Ensemble Empirical Mode Decomposition (CEEMD) and slice bi-spectrum was 
presented. Through analysis on the simulated signals, the decomposition capacity of the CEEMD method 
and the ability of noise suppression and eliminating non-quadratic phase coupling harmonics of slice 
bi-spectrum were verified. The method proposed in the paper was utilized to analyze and diagnose the 
measured inner and outer ring fault signals of rolling bearing. It is found that the proposed method can 
effectively extract the fault characteristics from bearing’s defective signals, and the diagnosis result is 
good.

Huang.[3] It can adaptively decompose vibration 
fault signals successively from high frequency to 
low frequency, and retain the instinct character-
istics of  the signals in the decomposition process. 
However, mode aliasing exists in the EMD method, 
which means an IMF component contains signals 
with different scales or similar scales exist in differ-
ent IMF components. Based on the above issues, 
Wu and Huang[4] proposed the Ensemble Empiri-
cal Mode Decomposition (EEMD). The EMD 
algorithm is improved in the EEMD, by adding 
gauss white noise to the original signal before the 
decomposition and utilizing the uniform distribu-
tion property of  Gaussian white noise spectrum 
to inhibit mode aliasing phenomenon. However, 
it also brings some other problems, such as con-
taining residual noise and the sum of IMF com-
ponents not perfectly reconstructing the original 
signal.[5] While the Complementary Ensemble 
Empirical Mode Decomposition (CEEMD)[6] not 
only can overcome the modal aliasing effect of  the 
EMD, but also can avoid the decomposition errors 
caused by adding white noise in the EEMD.

The higher-order cumulant[7] and higher-order 
spectrum[8–9] are good analysis tools to analyze 

1 INTRODUCTION

Rolling bearing is an important part of rotating 
machinery, and its health is very important to the 
normal operation of the whole mechanical system. 
Meanwhile, rolling bearing is one of the most vul-
nerable mechanical components, and about 30% 
of the mechanical equipment failure was caused by 
the local damage of bearing. Fault feature extrac-
tion and fault type judgment of rolling bearing are 
always the hotspot issues in the field of rotating 
machinery fault diagnosis.[1]

In the actual conditions, the impact fault signal 
of rolling bearing displayed significant non-Gaus-
sianity due to the amplitude modulation. And due 
to the influence of noise and signal attenuation in 
the process of signal transmission, bearing fault 
characteristic signal was always very weak. And 
how to extract the weak impact characteristics of 
rolling bearing from fault signals and how to iden-
tify the impact repetition frequency is the key point 
of the rolling bearing fault diagnosis.[2]

Empirical Mode Decomposition (EMD) is a 
kind of  time-frequency analysis method for non-
linear and non-stationary signals proposed by 
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non-linear and non-stationary signals, and they 
are widely used in the field of  fault diagnosis 
in recent years. Slice bi-spectrum[10–11] can iden-
tify the quadratic phase coupling components 
of  mechanical vibration signals and it can also 
suppress the Gaussian white noise at the same 
time.

Based on the above prominent advantages of the 
CEEMD and slice bi-spectrum, the CEEMD and 
slice bi-spectrum are introduced to the mechanical 
fault diagnosis in this paper, and they successfully 
extract the faults of rolling bearing.

2 ANALYSIS METHODS

2.1 Complementary EEMD (CEEMD) method

The CEEMD method[6, 12] is an improved algorithm 
based on the Empirical Mode Decomposition 
(EMD) and the ensemble EMD (EEMD) method.

On the basis of EEMD, a pair of positive and 
negative assisted noise is added in the CEEMD 
method, which can eliminate the residual assisted 
noise in the reconstructed signal, and can reduce 
the ensemble times of adding noise and reduce the 
computation cost at the same time. CEEMD not 
only can suppress the noise of the non-stationary 
random signals, but also can reduce the loss of 
effective signals as possible, and keep the features 
of the original signal.

EMD decomposes a non-stationary signal into 
a series of Intrinsic Mode Functions (IMFs), the 
oscillation decreases with the decomposition level, 
and the characteristic scales distribute from the 
small to the large. The length of the original data 
is n, CEEMD is based on the decomposition of 
EMD, the steps of its algorithm are as follows:

1. Add white noise wi(n) (i = 1, …, I) to the origi-
nal signal I times, and the positive and negative 
white noise is added to the original signal in 
pairs, and then 2I signals are obtained.
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2. Each signal xi(n) (i = 1, …, 2I) in the collection 
is decomposed through the EMD method, and 
a set of mode functions FMM kFF i ( )n  are obtained, 
and the first intrinsic mode function is
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Then, the first residual component is
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3. For k = 2, …, K, calculate the kth residual 
component rk(n) = rk−1 (n) − IMFk(n), and 
then the decomposition function turns into 
rk(n) + ξkEk (wi (n)), and the IMF components 
are IMFMM E EkFF I k k kE
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 Repeat the step (3) until the termination of the 
sifting process, we can get
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 in which ξk denotes ratio of signal to noise, and 
it is constant here; Ej(.) stands for the jth func-
tion in the EMD decomposition.

After a series of calculations, a set of IMF func-
tions are gained. CEEMD can extract useful signals 
according to the spectrum distribution of each 
decomposition level, and eliminate high-frequency 
random noise effectively.

2.2 Slice bi-spectrum

The kth-order cumulant of zero-mean stationary 
random signal x(n) is defined as

c
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 (5)

where g(n) is the Gaussian random process which 
has the same second-order statistics as x(n). By 
the definition, the higher-order cumulant can not 
only measure the higher-order correlation of the 
time sequence, but also can reflect the extent of 
the stochastic process deviating from the Gaussian 
distribution, which means that it can measure the 
non-Gaussianity of the signal. As the higher-order 
cumulant of the Gaussian noise is zero, the higher-
order cumulant can restrain the influence of noise 
effectively and improve the accuracy of analysis 
and identification.

The expression of the third-order cumulant can 
be derived from the definition of the higher-order 
cumulant.[1,11]

C E x x3C EC x xx ( )nn ( )n 1n + ( )2+⎡⎣⎡⎡ ⎤⎦⎤⎤x)1 (n 2+  (6)

If  τ1 = τ2 = τ, the diagonal slice of the third-order 
cumulant is

x xx3CC ( )n ( )n + ( )+⎡⎣⎡⎡ ⎤⎦⎤⎤x)) ( ))n +  (7)

Slice bi-spectrum is defined as the one dimen-
sional Fourier transform of the diagonal slice.
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B C dx( ) C x) τe ddd( ),τ τ
−∞

+∞

∫− 3CC  (8)

Slice bi-spectrum is obtained through Fourier 
transform of the higher-order cumulant, and it can 
restrain noise commendably, and it also can iden-
tify the quadratic phase coupling characteristics of 
signals, thus it is widely used in the fault diagnosis 
of rolling bearing.

3 SLICE BI-SPECTRUM SIMULATION 
VERIFICATION

In order to verify the eliminating ability of non-
quadratic phase coupling for slice bi-spectrum, a 
simulated signal is used, and its specific expres-
sions are as follows:
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Simulated signal s is composed of  five cosine 
components x1, x2, x3, x4 and x5, and their fre-
quencies are f1 = 15 Hz, f2 = 35 Hz, f3 = 50 Hz, 
f4 = 80 Hz and f5 = 120 Hz, respectively, and their 
phases are ϕ1 = 0.5 rad, ϕ2 = 1.5 rad, ϕ3 = 2 rad, 
ϕ4 = 2.5 rad and ϕ5 = 4.5 rad, separately. As there 
are f3 = f1 + f2 and ϕ3 = ϕ1 + ϕ2, the cosine compo-
nent x3 is derived from the cosine component x1 
and x2 through quadratic phase coupling. As f5 ≠ 
f3 + f4, quadratic phase coupling does not occur 
between the cosine components x3 and x4 even 
existing ϕ5 = ϕ3 + ϕ4.

The time domain waveform and spectrum 
diagrams are shown in Figure 1. As shown as in 
Figure 1(a), the time domain waveform is complex 
and chaotic. Figure 1(b) shows that there are five 
spectral lines in the amplitude spectrum, corre-
sponding to the five frequency components in the 
simulation signal. In the slice bi-spectrum diagram 
Figure 1(c) of the simulated signal, only the three 
frequency components participating in quadratic 
phase coupling are retained, and the other two fre-
quencies which are not involved in quadratic phase 
coupling were eliminated. It should be noted that 
the ordinate title of the slice bi-spectrum (normal-
ized amplitude) in Figure 1(c) means to normalize 
the amplitudes of the slice bi-spectrum. In the proc-
ess of amplitude normalization, the amplitudes of 
all the spectral lines are divided by the maximum 
amplitude among all the spectral lines, which means 
that the normalized amplitude of the spectral line 
with the maximum amplitude is equal to 1.

4 BEARING FAULT SIGNAL ANALYSIS

In order to verify the practicality of bearing fault 
diagnosis method of the CEEMD combining with 
slice bi-spectrum, the bearing fault data opened 
by Case Western Reserve University in the United 
States was analyzed. In the paper, fault data of the 
deep groove ball bearing with the type of SKF6203-
2RS JEM at the fan end of the motor housing was 
selected. The pitch diameter, inner ring diameter, 
outer ring diameter, ball diameter, ball number 
and contact angle are 28.5 mm, 17 mm, 40 mm, 
6.75 mm, 8 and 15°, respectively. The diameter and 
depth of inner ring fault bearing and outer ring 
fault bearing are both 0.1778 mm and 0.2794 mm, 
respectively. The sampling frequency and analy-
sis point number, and motor rotating frequency 
are 12 kHz, 16384 and 29.25 Hz, separately. The 
fault characteristic frequencies fi and fo of  the inner 
ring fault bearing and outer ring fault bearing are 
144.70 Hz and 89.30 Hz, respectively.

Time domain waveforms and amplitude spec-
trums of the bearing fault signals are shown in 
Figure 2. Specifically, the inner fault signal is dem-
onstrated in Figure 2(a), and Figure 2(b) corre-
sponds to the outer ring fault signal. As shown in 

Figure 1. Time domain waveform and its spectrums of 
the simulated signal.
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Figure 2, a series of shock pulses exist in the time 
domain waveforms of the inner ring faulty signal 
and outer ring fault signal of the rolling bearings. 
However, it is difficult to judge which kinds of 
faults causing the shock pulse. In the correspond-
ing frequency domain graphs, there are several 
obvious resonance frequency bands. Similarly, the 
fault characteristic frequencies of the rolling bear-
ings at the fan end of the motor housing are also 
unable to be extracted. In the amplitude spectrum 
graphs of the inner and outer ring fault signals of 
the rolling bearings, the line of 158.2 Hz at the low 
frequency band is seen both in Figure 2(a) and 
2(b). The frequency of 158.2 Hz is corresponding 
to the bearing inner fault characteristic frequency 
at the drive end of the motor housing, while the 
bearing fault characteristic frequency at the fan 
end of the motor housing is not obvious.

In order to extract fault characteristics of roll-
ing bearings effectively, the CEEMD method was 
employed to decompose bearing fault signals, and 
several IMF components were obtained. As shown 
in Figure 3, four IMF components were obtained 

both in the decompositions of the bearing inner 
and outer ring fault signals by using the CEEMD 
method. And the corresponding amplitude spec-
trum of each IMF component is illustrated in 
Figure 4.

Figure 4(a) and 4(b) indicate that the CEEMD 
method can decompose bearing fault signals into 
a series of IMF components distributing from 
high frequency to low frequency. Obviously, as 
a sort of adaptive decomposition method, the 
CEEMD method can decompose nonlinear and 
non-stationary signals effectively. In the meantime, 
it is difficult to extract the fault characteristic infor-
mation of the inner and outer ring fault bearings 
from the amplitude spectrum graphs of the IMF 
components effectively as shown in Figure 4 alone.

All the IMF components obtained by using 
the CEEMD method were analyzed by slice bi-
spectrum. And the slice bi-spectrums of the four 
IMF components for the bearing inner and outer 
ring fault signals were demonstrated in Figure 5(a) 
and 5(b). As seen from Figure 5(a), spectral lines 
in each IMF component are complex, and the 

Figure 2. Time domain waveforms and their amplitude 
spectrums of the bearing fault signals.

Figure 3. Time domain waveform of each compo-
nent of the bearing fault signals obtained through the 
CEEMD.
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Figure 4. Amplitude spectrum of each component of 
the bearing fault signals obtained through the CEEMD.

Figure 6. Slice bi-spectrum for the component IMF2 
of the bearing fault signals obtained through the 
CEEMD.

Figure 5. Slice bi-spectrum for each component 
of the bearing fault signals obtained through the 
CEEMD.motor rotating frequency fr and the bearing inner 

fault characteristic frequency fi and its harmon-
ics appear at low frequency. Similarly, the motor 
rotating frequency fr and the bearing outer fault 
characteristic frequency fo and its harmonics exist 
at low frequency of Figure 5(b). Furthermore, in 
Figure 5(a) and 5(b), the motor rotating frequency 
fr is 29.3 Hz, the inner ring fault characteristic fre-
quency fi is 144.3 Hz, and the outer ring fault char-
acteristic frequency fo is 89.36 Hz, all of which are 
quite close to the calculated values.

In particular, in the slice bi-spectrum of the 
second IMF component of the bearing inner and 
outer fault signals, the fault characteristic fre-
quencies become more obvious below 800 Hz. In 
Figure 6(a), the motor rotating frequency fr and 
its second harmonic component, the inner ring 
fault characteristic frequency fi, and modulation 
frequencies between the inner ring fault character-
istic frequency fi, the motor rotating frequency fr 
and its second harmonic component are detected 
in the slice bi-spectrum of the second IMF com-
ponent of the inner ring fault signal. As shown in 
Figure 6(b), the motor rotating frequency fr, the 
outer ring fault characteristic frequency fo and its 
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harmonics appear in the slice bi-spectrum of the 
IMF2 component of the outer ring fault signal. 
Meanwhile, the modulation frequencies between 
the motor rotating frequency fr, the outer ring fault 
characteristic frequency fo and its second harmonic 
component also exist in the graph of Figure 6(b).

5 CONCLUSION

The validation of slice bi-spectrum for the simu-
lated signal demonstrated that slice bi-spectrum 
can extract the frequency components involved in 
quadratic phase coupling effectively from the simu-
lated signal, and the non-quadratic phase coupling 
components were eliminated. The Analysis of bear-
ing fault signal showed that the CEEMD combining 
with slice bi-spectrum extracted the fault character-
istic frequencies and their harmonics of the inner 
ring and outer ring fault bearings, the motor rotat-
ing frequency and its harmonic components, and 
the modulation frequencies among the frequencies 
listed above. The diagnosis results illustrated that 
the CEEMD and slice bi-spectrum method pro-
posed in the paper can extract the fault characteris-
tics of inner ring and outer ring fault bearings.
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ABSTRACT: Journal bearings usually wok under a wide range of operating conditions. However, 
adverse operating such as transient operations and oil degradation can lead to early defects to the bear-
ings. In this paper, Modulation Signal Bispectrum (MSB) is used to analyse vibration responses from a 
journal bearing lubricated with three different oils to differentiate abnormal lubrication conditions. MSB 
magnitude results represent the nonlinear vibration responses, which are due to instable hydrodynamics, 
asperity excitations and nonlinear transfer paths, with two distinctive bifrequency patterns correspond-
ing to instable lubrication and asperity interactions respectively. Using entropy measures, these instable 
lubrications are classified to be the low loads cases. Furthermore, average MSB magnitudes are used to 
differentiate the asperity interactions between asperity collisions and the asperity churns. A higher mag-
nitude in the lower frequency band can indicate the excessive asperity contacts due to lowering viscosities. 
Meanwhile a higher magnitude in the higher frequency band indicates the extreme fluid frictions.

sources would be generated by mechanical contact 
between the rotating shaft and stationary bearing 
(Kim, Jang et al. 2010). High clearance causes 
looseness of bearing, which generates sinusoid 
wave and many harmonics are generated from 
these signals (Muszynska 1995). Another type of 
excitations is mechanical unbalance and its fre-
quency peak at 1 time rpm. Furthermore, oil whirl 
is excited by oil film and its frequency is between 
0.38 to 0.48 rpm (Nelson 2007). It is influenced 
by lubricant viscosity, oil film thickness and shaft 
centre position.

Journal bearing vibration is not only from rotor 
system which many researchers focused on but also 
asperity churns and collisions cause random vibra-
tion. Parno stated that mean value of vibration sig-
nals for the high frequency band (6 kHz–40 kHz) 
is a promising method of detecting scratched jour-
nal bearing (Raharjo). Under mixed and boundary 
regimes, asperity-asperity and fluid-asperity interac-
tions are the sources of self-excitation, which result in 
high responses at structure resonances. Random high 
frequency of vibration responses are mainly related 

1 INTRODUCTION

Journal bearing are used to support radial load and 
considered as the best element for absorbing vibra-
tions, resisting shock and extending service life. 
However, high radial load, low rotating speed, and 
weakness of oil film may lead the journal bearings 
to work on adverse operating conditions, resulting 
in early failures.

Vibration monitoring analysis is one of the main 
techniques used to diagnose and predict various 
defects of different machinery parts (Sethiya 2006) 
in order to avoid any potential major failures. To 
realise the early diagnostics, vibration mechanisms 
of a journal bearing have been studied extensively.

Mechanical instabilities such as unbalance, mis-
alignment and looseness in rotor bearing systems 
are the most commonly faults have been studied by 
many researchers (Muszynska 1995, Chandra and 
Sekhar 2016). Moreover, fluid instabilities such as 
oil whirl and whip are common faults in journal 
bearings (Ojaghi and Yazdandoost 2015). Under 
hydrodynamic regime, journal bearings vibration 
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with two frictional effects, surface asperity collisions 
in the boundary lubrication regime and asperity 
churns in the hydrodynamic lubrication regime 
(Osama Hassin, Nasha Weib et al. 2015). Finally, the 
interaction between periodic responses and resonant 
responses produce modulation signals.

Modulation Signal Bispectrum (MSB) is an 
advanced technique used to analyse the vibra-
tion of composite signal which is a combination 
of the information and the carrier signals. In this 
paper it is found that, MSB magnitude is useful to 
identify vibrations caused by internal and external 
excitations.

2 THE LUBRICATION REGIMES

2.1 Lubrication regimes

The Stribeck curve is used widely to characterise 
the friction properties between a bearing and its 
journal. Figure 1 illustrations the classic Stribeck 
curve consisting of three lubrication regimes: 
boundary lubrication, mixed-film lubrication and 
hydrodynamic lubrication, which may occur in a 
journal bearing. The Stribeck curve plots the rela-
tionship between the coefficient of friction f and 
the bearing parameter or modulus μN/p, where μ 
is the absolute viscosity of the lubricant, N is the 
shaft speed and p is the pressure.

The optimum point of the curve is when the 
coefficient of friction passed through a minimum 
point from mixed to hydrodynamic lubrication 
(Frene, Nicolas et al. 1997). It is the focus that 
this vibration based monitoring determines the 
optimal operation in order to provide warnings to 
any abnormal operations such as excessive asperity 
contacts and extreme fluid friction which may be 
caused by a gradual degradation of lubricants.

2.2 Vibrations of journal bearing

To describe the vibration phenomena of jour-
nal bearings for the purpose of fault diagnosis, 
vibration sources are re-examined to account 
any possible excitation mechanisms. Convention-
ally, external excitations such as misaligned and 
unbalanced forces (Fu) can cause low frequency 
responses associated with shaft rotation (Javo-
rova, Sovilj et al. 2009). In addition, hydrodynamic 
effects constitute a vibration system between the 
journal and bearing. This system can appear insta-
ble motion governed by self-excited mechanisms 
through oil film stiffness forces (Fo) and results 
in vibrations at about half  of the rotational fre-
quency. Furthermore, according to the friction 
mechanisms, micro asperity churns and collisions 
account for the friction loss of the lubricated bear-
ing. Because of the instant effect of these two 
mechanisms and randomness of asperities, they 
formalise two additional dynamic forces: asperity 
collisions (Fa) and asperity churns (Fp), which are 
also sources of self-excitations and can lead to high 
frequency responses. Overall, the vibration system 
of a journal bearing can be represented as Figure 2 
and the journal response can be obtained based on 
the conventional nonlinear system (Andres 2006) 
but with the addition of new terms of Fa and Fp, 
which are approximated by:

m x F F Fs ox FF x pFF x aFF x��
��

+ +F F
Fluid stiffness Asperity churns Asperity collisll ion

Static load Unbalance & Misalignment

=
�

� �
F F+rxFF uxFF

 (1)

Figure 1. The Stribeck curve and lubrication regimes. Figure 2. Free body diagram of different forces.
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where ms denotes the mass of the shaft; ki denotes 
the bending stiffness of an arbitrary micro asper-
ity; k stiffness coefficients due to hydrodynamic 
pressure. This nonlinear process shows that the 
vibration responses can exhibit modulations 
between the low frequency components and the 
high frequency components.

In addition, the system can be further modulated by 
structural resonances through the convolution opera-
tion which results in a more complicated response 
that needs to be characterised adequately in order to 
separate each effect for the purpose of diagnosis.

2.3 Modulation Signal Bispectrum

The modulation signal of vibrations is formed 
by nonlinear coupling between vibration compo-
nents, either in periodic or random forms. Thus, it 
is anticipated that this bispectrum can give a more 
accurate representation of the vibration signal for 
early detection of abnormal operations.

In the frequency domain, the Modulation Signal 
Bispectrum (MSB) of a vibration signal x(t) (Gu, 
Shao et al. 2011) can be calculated by

B f = E X f X f X f X fMSB x cff ff c xff ff c xff ff *
cff *

cff)f , fx cff , ff )f + fc xff ff )f - fc xff ff )fcff )fcff

 (3)

where X(f) is the Discrete Fourier Transform 
(DFT) of x(t); fx is the modulator frequency; fc 
is the carrier frequency, fc +  fx and fc –  fx are the 
higher and lower sideband frequencies respectively. 
It takes into account both fc +  fx and fc –  fx simulta-
neously in Equation (3) for quantifying the nonlin-
ear effects of modulation signals. If  there are due 
to the modulation effects between fc  and fx, a bis-
pectral peak will be at bifrequency BMS(fx,  fc). On 
the other hand, if  these components such as vari-
ous noises are not coupled but have random dis-
tribution, their magnitude of MSB will be close to 
zeros. In this way, the uncorrelated wideband noise 
and aperiodic components of vibration signals can 
be suppressed effectively so that the discrete com-
ponents relating modulation effects can be repre-
sented sparsely and characterised more accurately 

(Gu, Wang et al. 2015) (Gu, Abdalla et al. 2014). In 
other words, any correlated content including col-
oured noise can be also enhanced to such a degree 
so that a stable result can be obtained to describe 
the structured random signals.

3 EXPERIMENTAL PROCEDURE

A self-aligning spherical journal bearing, SA35M 
was been tested under different operating condi-
tions on the test rig shown in Figure 3. In order to 
realise different lubrication conditions, three types 
of lubricants: 5 VG, 15 VG and 46 VG were tested 
under three shaft speeds: 1500 rpm, 1200 rpm 
and 900 rpm and four radial loads: 1 bar, 5 bar, 
10 bar and 20 bar. These different viscosities, rota-
tion speeds and radial loads will lead the journal 
bearing working under different lubricant regimes 
which are expected to be separated based on exter-
nal vibration analysis.

An accelerometer sensor with a bandwidth from 
1 Hz to 10 kHz is mounted horizontally to collect 
the vibration signals. The position of the sensor 
is close to the loading zone. In addition, a shaft 
encoder and a pressure sensor were also used to 
measure the output rotating speed and radial load 
respectively. At each of the settings, all data were 
acquired when the bearing operation was steady. 
The tests were implemented at a sampling rate 
96 kHz and obtained three data records, the length 
of each data being 30 seconds and allowing suffi-
cient averages for obtaining reliable results.

4 MSB ANALYSYUS AND OIL DIAGNOSIS

4.1 MSB magnitude characteristics

To avoid the influences of low frequency vibra-
tions from other interfering sources such as 
the driving motors, MSB of Equation (3) was 

Figure 3. Self-aligning journal bearing test rig.
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calculated in a high frequency range for the car-
rier fcff = 2.5 kHz 11 kHz whereas the modulator 
fxff = 0 Hz :50 kHz  in order to catch the shaft rota-

tional component up to the second harmonics.
Figure 4 shows MSB magnitude results for dif-

ferent loads and viscous values at the speed of 
1500 rpm. Each of subplots was obtained with a 
frequency resolution of 0.73 Hz and through 80 
averages to ensure a stable result and the MSB 
magnitudes remain the same when further average 
was added.

It can be found in Figure 4 that MSB shows 
distinctively two patterns. The first is that more 
discrete components are the main characteris-
tic for the low radial loads. Particularly, as these 
components are associated with f kf nk fnx rf kf ffk rff  
(fr is the journal speed in Hz), it shows that the 
bearing operates with high oscillations in such 
frequencies relating to oil whirls due to instable 
hydrodynamic effects and misaligned rotors due to 
mechanical unbalances.

Another MSB pattern is that the magnitudes 
are more continuous shapes across the modulator 
frequency and in different bands of the carrier fre-
quency. As it appears in high load conditions, it indi-
cates the overwhelming effect of the micro churns 
and collisions due to highly pressured oil films.

Moreover, two distinctive carrier frequency 
bands can be observed in Figure 4. The low fre-
quency band ranges from 5.5 kHz and 7.5 kHz 
whereas the high frequency band is 8 kHz to 
10.5 kHz. For high loads, MSB magnitudes in the 
high bands exhibit an increase with the viscosity, 
showing more occurrences of the asperity churns 
as the oil becomes more viscous. However, MSB 
magnitudes in the low band show a decrease with 
the increase of viscous values. This may indicate 
more the effect of asperity collisions can be reduced 
as the oil viscosity is higher.

Overall, MSB magnitudes bring forward distinc-
tive characteristics of vibration contents regarding 
to lubrication conditions, providing useful infor-
mation for diagnostics.

4.2 Detection of instable operations

To quantify MSB results for accurate detection and 
diagnosis, entropy measures were calculated to show 
the difference between the two distinctive patterns. 
As shown in Figure 5 entropy values can clearly 
separate the low load from high load for all the 
operating speeds. As discussed earlier, the low load 
operations exhibit clear periodic oscillations due to 
instable oil whirl, which may induce high vibration to 
the whole rotor system, they are therefore regarded 
as abnormal lubrication. As shown in Figure 5, such 
abnormal cases have very low entropy values, which 
can be easily differentiated from the high load cases 
which have much high entropy values. In addition, 
the figure also shows that the higher speed opera-
tion of 1500 rpm shows more whirls compared with 
that of 1200 rpm. Especially the 900 rpm shows lit-
tle such instable oscillations.

4.3 Detection of high friction operations

Based on the high amplitudes in the low fre-
quency band as shown in Figure 6, it is possible 

Figure 4. MSB magnitude for different loads and vis-
cosity at 1500 rpm.

Figure 5. MSB magnitude entropy.

Figure 6. Averaged MSB magnitudes in the low and 
high frequency bands.
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to differentiate the low viscosity from others as it 
happens with more asperity collisions under high 
radial loads, and thereby more wear occurs, which 
corresponds to the asperity contact friction as 
shown in Figure 1.

Based on the higher amplitudes in the high fre-
quency band it is possible to differentiate the high 
viscosity case from others as it happens with more 
asperity churns under high loads, and thereby 
more frictional losses, corresponding to more to 
the fluid friction as shown in Figure 1.

Therefore, load conditions such as 10 bars for 
all three oils and 20 bars for only VG 15 oils are 
regarded as acceptable operations. This viscosity 
dependency diagnostics shows that vibration is 
sensitive to detect oil changes.

5 CONCLUSION

Abnormal operating conditions are one of the 
problems that cause journal bearing fails. Based on 
the analytic studies and experimental verifications, 
it has been demonstrated that popular vibration 
monitoring can detect abnormal oils and opera-
tions in a wide operating conditions.

This successful diagnosis is achieved based 
on modulation signal bispectrum analysis which 
allows the nonlinear vibration responses of journal 
bearings to be characterised into two distinctive 
patterns to correspond to the instable lubrication 
and the asperity interactions respectively. Further-
more, the MSB magnitudes in different frequency 
bands can be based to differentiate the asperity 
interactions between asperity collisions and the 
asperity churns. A higher magnitude in the lower 
frequency band can indicate the excessive asperity 
contacts due to lowering viscosities. Meanwhile 
a higher magnitude in the higher frequency band 
indicates the extreme fluid frictions.
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Study of the influence of different roughness on gear wear by oil 
analysis technology
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ABSTRACT: In this paper, the effect of the different surface roughness on the gear wear characteris-
tics was discussed using the oil monitoring technology. The roughness of two gears that have the same 
design parameter was checked by the roughness measurement instrument, which shows that one gear is 
Ra 0.1 and another is Ra 0.2. Then, the gear contact fatigue test was carried out using the mechanical seal 
flow gear test-bed, and during different stages of this test, oil samples were obtained from the gearbox 
lubricant. The oil samples were checked by oil analysis machine and the analysis data was processed. The 
data process results shows: it is obvious that the gear wear characteristics was greatly affected by different 
surface roughness of gears whose other design characteristics is same; with the same working condition, 
the gear with roughness value Ra 0.1 has pretty longer life than the Ra 0.2 gear, and the former has a lower 
wear speed ratio. The data that was got from this test can provide the research on long life gear design 
program with the very useful data material, also directs the methods of improving gear quality.

Keywords: oil analysis; surface roughness of gear; gear wear

1115 N/m, which can be monitored and adjusted by 
the moment and speed sensors on the test bed. The 
test bed and gearboxes is shown by Figure 1. In order 
to analyze the two gears at the same time, the Ra 0.1 
gear pair is installed in the main gearboxes and the 
Ra 0.2 gear pair is installed in the vice gearboxes[2].

2.2.2 The oil analysis mchine
A Spectro-LNF-Q200 particle analysis machine 
which is one of the most advanced oil analysis 
machine. Compared with the traditional oil analy-
sis machine which can only count the total number 
of the ferrous particle, the Spectro-LNF-Q200 oil 
particle analysis machine can even count the con-
centration of different kinds of particles respec-
tively just like the example shows in Figure 2, 
which contribute to a more precise test results.

1 INTRODUCTION

The characteristics of the gear wear has great influ-
ence on transmission properties and the life of gear. 
And the gear surface roughness is one of the key 
factors which can affect gear wear characteristics.

For the sake of reflecting the circumstance of 
the factual gear wear process, the oil monitoring 
technology was used to analyze the effect of the 
roughness on gear wear process[1].

2 THE CONTRAST TEST OF OIL 
ANALYSIS OF GEARS

2.1 Gears for test

Two pairs of spur gears which has the same design 
parameter was used for this test, and the roughness 
of them was checked by roughness measurement 
instrument, and the results is: Ra 0.1 and Ra 0.2.

2.2 The main test apparatus and facilities

2.2.1 The gear test bed
The gear test bed that was used is a mechani-
cal seal flow gear test machine. Considering the 
comprehensive factors of the electromotor and 
gear speed, a 1200 r/min rotate speed and 150 mm 
center distance was confirmed, and, choose the 
L-CKC 320 industrial close gear oil as the lubricant. 
The moment which is loaded on the gear pairs is Figure 1. The gear test bed.
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2.3 Test process

What needs to be analyzed is the gears lubricant 
from the different running stages of the test. 
The life of Ra 0.2 gear pair which is from the 
running-in stage to its fatigue failure is 21 hours, 
and contrastively, the life of Ra 0.1 is 76.5 hours. 
There are 9 oil samples of Ra 0.2 that was obtained 
and 21 oil samples of Ra 0.2 was obtained during 
the gear fatigue test. The specific procedure of this 
test is just as follows:

2.3.1 Confirm the position of sampling 
the lubricant oil

The position of sampling oil is one of the key fac-
tors for the accuracy of the concentration of the 
wear particles, therefore, a representative sampling 
method is proposed in or order to obtain the oil 
sample:

Firstly, open the gearbox cover and a vacuum 
pump oil extractor whose straw head should be in 
the middle of the gearbox is chosen to extract the 
oil. What should be cared is that the position of 
sampling oil must be assured. The reason why the 
middle position was chosen to extract oil is that the 
middle position is more representative than other 
positions.

2.3.2 Filter the kerosene used for diluting 
the oil sample

The oil sample needs to be diluted by the kerosene 
before analyzing it with the oil analysis machine, 
so it is necessary to filter the kerosene in order to 
obtain a more clean diluent which will have little 
effect on the accuracy of the oil analysis data.

2.3.3 Dilute the oil sample
In order to obtain the final test solution in which 
the volume of  oil sample to solution is 0.1a high 
precise transfer pipette is used to extract 8ml oil 
sample into the solution bottle, and then extract 
72ml kerosene into the solution bottle, thus the 
wanted solution is obtained just as Figure 3 

shows. The next step, a very important step, is to 
shake up the solution absolutely, by which the oil 
and the kerosene can be mixed thoroughly. The 
dealing step of  other oil sample is as what the 
above says.

2.3.4 Get rid of the micro air bubbles 
in the solution

There are quantities of micro air bubbles in the 
solution after shaking up it, and the micro air bub-
bles can affect the oil analysis data dramatically, 
what’s worse, it may lead to a failure analysis of 
oil. Thereforeit is a key step to get the air bubbles 
out of the solution. With the purpose of this, the 
ultrasonic cleaner is used to move the air bubbles 
out of the solution.

2.3.5 Analyze the particles in the lubricant
Spectro-LNF-Q200 particle analysis machine is 
used to analyze the solution after they have been 
moved out of the micro air bubbles, which is 
showed in Figure 4. When each analysis test is fin-
ished, the data must be saved safely.

Figure 2. The concentration of different kind particles.

Figure 3. Dilute the oil sample.

Figure 4. Analyze the particles of the solution.

ICPT2016_Book.indb   914ICPT2016_Book.indb   914 9/29/2016   12:24:56 PM9/29/2016   12:24:56 PM



915

3 THE PROCESS OF DATA AND 
DISCUSSION OF THE TEST RESULT

3.1 The data of the gear fatigue test

The life of Ra 0.2 gear and Ra 0.1 gear are 21 h 
and 76.5 h respectively, and the comparison of 
them just as Table 1 shows. It is very clear that the 
roughness of gear pairs affect the gear fatigue life 
enormously for that the Ra 0.1 gear life is almost 
3.7 times as long as the Ra 0.2 gear.

3.2 The data of the oil analysis test and the result 
of processing it

The two groups of the solution was analyzed by 
the particle analysis machine. 9 samples of wear 
particle data of the Ra 0.2 gear and 21 samples of 
the Ra 0.1 gear are got. Particularly, the first 21 
hours data of the two gear pairs is the main analy-
sis object in this paper as the Ra 0.2 gear comes to 
a failure at this moment.

The two groups of data was processed by using 
Matlab, which make the variation tendency of the 
particle concentration clear. And the results are as 
follows.

What can be seen in the above two figures is that 
Ra 0.1 gear has a larger wear speed than the Ra 0.2 
gear, and has a rather longer life[3].

4 CONCLUSIONS

In this paper, the effect of the surface roughness on 
gear wear characteristic is studied and analyzed. 
Two pair of gears with different roughness but with 
the same design parameters is selected to be tested 
on the gear test bed during the different stages of 
which the lubricant from the gearbox is extracted as 
the oil sample for the oil analysis. And the results 
and data from this test can be concluded as follows:

1. The gear surface roughness has a great influence 
on the life of the gear. The test in this paper shows 
that the life of Ra 0.1 gear pairs is 76.5 hours, and 
the life of Ra 0.2 gear pairs is 21 hours. The former 
is almost 3.6 times as long as the latter one.

2. The gear surface roughness can affect the wear 
speed obviously. It can be seen from the data 
and figure 6 that the Ra 0.2 gear pairs has a 
higher speed than the Ra 0.1 gear, which may 
explain part of the reasons why the Ra 0.2 gear 
pair suffered a shorter life[4].
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Table 1. The comparison of the gears life.

            Gears
Life Ra 0.2 gear Ra 0.1 gear Ra 0.1/Ra 0.2

Life (h) 21 76.5 364%

Figure 5. The variation tendency of wear paticles.

Figure 6. The fitted curve of the particle concen-
tration.
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ABSTRACT: In this paper, we show that a gear-measuring machine is used for whole gear outline with-
out detaching the stylus from a target gear surface. The proposed method is one of the non-generating 
methods, but the total scanning time is shorter than the time taken for a conventional method, and addi-
tional shapes including tooth root, bottom profiles, and tooth tip edge corners as well as both tooth flanks 
can be obtained with a single scanning measurement. In this paper, a basic strategy for measuring tooth 
tip edge corners is proposed. Indeed, an edge measurement is generally difficult because the derivative is 
discontinuous and the normal vector cannot be found uniquely. Some issues concerning nominal data and 
stylus displacement are raised, and measures to improve scanning measurement are addressed.

In this paper, some issues are raised and a basic 
strategy for measuring tooth tip edge corners is 
proposed. Indeed, edge measurement is generally 
difficult because the derivative is discontinuous 
and the normal vector cannot be found uniquely. 
The methods to improve scanning measurement of 
edge corners are also addressed.

2 MEASUREMENT STRATEGY

The conventional gear measurement is based on 
the principle of the generating method. In this 
case, the following two axis movements are neces-
sary: the first axis is the stylus linear motion along 
the tangential direction of a base circle of a meas-
ured gear, and the second axis is the rotational 
motion of the gear. This method is simple and easy 
to achieve, because each motion can be normally at 
a constant speed. The generating method is there-
fore widely used in the measurement of cylindrical 
gears, but this method has limitations in measuring 
time due to additional movement for tooth index-
ing and tooth profiles, and pitch deviations are 
separately measured.

A new measuring strategy proposed in this 
study has the advantage of overcoming such long 
time consuming measurement, because the meas-
urement strategy is to scan whole circumference of 
a cylindrical gear outline including working flanks, 
tooth tip, and root and bottom profiles without 
detaching the stylus tip from the gear surface. 
The measurement can also be made with two axis 
movements: the first axis is linear stylus movement 

1 INTRODUCTION

Conventional gear measurement is usually conducted 
for tooth profiles, tooth leads, and pitch deviations 
(ISO 1995, ISO 1992). Although those deviations are 
important, other tooth shapes including tooth root 
fillets and tip edge corners are also important for gear 
fatigue life, because tooth root fillets relate directly to 
tooth bending failure and tip edge corners relate to 
the tip edge interference. Unfortunately, such addi-
tional shapes are not measured yet in conventional 
gear measurement. To obtain the additional shapes, 
other instruments, such as surface profilometers or 
coordinate measurement machines tend to be used. 
The use of these instruments, however, leads to time-
consuming evaluation and additional costs. Opti-
cal measurement is not suitable for edge detection 
because of the irregular reflection of light.

To overcome this issue, we tried to realize higher 
measuring speed with scanning measurement and 
more precise measurement with the developed 
Gear-Measuring Machine (GMM) than conven-
tional GMMs and a cheaper measuring machine 
than the conventional ones (Kido 2010). The new 
measuring strategy proposed in this paper aims at 
scanning the whole circumference of a cylindrical 
gear outline including working flanks, tooth tip, 
and root and bottom profiles without detaching a 
stylus tip from the gear surface, in order to avoid 
additional movement for tooth indexing. This can 
be realized by moving two axes, and the control of 
synchronized movement of both axes is the key to 
achieve the constant line speed scanning in whole 
measurement (Kurokawa 2015).
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in radial direction of a measured gear and the sec-
ond axis is the rotational motion of the gear meas-
ured as shown in Figure 1.

The movement of the stylus is reciprocal along 
the radial direction during one tooth space meas-
urement. The distance of stylus movement in this 
method is shorter than that in the conventional 
one. The speed, however, is not constant when 
the scanning speed along the tooth surface is con-
stant. The rotational speed of the measured gear 
is not constant either. Therefore, the synchro-
nized movement control of both axes is the key to 
achieve the constant line speed scanning in whole 
measurement.

Gear working flanks and root, bottom, and 
tip edge profiles are geometrically regarded as 
unknown profiles depending on cutter paths. In 
this case, Discrete-Point Probing (DPP) was applied 
first, because this technique is more reliable to 
measure unknown profiles than scanning measure-
ment. The scanning measurement was finally made 
using DPP results as nominal data for Pre-defined 
Path Scanning (PPS). Not only the tooth root and 
bottom profiles but also the working flank profiles 
and tip edges were measured at the same time.

3 ISSUES IN EDGE CORNERS

During DPP procedure, the stylus tip touches 10 
points on a single gear tooth space in the radial 
direction. The intervals between the 10 points were 
interpolated next by spline interpolation. The sty-
lus tip approaches the interpolated point along the 
normal of the spline curve. The total number of 
DPP data was 91.

The result of DPP measurement is shown in 
 Figure 2. The test gear is an involute cylindrical 
spur gear, whose module is 6, number of teeth is 21, 
pressure angle is 20°, and width is 15 mm. Regard-
ing the DPP data as target point for PPS, scanning 
measurement was made at a scanning speed of 3.0 
mm/s, and the first result for a single tooth space is 
shown in Figure 3.

Both working flanks and the root and bottom 
profiles are measured accurately; however, the 
obtained tip edge profile has some error in corrected 
measured points. A close-up image around the left 

Figure 1. A proposed strategy to measure whole outline 
of gear without detaching the stylus tip.

Figure 2. Measured surface in DPP.

Figure 3. Measured surface in PPS at the scanning 
speed of 3.0 mm/s.
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tooth tip edge is shown in Figure 4. Since the loci 
of the stylus tip center are obtained correctly, the 
compensation procedure of the radius of the stylus 
tip seems to be incorrect. The errors in the surface 
data are due to the fact that the normal vectors for 
radius compensation are calculated from the meas-
ured curve of the stylus tip center. The curve of 
the stylus tip center has slight undulation because 
the actual surface has surface roughness and some 
other vibration influence on the stylus tip might be 
included.

4 MODIFICATION IN DPP 
INTERPOLATION

Because fluctuation of the normal vectors must be 
avoided, the dense DPP points near the edge cor-
ner are unified into one by removing extra DPP 
points. The modified normal vectors to be used 
are calculated from the interpolation curve of the 
measured DPP data. Intervals of DPP data are 
larger than those of PPS, so it is expected that the 
interpolated curve and resulting normal vectors 
have no fluctuation.

By using modified normal vectors and removal 
treatment of close-spaced points, a single tooth 
space is measured and corrected measured points 
are calculated as shown in Figure 5. The tip edge 
profile seems to be improved. A close-up image 
around the left tooth tip edge is shown in Figure 6.

The profile of corrected measured points is very 
clear and there is no unexpected error. In this case, 
however, an assumption holds that the tip profile 
consisting of a sharp edge in actual tip profile has 
a certain roundness and chamfer, which should be 
necessarily considered.

Figure 4. Close-up image around the tip edge corner. Figure 5. Modified surface in PPS.

5 SCANNING UNDER UNKNOWN SHAPE

The DPP-based procedure mentioned in the pre-
vious chapter has an advantage that the scanning 
measurement can be made using DPP points as 
nominal data for measurement. However, to detect 
the detailed corner shape, is it quite difficult to pre-
pare nominal data for the corner prior to the meas-
urement, because the corner itself  is in very narrow 
space. It is necessary to reconsider the corner edge 
measurement.

A new strategy here is that the corner shape 
is regarded as an unknown and the undefined 
path scanning is to be applied. The flow of this 
approach is as follows. The roughly obtained DPP 
points are used in scanning measurement as previ-
ously described. During scanning an edge corner, 
if  the stylus displacement is over-ranged from a 
registered value in advance, the stylus movement 
stops quickly and the displacement is adjusted as 
shown in Figure 7.

Figure 6. Close-up image around the tip edge corner.
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The adjusted point is regarded as the new nomi-
nal point and registered in target points for meas-
urement of the next edge corners. The quick stop 
action itself  is a time-consuming procedure, but it 
is enough to apply it only for the first edge corner 
of the first tooth, because the same target shape 
obtained can be used for the next edge corners. The 
advantage of this method is that the detailed shape 
of the edge corner can be obtained automatically 
by adjusting the stylus displacement. If  the stylus 
displacement becomes small, it can be adjusted to 
the proper value. The procedure compensates the 
stylus displacement being kept almost constant 
and the excess displacement or detaching the stylus 
can be avoided. Even the corner with a chamfer or 
round shape can be naturally applicable.

6 RESULTS AND DISCUSSIONS

For the verification of the proposed scanning 
method for an unknown edge corner, a tooth space 
scanning measurement was made for a tooth space 
including two edge corners. The registered stylus 
displacement was 300 μm. Approximately obtained 
DPP points were used as the target points for scan-
ning. The result is shown in Figure 8.

The DPP points as target are quite roughly 
spaced, but the whole scanning was carried out 
successfully. At the edge corners, the measured sty-
lus tip center has the actual corner shape and it can 
be obtained automatically by adjusting the stylus 
displacement.

To show the validity of displacement adjustment, 
the stylus displacement was compared. The stylus 
displacement transition without stylus adjustment 
is shown in Figure 9. DPP target points are given 
to keep the displacement of 300 μm; however, 
large fluctuation of displacement takes place at the 
tooth bottom and both edge corners. Especially, at 
the right edge corner, excess displacement reaching 
about 450 μm occurs. At the tooth bottom, rough-
ness may be the main cause for the displacement 
fluctuation, while the excess displacement at the 
edge corner is obviously due to the roughly spaced 

Figure 7. Scanning strategy for an unknown shape in 
an edge corner.

Figure 8. Measured surface by using unknown shape 
procedure in edge corners.

Figure 9. Stylus displacement without adjustment.
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applied only for the first tooth space and the total 
measurement time for a whole outline of the gear 
increased only slightly.

From the viewpoint of stylus protection from 
excess measuring forces and avoidance of stylus 
detaching, the proposed method for unknown 
shape is also effective in micro-part scanning meas-
urement in the future.

7 CONCLUSIONS

The whole outline scanning measurement was pro-
posed and some issues were raised in tooth tip edge 
corners. The basic strategy of measuring tooth tip 
edge corners was proposed and modified strategy 
was applied, in which the edge corners are regarded 
as unknown shape and the stylus displacement is 
adjusted during scanning by using a quick stop 
action. The stylus displacement transition veri-
fied the method. The advantage of this method is 
that the corner shape can be detected automati-
cally without using detailed nominal data for the 
corners. It is effective even in the measurement of 
micro-parts, which needs a small applied force for 
the tiny stylus tip not to be broken.
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DPP targets. In this experiment, since the scanning 
probe has the measurement range up to 1 mm, the 
measurement could be continued successfully. If  
the probe measurement range is small in the case 
of small stylus tip for micro-parts, the stylus might 
be broken due to the excess applied force.

The stylus displacement transition with adjust-
ment is shown in Figure 10. The fluctuation range 
was limited within 50 μm, which means that the 
stylus displacement was limited from 250 to 350 
μm in this case. The result indicates that the adjust-
ment is successfully carried out. Although a little 
over range can be observed, it is small enough and 
acceptable. This is mainly from the braking dis-
tance of the drive motors during quick stops and 
inertia of the moving axes.

By using the adjusted stylus displacement, the 
new target points were obtained in adjusted posi-
tions. In the measurement of the following tooth 
spaces, the new targets points were used and 
smooth measuring movement was achieved even at 
the bottom and tip edge corners without detect-
ing over range, which resulted in no further quick 
stop motion. As a result, quick stop motion was 

Figure 10. Stylus displacement with adjustment.
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ABSTRACT: In view of the nonlinear and non-stationary characteristics of gear fault signals, a time–
frequency analysis method based on Local Mean Decomposition (LMD) was applied in the diagnosis of 
a gearbox. A refined LMD method with end extension was employed to decompose a simulated signal 
and a measured gear spalling fault signal, and then the instantaneous frequencies and amplitudes of the 
obtained PF components were acquired. Furthermore, time–frequency distribution of each PF compo-
nent was obtained. The simulation analysis and experimental results demonstrated that the refined LMD 
method can decompose complex signals accurately, and the time–frequency analysis based on the refined 
LMD can extract fault characteristic frequencies of the gear spalling fault signal effectively and realize the 
reliable diagnosis of the gearbox.

in the gear fault diagnosis. While WT lacks adapt-
ability in the localization of a signal, HHT often 
shows obvious end effect and unexplained negative 
instantaneous frequency.

In recent years, as a new time–frequency analy-
sis method developed based on HHT, Local Mean 
Decomposition (LMD) has been used for the anal-
ysis of vibration fault signal. LMD was proposed 
by Smith,[6] and it was initially applied in the field 
of electroencephalogram (EEG) signal. LMD is not 
restricted by Fourier transform, and it optimizes the 
signal analysis process and improves the accuracy of 
extracting useful information according to its own 
characteristics of a vibration signal through adap-
tively selecting frequency bands, and determining 
the resolution of signal in different frequency bands. 
Therefore, LMD is an adaptive time–frequency 
analysis method and it is suitable for the analysis 
of multi-component nonlinear and non-stationary 
signals caused by gear failure.[7] LMD can decom-
pose a multi-component complex signal into the 
sum of a number of single-component signals with 
meaningful instantaneous frequencies and ampli-
tudes in physics, and each PF component has good 
statistical property, avoiding the problems of the 
Empirical Mean Decomposition (EMD) method. 

1 INTRODUCTION

Because of the nonlinear and non-stationary char-
acteristics of systems, time–frequency analysis 
method has received much attention in the fault 
diagnosis of mechanical equipment system.[1] As 
the most common way of transmission in the 
mechanical equipment, gear transmission is widely 
applied in the movement and power transmission 
of various types of machinery. Gear failure will 
affect the running accuracy and decline the over-
all performance of the mechanical equipment, and 
even cause serious equipment accident and signifi-
cant economic losses.[2]

The vibration signal collected in the process of 
gear transmission contains gear fault information; 
therefore, the way of analyzing vibration signal to 
acquire fault feature is a common method for gear 
fault diagnosis. Most of the gear fault signals are 
multi-component AM–FM signals. Hilbert Trans-
form (HT)[3] is one of the most commonly used 
demodulating techniques. However, it is only suit-
able for single component modulation signal and it 
has window effect. Wavelet Transform (WT)[4] and 
Hilbert–Huang Transform (HHT)[5] are the two 
commonly used time–frequency analysis methods 

ICPT2016_Book.indb   923ICPT2016_Book.indb   923 9/29/2016   12:25:04 PM9/29/2016   12:25:04 PM



924

Complete time–frequency distribution of a com-
plex signal can be obtained when the instantaneous 
frequency and amplitude of each single-component 
signal are calculated. It should be pointed out that 
although the LMD method avoids many problems 
of the EMD method such as over-envelop, under–
envelop, and negative frequencies caused by HT,[8] 
it also has problems of long computation time, fre-
quency aliasing, end effect, and so on.[9]

First, end extension method was used to 
improve the decomposition accuracy of the tra-
ditional LMD method. Then, the refined LMD 
method was applied in the decomposition of a 
simulated signal and a gear spalling fault signal. 
Time–frequency distribution diagrams of the PF 
components characterized the time–frequency 
characteristics of the simulated signal and the gear 
spalling fault signal effectively. The fault features 
of the gear spalling fault signal were successfully 
extracted, which verified the validity of the time–
frequency analysis method proposed in the paper.

2 THE REFINED LMD METHOD

2.1 The traditional LMD basic theory 
and approach

The aim of the traditional LMD method[6, 10] is to 
decompose an arbitrary signal into several envelope 
signals and pure frequency modulation signals with 
different time scales, and the product of an enve-
lope signal and its corresponding pure frequency 
modulation signal is defined as a PF component. 
After the iteration process, all PF components are 
extracted. Considering any non-stationary signal 
x(t), the decomposition steps of the traditional 
LMD are as follows:

1. Search all the local extrema ni of  the original 
signal x(t), and calculate the local mean mi and 
local envelope ai

mi ( )nin i+nin 2/  (1)

ai ( )n nin i−n 2/  (2)

2. Move the average mi and ai to obtain the 
smoothed local mean function m11(t) and local 
envelope function a11(t).

3. Extract m11(t) from the original signal x(t), and 
divide it by a11(t) to obtain a frequency modula-
tion signal

s x m a11 11 11( )t = ( )t − ( )t( ) ( )t/  (3)

4. Check whether the s11(t) is a pure frequency 
modulation signal. If  yes, the corresponding 
envelope estimation function is a12(t) = 1. 

Otherwise, s11(t) is regarded as the original 
signal to repeat steps (1)–(3).

5. Multiply all the local envelope functions in the 
iterative process to obtain the first PF envelope 
signal

a a a a an qa
q

n

1a1 1 1a 2 1a
1

( )tt = ( )tt ( )tt ( )tt = ( )t
=

∏�  (4)

 Multiply the envelope signal a1(t) by the 
frequency modulation signal s1n(t) to obtain the 
first PF component of the original signal

a s n1 1FF a 1( )tt ( )t ( )t  (5)

 The instantaneous amplitude of the first com-
ponent PF1(t) is the envelope signal a1(t), and the 
instantaneous frequency f1(t) can be calculated 
through the pure frequency modulation signal 
s1n(t), which includes the highest frequency com-
ponent of the original signal x(t), that is

f
d s

dt
n

1ff
11

2
( )t =

( )t( )⎡⎣ ⎤⎦⎤⎤

π
a ccos

 (6)

6. Extract PF1(t) from the original signal x(t) to 
obtain a new signal u1(t), and repeat the above 
steps for the u1(t) k times until uk(t) is a constant 
or monotonic function. At this point, the given 
original signal is decomposed into the sum of k 
PF components and a monotonic function uk(t)

PF upFF
p

k

k( )t = ( )t ( )t
=

∑
1

 (7)

Therefore, the traditional LMD decomposition 
is a progressive process to filter high-frequency 
components, and information of the original sig-
nal is retained, and the complete time–frequency 
distribution of the original signal is reflected in the 
instantaneous frequencies and amplitudes of all 
PF components. The complete time–frequency dis-
tribution of the original signal x(t) can be obtained 
through the combination of the instantaneous fre-
quencies and amplitudes of all PF components.

Define the traditional LMD time–frequency 
spectrum L(t, f) as

L ap
p

k

eap p( )t f, f ( )tt ( )i f dtpff ( )t
=

∑
1

 (8)

where the residual component uk(t) is omitted and 
Re denotes the real part.

The traditional LMD time–frequency spectrum 
can accurately describe the varying laws of the 
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amplitudes of PF component with time and 
frequency.

2.2 End extension algorithm

According to the definition of the traditional 
LMD method, like the EMD method, it also has 
certain end effect, which will affect the decomposi-
tion precision and extract false PF components for 
a given signal. Therefore, an end extension algo-
rithm is introduced to the traditional LMD method 
to restrain its end effect. The improved method 
through end extension in the paper is denominated 
as the refined LMD method.

Considering a discrete signal

t( ) ( ) … ( )n⎡⎣⎡⎡ ⎤⎦⎤⎤ [ ]t t tnt tt) ( t, ,t ( )t , t ( )n ⎦⎤⎤ [t …  (9)

x x x x( )t ∈ ( )t ( )t ( )tn⎡⎣⎡⎡ ⎤⎦⎤⎤ = [ ]x x xnxx) (t x,)x (t , ( n, x )t ⎤⎤ [x… xx, x ( )tn ⎤⎤ [xx  (10)

The sampling step is Δt, and X(t) has M maxi-
mum and N minimum, and the corresponding 
sequence indices (Im, In), time (Tm, Tn), and func-
tion values (U, V) are as follows:

I I Im mI I m mI( ) ( )( ) ( )M⎡⎣ ⎤⎦⎤⎤I) (, mII  (11)

I I In nI I n nI( ) ( )( ) ( )N⎡⎣ ⎤⎦⎤⎤I) (, nII  (12)

T t U x i Mm ITT t Im mI I( )ii = ( )( )i x i,xI,U ( )i , ,1  (13)

T t V x i Nn ITT t Im mI I( )ii = ( )( )i x i,xI,V ( )i , ,1  (14)

As the local means and local envelopes are cal-
culated from the maxima and minima, a maximum 
and a minimum are needed to extend at both ends 
of the original signal.

The first characteristic wave at the left-hand side 
of the signal contains k1 signal points:

k
I I
I I

I

m mI m nI

n nI m nI

m nI
1kk

ImI InI
InI InI

2 II
=

( )2 ( )1 ( )1 ( )1
( )2 ( )1 ( )1 ( )1

( )1

,
,

1( )111

⎧

⎨
⎪
⎧⎧

⎨⎨

⎩
⎪
⎨⎨

⎩⎩ , N
 (15)

The position (Tm, Tn) and value (U, V) of the 
extremum extending outward are

T k t U U
T k t V V

m mTT

n nTT
TmTT U
TnTT V

1kk

1kk
( )0 ( )1 − ( )0 ( )1
( )0 ( )1 − ( )0 ( )1

⎧
⎨
⎧⎧

⎩
⎨⎨

,
,

 (16)

The first characteristic wave at the right-hand 
side of the signal contains k2 signal points:

k
I I I I
I I I I

I M

m mI I m nI I
n nI I m nI I

mI
2kk

2
=

( )MM − I ( )M 1−M ( )MM > ( )N
( )NN − I ( )N 1−N ( )MM < ( )N
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⎧
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⎪
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⎨⎨
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 (17)

The position (Tm, Tn) and value (U, V) of the 
extremum extending outward are

T k t U U
T k t V V
m mTT

n nTT T
( )MM + ( ) ( )M = ( )M
( )NN + ( )N( ) ( )N =

k t UTmTT) = ( )M + k t U (M +M
k t VTTT) = ( )N + k t V (N +N
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,
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⎨
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⎨⎨
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⎩
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⎩⎩
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 (18)

If  the endpoint value is larger than the first 
maximum near the endpoint or smaller than the 
first minimum near the endpoint, the endpoints 
are regarded as the extended points in order to 
make the original signal not to fall outside of the 
envelope curve.

T x x U
T x x V
T t

mTT
nTT
m nTT t

t U
t V

11 U 1

11 V 1

( )0 ( )0 x x1x ( )1
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⎩
⎪
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t V) = t V,t (NN
 (19)

3 SIMULATION ANALYSIS

Investigate a simulated signal x(t) as shown in 
expression (20). It is composed of two AM–FM 
components and the time domain waveforms of 
the original signal and its constituent components 
are as shown in Figure 1.

x t
x

1

2

1 0 5 2 100 2( )2 5t⎡⎣⎡⎡⎡⎡ ⎤⎦⎤⎤ t2 100 ( )t2 5⎡⎣⎡⎡ ⎤⎦⎤⎤
( )t

. cos ct00t100 os
sin s( )t ⋅

π)5t ⎤⎤ 2 11⎡⎡cos 2 11⎡⎡
tttt inii

1 2x x x
( )2 20π22 t

= +1x

 (20)

The simulated signal is composed of an AM–FM 
signal x1 with the fundamental frequency of 100 Hz, 
modulation frequency of 5 Hz, and an AM signal 
x2 with the frequency of 20 Hz. The modulation 

Figure 1. Time domain waveform of the simulated 
signal and its constituent components.
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frequency of the AM–FM signal x1 was analyzed 
and the angular frequency ω(t) was acquired:

ω
π π

d dt( )t d ( )π tπ t ( )π
= π ( )πtππ

π
200 20

/)( )π tπ( ππ
sin

 (21)

The frequency f(t) can be obtained from the 
expression (21) as:

f ( )t = ( )t ( )tω π( )t tt/ sπ i  (22)

Then, the frequency varying range can be 
obtained:

90 110≤ ( ) ≤f (  (23)

The amplitude changing range of the AM–FM 
signal x1 is 0.5–1.5, and the changing frequency of 
the amplitude is 5 Hz.

In order to extract the modulation informa-
tion of a multi-component modulation signal, the 
refined LMD method is used to decompose the sim-
ulated signal. As mentioned above, the traditional 
LMD method has end effect. In order to reduce the 
end effect of the traditional LMD method, signal 
endpoints were extended using the end extension 
algorithm proposed above. As shown in Figure 2, 
a maximum and a minimum were extended at both 
ends of the signal, separately.

The local means and magnitudes were calculated 
from the expressions (1) and (2), and then moving 
average method was used to obtain the smoothed 
mean and magnitude as shown in Figure 3.

After decomposition by using the refined LMD 
method, a series of PF components were obtained. 

Figure 2. Signals and their extreme points.

Figure 3. Comparison of the local means and ampli-
tudes of the signals before and after smoothing.

Figure 4. PF components of the original signal 
acquired through the refined LMD decomposition.

The first PF component corresponds to the 
AM–FM component with the carrier frequency 
of 100 Hz, and the second PF component matches 
the AM component with the carrier frequency 
of 20 Hz. The decomposition results are seen in 
Figure 4, and the residual component u2 is close 
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to zero. Comparing Figures 4 and 1, each PF com-
ponent has a strict corresponding relationship with 
the corresponding component in the simulated sig-
nal, which indicates that the refined LMD method 
can decompose non-linear and non-stationary 
complex signals precisely.

Figure 5 is the refined LMD time–frequency 
spectrum of each PF component for the simu-
lated signal. The bar at the right-hand side of the 
diagram represents the amplitude value. Two PF 
components exist in the diagram, and PF1 is the 
frequency component fluctuating around the fun-
damental frequency of 100 Hz, with the fluctuating 
frequency of 10 Hz and cosine waveform, which 
matches the characterization of the expression 
(22). The variation of the frequency is not beyond 
the fluctuation range of the expression (23). Con-
forming to the expression (20), the whole sequence 
changes in brightness five times in one second, 
which indicates that the changing frequency of the 
amplitude is 5 Hz. PF2 is the frequency component 
with the unchanged frequency of 20 Hz and the 
amplitude changing frequency of 0.5 Hz.

4 TIME–FREQUENCY ANALYSIS OF 
GEAR SPALLING FAILURE SIGNAL

The data of gear spalling failure were downloaded 
from Laborelec research center at the Vrije Univer-
sity Brussel.[11] The test helical gearbox with 41 gear 
teeth and 37 pinion teeth is shown in Figure 6(a).

The gear spalling failure is shown in Figure 6(b). 
In the experiment, the rotating frequency of the 
gear shaft fgr is 7.57 Hz, the sampling frequency 
fs is 7757 Hz, and thus, the gear mesh frequency 
fm is 310.56 Hz and the rotating frequency of the 
pinion shaft fpr is 8.39 Hz. Figure 7 shows the time 
domain waveform and amplitude spectrum of the 
gear spalling fault signal.

It is evident from the figure that the time 
domain waveform of  the gear spalling fault sig-
nal is very complex, and gear mesh frequency and 
its harmonics exist in the amplitude spectrum 
diagram. The refined LMD method was used to 
decompose the gear spalling fault signal. In the 
decomposition process, the smoothed local mean 
and magnitude of  the gear spalling fault signal 
were obtained, as shown in Figure 8. Finally, the 
gear spalling fault signal was decomposed into 
three PF components and a residual component, 
as shown in Figure 9.

Figure 5. Refined LMD time–frequency spectrum of 
each PF component for the simulated signal.

Figure 6. Test helical gearbox and gear spalling failure.

Figure 7. Time domain waveform and amplitude 
spectrum of the gear spalling fault signal.
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As we know, gear spalling failure belongs to the 
category of gear tooth face fatigue. As a kind of 
local failure forms, the gear spalling failure will 
have impacts on the periodic pulse, the meshing 
frequency is modulated by the pulse frequency, 
and a series of sidebands were formed on both 
sides of the meshing frequency and its harmonics. 
The sidebands have features of multiple orders and 
scattered distribution.

Spectrum analysis of the decomposed PF com-
ponents was conducted, and the corresponding 
spectra are shown in Figure 10. From the spectrum 
diagrams of the PF1 and PF2 components, the gear 
mesh frequency and its harmonic components can 
be detected, as well as the modulation frequencies 
between the harmonics of the gear shaft rotating 
frequency and the gear mesh frequency and its 
harmonic components can be determined. From 
the spectrum diagram of the PF3 component, the 
harmonics of the gear shaft rotating frequency 
can be observed. Therefore, the modulation char-
acteristics of the gear fault signal were detected 

precisely and the diagnosis results showed that the 
partial fatigue spalling failure exists on the surface 
of the gear tooth of the gearbox.

From the expression (8), the corresponding 
refined LMD time–frequency spectrum can also 
be acquired, as shown in Figure 11. It also can be 
seen from the diagram that the time–frequency 
spectrum lines of the PF1 component are mainly 
distributed in the high-frequency band, fluctuat-
ing in the time–frequency region around the fre-
quency of 1560 Hz (∼5fm). The PF2 component 
mainly reflects the gear mesh frequency, and its 
time–frequency spectrum lines fluctuate around 
310.6 Hz (fm). The PF3 component mainly contains 
the harmonic components of the gear shaft rotat-
ing frequency, and its time–frequency spectrum 
line is more obvious, fluctuating around 98.5 Hz 
(13fgr). Meanwhile, from the right bar of the time–
frequency spectrum, it is indicated that from the 
high frequency to low frequency (PF1 to PF3), 
acceleration of the vibration decreases from the 
maximum of 1.0 g to 0.05 g.

Figure 8. Gear spalling fault signal and its smoothed 
local mean and magnitude.

Figure 9. Waveform of each PF component for the gear 
spalling fault signal.

Figure 10. Amplitude spectrum of each PF component 
for the gear spalling fault signal.

Figure 11. Refined LMD time–frequency spectrum of 
each PF component for the gear spalling fault signal.
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5 CONCLUSION

The refined LMD method through end extend-
ing was applied in the simulated signal and gear 
spalling fault signal, and the time–frequency 
spectrum of  each PF component was obtained 
combining with the time–frequency analysis. 
The simulation results showed that the refined 
LMD method can realize the accurate decom-
position of  the simulated signal, and the LMD 
time–frequency spectrum acquired the time–
frequency characteristics of  the AM–FM simu-
lated signal. The refined LMD time–frequency 
spectrum was applied in the analysis of  the 
gear spalling fault signal, and the refined LMD 
method decomposed the gear spalling fault signal 
into three PF components and a residual com-
ponent. The harmonic components of  the gear 
shaft rotating frequency, gear mesh frequency, 
and the modulation frequencies between them 
were involved in the three PF components, and 
their time–frequency spectra reflected the time–
frequency characteristics of  the gear spalling 
fault signal from the high frequency to low fre-
quency precisely. This shows that the partial gear 
spalling failure existed on the surface of  gear, and 
the LMD time–frequency spectrum can acquire 
the time–frequency characteristics of  the PF 
components, which contained the gear spalling 
fault characteristic frequencies.
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ABSTRACT: A gear vibration signal filtering method based on fractional Fourier Transform (FRFT) 
was proposed to eliminate background noise in the signal and extract fault features in gear up speed. With 
transform order being the variable, two-dimensional distribution of the signal energy in the fractional 
Fourier plane is formed through FRFT to gear vibration signal. Then, peak points are found through 
two-dimensional search in the plane, where the optimal order is determined while the useful gear vibra-
tion signal is detected. A narrow band pass filter can be used to separate the useful components of gear 
vibration signal and the background noise. Wavelet packet decomposition and reconstruction was applied 
in the useful components extracted from the gear vibration signal to obtain the feature signal of frequency 
band. However, each frequency band feature signal of the highest decomposition layer after wavelet 
packet decomposition is lined up as a gear fault feature. Experimental results show that the signal filtering 
method based on FRFT proposed in this paper was able to effectively suppress background noise and 
highlight the target component. The energy of the wavelet packet frequency band can accurately reflect 
the gear meshing transmission information, which can effectively extract the gear fault feature.

Keywords: Feature extraction, FRFT, Wavelet packet transform

analysis depends on the selection of basis func-
tion, which increases the difficulty of analysis. The 
EMD method, proposed by Huang et al., has been 
applied to gear fault diagnosis. However, there are 
problems of inherent modal boundary distortion. 
Wigner–Ville distribution, a type of bilinear dis-
tribution, can cause the cross-term interference 
between different components, which is difficult 
to explain, and identify time–frequency spectrum. 
Fractional Fourier Transform (FRFT), a type of 
novel time–frequency analysis method, presents 
different energy concentrations in different orders 
of fractional Fourier domain. After the appropri-
ate selection of the order, the target component 
is separated by filtering in the best fractional 
domain. Therefore, this method is ideal for gear 
defect feature extraction.

This paper presents a gear fault feature extrac-
tion method based on FRFT. In the fractional 
Fourier plane, the time–frequency distribution can 
have the smallest width in a certain direction. Thus, 
a proper rotation degree of time–frequency plane 
can well restrict cross-terms and noise in the multi-
component signal distribution and well retain the 
useful signal components associated with fault. 
This part of the useful signal is applied to wavelet 

1 INTRODUCTION

Gears are the most common parts in mechanical 
transmission and their performance is directly 
related to the safety of the production processes in 
industries. Therefore, it is very significant to monitor 
the condition and fault diagnosis of the gear. In gear 
fault diagnosis, the analysis method based on vibra-
tion signal demonstrates its superiority. However, the 
actually collected vibration signal not only contains 
useful information and gear fault feature, but also 
mixes a significant amount of strong background 
noise signal due to poor working conditions, which 
is not conducive to the gear fault feature extraction.

In order to extract non-stationary signals in 
the gear fault feature, the gear vibration signal is 
spread out in time and frequency domain plane 
and the time–frequency feature is observed, which 
is an important research direction of the gear 
fault diagnosis. There are some common meth-
ods, including Wavelet Transform (WT), Empirical 
Mode Decomposition (EMD), and Wigner–Ville 
transform. The WT, adapted to the large—and 
small-scale signals simultaneously, is applied to 
analyze the local features of vibration signals 
and detect partial faults. However, the wavelet 
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packet decomposition and reconstruction, so that 
the extracted frequency band energy can effectively 
reflect the gear fault features.

2 FUNDAMENTAL PRINCIPLE

2.1 Fractional Fourier transform 

As a generalized form of Fourier transform, FRFT 
is a new signal analysis and processing tool, which is 
suitable for some time-varying non-stationary signals. 
The p order FRFT of signal x(t) is defined as:

x K u dtα αx K( )uu ( )tt ( ,t )=
−∞

+∞

∫−
 (1)

where K uα ( ,t )  is the transforming kernel function:
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where p is the order of FRFT, which is an arbi-
trary real number, α represents the rotation angle, 
α πp / ,  n is an integer, and δ ( )δδ  is an impulse 
function. The inverse transformation of FRFT is:

x X K u dudd( )t ( )u ( ,t )= −−∞

+∞

∫− α  (3)

2.2 Wavelet packet transform

While the WT has a higher temporal resolution cor-
responding to the advantages of higher frequency, 
it also reduced the resolution in frequency domain. 
Wavelet packet transform further decomposes the 
high-frequency portion, which is not being subdi-
vided in the WT, improving the resolution of the 
high-frequency signal components.

The tree structure of three wavelet packet decom-
position is shown in Figure 1, and the results of the 
decomposition can be expressed as:
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The signal W(t) obtained after filtering carries 
out the wavelet packet decomposition and recon-
struction of coefficient. The fast algorithm for 
binary wavelet is:
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where t N tJ j j
j1 2 2 1iJ j 2 2 2, ... ; ,i 1i =i ... ; lJ g ; (pi ).  

represents the ith wavelet packet on the j-layer; 
G and H are wavelet decomposition filters; H is 
a low-pass filter related to the scale function; and 
G is the high-pass filter associated with the wavelet 
function.

The signal W(t) has 2j wavelet packet on the 
j-layer, pj

i ( )t  is the ith node on the j-layer. The 
wavelet reconstruction algorithm for binary is

p g pj
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where j J i j j−J =i −1 2− 1 0 2 2j 2 11,J , ;0 , ,2 2 ;… i1 2, ;0 ,2  J = 
log2  N; h and g are the reconstruction filters; h is 
related to the signal scaling function ϕ jϕ ( )t ;  and 
g is related to the wavelet function ψ jψ ( )t .

3 FUNDAMENTAL PRINCIPLE

Because the actual gear vibration signals collected 
at the scene often contain much noise, the gear 
vibration signal filtering method based on FRFT 
can effectively separate noise from signal and 
extract gear fault feature.

The gear vibration signal carries out FRFT fil-
tering. The basic idea is that FRFT of observed 
signals are solved by scanning, considering rota-
tion angle α as variables. Therefore, the two-dimen-
sional distribution of signal energy is formed on 
the parameter (α, u) plane. On the plane, the peak 
point according to the threshold value of the two-
dimensional search can detect useful gear vibra-
tion signals and carry out narrow band filtering 
to separate noise from signal, which extracts the 
useful component of the gear vibration signal.

Figure 1. Tree structure of wavelet packet decomposition.
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Wavelet packet transform is applied to multiple 
decompositions and coefficient reconstruction for 
the filtered signal of the FRFT. As the energy projec-
tion sequence of gear vibration signal in various fre-
quency bands is a product of the gear transmission 
mode, analysis of gear vibration signals in different 
frequency bands can help inconspicuous signal fre-
quency features stand out in a more obvious way as 
energy change in several subspaces of various resolu-
tion. Signal energy after wavelet packet decomposi-
tion in each frequency band in various scale spaces is 
lined up according to their scale as feature vectors.

First, the k-layer wavelet packet decomposi-
tion and coefficient reconstruction are carried out 
by filtered vibration signal after FRWT, of which 
the feature signals xj,m(i) are decomposition coef-
ficients of filtered vibration signal on the j scale,
j k j m k=k = −1 2 0 1 2 2 1, ,2 ..., , ,11 ,..., ,  where i is 

the time domain location; N is the data length of 
the original signal; and n N k/ 2  is the data length 
of the feature signal. Second, solving the energy Ekm 
on the kth layer within various frequency bands:

E
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xkmE k m
i
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=
− =

∑1
1

2

1
, ( )i  (7)

Then, solving the total energy of feature signals. 
A group of energy sequences { }E mkmE k, ,m ,...,= ,  
corresponding to the signal is obtained after wavelet 
packet decomposition, where the total energy is:
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Finally, constructing the feature vector. As the 
gear faults will have a significant impact on the 
energy of the signal in each frequency band, Ekm 
may result in some difficulty in data analysis when 
the value is large. The feature vector is constructed 
after frequency band energy is normalized:
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4 EXPERIMENTS

In this paper, the gear vibration signals are 
acquired in the test bench, in which the arrange-
ment of acceleration sensor used to collect gear 
vibration signal is shown in Figure 2. The gear 
drive is a one-level drive, whose driving wheel and 
driven wheel share a gear tooth number of 17, with 
a transmission ratio of 1:1. The rotation speed of 
the driving wheel is 750–1000 rpm. The sampling 
frequency of the vibration signal sound is 10 kHz.

The gear vibration signals were collected in three 
cases of normal gears, broken tooth, and shaft unbal-
ance fault. As shown in Figure 3, the gear vibration 
signal obtained from the experimental measurements 
is very similar to that in the time and frequency 
domain, so it is difficult to distinguish the three gear 
types from the time and frequency domain curve.

The vibration signals of the above three gear 
types are analyzed to extract gear fault features by 
the method proposed in this paper.

The FRFT is applied to the collected signal with 
a transform order of p, so that the amplitudes on 
the (p, u) plane are obtained for three types of gear 
vibration signal after the FRFT. According to the 
peak search and calculation, an optimal order can 
be determined, based on which a narrow band filter 
is constructed to mask the optimal FRFT domain 
signal and eliminate the energy of background noise 
while retaining that of useful vibration signal.

Figure 2. Layout of acceleration sensors in the experi-
mental stage.

Figure 3. Gear vibration signal spectrum.

ICPT2016_Book.indb   933ICPT2016_Book.indb   933 9/29/2016   12:26:37 PM9/29/2016   12:26:37 PM



934

FRFT is applied to the signal for initial filtering 
to obtain useful gear vibration signal W(t), which 
is decomposed and reconstructed by db6 three-layer 
wavelet packet, whose energy spectrum is shown in 
Figure 4.

As is shown in Figure 4, in vibration signal 
wavelet energy spectrum for different types of 
gear, energy in the different frequency band dif-
fers significantly. When gears are meshing nor-
mally, energy mainly concentrates within the 1st 
band because of the stiffness stimulation and load 
variation, including first-order meshing frequency. 
When the gear meshing fault exists, the amplitude 
of the meshing frequency and its frequency band 
tend to produce significant growth. However, it 
is difficult to directly observe the effects of back-
ground noise in the FRFT spectrum.

As can be seen clearly, the amplitude of the 1st 
frequency band for the broken tooth is 38% lower 
than that of normal gear while the energy is 609% 
higher in the 2nd frequency band. At the same 
time, the energy is 1177% higher in the 3rd fre-
quency band and 217% higher in the 6th frequency 
band. As for the shaft unbalance fault gear, the 
amplitude of the 1st frequency band is 2% lower 
than that of normal gear. At the same time, the 
energy of the 3rd frequency band is increased by 
about 90% and the energy of the 6th frequency 
band is decreased by about 99%.

Moreover, the energies in the 5th, 7th, and 8th 
bands also have certain growth for the broken tooth 
while those in the 5th, 7th, and 8th bands also have cer-
tain reduce for the shaft unbalance fault gear, so that 
wavelet packet energy spectrums may differ signifi-
cantly as a reflection of the carried gear fault features.

5 CONCLUSION

This paper studies a gear fault feature extraction 
method based on the feature vector of gear vibra-
tion signals, which uses FRFT to extract the use-
ful gear meshing signal, achieving good results in 
the elimination of background noise. The wavelet 
packet frequency band energy can accurately reflect 
the gear meshing transmission information and 
effectively extract gear fault features. It is verified 
by the experiments that a gear vibration analysis 
method based on FRFT is reliable and effective.
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ABSTRACT: Gear transmission system, as one of the most significant systems for motion and power 
transmission, is normally prone to malfunction because of its complex structure and severe working envi-
ronment. Currently, gearbox condition monitoring based on the vibration signal has been a commonly 
used strategy to address this problem. However, gearbox vibration signal normally consists of a wide 
range of vibration sources, as well as interference noises, which makes it difficult to extract incipient gear 
fault features from the acquired vibration signal. Besides, the instantaneous rotating speed of a gearbox 
often fluctuates around its nominal value during operation, rendering gear fault detection much more 
challenging. This paper presents a novel method to extract gear root crack fault feature by introducing 
information entropy into the envelope analysis of an angular domain vibration signal. First, the angular 
domain vibration signal is filtered by a band-pass filter in order to separate the gear vibration of interest 
from other vibration sources. Then, the Hilbert transform is conducted on the filtered signal to obtain its 
envelope with the aim of removing the modulation effect caused by the gear meshing process. Finally, the 
entropy value of the demodulated signal is calculated, which can be used to indicate the severity of the 
gear root crack fault. The proposed method is validated by a number of experiments carried out on a two-
stage spur gearbox. The results show that the envelope entropy value increases with the severity of gear 
root crack fault, and the proposed method can successfully distinguish the incipient gear root crack fault 
case from the normal case, which is extremely useful for the early detection of gear root crack fault.

In practical cases, gearbox often operates in 
varying rational speed, which leads to frequency 
smearing in the frequency spectrum of raw vibra-
tion signal. Order tracking is useful to identify 
these speed-related vibrations (Fyfe & Munch 
1997). When crack fault or broken teeth occur in 
gears, sidebands would appear in the spectrum due 
to meshing modulation. Therefore, it is effective to 
perform signal demodulation and extract fault fea-
tures from envelope spectrum (Mcfadden 1986).

On the basis of these techniques, it is possible 
to reduce the influence of speed fluctuation and 
modulation characteristics on spectral energy 
distribution. Fault detection can be achieved by 
comparing energy distribution of the order spectra 
of demodulated vibration signals. The Shannon 
entropy, as a measure of the information of any 
distribution, provides a suitable indicator for this 
problem. Thus, the concept of information entropy 
is introduced into the envelope analysis of angular 

1 INTRODUCTION

Gear transmission system is widely used in large-
scale and complex mechanical equipment, such 
as wind turbines, helicopters, and construction 
machinery. Heavy-duty and rugged operation con-
ditions frequently cause faults such as gear fatigue 
crack. Statistics indicate that gear faults account 
for 80% of transmission breakdown (Versicherungs 
1978). Thus, research on effective diagnosis of 
incipient gear faults has attracted the attention of 
scholars worldwide.

Types of baseline frequencies and failure indica-
tors that can be detected by monitoring gearbox 
vibrations have been investigated in detail (Badaoui 
et al. 2004, Hu et al. 2016). Experimental analyses 
of vibration data, in particular, have contributed 
tremendously to this field, providing a means to test 
algorithms and techniques to detect failures and 
defects (Wu et al. 2009, Mohammed et al. 2013).

ICPT2016_Book.indb   937ICPT2016_Book.indb   937 9/29/2016   12:27:26 PM9/29/2016   12:27:26 PM



938

domain vibration signals to detect gear root crack 
fault in this paper.

The paper is organized as follows: Section 2 
describes principles of order tracking, envelope 
demodulation, and information entropy. Then, 
the calculating process of the proposed indicator 
is briefly introduced. In Section 3, experimental 
simulation of gear root crack fault is set to validate 
this method. Test results are demonstrated and dis-
cussed in Section 4. Conclusions of this paper are 
drawn in Section 5.

2 ENVELOPE ENTROPY OF ANGULAR 
DOMAIN SIGNAL

2.1 Computed order tracking

Frequency analysis is frequently used to detect 
defects in gear transmission systems. However, 
most mechanical systems are not working at a 
constant speed. The running speed of a wind tur-
bine, as an example, is dependent on wind speed, 
which may change randomly. Thus, its vibration 
frequency spectrum could be “smeared” (Fig. 1). 
Order tracking is highly useful in such case, where 
vibration signal is sampled at constant incre-
ments of shaft angle. This paper uses a computed 
order tracking method, which re-samples the time 
domain signal and converts it to angular domain 
vibration.

It is assumed that angular acceleration of the 
shaft keeps constant in a short period of time. 
The relationship between angle and time can be 
expressed as:

θ ( )θθ b) bt b t+b +0 1bb bb+bb 2bb 2  (1)

The constants b0, b1, and b2 are found through 
fitting three successive key phasor arrival times t1, 
t2, and t3, which occur at even angle increments ΔΦ 
and satisfy:
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where bi can be calculated from Equation 2. Then, 
for any given value of θ, its arrival time t can be 
solved through:

t
b

b b b bb= + b⎡⎣⎡⎡ ⎤⎦⎤⎤
1

2
4

2bb 2 0bbb 1bbb2
2bb)b0bb  (3)

The vibration amplitude at time instant t can be 
interpolated. In this paper, blockwise cubic spline 
interpolation method is used to reduce sensitivity 
to precision in calculation.

2.2 Amplitude demodulation

When gear fault occurs, the impulsive shock is 
demodulated by meshing frequency through 
amplitude demodulation. This leads to complex 
sidebands in frequency spectra, which increases 
the difficulty of fault detection. Hence, it is neces-
sary to perform envelope demodulation to extract 
the original fault impulse.

In this paper, demodulation analysis is achieved 
using Hilbert transform. The Hilbert transform of 
real number signal x(t) is:

x
x

dd�( )t
( )t

= −
−∞

+∞

∫
1
π

))
τ

τ  (4)

The analytic signal of x(t) is constructed as:

x x jx A ea
j t( )t ( )t( )t ( )t ( )t ( )t= +x )t � φ (  (5)

where A(t) is the envelope of x(t) and can be cal-
culated as:

A x x( )t (t)(t) ( )t+= x (t)2
2�  (6)

2.3 Information entropy

The concept of entropy was proposed by Claude 
E. Shannon in 1948 (Shannon 1948). Consider 
X = {xi, i = 1,2,……,n} a signal source with n pos-
sible states. P = {Pi, i = 1,2,……,n } is a collection 
of probabilities of each state, where:

0≤Pi≤1 (7)
PiPP =∑ 1  (8)

Self-information of state xi is:

I x Pi a i a iPP( )xi log (Pa ) log= −  (9)

which is a random variable. Information entropy is 
introduced as the expectation of self-infromation:

Figure 1. Speed variation leads to frequency 
“smearing”.
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H E x E P pi aE i iPP a ip
i

( )X [ (I )] [ log ] lPiPP og= E x(I Plog ∑  (10)

where a can take on any value. When a changes, 
H(X) changes correspondingly.

Information entropy is used to quantify the 
irregularity of a system of signal. When applied to 
entropy spectrum, it can measure the amount of 
singular components in the signal. If  the entropy 
value is minimal, then the distribution of spectral 
lines is prone to randomness and no distinct peak 
exists. On the contrary, large entropy value often 
indicates the existence of fault.

2.4 Signal processing procedure

In summary, the signal processing procedure of 
the proposed method can be illustrated as shown 
in Figure 2. Computed order tracking is first per-
formed to reduce the non-stationary characteris-
tic caused by speed fluctuation. Then, band-pass 
filter and Hilbert transform are used to extract 
the envelope signal. The envelope order spectrum 
is calculated through Fast Fourier Transform 
(FFT) algorithm. The information entropy of the 
spectrum, or in other words, envelope entropy of 
angular domain signal, is the final indicator, which 
measures the existence and severity of the fault.

3 EXPERIMENTAL WORK AND 
PROCEDURE

3.1 Test rig setup

The test rig mainly consists of a gear fault simu-
lation testbed, a set of vibration acquisition sys-
tem, and an industrial computer (Fig. 3). The 
testbed comprised a magnetic powder brake, which 
imposes torque load, a gearbox, and an electric 

motor. The industrial computer controls load and 
speed of this system and displays torque of the 
shaft in real time.

The internal structure of the gearbox is shown 
in Figure 3. It is a two-stage reduction spur gear 
gearbox. The transmission ratio is 3.59, with 23/39 
for the first stage, and 25/53 for the second stage. 
The simulated fault is located on the second reduc-
tion pinion. The parameter of gears and gearbox 
are shown in Tables 1 and 2, respectively.

3.2 Measurement setup

Vibration response of gear meshing is measured by 
accelerometers mounted on the bearing pedestal. 
The accelerometer signals are passed to the data 
acquisition instrument. The accelerometer used 
is Kistler’s ICP (integrated circuit piezoelectric) 
accelerometer, type 8703 A50M1. LMS SCADAS 
system type SC305-VTP/3P92-B is selected for data 
acquisition, with 24 bit A/D converters and 106 dB 
dynamic range. Figure 5 shows the measurement 
process during the experiment.

3.3 Test condition

Tooth root crack fault is artificially simulated 
by spark cutting. Figure 5 and Table 3 show the 

Figure 2. Signal processing procedure.

Figure 3. Schematic of the experimental system.

Figure 4. Signal processing procedure.
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are acquired under various conditions for each 
gear. The detailed condition parameters are shown 
in Table 4.

4 EXPERIMENTAL RESULTS

To validate the effectiveness of the proposed 
method, vibration response of a speed-down proc-
ess is acquired and analyzed. Figure 6 shows angu-
lar domain vibration signal processed by order 
tracking for the faulty case. After FFT calculation, 
the order spectrum is presented in Figure 7. As we 

Table 1. Parameters of gears.

Parameter Notation Value

Module m 3
Pressure angle α 20°
Tip clearance coefficient c 0.25
Addendum coefficient h 1

Table 2. Parameters of gearbox.

Stage Pinion teeth Bull-gear teeth Center distance

1st 23 39 93 mm
2nd 25 53 117 mm

Figure 4. The experimental system.

Figure 5. Schematic diagram of tooth root crack.

Table 3. Tooth crack scale of the simulated fault.

Fault severity αc q0 w

Normal gear – – –
Minor crack 70° 1.8 mm 60 mm
Large crack 70° 2.8 mm 60 mm

Table 4. Condition parameters of test.

Fault severity Motor speed (rpm) Load (N⋅m)

Normal gear 400/600/800/1000 0/15/30/45
Minor crack 400/600/800/1000 0/15/30/45
Large crack 400/600/800/1000 0/15/30/45

Figure 6. Angular domain vibration of fault case.

Figure 7. Order spectrum of faulty case.

dimensions of the simulated fault. The fault sever-
ity increases with crack depth.

As the industrial computer controls the operat-
ing speed and load of gearbox, vibration signals 
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can see, the original order spectral lines are quite 
messy and characteristic order cannot be eas-
ily distinguished due to meshing modulation and 
resonance. Thus, envelope demodulation needs to 
be performed before spectral estimation. The enve-
lope order spectrum of the faulty case is shown in 
Figure 8. A distinct spectral component of order 
1 can be observed. Compared with envelope order 
spectrum of the normal case (Fig. 9), distribution 
of spectral amplitudes of order 1 and order 2 spec-
tral lines change significantly, which proves that 
the proposed method successfully extracts vibra-
tion features of tooth root crack fault.

Vibration responses of different stationary 
speeds and loads are analyzed by calculating the 
information entropy of each envelope order spec-
trum. It is clearly seen in Figures 10–13 that the 
entropy value decreases as the tooth root crack 
fault becomes more severe and as the torque load 
is increased. Furthermore, entropy of the enve-
lope order spectrum, or in other words, envelope 
entropy of angular domain signal could be a good 
indicator for gear tooth root crack fault detection.

Figure 8. Envelope order spectrum of faulty case.

Figure 9. Envelope order spectrum of normal case.

Figure 10. Entropy plot for 400 rpm speed.

Figure 11. Entropy plot for 600 rpm speed.

Figure 12. Entropy plot for 800 rpm speed.

Figure 13. Entropy plot for 1000 rpm speed.
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5 CONCLUSIONS

In this paper, we present an indicator for gear 
tooth root crack fault detection and its experimen-
tal evaluation. The main conclusions of this paper 
are summarized as follows:

1. The envelope entropy of the angular domain 
vibration signal is negatively correlated with the 
fault severity of gear tooth root crack, which 
proves to be an effective indicator.

2. The value of the proposed indictor also decreases 
as the load increases, which indicates that high 
load amplifies the fault signature.
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Study on the on-line monitoring sensor of tracked armored vehicles

Z. Gao, C.S. Zheng, R. Jia, Z.Q. Liu & J.H. Fan
School of Mechanical Engineering, Beijing Institute of Technology, Beijing, China

ABSTRACT: In current tracked armored vehicles, wear debris in lubricant oil cannot be detected effec-
tively. Therefore, early fault alert and fault diagnosis cannot be realized. In this paper, the mathematical 
model of wear debris sensor was established. The influence of different parameters on the properties of 
the sensor is obtained by simulation analysis. Accordingly, the sensor design parameters were optimized. 
Furthermore, the LC oscillation circuit was introduced into the sensor circuit. The excitation frequency 
and capacitance were matched up, and a sensor sample was then designed. Wear debris detection test 
without oil and with oil were further conducted. The test results indicate: the sensor can detect metal-
lic wear debris between 50 μm and 100 μm effectively, when the oil flow rate changes from 5 L/min to 
40 L/min. Early fault alert and fault diagnosis of tracked armored vehicles can be realized.

that it can be applied to integrated transmission of 
tracked armored vehicle.

2 MATHEMATICAL MODELING

2.1 The introduction of sensor principle

As shown in Fig. 1, the sensor has three internal 
coils, incentive coils of 1, 2 reverse winding, and in 
series with the driven by ac power, so their respective 
fields are in the opposite direction, and in the mid-
point between two coils offset each other [6]. The 
inductive coil is located in the middle of the sensor, 
the magnetic field of which is disturbed by metal 
particles passing by, the amplitude changes of mag-
netic field are converted into voltage value, which 
is used to determine the size of the particles, and 
phase changes are used to determine the nature of 
the particles (ferromagnetic or non-ferromagnetic).

2.2 The mathematical model of sensor

For the convenience of the establishing model, this 
article assumes that the particle is spherical, the 
radius is ra and the passing speed is v, over time t 
through the sensor, and the magnetic conductivity 

1 INTRODUCTION

It is known that on-line electromagnetic oil debris 
sensor has several advantages, such as easy to 
install, and insensitive to external vibration and 
bubbles in oil. Furthermore, it can detect ferromag-
netic debris as well as non-ferromagnetic debris. 
Considering these advantages, it became a research 
focus in the area of diagnostic technology.

The friction of moving parts in integrated 
transmission of tracked armored vehicle causes 
the entrance of wear debris into lubricating oil. 
Therefore, the debris in lubricating oil carries 
many information of equipment condition. A sur-
vey conducted by the National Research Council 
Canada shows that 82% wear-out failure is caused 
by wear debris[1-3] and 60∼70% lubrication system 
failure is caused by wear debris[4]. The bigger the 
wear debris, the greater the risk of failure.

The integrated transmission of tracked armored 
vehicle developed by our research group has been 
applied to several types of light- and middle-
duty tracked armored vehicles[5]. The relation-
ship between wear forms and wear debris’ size is 
obtained by analyzing lubricating oil. The results 
are summarized in Table 1. As shown in Table 1, 
early fault can be predicted if  debris sensor accu-
racy can achieve 25 μm to 100 μm[6].

In this study, the mathematical model and 3D 
electromagnetic model were established and the 
LC oscillator circuit was introduced into the debris 
sensor circuit. Then, optimized structure param-
eters were obtained by simulation calculation. 
Finally, the prototype sensor was tested on the test 
rig with oil and without oil. From the result, it can 
be observed that the wear debris sensor can detect 
debris between 50 μm and 100 μm, which means 

Table 1. Relationship between wear forms and wear 
debris’ size.

Description Size range Wear form

Ultra small <5 μm Normal wear
Small-sized <25 μm Common wear
Middle-sized <100 μm Fatigue pitting and 

severe sliding wear
Large-sized >100 μm Severe Fatigue pitting
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of iron is μm. As shown in Fig. 1, the coil radius is 
r, the outside radius is R, the incentive coil width 
of 1, 2 and induction coil are m, the number of 
inductive coil turns is N1, the number of inductive 
coil turns is N0, the distance between the left side 
of incentive coil and the center of the coil is n, the 
center of the sensor is the origin of coordinates, 
take axial for x axis, along the right to the positive, 
and take radial for y, along upward to the positive. 
The current I is using sinusoidal alternating cur-
rent (ac), and frequency is f.

By the Biot-Savart theorem, the circular mag-
netic field of current-carrying conductor is B, the 
direction is along the x to the right, and B can be 
defined by

B
Ir

=

2

0
2

3

2

μ

( )r xr2 2x+

 (1)

where μ0 is the vacuum magnetic conductivity, I is 
the electric current, r is the radius of round wire, 
B is the magnetic induction intensity, and x is the 
abscissa of point p, as shown in Fig. 2.

When the particle enters the incentive coil 1, 
it makes the magnetic resistance with particle 
drop, causes the magnetic induction intensity B to 
increase, and makes the central point of the mag-
netic field not to be 0.

The single-layer solenoid magnetic field can be 
deduced from circular magnetic field. The mag-
netic induction intensity B can be deduced by inte-
grating along the axial direction.
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Then, the magnetic induction intensity B of  two 
single-layer solenoid can be deduced superimpos-

ing two single-layer solenoid magnetic field, where 
m is the clearance between two solenoids.
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As shown in Fig. 1, the coil thickness along the 
radial direction is larger than the thickness along 
the axial direction. Therefore, the magnetic induc-
tion intensity B needs to be integrated along the 
radial direction
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Figure 1. Schematic diagram of three-coil sensor. Figure 2. Magnetic field of circular current-carrying 
wires to point.
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where r1 and r2 are the inner and outer radii of 
the incentive coil. Induced voltage can be deduced 
by magnetic flux definition and Faraday’s law of 
induction. To prevent sensor coil heating, current 
has to be strictly controlled, and hence, the current 
source is used; the current is I = Im sin(2πft + ϕ) 
and output inductive electromotive force is E.
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 (5)

In equation (5), inductive electromotive force is 
related to the following parameters:

a. The structure parameters of the coil (coil diam-
eter, coil thickness, number of coil turns, clear-
ance between coils);

b. The characteristics of the particle (particle 
radius, relative magnetic conductivity, particle 
velocity);

c. Incentive characteristics (incentive voltage, 
incentive frequency) and the location of the 
particle.

3 SIMULATION ANALYSIS

3.1 Calculation of mathematical model 
by Matlab

In order to simplify the calculation, the model 
ignores the influence of the change in tempera-
ture on the coil. The distribution of magnetic field 
intensity along the axis is shown in Fig. 3.

As shown in Fig. 3(a), the inner magnetic field of 
sensor is distributed as sinusoidal wave, and mag-
netic field intensity is 0 in the middle of the sensor. 

When a ferromagnetic debris passes through the 
sensor, the inductive electromotive force is distrib-
uted as shown in Fig. 3(b). Fig. 3(c) shows the rela-
tionship between the coil width and the inductive 
electromotive force, which reveals that the induc-
tive electromotive force is roughly proportional 
to the coil width. As shown in Fig. 3(d), when the 
clearance between coils reaches 3 mm, inductive 
electromotive force reaches the peak.

3.2 J-mag simulation analysis

Considering the calculation results of Matlab, set 
the geometric parameters of the debris sensor as 
given in Table 2.

It is most difficult to detect debris under 100 μm 
with the high frequency noise. The LC oscillation 
circuit was introduced into the debris sensor circuit. 
Two capacitances were connected, respectively, 
with excitation and the induction coil in parallel. 
Resonance frequency formula of LC oscillation 
circuit is as follows [7]:

fresff onant ≈
1

2π L CS PL C
 (6)

Then, the matched capacity of LC oscillation 
circuit was deduced by the formula as follows:

C
LPC

SL
≈

1
4 2( )resonant

 (7)

Figure 3. Relationship between coil parameter and 
inductive voltage.

Table 2. Geometric parameters of the sensor.

Parameter Value Parameter Value Parameter Value

r (m) 5 × 10−3 μ0 4π × 10−7 μr 200
ra (m) 75 × 10−6 N1 (turn) 198 I (A) 0.1
m (m) 3 × 10−3 n (m) 5.5 × 10−3 N0 (turn) 194
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As shown in Fig. 4, when debris passes 
through the sensor, the internal magnetic field 
is dynamic. When the debris arrives at the mid-
dle position of  the excitation coil, the magnetic 
induction density reaches the maximum value. 
When the debris arrives at the middle position 
of  the sensor, the magnetic induction density 
reaches the minimum value, which is similar to 
Matlab calculation[8].

4 EXPERIMENTAL STUDY

4.1 Measurement without oil

In order to verify the mathematical model and 
simulating calculation, a test was carried out with-
out oil. The layout plan of the testing system with-
out oil is shown in Fig. 5. As shown in Fig. 6, the 
components of the test rig are as follows: a signal 
incentive and detection unit, a data collecting and 
processing software, ferromagnetic and non-ferro-
magnetic debris of different sizes, and a sensor.

In order to verify the effect of single debris on 
the sensor, debris of different sizes were pasted 
onto shrinkable tubes. Therefore, it is necessary 
that the shrinkable tube has no effect on the sen-
sor. As shown in Fig. 7, there is no signal when a 
shrinkable tube without debris passes through the 
sensor.

Fig. 8(a) shows the sinusoidal signal induced by 
ferromagnetic debris, peak in the front of trough. 
Fig. 8(b) displays the sinusoidal signal induced 
by non-ferromagnetic debris, peak in the front of 
trough. Therefore, ferromagnetic and non-ferro-
magnetic debris can be distinguished.

Every different size of debris was tested three 
times and the average of them was calculated. Then, 

Figure 4. Magnetic clouds of different positions of 
debris.

Figure 5. Layout plan of the testing system without oil.

Figure 6. Components of the test rig without oil.

Figure 7. Detection signal of the shrinkable tube.

Figure 8. Detection signal of ferromagnetic debris and 
non-ferromagnetic debris.
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the test curve was obtained which was compared 
with the simulation curve. As shown in Fig. 9, the 
fitting degree of the two curves is good, which 
proves the validity of the mathematical model.

4.2 Experiment with oil

Incentive signal uses DDS (Direct Digital Syn-
thesizer), which produces a certain frequency sine 
wave, then becomes constant current circuit after 
the differential amplifier, and finally, generates sine 
incentive current to motive incentive coil, at the 
same time reference signal outputs all the way to the 
phase-locked amplifier[9]. The signal outputs from 
the induction coil after the phase-locked amplifier 
deals with it, which is shown by the oscilloscope. 
The experimental set-up is shown in Fig. 10, and 
the physical layout is shown in Fig. 12.

In the theoretical model, it has been assumed 
that the particle is spherical, but in practice, the 
particle is not spherical, as shown in Fig. 11, by 
means of tungsten Scanning Electron Microscopy 
(SEM), using the JMS-6490LV image processing 
software to calculate the projection area square 
and the length of axis[10]. Moreover, according to 
the measurement of the particle projection area 
and equation (8), the corresponding equivalent 
diameter was calculated:

D 4 /S π  (8)

In real test, it is impossible to measure every 
debris. The metal debris was divided into different 
mesh sizes, 60 mesh (260 μm), 80 mesh (198 μm), 
100 mesh (160 μm), 150 mesh (110 μm), and 
180 mesh (83 μm). Add different sizes of metal 
debris to lubricate oil, and then observe the detec-
tion signal as follows:

In the process of test, the motor speed was con-
trolled by frequency conversion. The displacement 
of YB1-16 vane pump is 16 ml/r. In order to real-
ize the flow rate of lubricate oil varying between 

Figure 9. Schematic of comparison between test and 
simulation result.

Figure 10. Schematic of wear debris monitoring.

Figure 11. Particle image.

Figure 12. Schematic of wear debris test rig.

5L/min and 40 L/min, which is similar to the real 
condition of the tracked armored vehicle, the rota-
tion speed of the vane pump varies between 300 r/
min and 2500 r/min.

As shown in Fig. 11, similar to the result of test 
without oil, the detection signal contains many 
sinusoidal waves with different amplitudes. The 
debris size can be deduced from the amplitude 
of the sinusoidal wave. The amplitudes in the red 
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circle are between 5 mV and 10 mV, which means 
that the wear debris between 50 μm and 100 μm 
can be detected clearly.

5 CONCLUSION AND DISCUSSION

a. The mathematical model of debris sensor has 
been established. The relationship between dif-
ferent structure parameters and the detection 
signal was obtained, which is beneficial to the 
design of debris sensor structure.

b. The 3D model and circuit of debris sensor has 
been established. The LC oscillation circuit was 
introduced into the debris sensor circuit, which 

was simulated in J-mag. The result shows that 
the high-frequency noise was filtered and SNR 
(signal to noise ratio) increased significantly.

c. The test rig with oil and without oil was 
designed. Comparing the two test results, the 
validity of the mathematical model and the 
circuit was verified. Under the condition that 
the flow rate is between 5 L/min and 40 L/min, 
the detection precision of ferromagnetic debris 
increased to 50∼100 μm from 200 μm.
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ABSTRACT: As one of the most essential components of engine, the structure of the cylinder head 
directly and indirectly affects the NVH performances of the head itself  and the whole Power Train (PT). 
The impact of the new vehicle and environment-specific legislations, fuel economy, and the public envi-
ronmental awareness results in the wide incorporation of Variable Valve Lift (VVL) technology, for which 
the structure of two-layered cylinder head is favorably developed. However, this kind of structure not only 
makes the design optimization more difficult, but also directly affects the overall stiffness of the engine 
causing the NVH performance concerns.

Using the concept of the layered cylinder head of a Changan (CA) new engine, this paper first details a 
series of NVH analyses and the results are assessed based on the CA in-house dynamic response database 
and three engine benchmarks. In terms of NVH performance, the beneficial features have also been sum-
marized after comparing the benchmarks focusing on the characteristics, such as the global architecture, 
oil gallery layout, layout for the reinforcements (ribs), camshaft carrier, and camshaft caps. The design 
optimization plan has finally been proposed to reach the NVH targets, such as modal, dynamic stiffness, 
and sound power radiation, and, in turn, shorten the engine development cycle.

axial bearing cap vibrations to the overall power-
train radiated noise. The investigation [2] on the 
relationship between cylinder block vibration and 
radiated noise has shown that the noise level can 
be reduced after the block structural optimization. 
Working on the in-line 1.8L 4-cylinder engine, 
Takao Kubozuka [3] found that the block torsional 
and bending modes and the crankshaft torsional 
vibration have considerable contribution to the 
PT noise. By modifying the gear profile and the 
transmission housing structure, the transmission 
housing itself  and the whole power train noise and 
vibration are reduced [4]. It has also been reported 
that improving the structure of the engine compo-
nents, especially the covers, can reduce the noise up 
to 2.5dB(A) [5].

Using the concept of the layered cylinder 
head of the Changan new-generation engine, this 
paper first details a series of NVH analyses and 
the results are assessed based on the CA in-house 
dynamic response database and the data from 
three benchmark engines. In terms of NVH per-
formance, the beneficial features have also been 
summarized after comparing the benchmark 
heads focusing on structural characteristics, such 
as the global architecture, oil gallery layout, layout 
for the reinforcements (ribs), camshaft carrier, and 
camshaft caps. In order to reach the CA NVH tar-
gets, such as modal, dynamic stiffness, and sound 
power radiation, the improvement recommenda-

1 INTRODUCTION

It is well known that the cylinder head is one of 
the most essential engine components, its structure 
directly or indirectly affects the NVH perform-
ances of the head itself  and the whole Power Train 
(PT), because it is the main path from the excita-
tion (gas force and forces from valve train) to main 
structure-borne noise contributors, such as cam 
cover, intake manifold, exhaust manifold, and tim-
ing cover. The introduction of the environmental 
legislations, the demand for fuel economy, and the 
public environmental awareness results in the wide 
incorporation of Variable Valve Lift (VVL) tech-
nology, for which the structure of the two-layered 
cylinder head is favorably developed. However, 
this kind of structure not only makes the design 
optimization more difficult but also directly affects 
the overall stiffness of the engine causing the NVH 
performance concerns.

PT NVH performance has been the worldwide 
focus, and it has been realized that optimizing the 
PT structure is a practical route to improve NVH 
performance. The influence of cylinder pressure, 
bottom end design, and crankshaft stiffness has 
been studied recently [1]. The research indicates 
that the insufficient stiffness of the crankshaft 
could be a significant contributing factor to the 
poor sound quality. Moreover, the effectiveness of 
a stiffer crankshaft depends on the contribution of 
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tions have been proposed at the concept develop-
ment stage. Using the CAE method, the design and 
development cycle for the head itself  and engine 
has been much efficiently shortened.

2 LAYERED CYLINDER HEAD NVH 
PERFORMANCE

2.1 Structure of layered cylinder head

The layered cylinder head is mainly divided into two 
layers, the camshaft carrier at the top of the head. This 
paper focuses on this typical kind of cylinder head 
assembly for the gasoline/direct inject/turbocharged 
in-line four-cylinder engine. As shown in Figure 1, the 
investigated cylinder head assembly consists of the 
lower head-1, the separated camshaft carrier-2, and 
the camshaft cap ladder-3. This sandwich-structured 
cylinder head (L453.5 × W224 × H170 mm), made 
of aluminum alloy (AlSi9Cu3-T6) using low-pressure 
casting route, also features the Integrated Exhaust 
Manifold (IEM)-1(1). The head and the camshaft car-
rier are assembled using 20 × M6 bolts, with a mini-
mum distance of 46 mm and a maximum distance of 
114 mm. The camshaft carrier and ladder are assem-
bled using 25 × M6 bolts, among which 15 bolts are 
used to connect the ladder, the carrier, and the head.

The basic parameters are listed in Table 1.

2.2 Simulation of dynamic response

In order to understand the stiffness and mass dis-
tribution of the layered head, the mode analysis is 
first carried out, followed by Input Point Inertance 
(IPI) analysis to evaluate the dynamic stiffness of 
the cam bearing.

2.2.1 Mode analysis
As shown in Figure 2, the solid parts of the FEA 
model are discretized using 10 nodes nonlinear tet-
rahedral elements, but the bolts are simplified using 
beam element without preloading. Within 3000 Hz, 
a total of 17 natural modes and 7 globe modes have 
been predicted and summarized in Table 2. The bend-
ing mode of camshaft carrier is obvious and domi-

Table 1. Parameters of the head.

Capacity
L

Bore
mm

Bore 
spacing
mm

L × W × H
mm

Mass
kg

1.4 73.5 83 454 × 273 × 170 12.8

Figure 2. Head FE model.

Table 2. Mode results of the head.

Mode Frequency Modal shape

 1  757 Hz Globe torsion
 2 1320 Hz Globe lateral bending
 3 1732 Hz Globe vertical bending

Local mode of rear side (cantilever)
 4 1809 Hz Camshaft carrier bending
 5 1866 Hz Camshaft carrier bending
 6 1911 Hz Globe lateral bending

Camshaft carrier bending
 7 2058 Hz Globe vertical bending

Camshaft carrier bending
Local mode of front side

 8 2191 Hz Camshaft carrier bending
Local mode of front side
Local mode of rear side (cantilever)

 9 2277 Hz Camshaft carrier bending
10 2339 Hz Camshaft carrier bending
11 2391 Hz Camshaft carrier bending
12 2486 Hz Globe torsion

Local mode of rear side (cantilever)
13 2562 Hz Camshaft carrier bending

Local mode of rear side (cantilever)
14 2720 Hz Local mode of front side

Camshaft carrier bending
15 2750 Hz Local mode of front side

Camshaft carrier bending
16 2855 Hz Globe vertical bending

Local mode of front side
Camshaft carrier bending
Local mode of rear side (cantilever)

17 2877 Hz Local mode of front side
Camshaft carrier bending

Figure 1. Schematic showing the layout of a layered 
cylinder head.
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nant in the frequency range from 1800 to 3000 Hz, 
which indicates that the stiffness of the camshaft 
carrier is under-designed. Local modes of the front 
and rear sides also display similar characteristics.

First globe modes are assessed based on the CA 
in-house database of head modes. As shown in 
Figure 3, the frequency of the first torsional mode 
and the lateral bending mode of the layered cylin-
der head are the lowest, compared with other con-
ventional integer heads. The torsional stiffness and 
lateral bending stiffness should be improved.

2.2.2 IPI analysis
The IPI analysis, for evaluating the local dynamic 
stiffness of camshaft bearing, is a steady-state 

dynamic force response analysis, namely assessing 
the response of the camshaft bearing center after 
applying a unit force in a limited frequency range.

Figure 4 shows the results of the IPI analysis. 
Results show that compared with other heads in 
CA in-house database, the dynamic stiffness of 
the layered head is the worst in all three direc-
tions, which means that the local stiffness of the 
cam bearing is very bad. That is to say, the cam-
shaft carrier and camshaft cap ladder should be 
stiffened.

3 BENCHMARKING

The structure of this layered cylinder head is dif-
ferent from the structure of the traditional integer 
heads. In order to study the NVH performance 
of the baseline layered cylinder heads, three other 
layered cylinder heads, which have been in volume Figure 3. CA in-house database of head modes.

Figure 4. IPI analysis results.
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production, are benchmarking, including mode 
test and structure comparison.

3.1 Mode test

Table 3 shows that the results of the global modes 
form the baseline (by CAE) and benchmark heads 
(by test).

The torsional mode of the baseline is almost the 
same as benchmark C, but worse than benchmarks 
A and B.

The lateral bending mode of the baseline is bet-
ter than benchmark A, but worse than benchmarks 
B and C.

The vertical bending mode of the baseline is the 
best one.

In conclusion, the baseline head shows good 
stiffness in vertical direction but poor torsional and 
lateral bending stiffness among the four- layered 
cylinder heads.

3.2 Design comparison

3.2.1 Dimension and mass comparison
According to Table 4, it is clear that the mass of 
baseline head is the least. However, the length of 
it is the largest, which results in its worse global 
stiffness. The width of benchmark B is the largest, 
which contributes to its better lateral bending stiff-
ness. The camshaft carrier height hc of the bench-
mark B is small, which could restrain the bending 
mode of cam carrier.

3.2.2 Front side
Figure 5 shows the structure of front side of the 
heads. Two openings are designed on the front side 

of the baseline head, which leads to discontinuous 
stiffness and bad globe NVH performance. More-
over, there are no openings on the front side of the 
three benchmark heads.

3.2.3 Oil galleries
Figure 6 shows the structure of oil galleries of the 
heads. The oil galleries of benchmarks A and B 
are designed near the intake and exhaust side wall 
and full connections to the walls. One oil gallery of 
baseline head is designed in the middle of the head, 
which is the same as the benchmark C. However, 
the gallery of benchmark C has full connection 
with its main body. That is the reason why the lat-
eral bending mode of benchmark C is better than 
that of baseline head.

3.2.4 Separated camshaft carrier
Figure 7 shows the structure of separated cam-
shaft carrier. There is one beam on benchmarks 
B and C. Figure 8 and Table 5 show the dimen-
sions of the camshaft carrier. The total height h1 
of benchmark B is the lowest, and the ratio h2/h1 
is the largest, which could contribute to its bend-
ing stiffness of the camshaft carrier and the globe 
torsional stiffness.

In conclusion, the separated camshaft carrier of 
benchmark B is the best one, and that of baseline 
head is the worst because of the smallest of h2/h1 
and w1. In turn, this layout results in the low global 
lateral bending mode and dominant bending mode 
of camshaft carrier in the baseline assembly.

3.2.5 Camshaft caps
Figure 9 shows the structure of  the camshaft caps. 
The baseline is one piece camshaft cap ladder. The 
three benchmarks are separated into camshaft 
caps (5 units). One piece cam cap has more stiff-
ness but much heavier than the separated cam-
shaft caps.

Table 3. Mode comparison of layered cylinder heads.

Mode shape
Torsion
Hz

Lateral 
bending
Hz

Vertical 
bending
Hz

Baseline 757 1320 1732
Benchmark A 768 1304 1236
Benchmark B 775 1554 1426
Benchmark C 750 1483 1500

Table 4. Dimension and mass of heads.

Capacity
L

Mass
kg

L × W × H
mm

hc
*

mm
hh

*

mm

Baseline 1.4 12.8 454 × 273 × 170 60 110
Benchmark A 1.6 14.7 412 × 236 × 167 61 106
Benchmark B 1.8 14.4 418 × 300 × 154 50 104
Benchmark C 2.5 17.3 452 × 289 × 176 62 114

*hc, the cam carrier height; hh, the head height.

Figure 5. Front side.
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3.2.6 Other structures
There are some structures that also affect the 
stiffness of the head, such as the structure in 
Figure 10; some local mode would appear with the 
cantilever.

4 OPTIMIZATION

4.1 Optimization design

Base on the above-mentioned designs, the struc-
ture of the baseline head should be optimized to 
meet higher NVH demand for direct inject and 
turbocharged engine. Considering other perform-
ance and engineering limitations, after several 
design-simulation iterations, and taking the rec-
ommendations from the analysis, the design has 
been updated and the following are some of the 
highlights, as shown in Figure 11.

Figure 6. Distribution and connection around oil 
galleries.

Figure 7. Separated camshaft carrier.

Figure 8. Dimensions of the camshaft carrier.

Table 5. Dimensions of the camshaft carrier.

h1
mm

h2
mm

h3
mm

w1
mm

h2/h1
–

Baseline 60 25.5 34.5 13.2 0.425
Benchmark A 61 29 32 18 0.475
Benchmark B 50 25 25 15 0.5
Benchmark C 62 30 32 16.8 0.484

Figure 9. Camshaft caps.

Figure 10. Other structures.
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1. Fill openings or change them to holes at the 
front side.

2. Connect the oil gallery to the main body of the 
head.

3. Add beams and triangle ribs on the separated 
cam carrier.

4. Add triangle ribs on the one piece cam cap, 
and increase the width of the beam (4 mm) and 
flange (8 mm) in both intake and exhaust side.

5. Add 3 ribs at the rear side under the cantilever.
6. Do some local changes for intake side.

4.2 Optimization design dynamic response 
simulation

4.2.1 Mode analysis results
Figure 12 shows the mode results of optimization 
design head. The frequencies of critical modes are 
increased observably.

At first, the torsional mode frequency is 900 Hz, 
which means that there is an increase of 143 Hz 
(18.9%).

At first, the lateral bending mode frequency is 
1504 Hz, which means that there is an increase of 
220 Hz (16.7%).

At first, the vertical bending mode frequency is 
1806 Hz, which means that there is an increase of 
74 Hz (4.3%).

4.2.2 IPI analysis results
Figure 13 shows the dynamic stiffness results of the 
head after design changes. The dynamic stiffness in 
all the three directions is observably improved and 
equal to the middle level of database.

4.2.3 Frequency response results
Figure 14 shows the frequency response results 
of the head under three different excitations after 
design changes.

From Figure 14, it is clear that acoustic power 
peaks caused by resonance move to high fre-
quency and magnitude decrease in narrowband. 

Figure 11. Optimization design.

Figure 12. Mode results after optimization.
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In addition, the maximum values of response 
power caused by gas force, valve force, and cam 
force excitation drop by approximately 1.7 dB, 8.2 
dB, and 4.9 dB, respectively, in 1/3 octaves.

In summary, natural frequencies and response 
levels under different excitations of baseline head 
have been efficiently improved thanks to the stiff-
ness increased by the design changes.

5 CONCLUSIONS

The overall stiffness of the layered cylinder head is 
worse than that of the integer head. A better struc-
tured cylinder head assembly, such as continuous 
framework structure and strong separated cam-
shaft carrier, has a significant influence on the glo-
bal stiffness of the head assembly, and, in turn, on 
the PT unit. In this paper, after structure optimiza-
tion, the first torsional and lateral bending mode 
frequency increase by 18.9% and 16.7%, which 
have significantly increased the dynamic stiffness 
and reduced acoustic radiation.

It has also shown that using the combined 
information from benchmarking, in-house data-
base, and CAE is a practical but efficient way to 
optimize the design of PT part/assembly.

Based on this approach, a practical CAE 
analysis procedure for optimizing the cylinder 
head NVH performance has been established. 
Following this practical procedure, the NVH CAE 
works on cylinder head development will be not 
only more efficient but also tractable. In turn, 
NVH performance will be under control in engine 
concept development stage, and the design failure 
in terms of NVH performance can be avoided.
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Influence of brake-line pressure on high-frequency brake noise 
in the closed-loop coupling model

Pu Gao, Jin Cui, Xiaojie Wang & Yan Qi
School of Mechanical Engineering, Beijing Institute of Technology, Beijing, China

ABSTRACT: Based on the closed-loop coupling model of brake noise analysis, experiment modal 
analysis of stationary disc brake system with different brake-line pressures and brake torques applied is 
conducted. Then a nonlinear optimization process is used to extract closed actual disc-pad coupling con-
tact by minimizing the differences between experimental and model predicted modal frequencies. Thus, 
the corresponding relation between brake-line pressures and disc-pad contact coupling stiffness values is 
established. The influence of the disc-pad contact coupling stiffness on systematic unstable tendency is 
transformed into the influence of the brake-line pressure on high-frequency brake noise tendency. Finally, 
the influence law of different brake-line pressures at different noise frequency bands can be obtained, 
which is helpful to put forward active control measures to suppress the disc brake noise.

stiffness cannot be ignored, which is composed of 
component self stiffness and contact coupling stiff-
ness between parts. Jaber [7] points out that the com-
ponent self stiffness affects the stability of the brake 
system, and there is an optimum stiffness value for 
each component that can make the system more sta-
ble. Chen [8] declared that improving the stiffness 
of brake disc and other brake parts can separate the 
brake disc in-plane modes, thus making the highly 
sensitive unstable mode be away from the human 
hearing range. Chen also shows that each part of the 
brake system has a certain stiffness variation range, 
which makes the braking system more stable. This 
law also applies to the contact coupling stiffness 
between parts. Pin-disc test proves that, with con-
tact coupling stiffness increasing, two independent 
modes would synthesize a complex mode, and with 
further promotion of contact coupling stiffness, the 
complex mode would divide into two modes, and 
thus, it can be seen that the influence of contact cou-
pling stiffness on system mode is not monotonic.

Contact coupling stiffness is the key factor which 
affects the brake system’s unstable tendency, and it 
is also an important parameter to depict the con-
tact coupling state between parts in the modeling 
process. However, contact coupling stiffness cannot 
be accurately measured with the direct test, and its 
value depends on the experience. The value of con-
tact coupling stiffness is usually obtained by empiri-
cal method, which is of great randomness. A few 
discussions can be found on determining contact 
coupling stiffness values in the public literature. Jiang 
[9] believed that the contact coupling stiffness should 
make the coupled structure mechanical equivalent to 

1 INTRODUCTION

With the development of vehicle technology and 
running speed, the brake performance improves 
significantly, but in cases of more complicated 
structures and new friction materials applying in 
the disc brake system, brake noise becomes one of 
the most elusive problems in overall vehicle NVH 
performance. Complex eigenvalue analysis used in 
closed-loop coupling disc brake model is one of 
the most effective methods to analyze the dynamic 
characteristics of brake system. Guan [1, 2] pro-
posed that closed-loop coupling model based on 
the modal synthesis theory, and it developed a series 
of analysis methods such as substructure modal 
composition analysis, substructure modal param-
eter sensitivity analysis, and feed-in energy analysis. 
These methods can analyze the influence of com-
ponents’ structural parameters to squeal and deter-
mine which one is dominant. The analysis results 
reached good agreement with those from test.

Frequency is the basic parameter of brake noise. 
According to the braking noise frequency, it can be 
classified as low-frequency noise (<1000 Hz) and 
high-frequency noise (>1000 Hz); the classifica-
tion is proposed by Chen and Ji [3, 4]. Trichês and 
Chen [5, 6] pointed out that high-frequency noise 
involves many brake parts, and it is influenced by 
the brake operating conditions (brake pressure), 
environment (temperature, humidity), and other 
factors simultaneously, which makes the elimina-
tion of high-frequency noise more difficult.

Among many factors affecting the high-frequency 
brake noise, the influence of the brake system 
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the real structure. Chen [10] declared that it should be 
1000 times of local stiffness. Abu Bakar [11] provided 
a guideline to determine stiffness values of coupling 
springs when building a FE (Finite Element) disc 
brake assembly model. Obviously, these references 
only provided some principle suggestions on this 
issue. For a specific modeling task, the stiffness values 
are to be tuned based on a matter of trial-and-error 
process, which is laborious and time-consuming, and 
the result largely depends on researcher’s experience 
and discretion. Gao [12] provides an effective method, 
the contact coupling stiffness values extracted from 
the modal test and parameter optimization are rea-
sonable and effective, which is in accordance with the 
actual working conditions.

The contact stiffness value is the virtual physi-
cal quantity; it is just a modeling parameter, which 
substantively reflects the influence of external dis-
turbance and excitation (brake-line pressure, speed, 
wear, etc.) on the system. Bergman [13] and Eriksson 
[14] sets up an experiment platform to simulate the 
braking process, and a camera is mounted on the 
microscope to observe the changes in brake disc 
and brake pad contact surface during the braking 
process, to explore the key factors (contact area, 
brake pressure, friction coefficient, contact stiff-
ness) affecting braking noise tendency. Abu Bakar 
[11] uses experiment and finite element simulation 
to study the microscopic contact between brake 
disc and brake pad. The result shows that the con-
tact changes with the brake-line pressure, which 
reflects the influence of brake-line pressure on the 
system. Obviously, brake-line pressure and contact 
stiffness are closely related, and it is an important 
factor to affect the dynamic characteristics of the 
brake system. We can study the influence of brake-
line pressure on high-frequency noise of the brake 
system through the contact coupling stiffness.

In this paper, based on the closed-loop cou-
pling model, first, different brake-line pressures are 
applied to the brake system, the stationary modal 
test is performed to extract modal parameters. A 
nonlinear optimization process is used to obtain 
closed actual disc brake contact coupling stiffness 
with different brake-line pressures, then the relation-
ship of the brake-line pressure and the contact cou-
pling stiffness. Finally, the influence of the friction 
coupling stiffness on systematic unstable tendency 
is transformed into the influence of the brake-line 
pressure on high-frequency brake noise tendency.

2 CLOSED-LOOP COUPLING 
MODEL PROFILE

Neglecting the slight damping of substructures, 
the synthetic vibration equation of disc brake sys-
tem can be expressed as:

Mu(t) Kt K u(t) Ot( )u(t)t− K )fKK  (1)

where M and K are the discretized mass and the 
stiffness matrices, respectively, u is the nodal dis-
placement vector, and Kf is the coupling matrix 
referring to the relationship between components, 
which includes spring and friction coupling. Kf is 
an asymmetric matrix.

Transforming the physical coordinate into the 
substructure modal coordinate:

u(t) qt qqqqqqqq  (2)

where q is the nodal displacement vector in the 
modal coordinate, and ΦΦΦΦ  is the matrix composed 
by modal mass normalized modal shaped matrices 
of each substructure. Therefore, Eq. 1 becomes the 
characteristic equation of the system:

q K�� q =qΛΛΛΛ( )Φ ΦKKΦΦ Φ )ΦΦ )TΦΦΦ fKK O (3)

where ΛΛΛΛ  is the diagonal matrix of natural angular 
frequency of each substructure. By complex eigen-
decomposition of Eq. 3, the eigenvalues si  and 
corresponding eigenvectors ψi of  the system can 
be derived, where i n1, , , n denotes the order 
of character Eq. 3. The real part of an eigenvalue 
represents the damping and the imaginary part is 
the modal frequency of the system. An eigenvalue 
with a positive real part indicates an unstable mode 
which tends to squeal and is called noise mode. In 
the closed-loop disc brake model, the dynamic 
characteristics of components are expressed in 
the form of modal parameters. The contact con-
ditions between disc and pad are represented by 
contact coupling springs and friction of coupled 
node pairs. Then, the stiffness of contact coupling 
springs is very important parameter in the model. 
Besides, contact coupling stiffness is closed linked 
to brake-line pressure, and we can study the influ-
ence of brake-line pressure on contact conditions 
through these closed ties.

3 RELATIONSHIP BETWEEN CONTACT 
COUPLING STIFFNESS AND 
BRAKE-LINE PRESSURE

With different brake-line pressures, the modal test 
of stationary disc brake system is performed to 
extract modal parameters, and the nonlinear opti-
mization algorithm is used to tune contact cou-
pling stiffness by minimizing the errors between 
test and model predicted results. Finally, the pre-
sented result is used to establish the relationship 
between contact coupling stiffness and brake-line 
pressure.
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3.1 Stationary modal test of disc brake system

Modal test of stationary disc brake system is 
carried out to extract contact coupling stiffness. 
Therefore, except that the brake disc should not be 
rotating, contact conditions are closer to that when 
disc brake noise occurs. The disc brake system is 
mounted on a firm base. When doing modal test, 
different brake-line pressures are applied to disc 
brake hydraulic cylinder. Equivalent brake torques 
are added to the system through a loading bar to 
make the coupling contact of components better 
reach to actual brake situations. The modal test 
rig of stationary disc brake assembly is shown in 
Figure 1.

After several attempts and analysis, it has been 
found that the modal shapes of axial modes of 
the brake disc are more regular and significant 
than other directions. When doing modal test, 
three-dimensional acceleration sensors are mounted 
along the lower half of the disc’s outer edge. The 
axial modal parameters of these positions are 
extracted and used to optimize the contact coupling 
stiffness values between brake disc and pads.

Based on past experience, the model predicted 
results would produce many modes with similar 
disc modal shapes and modal frequencies, which 
may induce confusion for the following work. We 
can fix some additional acceleration sensors on 
brake caliper fingers and bracket. These additional 
data signals can be used to align the tested and 
model predicted modes.

As the frequency range of three-dimensional 
acceleration sensor is 8 kHz, below 6.5 kHz three 
axial modes, the shapes of which are regular and 
significant and the modal insurance factors of 
which are relative high, are extracted. Modal 
parameters and corresponding brake-line pressures 
are listed in Table 1.

3.2 Nonlinear optimization

3.2.1 Modification of closed-loop coupling model
As the initial disc model is used for disc brake noise 
analysis, where sliding friction coupling exist. In the 
stationary disc brake system, closed-loop coupling 
model should be modified to represent the station-
ary condition in the modal test. The disc does not 
rotate and has no sliding friction coupling exist-
ing, then the asymmetric friction related items in 
Eq. 4 would disappear, and Eq. 5 is obtained. The 
coupling matrix Kf becomes symmetric. Therefore, 
the real parts of  eigenvalues of  the brake system 
(Eq. 3) would be zeros, which indicates that 
all model predicted modes are stable in this 
condition.
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3.2.2 Initial values of optimization
The optimization value K, for clarity, is the stiff-
ness value between friction blocks of pads and 
disc. As Young’s modulus of the friction block 
is lower than that of the disc, K mainly depends 
on the former research by Chen, Abu Bakar and 
Gao [9–12]. Its local stiffness is derived from static 
force/deformation relation of its FE model, which 
is approximately 4.9 × 107 N/m; the range of values 
is 1 × 106∼1 × 108 N/m.

3.2.3 Optimization algorithm
The objective function F of  optimization is defined 
as the variance between calculated modal frequen-
cies and those test results:

f fj jWW ff l jff ejj
j

N

fW (( )⎡
⎣⎣⎣

⎤
⎦⎥
⎤⎤
⎦⎦=

∑ 2

1
 (6)

Figure 1. Modal test rig of stationary disc brake assembly.
1 - brake pump and brake pedal assembly 2 - disc brake 
system 3 - loading bar 4 - loading mass 5 - hammer 
6 - firm base 7 - acceleration sensor 8 - LMS data acquisi-
tion equipment 9 - monitor and modal analysis software.

Table 1. Modal test result of stationary disc brake in 
different brake-line pressures.

No.

Freq. (Hz)

0.60 MPa 1.00 MPa 1.40 MPa 1.80 MPa 2.20 MPa

1 2569 2610 2636 2670 2595
2 4063 4142 4142 4183 4223
3 5994 6069 6071 6161 6198
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where fjl is the j-th predicted modal frequencies, fje 
is the j-th test modal frequencies, and Wj is the cor-
responding weighting coefficient, Wif = (ω1e/ωie)2 

i = 1, …, N.
With objective function, initial values, and range 

of values, the optimization problem is solved by the 
modified Sequential Quadratic Program (SQP)-
type algorithm, which is provided in Matlab opti-
mization toolbox. The SQP algorithm is used to 
transform the constrained optimization problem 
into an easier quadratic approximate solution of 
the Lagrange function, and then it can be solved 
and used as the basis of an iterative process.

3.2.4 Relationship of contact coupling stiffness 
and brake-line pressure

The objective function F drops dramatically and 
converges after a few steps of iteration in the opti-
mization process, and the correlation between the 
contact coupling stiffness and brake-line pressure 
can be researched using the presented optimization 
method. As different brake-line pressures result in 
different contact conditions and further lead to dif-
ferent dynamic behavior of the assembly, the pro-
posed optimization process is repeated to obtain 
the optimal contact stiffness at disc-pad contact 
coupling interfaces under different brake-line pres-
sures. Table 2 shows the change in the disc-pad 
contact coupling stiffness with the growing brake-
line pressure, while other contact stiffness values 
remain constant.

As Table 2 shows that when the brake-line pres-
sure increases from 0.6 to 1.8 MPa, the disc-pad 
contact coupling stiffness increases from 8.93 × 106 
N/m to 4.46 × 107 N/m and remains constant when 
the pressure up to 2.2 MPa. Obviously, the brake-
line pressure and contact stiffness have a closed tie.

Abu Bakar [11] studied the contact interface 
between pad and disc through experiment and FE 
simulation, and found that the higher the pressure 
is, the bigger the contact areas. Therefore, the over-
all contact coupling stiffness would increase with 
brake-line pressure in actual working conditions. 
However, in the closed-loop coupling model estab-
lished in this paper, the number of coupling node 
pairs is fixed, which means the contact area will 

not change. The result in Table 2 shows that the 
stiffness of each coupling spring increases with the 
brake-line pressure, which represents the overall 
contact coupling stiffness in the contact interface 
increases. The result shows good consistency with 
Abu Bakar’s research.

4 CORRELATION BETWEEN MODEL 
PREDICTION AND BRAKE NOISE 
BENCH TEST

First, according to SAE J2521 V2005 standard, 
the brake noise bench test is conducted on the cer-
tain disc brake system; brake-line pressure range is 
0∼3.0 MPa. The frequency and sound pressure level 
of  each noise occurrence should be recorded. Sec-
ond, the modal test of  stationary disc brake system 
is carried out in the brake-line pressure; 0.6 MPa, 
1.0 MPa, 1.4 MPa, 1.8 MPa, and 2.2 MPa, modal 
parameters can be extracted. Then, an optimiza-
tion process is initiated to minimize the differ-
ences between experimental and model predicted 
modal frequencies. The calculated disc-pad con-
tact coupling stiffness values in different brake-line 
pressures are integrated into the closed-loop cou-
pling model to replace the corresponding modeling 
parameters and to perform complex eigenvalue 
analysis. The unstable modes are compared with 
those obtained by brake noise bench test, as 
shown in Figure 2. Figure 2 (a) shows the result 
recorded by brake noise bench test, the horizontal 

Table 2. Disc-pad contact coupling stiff-
ness vs. brake-line pressure.

Brake-line 
pressure (MPa)

Coupling stiffness 
107 (N/m)

0.6 0.89323
1.0 1.6063
1.4 1.8962
1.8 4.4551
2.2 4.4551

Figure 2. Bench test and model predicted results.
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axis represents noise frequency; the vertical axis 
represents sound pressure level; a circle in the fig-
ure represents a noise occurrence, and in a certain 
frequency band, the more dense the circle is, the 
larger the noise tendency is. Figure 2 (b) shows the 
result predicted by the closed-loop coupling model 
under different brake-line pressures; the horizon-
tal axis represents noise frequency; the vertical axis 
represents noise tendency; a mark represents first-
order noise mode; different shapes represent dif-
ferent brake-line pressures, respectively.

On comparison, the result predicted by closed-
loop coupling model shows good consistency with 
the result recorded by bench test, which means that 
the presented method to establish the relationship 
of disc-pad contact coupling stiffness and brake-
line pressure is reliable and effective.

5 INFLUENCE OF BRAKE LINE 
PRESSURE ON BRAKE NOISE IN 
DIFFERENT FREQUENCY BANDS

As shown in Figure 2 (b), we can analyze the unsta-
ble tendency with different brake-line pressures in 
the same frequency band; the influence of disc-pad 
contact coupling stiffness on systematic unstable 
tendency is transformed into the influence of the 
brake-line pressure on high-frequency brake noise 
tendency. Figure 3∼9 show the curves of different 
frequency bands.

At 1.6 kHz frequency band, Figure 3 shows that 
when the brake-line pressure increases from 0.6 to 
2.2 MPa, the disc brake noise tendency increases 
continuously, while the increase rate drops. Fig-
ure 4 shows the correlation of noise tendency and 
brake-line pressure at 2.8 kHz frequency band, which 
has a similar variation with 1.6 kHz frequency band. 
Figure 5 shows the curve of 4.3 kHz frequency band, 
in the process of the brake-line pressure increasing 
from 0.6 MPa to 1.8 MPa, the brake noise tendency 

drops from 11.22 to 2.39 at 1.0 MPa, then increases 
to 12.09 and remains constant when the pressure 
up to 2.2 MPa. From Figure 6, we can see that the 
noise tendency does not vary with the brake pres-
sure. At 8.7 kHz frequency band, Figure 7 indicates 
that the noise tendency increases with the brake-line 
pressure. Figure 8 depicts the principle of noise ten-
dency changing with brake-line pressure at 10 kHz 
frequency band, noise tendency is so low when the 
brake-line pressure in the range 0.6 MPa∼1.4 MPa, 
with the brake-line pressure up to 1.8 MPa, the noise 
tendency rapidly arrives at peak value 18.87, then 
comes to stable state. At 13 kHz frequency band, 
Figure 9 shows that the noise tendency increases to 

Figure 3. 1.6 kHz frequency band.

Figure 4. 2.8 kHz frequency band.

Figure 5. 4.3 kHz frequency band.

Figure 6. 7.5 kHz frequency band.
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the peak value 94.83 with the brake-line pressure 
varying from 0.6 MPa to 1.4 MPa, when the brake-
line pressure is up to 1.8 MPa, the noise tendency 
drops to 51.25 rapidly, and the value is still so high.

Through the analysis of simulation result, the influ-
ence of the brake-line pressure on high-frequency 
brake noise tendency at different frequency bands 
can be obtained. Obviously, the effect on the noise 
tendency is somewhat different at different frequency 
bands. According to the presented principle of noise 
tendency, as for each frequency band respectively, we 
can control brake-line pressure actively to avoid the 
sensitive range of frequent noise in vehicle working 
condition.

6 CONCLUSION

1. Different brake-line pressures and torsional tor-
ques are loaded on the certain disc brake to simu-
late the actual contact coupling interface between 
the brake disc and the pad, and a stationary 
modal test is carried out to extract modal param-
eters. Then, an optimization process is initiated 
to minimize the differences between experimen-
tal and model predicted modal frequencies. Thus, 
the correlation of the brake-line pressure and the 
contact coupling stiffness can be extracted.

2. Influence of the contact coupling stiffness on 
systematic unstable tendency is transformed 
into the influence of the brake-line pressure on 
high-frequency brake noise tendency. Moreo-
ver, the change law could provide the guidance 
of active control brake-line pressure to suppress 
high-frequency brake noise.
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Figure 7. 8.7 kHz frequency band.

Figure 8. 10 kHz frequency band.

Figure 9. 13 kHz frequency band.
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Micro TEHL research of rough surface in the point contact considering 
time-varying effect

Fengxia Lu, Lu Ai, Rupeng Zhu & Heyun Bao
Nanjing University of Aeronautics and Astronautics, Nanjing, China

ABSTRACT: Time-varying effect, caused by surface roughness, is considered in the TEHL model. 
Calculation methods for the pressure and temperature with coefficients of time-varying item are derived. 
Effects of rough parameters on the micro TEHL performance are discussed. The results show that the 
longitudinal roughness in the main zone obtains the smallest film thickness, the poorest lubrication; as 
the amplitude increases and wavelength decreases, the film thickness, pressure and temperature fluctuate 
more violently; phase have vital effects on the pressure and temperature distribution. It is important for 
the study of micro contact performance and machining method of aviation transmission parts.

Keywords: point contact, rough surface, time-varying effect, micro-TEHL

the pressure and film thickness of smooth EHL. 
However, studies mentioned above have rarely 
considered how to solve the pressure and tempera-
ture of micro EHL with time-varying effect in point 
contact.

In this paper, the multi-grid method is employed 
and the time-varying item caused by rough surface 
is considered in Reynolds and energy equations for 
micro EHL in point contact. Then, formulations 
with time-varying item are derived for calculating 
the oil film pressure and temperature respectively. 
Besides, the effects of the roughness orientation, 
wavelength, amplitude and phase on micro TEHL 
performance are thoroughly analyzed.

2 CALCULATION METHOD OF 
PRESSURE MATRIX COEFFICIENT

The dimensionless parameters are defined as 
X x Y y a Z zR H hR P p px xR H hR H=Yx zR H/ ,a/ aa / ,a / ,aaa / ,a /2 2H hRH / a
(pH is the maximum Hertz pressure), load param-
eter W = w/(ERx), velocity parameter U = η0us/
(ERx), temperature parameter T T T/ 0TT  and time 
parameter t tum / .a

2.1 Dimensionless Reynolds equation with time-
varying item

The motion of roughness peak and valley will surely 
cause variation of the film thickness. Therefore, the 
squeeze item must be considered in the Reynolds 
equation. It is assumed that the entrainment velo-
city is aligned with the x-axis. The dimensionless 
Reynolds equation is formulated as follows

1 INTRODUCTION

In the field of aviation, the process of transmis-
sion parts acquires high precision, and surface 
roughness heights are often of the same order as 
the average EHL film thickness. This contributes 
to forming micro Thermal ElastoHydrodynamic 
Lubrication (TEHL) which features the coexisting 
state of oil film and rough peaks0. Besides, different 
machining progresses could yield different rough-
ness texture orientation on the surface of parts. 
Therefore, its influence on micro-contact EHL 
performance under operation condition of heavy 
load is urgent to develop. It will establish an essen-
tially theoretical foundation for proper prediction 
of aviation transmission part contact performance 
and selecting process methods.

Many studies conclude that the lubrication 
performance of contact surface has time-varying 
effect when the roughness orientation is not same 
with the motion0. Huang, et al. [3] have compared 
the isothermal, thermal and non-newtonian fluid 
micro EHL solutions, and concluded that tem-
perature distribution and friction coefficient of 
the non-newtonian fluid solution are much closer 
to those of the experiment. Kaneta, et al. [4] ana-
lyzed the effect of different roughness textures on 
the film thickness, pressure and temperature, by 
changing the angle between roughness texture and 
entrainment velocity. Yang, et al. [5] obtained the 
influence of surface transverse rough peak on the 
TEHL in point contact upon experiments. Yin, et 
al. [6] obtained the characteristics of micro TEHL 
by applying the direct iteration algorithm. Huang, 
et  al. [7] proposed a novel method for solving 
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where, ε ρ λ η η( )ηλλ ( )H uρ λ η R (s xR3
0η 2 (( 0η/ ,( )ηλ( )ηλ ,  is the 

initial viscosity of fluid, us is the entrainment veloc-
ity, and t  is the dimensionless parameter of time.

2.2 Solving method of pressure

By taking central and forward differential schemes 
on Eq. (1), the Reynolds equation can be written 
by
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where, εi ± 0.5,j = (εi,j+εi ± 1,j)/2, εi,j ± 0.5 = (εi,j+εi,j ± 1)/2, 
ε0 = εi−0.5,j+εi+0.5,j+εi,j-0.5+εi.j+0.5.

When εi-0.5,j, εi+0.5,j, εi,j-0.5, εi.j+0.5 > 0.3ΔX2 in the low 
pressure region, we may employ the Gauss-Seidel 
iteration algorithm, P P ci jPP i j ij i .+Pi jPP 1Δ  Adversely, 
when εi-0.5,j, εi+0.5,j, εi,j-0.5, εi.j+0.5 < 0.3ΔX2 in the 
high pressure region, we may employ the Jacobi 
double polar iteration, P P ci jPP i j ij i ,i. c− −P1 1Pi jPPi −i jP 20 2. 5

p
Δ  

P P ci jPP i j ij i ,i. c+ −P 1Pi jPP +Pi jPPiP 20 2. 5 Δ  P Pi jPP i jPP c ij i .P ( )i i( )ii +⎡⎣⎡⎡⎡⎡ ⎤⎦⎤⎤+c i . ( ii


2
.0 2 iii+(Δ i −i 0 2.. 5  

Herein, c1 is the Jacobi double polar iterative fac-
tor; Δi is the pressure correction; Pi jPP  is the pressure 
in front of amendments, while Pi jPP  is the pressure 
behind of amendments; Generally, c1 is between 
0.3 and 1; c2 is between 0.1 and 0.6.

2.3 Calculation method of time-varying item 
matrix coefficient

The pressure increment Δi can be obtained by solv-
ing the following matrix

[ ]A [ ] [ ]B  (3)

where, [Δ] is the increment matrix of pressure 
and the matrix coefficients in [A] and [B] can be 
obtained using the given parameters.

1. When εi-0.5,j, εi+0.5,j, εi,j-0.5, εi.j+0.5 > 0.3ΔX2, the coef-
ficients of pressure matrix are derived as
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where, Δt  is the dimensionless time step, ΔX 
is the dimensionless mesh size in x direction,  
PTR = 3wRx/(π2a2bE).

(2) When εi-0.5,j, εi+0.5,j, εi,j-0.5, εi.j+0.5 < 0.3ΔX2, the 
solution of formula coefficients refers to the refer-
ence [10].
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Then, the pressure matrix coefficients are 
derived as follows
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where, k0 = k0,0+2k1,1+k2,0, k1=k1,0+2k2,1+k3,0.
By comparing Eqs.(4) and (5) with the pressure 

solution for point contact of smooth surface in 
reference [7], the squeeze item is mainly consid-
ered by the time-varying item Δ ΔX tΔ/  in matrix 
coefficients.

3 ESTABLISHING AND SOLVING MICRO 
EHL EQUATION WITH TIME-VARYING 
ITEM

3.1 Micro TEHL dimensionless equation

The Reynolds equation is given by
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The film thickness equation is expressed by
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where, H0HH  is the dimensionless central film thick-
ness of rigid body, Rx and Ry are equivalent radius 
of two solid bodies in the x and y direction, Dk, 
l i, j is the 2-dimension elastically deformed coef-
ficient, and δ X Y t, ,Y( ) is the roughness function 
employing three categories of rough textures0.

The transverse roughness model is given by

δ (x,t)=Acos[2πy/la(x-u2t)]

The longitudinal roughness model is given by

δ (x,t)=Acos(2πy/lb)

The sinusoidal roughness model is given by

δ (x,y,t)=Acos[2π/la(x-u2t)]  × cos(2πy/lb)

Where, u2 is the lower surface velocity of rigid 
body; A is the amplitude of roughness; la, lb is 
the wavelength of roughness; 2πu2t/lb is the initial 
phase of roughness.

The load equation is given by
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b
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π  (8)

The viscous pressure-temperature equation pro-
posed by Roelands can be expressed as
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The pressure-density relationship is given as 
follows
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The energy equation, considering the tempera-
ture changing with time, is given by
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3.2 Solving energy equation with time-varying 
item

Setting
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By arranging Eq.(11), the energy equation can 
be expressed as follows
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 (12)

By taking central and backward differentiations 
on Eq. (12) and omitting the lower marks of i and 
j, we obtain the arranged formulation as follows

A T A T A T AkTT kTT k1AA 1k kTT 3AAk k 1 4A, ,k kk k 2 , ,k k 1 4+k kTT1 2 3Ak k1 2 ,k k+ +A TkTTA kTTAAA k kTT =  (13)
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Where

A
Z

B
W
Zk

k
t

kWW t

1AA 2 5B
1

, =
( )

+
Δ Δ

ρk
tt

A
Z

B
u v B

t

u
P
X

v
P
Y

B

k kB t k
t

kv t
k
t

k
t

kv t

2AA 2 BB 6B2
, = −

( )
+

+
+

+
∂
∂

+
∂
∂

⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

Δ Δ ΔX
ρk

tt ρk
tt

3 733BBBB 1
1

ρ ρkρρtρρ kρtρρ
i j k i j1 k

tB7 P Pi j k
t

i

t
+

−
,j ,j

Δ

A
Z

B
w
Zk

k
t

k
t

3AA 2 5B
1

, =
( )

−
Δ Δ

ρk
tt

A
B

u T v T
B

t
T

B

k

t

k iTT v j k
t k

t

i jTT k
t

4A 2BB
1v Tj k kv iTT 6 1

,k t i ,+u TTT k
t

1 j k= k2 ( ) +

+

−ρ ρ
T v T

Bk
tt

t t k
tt

6B
+u T tk ( ) +

Δ ΔX i j i j k Δk iΔX j k k ik iX ,k k ik k i ,k( )j k k i

44B
2

η ∂
∂

⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

+
∂
∂

⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

⎡

⎣
⎢
⎡⎡

⎢⎣⎣
⎢⎢

⎤

⎦
⎥
⎤⎤

⎥⎦⎦
⎥⎥

u
z

v
z

In this paper, Fortran language is employed. 
Multi-grid method is applied to obtain the pressure 
distribution and temperature is solved by a column-
by-column relaxation approach. Furthermore, when 
the squeeze item is considered, Gauss-Seidel itera-
tion and Jacobi double polar iteration are employed 
to correct the pressure by alternatively iterating.

In this study, we apply the same grid size. Six 
levels are used with 257 × 257 nodes on the fin-
est level. The z-coordinate is divided into 21 levels 
adapting the same mesh spacing. When the relative 
errors of pressure and load are less than 1 × 10−3, 
the present iteration ends and then the next time 
iteration starts. The total time period is divided into 
5 time nodes, and iterations finish until achieving 
results of all time nodes.

4 SOLVING AND ANALYZING 
CALCULATION EXAMPLES

The applied parameters of the calculation example 
are fixed at ellipticity ratio k = 1.6, Hertz contact 
pressure pH = 0.82Gpa, thermal conductivity of con-
tacted rigid bodies k1 = k2 = 46 W/m, density ρ1 = ρ2 
= 7850 kg/m3, specific heat capacity c1 = c2 = 0.47 kJ/
kg•K, lubricant viscosity η0 = 0.03 Pa•s, environ-
ment density ρ0 = 890 Kg/m3, material parameter 
G = 4723.83, and synthetical elastic modulus of 
contacted rigid bodies E = 2.21E11 Pa. Moreover, 
velocities of contacted rigid bodies are chosen as 
u1 = 0.5(2-s)us, u2 = 0.5(2-s)us. Herein, s is the slide-
to-roll ratio fixed at s = 0.33, and us = 0.8 m/s.

4.1 Results of smooth TEHL in elliptic contact

In the case of TEHL in elliptic contact, the results 
are shown in Figure 1 to 3 and possess three typical 

Figure 1. Film thickness isogram for smooth surface.

Figure 2. Film pressure profile for smooth surface.

Figure 3. Film temperature for smooth surface.

features of THEL, which are the horseshoe film 
shape, quadratic pressure spike and the oil film 
neck shrinkage at output region, and the film tem-
perature field is corresponding to the pressure dis-
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tribution. Those laws well accord with the results 
obtained by Wen0 and Yang0, et al.

4.2 Results of micro EHL in elliptic contact

The example has been chosen with the wavelength 
fixed at 0.05a (a is the semi-axes of Hertzian con-
tact ellipse in the x-direction) and amplitude fixed 
at 40 nm but under the same operating conditions. 
As a result, the film thickness, pressure and tem-
perature for different orientated roughness can 
be calculated. Herein, the obtained results of film 
thickness, pressure and temperature in sinusoidal 
roughness texture are only shown in Figure 4 to 6.

Figure 4 to 6 illustrate that when the surface 
roughness is considered and the rough peaks are 
not in direct contact, the typical horseshoe feature 
will disappear. It can be further concluded from 
Fig.4 that some concavities and convexities occur 
in the film thickness distribution due to the exist-
ence of surface roughness. This can be explained 
by hydrodynamic effects. Each rough peak yields 

the local hydrodynamic effects in the micro interval 
of both rigid surfaces, and a local pressure peak 
is thus generated approximately in the position of 
rough peak. However, the quadratic pressure spike 
in the output region is not obvious. The film field 
is corresponding to the distribution of pressure 
field. Whereas, the temperature sharply rises in the 
output region and shows more obviously than the 
quadratic pressure spike.

4.2.1 Influence analysis of different rough 
textures

Figure 7 depicts the comparison of film thickness 
and pressure distribution between smooth sur-
face and three types of rough textures at y/a = 0. 
Herein, the film still occurs the neck shrinkage 
phenomenon in the condition of micro EHL. It is 
found that longitudinal roughness model holds the 
thinnest film thickness in the main load zone; the 
film for transverse roughness model is the thick-
est; while the film thickness for smooth surface is 
in between. The comparison indicates that the film 
thickness of longitudinal roughness model turns 
out the thinnest, which means the lubrication 
property is the poorest and it’s easier to have asper-
ity contacts. This can be explained that the entrain-
ment velocity direction of longitudinal roughness 
model is in accordance with the texture direction 
thus resulting in the easily lubricant flowing. 
While the texture direction is in perpendicular to 
the velocity direction contributing to the difficult 
lubricant flowing, the film thickness for transverse 
orientated roughness in main load zone turns out 
thicker than those for other roughness models.

Figure 8 shows the mean temperature rise dis-
tribution between smooth surface and three kinds 
of roughness texture surfaces at y/a = 0. It can be 
found that the mean temperature rises of sinusoidal 

Figure 4. Film thickness isogram for sinusoidal rough-
ness surface.

Figure 5. Film pressure for sinusoidal roughness 
surface.

Figure 6. Film temperature for sinusoidal roughness 
surface.
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and transverse roughness fluctuate sharply in the 
shape of zigzag, while temperature rise of the lon-
gitudinal roughness do not occur fluctuation at 
y/a = 0 because its texture is in accordance with the 
moving direction. Moreover, the temperature rise 
of sinusoidal roughness model turns out highest 
while the temperature rise of longitudinal rough-
ness model is lower than that of the smooth condi-
tion, which illustrates that the kinematic pair with 
longitudinal roughness texture dissipates heat quite 
easily even than that of the smooth surface.

4.2.2 Influence analysis of wavelength parameter
Based on the same fundamental parameters, the 
transverse roughness model is chosen and the 
wavelength parameters are changed as 0.2a, 0.5a, 
0.7a, respectively. The effects of wavelength on 
film thickness and pressure are given in Figure 9, 
which depicts when the wavelength increases, the 
contour of rough peak becomes gentle. In the 
meantime, the fluctuation frequency, amplitude of 
pressure and thickness decrease with the increase 
of the wavelength.

Figure 10 further shows the influence of wave-
length on temperature. It is obviously found that 
as the wavelength increases, rough peak becomes 
more and more gentle and the fluctuation of tem-
perature rise becomes less frequent, the vibration 
frequency also becomes low. It illustrates that the 
lubricant heat dissipation becomes more easily 
with the increasing wavelength. Furthermore, the 
temperature rise of oil film is the highest in the 
main load zone. In the meantime, a temperature 
peak can be clearly observed in the output region.

4.2.3 Influence analysis of amplitude parameter
The amplitude variations of transverse roughness 
model are studied by keeping the fundamental 
parameters same, while the amplitude parameters 

are changed as 30 nm, 40 nm and 50 nm, respec-
tively. It can be easily found from Figs. 11 and 12 
that the roughness may lead to the fluctuation in 
the pressure, film and temperature field distribu-
tions. The fluctuations of pressure and film thick-
ness become quite violent, with the increase of 
roughness amplitude. Moreover, the neck shrink-
age phenomenon in output region becomes more 
obvious, and meantime the temperature peak 
accordingly yields higher.

4.2.4 Influence analysis of phase parameter
In the example, when the slide-to-roll ratio is 
changed as s = 1.0, we obtain U1 = 3U2, and the 
period is tp = l2/U2, and when t = 0.25tp, t = 0.5tp, 
t = 0.75tp, t = tp, the associated initial phases are 
1.5π, 3π, 4.5π and 6π. Figs. 13 and 14 show the 
effect of phase variation in the transverse rough-
ness model on lubrication. Positions of both wave 

Figure 7. Comparison of different roughness orienta-
tion on film thickness and pressure.

Figure 8. Comparison of different roughness orienta-
tion on temperature.

Figure 9. Effect of wavelength on film thickness and 
pressure.
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crest and trough of the roughness function will 
yield changes due to variation of the initial phase, 
and will further exert an influence on the distribu-
tion of film thickness, temperature and pressure. 

Amongst, when the initial phase is 6π, the range 
of smallest film thickness variation achieves the 
maximum. The conclusion well matches the result 
obtained in the reference [6]. Moreover, the phase 
variation makes the pressure in the main load zone 
take on irregular distribution and shape, while the 
temperature distribution is close to that of the 
pressure.

5 CONCLUSIONS

1. TEHL model with surface roughness in point 
contact is established, which considers not only 
the time-varying item in solution, but also the 
thermal effect of lubricant, and the solving 
methods of pressure and temperature in micro 
EHL are derived.

2. The influences of roughness on TEHL in point 
contact are discussed, which illustrate that 
roughness may result in the violent fluctuations 
in the film thickness, pressure and temperature, 

Figure 10. Effect of wavelength on temperature.

Figure 11. Effect of roughness amplitude on film thick-
ness and pressure.

Figure 12. Effect of roughness amplitude on 
temperature.

Figure 13. Effect of phase on film thickness and pres-
sure in micro EHL.

Figure 14. Effect of phase on temperature in micro 
EHL.
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and appearing both pressure and temperature 
peaks.

3. The influences of roughness shape, wavelength, 
amplitude and phase on TEHL in point contact 
are analyzed further. The results show that the 
longitudinal roughness has features of the small-
est film thickness and the poorest lubrication, 
and the lowest temperature rise in the main load 
zone. The smallest film thickness and the poor-
est lubrication mean it’s easier to have the asper-
ity contact while the lowest temperature rise is 
beneficial to the heat dissipation; The peak 
vibration of pressure and temperature tends to 
gentleness and is of benefit to the heat dissipa-
tion, with the increasing of wavelength; as the 
roughness amplitude increases, the film thick-
ness and pressure fluctuations become more 
violent. The phenomenon of neck shrinkage in 
the output region occurs obviously and the asso-
ciated temperature peak yields much higher; the 
changes of initial phase have significant influ-
ence on the distribution and shape of pressure 
and temperature.
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Mixed lubrication, friction and running-in of ground surfaces under 
gear contact conditions

A. Clarke, H.P. Evans & R.W. Snidle
School of Engineering, Cardiff University, Cardiff, UK

ABSTRACT: The paper presents a study of the effects of lambda ratio (ratio of predicted elastohydro-
dynamic lubrication film thickness to the combined roughness amplitude of the two surfaces) in which 
electrical contact resistance and contact friction were measured using surfaces representative of ground 
gears. A two-disc rig was used with discs finished by axial grinding to simulate both the amplitude and 
direction of lay of the surfaces relative to the rolling/sliding direction. It was shown that even at rela-
tively high lambda values (1.5 to 2) there were still occurrences of contact between the more prominent 
asperities. It was found that the contact friction showed good correlation with the higher levels of surface 
interaction taking place at low lambda values. During the tests significant surface modification took place 
due to “running-in”. Comparison of relocated profiles showed that the running-in process was rapid, and 
this was attributed to plastic deformation during the initial encounters of asperities on the two surfaces. 
On the basis of an associated theoretical study, in which the elastic/plastic deformation of freshly-ground 
surfaces was simulated using a finite element model, it is suggested that the residual stress and deforma-
tion caused when gear tooth surfaces are first put to work may be important factors in the initiation of 
micropitting cracks.

associated with high friction and surface distress, 
and is currently accepted, for example (ISO 2014), 
as a main factor in the occurrence of micropitting 
in gears. In view of this reliance on Λ for practical 
design purposes it is important to understand the 
basic mechanism of rough surface lubrication and 
to attempt to quantify the effect of lambda ratio 
on the contact and surface fatigue of gears. In sup-
port of these objectives various authors have car-
ried out numerical modelling of EHL with rough 
surfaces, referred to as micro-EHL. Prominent 
amongst recent contributions are those of Hu & 
Zhu (2000) who formulated a unified approach for 
full-film, mixed and boundary lubrication with a 
simplified Reynolds equation. A similar approach 
has been taken by Liu, et al (2012), and more 
recently He, et al (2014) have tackled the problem 
of elastic/plastic behaviour. The present article 
summarizes basic micro-EHL research carried out 
by the authors which has particular relevance to 
the problem of micropitting. We have developed a 
transient, micro-EHL numerical solver which can 
handle severe conditions in which Λ is as low as 
0.1. A principal advantage of the method, which 
has been described in detail elsewhere (Elcoate, 
et al, 2001), is its ability to couple the elastic and 
hydrodynamic equations dealing with situations in 
which transient solid contact can occur between 
asperities. Typical results for analysis of gear 

1 INTRODUCTION

The concentrated contacts occurring between 
gear teeth rely on Elastohydrodynamic Lubrication 
(EHL). Under favourable conditions the EHL min-
imum oil film thickness predicted on the assump-
tion of smooth surfaces might be of the order of 
1–2 μm. In gears, however, finish-grinding of the 
teeth leaves a roughness amplitude of typically 
0.5 μm RMS, with maximum peak to valley dimen-
sions of, say, 2 to 3 μm. Under these conditions 
roughness plays a significant part in the generation 
of the EHL film. A commonly used measure of 
the likely effectiveness of EHL is the lambda ratio, 
Λ, defined as

Λ = h
R R+q qR+R

mihh n
2

2
2

where hmin is the reference film thickness calcu-
lated using the Dowson & Higginson (1966) for-
mula for smooth surfaces, and Rq1 and Rq2 are 
the standard deviations of the roughness profiles 
of the gear teeth. Small values of Λ (less than 1.0, 
say) are taken to indicate high levels of asperity 
interaction. In optical interferometry experiments 
(Spikes, et al, 1997) it was found that full-film EHL 
is only obtained when Λ ≥ 2. A low value of Λ is 

ICPT2016_Book.indb   975ICPT2016_Book.indb   975 9/29/2016   12:31:53 PM9/29/2016   12:31:53 PM



976

tooth contacts are shown in Figures 1 and 2. The 
analyses were carried out with the same rough sur-
faces and identical kinematic conditions (rolling 
and sliding speeds) but with different ambient vis-
cosity values. The figures show results for the same 
time-step in each analysis and show the pressure, p, 
and film thickness, h, together with the individual 
rough surfaces displayed above, which are offset 
for clarity.

The equivalent maximum Hertzian pressure in 
both cases was 1.0 GPa. The operating conditions 
in Figure 1 correspond to Λ = 2, and in this case the 
rough surfaces are effectively separated by a thin, 
coherent, lubricant film, but pressure ripples of 
almost twice the Hertzian value occur even under 
these relatively favourable conditions. A far more 
severe situation is illustrated in Figure 2 for the 
same rough surfaces operating at Λ = 0.1 showing 
intermittent contact at the worst asperity/asperity 
encounters. These boundary-lubricated events 
are found to be short-lived and relatively infre-
quent (in a given profile section), and provide a 
plausible theoretical explanation of true “mixed” 

lubrication (EHL with some contact). Localized 
pressure spikes of over three times the corre-
sponding maximum Hertzian value now occur 
at positions of aggressive asperity interactions. 
Using stress/time data from the above analyses the 
accumulated damage, D, can be predicted on the 
basis of available fatigue models as described by 
Qiao, et al (2008). Figure 3 shows contours of D 
based on the Fatemi & Socie (1988) model for a 
given volume of the slower-moving surfaces cor-
responding to the analyses presented in Figures 1 
and 2 with the material dimensions normalised to 
the Hertzian contact dimension, a. The number of 
cycles to predicted fatigue failure for each point in 
the volume is D−1. The surface profile of the volume 
considered is shown above the damage maps, and it 
is clear that zones of high fatigue are both close to 
the surface and in alignment with the most promi-
nent surface asperity peaks. These results further 
support the explanation that micropitting is due 
to near-surface fatigue associated with roughness 
asperities. It is also clear that when operating under 
thin film conditions the possibility of damage due 
to both contact/adhesion and severe high pressure 
loading is greatly increased.

2 TRANSIENT CONTACT 
MEASUREMENTS IN MIXED 
LUBRICATION

2.1 Two disc rig

The 76.2 mm centres two-disc rig used in the work 
was developed to provide a realistic simulation of 

Figure 1. Results of micro-EHL simulation of gear 
tooth contact at a lambda value of 2.0.

Figure 2. Results of micro-EHL simulation of gear 
tooth contact at a lambda value of 2.0.

Figure 3. Contours of sub-surface damage D on pinion 
tooth surface for lambda values of 0.1 and 2.0.
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the rolling/sliding contacts between gear teeth under 
transient mixed lubrication conditions. The discs 
are axially finish-ground by a generation process 
to produce a crown of radius of 304.8 mm which 
gives an elliptical Hertzian contact of aspect ratio 
3.9, with its minor axis in the rolling/sliding direc-
tion. The discs are connected by helical change-
gears which give a range of speed ratios from 1:1 
to 3:1, providing five different slide/roll ratios from 
zero (pure rolling) to 1.0. Loads of up to 8 kN can 
be applied giving a maximum Hertzian contact 
pressure, PHZ = 2.0 GPa. The “slow” disc was elec-
trically insulated from the rest of the rig to enable 
electrical contact resistance measurements. It was 
connected to its driving gear via a quill shaft which 
carried a purpose-built strain-gauge transducer 
on a reduced diameter section to measure contact 
friction accurately. Bearing friction was carefully 
calibrated by running the discs in free rolling con-
tact. A high resolution digital encoder was fixed to 
the fast shaft. Electrical contact between the discs 
was measured using a potential-divider network in 
which the open-circuit voltage between the discs 
was 43 mV. Both discs had embedded subsurface 
thermocouples connected via slip rings. The opera-
tion of the rig and acquisition of data were under 
computer control. A photograph of the test-head 
of the rig is shown in Figure 4.

2.2 Contact, friction and temperature 
measurements

In a typical two-disc test at constant load the speed 
was varied in steps at intervals of 5 mins from zero 
to a maximum of 2000 rev/min at the fast disc, and 
then reduced in steps to zero. The raw record of 
speed, friction, disc temperatures and electrical 
contact voltage for a test at PHZ = 1.4 GPa is shown 
in Figure 5.

The graphs show speed, the temperatures of 
the two discs, the friction force at the contact, and 
the mean contact voltage averaged over each com-
plete revolution of the fast disc. As expected the 
contact voltage increases with speed as the EHL 
film thickness builds and asperity contacts become 
less frequent. At higher speeds the contact voltage 
approaches the open circuit value of 43 mV, but 
even at the highest speed of 2000 rev/min it remains 
at a level of around 38 mV indicating that signifi-
cant intermittent contact is still occurring. At the 
lowest speed of 200 rev/min the voltage remains 
close to zero, indicating almost continuous contact. 
Following each rapid increase of speed the contact 
voltage rises sharply indicating an increase in film 
generation due to increased entrainment, but this 
is then followed by a steady decline in the voltage. 
Inspection of the disc bulk temperature traces indi-
cates that this is due to the transient increase in tem-
perature and reduction in lubricant viscosity. This 

“thermal lag” effect is more apparent in the second 
part of the test in which speed-reducing steps take 
place. Here, a sudden drop in contact voltage is fol-
lowed by a gradual rise as the reduced heat dissi-
pation causes the disc surface temperatures to fall, 
resulting in an increase in the lubricant viscosity. 
It is interesting to speculate that if  this behaviour 
took place in a real gearbox, a particularly severe 
situation could occur in which a sudden reduction 
of speed caused the entraining effect to diminish 
whilst the higher temperature (and lower viscosity) 
from the previous condition persisted. This effect 

Figure 4. Photograph of test head of two-disc rig. Fast 
disc is on the left; slow disc is on the right; couplings to 
thermocouples on lower part of image.

Figure 5. Measured variation of speed, friction, electri-
cal contact voltage, and disc temperatures during a typi-
cal experiment.
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is strikingly evident in the first three speed reducing 
steps shown in Figure 5.

2.3 Lambda value in mixed lubrication

Experiments were carried out over a range of loads 
and speeds in which contact voltage was measured. 
In each case the mean bulk temperature of the sur-
faces was obtained from the two embedded thermo-
couple readings, which in turn were used to obtain 
the dynamic viscosity and the pressure coefficient 
of viscosity of the oil. Using these data the refer-
ence smooth-surface minimum EHL film thick-
ness was estimated from the formula for elliptical 
contacts given by Chittenden, et al (1985). Values 
of Λ were then obtained at each operating condi-
tion corresponding to the measured roughness of 
the surface in use. Figures 6 and 7 show the meas-
ured variation of contact voltage and friction coef-
ficient, respectively, for the full range of operating 
conditions considered at a slide/roll ratio of 0.25.

The trend of contact voltage begins to level off  
near the open circuit value of 43 mV at a lambda 
value of about 1.0 to 1.5. This behaviour may be 
compared with the friction coefficient response 
which falls from a value of about 0.07 to less than 
half  this value. Taken together, these measure-
ments suggest that in spite of an indicated dra-
matic reduction in surface contact the friction 
falls less sharply. These observations on transient 
contact agree, qualitatively, with the conclusions of 
Spikes et al (1997) that full film lubrication is only 
achieved at a lambda value in excess of about 2.0.

2.4 Running in of ground surfaces

Running-in tests were performed with freshly 
ground discs with hardness values of 808 Hv on 
the fast shaft and 819 Hv on the slow shaft. The rig 
was operated at a slide/roll ratio of 0.5 with a fast 
shaft speed of 1500 rev/min giving an entrainment 

speed of 4.79 m/s and a sliding speed of 2.39 m/s. 
The rig was run with oil circulating at 50°C but 
with no load applied to allow the discs to reach 
the oil temperature. A load of 4150 N (maximum 
Hertzian pressure = 0.7 GPa) was then applied 
for a short period. The load was removed and the 
rig stopped and allowed to cool. Relocated cir-
cumferential profiles were then taken in-situ from 
both discs at the middle of the running track and 
0.5 mm either side of the middle. The profiles were 
filtered with a 0.25 mm cut-off  Gaussian filter to 
remove longer-wavelength features. Three profiles 
were taken at each of four equally-spaced circum-
ferential positions from both discs, giving a total 
of twelve profiles from each disc. This procedure 
was repeated for further loaded running stages. 
Corresponding sets of profiles had been taken of 
the un-run surfaces before the loaded tests. Elec-
trical contact resistance was measured during the 
tests, and an average value of 20 mV indicated sig-
nificant asperity interaction. Figure 8 shows the 
mean measured Ra values before running and at 
the completion of the two further stages of run-
ning for each of the discs. A significant reduction 
in roughness is seen after the first short stage with 
no further improvement occurring during the fol-
lowing period of running. A relatively small addi-
tional improvement was evident after a very much 
longer period of operation. These results indicate 
that the most significant reduction in roughness 
occurs very rapidly, probably in the first few load-
ing cycles of each prominent asperity. The surface 
changes occurring during running are illustrated in 
detail in the profilometer trace shown in figure 9.

A typical trace from the fast disc is shown at the 
initial (un-run) condition and a second trace at the 
end of the first stage. The profiles are aligned so that 
a direct comparison can be made of the “before and 
after” traces. The vertical alignment of the profiles 
was based on coincidence of the deepest valley fea-
tures which were assumed to be unaffected by the 

Figure 6. Variation of contact voltage with lambda-
ratio for a range of maximum contact pressures.

Figure 7. Variation of coefficient of friction with lambda-
ratio for a range of maximum contact pressures.
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changes which occurred at the tips of the asperities. 
These figures show that considerable deformation 
has occurred at the most prominent asperities after 
relatively few surface encounters. The asperities 
have become somewhat flattened, leaving more 
gently-rounded peaks. The degree to which asperi-
ties have been deformed varies; less prominent fea-
tures are hardly affected. The greatest reduction in 
height of a prominent asperity seen in Figure 9 is 
approximately 0.6 μm. Similar changes in asper-
ity features were seen on the slow disc. A similar 
comparison of profiles taken at the end of the first 
stage of running with those after a further period 
show little discernible change. The observation 
that significant profile modification occurred dur-
ing the first stage of running and essentially none 
during the second stage strongly suggests that the 
change was due to plastic deformation as opposed 
to “wear” in its most general sense. If  rapid wear 
was the mechanism during the first stage, why 
did it abruptly cease during the second period? It 
seems likely that plastic smoothing of the surfaces 
occurred within a few revolutions of the gear-
connected discs, during which the same positions 
on the discs came together in repeated contact pro-
ducing a rapid shakedown. Statistical analysis of 
all profiles taken confirmed the observation that 

significant changes occurred after the first stage 
with no significant change subsequently. The aver-
age skewness of the surface height distribution 
(often cited as a sensitive indicator of running-in) 
became significantly more negative after the first 
stage, but hardly changed thereafter.

3 SIMULATION OF ELASTIC/PLASTIC 
CONTACT OF GROUND SURFACES

To test the hypothesis that the initial rapid changes 
to ground surfaces during running-in are due to 
plastic deformation of the most prominent asperi-
ties, elastic/plastic Finite Element (FE) simulations 
were carried out using actual profiles from test discs. 
The disc surfaces in question have an axial finish in 
which the roughness consists of what are essentially 
two-dimensional ridges. A 2D plane-strain analy-
sis was therefore appropriate with the boundaries 
sufficiently distant to ensure effective semi-infinite 
deflection behaviour. Simulation of repeated load-
ing at the same load beyond the elastic limit showed 
that the residual plastic deformation at a prominent 
asperity occurred almost entirely during the first 
loading event. Figure 10 shows a typical result 
obtained from the elastic/plastic contact simulation 
of a disc surface used in the experimental work.

The disc, of 38 mm radius, is loaded against 
a rigid plane which is equivalent to loading the 
disc against a mirror image of itself. The as-
manufactured profile is compared with the resid-
ual shape of the roughness profile after the load 
is applied for the first and third times and the two 
residual profiles are almost identical (to within 
4 nm). Further loading cycles at the same load pro-
duced no measurable effect. Applying a higher load 
caused additional residual deformation, but again, 
when this loading was repeated, no further changes 
occurred. This simulation of the elastic/plastic 

Figure 8. Showing variation of measured Roughness 
average (Ra) with running time.

Figure 9. Showing permanent deformation of promi-
nent asperity peaks (fast disc).

Figure 10. Elastic/plastic finite element simulation of 
contact of a short length of a rough surface profile.
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response to repeated loading confirms that the 
running-in behaviour observed in the disc rig exper-
iments is the effect of plastic deformation occur-
ring at the tips of the most prominent asperities.

The effects of elastic/plastic loading are shown in 
Figure 11. The assumed yield stress was 1.6 GPa.

Figure 11(a) shows the original profile together 
with the loaded deformation of a prominent asper-
ity. Figure 11(b) shows the corresponding equiva-
lent von-Mises stress distribution during loading. 
The red area in Figure 11(b) shows where plastic 
yield is present. The effect of plastic deformation 
on residual stress (following removal of the load) 
gives rise to relatively high residual tensile stresses 
at a shallow depth, which suggests that they might 
initiate surface cracks leading to micropitting. The 
dashed curve in Figure 11(b) indicates the zone 
where the maximum principal stress is negative 
after removal of the load. A more sophisticated 
treatment of a tangential encounter between a 
single pair of “asperities”, which might be used 
to provide convincing support for this explanation 
of micropitting initiation has been presented by 
Mulvihill et al (2011).

4 CONCLUSION

The results presented in this paper show a strong 
theoretical correlation between the lambda ratio and 
predicted fatigue at the asperity level. In the results 
presented a reduction of Λ from 2.0 to 0.1 gave 
a predicted nominal reduction in surface fatigue life 
of typically three orders of magnitude. Experimen-
tal measurements of both electrical contact and fric-
tion confirmed the earlier optical EHL prediction 
that full EHL is only effective at values of Λ greater 
than 2.0. Experiments in which the time-dependence 
of running-in was carefully monitored strongly sug-
gest that the major reduction in roughness of hard 
steel ground surfaces (as used in gears) occurs very 
rapidly when new surfaces are first brought together 
under load. Corresponding FE simulations involv-
ing repeated loading support this view.
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ABSTRACT: Stiffness properties of interfacial engineering surfaces, such as gear tooth surfaces, are of 
significant importance in the dynamic performance of relevant mechanical systems. Normal contact stiff-
ness and oil film stiffness of a spur gear pair are studied in the work analytically and numerically, the latter 
of which is based on a numerical elastohydrodynamic line contact model of a gear pair. The Hertzian 
contact theory is applied to predict the contact stiffness, while the empirical EHL film thickness method 
and the complete numerical EHL model are used to predict the oil film stiffness. The numerical model 
mainly consists of the Reynolds equation, the film thickness equation, the force balance equation, and 
the viscosity-pressure equation. Effects of the torque, the rotation speed, and the coefficient of shifting of 
gears on the normal contact stiffness and the oil film stiffness are investigated. The results tend to provide 
reference for gear design and vibration analysis.

accordingly. Jacobs et al. (2014) experimentally 
investigated the influence of the lubricant film 
on the stiffness characteristics of a deep groove 
ball bearing, and it has been found that due to 
the formation of the oil film, the bearing stiffness 
increases by 3.2%.

A better understanding of the stiffness caused 
by the oil film is an essential step for the further 
study of gear vibration. In this work, analytical 
and numerical methods for the calculation of the 
oil film stiffness of a spur gear pair are developed, 
the latter of which is based on a line contact EHL 
numerical model. The dry contact stiffness of 
the spur gear pair is also calculated based on the 
Hertzian contact theory. The effects of the input 
torque, the input rotational speed, and the shifting 
coefficient of the gear pair are studied.

2 METHODOLOGY

For an involute spur gear set, the tooth contact 
occurs along the LOA. As shown in Figure 1, a 
spur gear lubricated contact problem can be sim-
ulated as line contact between two circles at each 
engaging position. Gear parameters are selected 
as an FZG test gear pair parameters, which are 
shown in Table 1.

2.1 Contact stiffness

In terms of the smooth, frictionless contact 
problem, Hertz was the first to give an analytical 

1 INTRODUCTION

Gear vibration and noise are drawing considerable 
attention from gear researchers due to the impor-
tance of the NVH performance of mechanical 
systems (Ozguven and Houser, 1988, Wang et al., 
2003). In many gear dynamic studies, the time-
varying meshing stiffness is considered as one of 
the most important excitations on the vibration of 
the gear pairs (Kahraman and Singh, 1991, Parker 
et al., 2000). Generally, the meshing stiffness con-
sists of the axial compressive stiffness, the bending 
stiffness, the shear stiffness, the fillet foundation 
stiffness, the Hertzian contact stiffness, and the oil 
film stiffness. However, in most studies, the effect 
of lubrication on the meshing stiffness is neglected 
(Özgüven and Houser, 1988, Du et al., 1998). Com-
pared with the studies on the lubrication film thick-
ness and the contact pressure distribution (Liu 
et al., 2016a, Liu et al., 2016b, Liu et al., 2014, Liu 
et al., 2013, Liu et al., 2012), studies on the stiffness 
and the damping of the lubrication are quite rare.

Wensing and Nijen (2001) presented a numeri-
cal method, which incorporates the equation of 
motion, to describe the time-dependent stiffness 
and mass properties of a rolling bearing applica-
tion. Li et al. (2014) developed a model, based on 
the EHL theory, to calculate the oil film stiffness. 
They found that the oil film stiffness becomes 
greater with the increasing contact load and lubri-
cating oil viscosity. They also found that as the 
entrainment velocity and equivalent contact curva-
ture radius increase, the oil film stiffness decreases 
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solution of the maximum penetration δmax (John-
son, 1985), which can be expressed as:

δmaδδ x = −R R− b2 2b  (1)

where R = (R1R2)/(R1+R2) is the equivalent 
radius, b f BE ′/fRff π BB  is the Hertz contact 
width, E′ is the equivalent elastic modulus 
and is derived by using the formula 
2 1 2 1 2 1,1/ 2 , 2′ ( )1( )21 1

2 ( )1
21 1
211 1 111 E1,2 E v22  and v2 

are the elastic modulus and Poisson’s ratio of the 
two interacting solids, respectively, B is the gear 
length, f is the total load f = FB with unit Newton 
and F is the load per unit contact length with 
unit N/m.

The relation between the contact load and the 
penetration then reads

f
R

max=
{E B

8
′ δmaxδmax ( )maxδm2R

 (2)

Hence, the contact stiffness kcHertz is derived as:

k
df

d
E B

RcHertzk
max

max= =f {E
4

( )R maxδm

δm
′

 (3)

Yang and Sun also proposed a linearized rela-
tion between the penetration and the normal load 
for the tooth contact of a spur gear pair (Yang and 
Sun, 1985). In Yang-Sun’s model, the contact stiff-
ness is described as:

k
E B

cYk S− = ′BBπ EE
4 2( )v−1 2

 (4)

This equation implies that the contact stiffness 
is independent of load.

Figure 2 shows the contact stiffness simulated 
by the Hertzian method with a frozen input rota-
tional speed n1 = 1000 r/min and a varied input 
torque T1 ∈ [100, 600] Nm. In this figure, the con-
tact stiffness obtained by the Hertzian method is 
affected by load and equivalent radius slightly. 
According to equation 4, the contact stiffness 
evaluated by the Yang-Sun model is independent 
of the working condition while determined by 
material properties.

2.2 Empirical oil film stiffness

For an EHL line contact problem, Dowson and 
Higginson proposed a minimum film thickness 
formula to conveniently predict the minimum film 
thickness, which reads:

h U G W Rm eh mp
0 7 0 54 0W − 13. G7 .  (5)

Figure 1. Contact simulation of a spur gear pair.

Table 1. The selected spur gear pair parameters.

Names of the spur gear 
parameters Values of parameters

Gear ratio i = 1.5
Gear width B = 0.01 m
Teeth number z1 = 16, z2 = 24
Module m = 0.0045 m
Standard pressure angle α = 20°
Addendum coefficient hah* = 1
Shifting coefficients X1 = 0.8532 X2 = −0.5

Figure 2. Contact stiffness by the Hertzian method.
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where W, U, and G are the dimensionless load, 
speed, and material parameters, which can be 
found in Venner and Lubrecht (2000).

The film stiffness is derived with respect to the 
film thickness and the normal load. The normal 
film stiffness according to the Dowson-Higginson 
minimum film thickness equation can be 
expressed as:

hhmk m eh mp′ −2 0 7 0 54 7R 69 8 69. (B ′9BE R′RR . )U G R65 0 7 0 54RG 0 .h 8  (6)

What is more, the Dowson-Higginson (1977) 
central film thickness equation reads:

h U G W Rc eh mp
−0 69 0G 56 0 10. G69G .  (7)

The corresponding film stiffness is derived as:

k B R hhck c eh mp′ 3 0 69 0 56 10 0 1h− 1 0. (B ′0BE R′RR . )U G R06 0 69 0G 56G 0G .h 1h 1  (8)

where khm, khc represent oil film stiffness obtained 
based on the minimum film thickness equation and 
the central film thickness equation, respectively.

2.3 Numerical oil film stiffness

As the oil film stiffness is significantly sensitive 
to the film thickness, the mesh density should be 
studied to guarantee a more converged solver. 
Figure 3 shows the pitch point’s minimum film 
thickness and central film thickness as a function 
of node numbers under the working condition: 
T1 = 300 Nm and n1 = 1000 r/min. The number 
of nodes NX = 2048 is used in this EHL model to 
ensure the precision of the numerical results of oil 
film stiffness.

There are two numerical oil film stiffness meth-
ods proposed to evaluate the oil film stiffness of a 
spur gear pair.

A global method, using the distribution of the 
pressure and the film thickness by assuming that 
the node points carrying the pressure being the 
“small springs”, is calculated by the following 
formula:

k
f
hglk oll

iff

ihhi n

n

l

=
Δff
Δ∑

2

 (9)

where n1 and n2 represent the position where the 
pressure generates at the inlet zone and the posi-
tion where the pressure vanishes at the outlet 
zone, respectively, as shown in Figure 4. The load 
forced on each “spring” can be computed as 
Δfi = Bpi(x)Δx, and the increment in the oil 
film thickness is simulated as Δhi = Δhi( f ) 
− hi( f + Δf).

An alternative way to predict oil film stiffness, 
as shown in equation 10, is using the increment 
in the averaged film thickness within the con-
tact zone to represent the deformation of  the oil 
film:

k
f
havk e =

Δff
Δ

 (10)

where Δf is the increment in the load from f to 
f + Δf, and Δh  is the average increment in the 
film thickness within the region from the position 
where pressure generates to the position where 
pressure vanishes.

Δh f f
n

n

n

n

(h )fΔ ( )n nihh 2 1n
1

2

1

2

∑ ∑f n(hi 2f n(hh 1)

 (11)

As can be seen from equations 9 and 10, the 
selection of the load increment Δf significantly 
influences the prediction of oil film stiffness. 
Figure 5 shows the oil film stiffness for two numer-
ical methods as a function of the ration of Δf/f 
under four extreme gear working conditions. As 
shown in this figure, the ratio of Δf/f has a slight 
effect on computing oil film stiffness. Hence, the 
ratio Δf/f = 0.05 is chosen for the following studies, 
which are marked by red points.

Figure 3. Minimum film thickness (left) and central 
film thickness (right) as a function of node numbers. Figure 4. The global method.

ICPT2016_Book.indb   983ICPT2016_Book.indb   983 9/29/2016   12:32:09 PM9/29/2016   12:32:09 PM



984

3 RESULTS AND DISCUSSION

Material and lubricant parameters are listed in 
Table 2. The effects of input torque, input rota-
tional speed, and shift coefficient on oil film stiff-
ness are studied below.

The evolution of oil film stiffness under four 
methods with the same working condition is 
shown in Figure 6. The value of oil film stiffness 
predicted by four methods is much closer in two 
double-gear-pair-engaging zones along LOA. In 
the single-gear-pair-engaging zone, the value of 
oil film stiffness evaluated by Dowson-Higginson 
minimum film thickness equation is the highest.

3.1 Effect of the input torque

Figure 7 shows the oil film stiffness variation 
evaluated by averaged film thickness method with 
a fixed rotational speed n1 = 1000 r/min under 
three different input torques cases. In this figure, 
it is shown that the oil film stiffness increases with 
the increasing input torque. This is because under 
a higher load condition, two gear surfaces get 
closer, and the oil film between them becomes dif-
ficult to compress. In terms of the whole meshing 
line, higher values of oil film stiffness occur in the 
single-gear-pair-engaging zone.

3.2 Effect of the input rotational speed

Figure 8 shows the oil film stiffness variation with 
a frozen input torque T1 = 300 Nm under three 
different input rotational speeds. According to 
equation 5, the rolling speed ur

0 7.  is proportional 
to the minimum film thickness, which means 
that h um eh mp r

0 7. . As the minimum film thickness 
increases with the increasing rolling speed, the 
compression of the oil film becomes easier. Hence, 

Table 2. Material and lubricant parameters.

Names of the spur gear 
parameters Values of parameters

Oil viscosity at ambient pressure η0 = 0.04 Pas
Pressure-viscosity coefficient α = 2.2 × 10−8 Pa−1

Young’s modulus E1 = E1 = 2.0 × 1011 Pa
Poisson’s ratio v1 = v2 = 0.3

Figure 6. Comparison of the oil film stiffness with four 
methods under selected gear working condition.

Figure 7. Variations in oil film stiffness along LOA 
under different input torque conditions.

Figure 8. Variations in oil film stiffness along LOA 
under different input rotational speed conditions.

Figure 5. Oil film stiffness for two numerical methods 
as a function of the ratio of Δf / f.
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the oil film stiffness decreases with the increas-
ing input rotational speed. As the value of load in 
single-gear-pair-engaging zone is pretty larger, the 
oil film stiffness in this zone is still higher than that 
of other meshing zones.

3.3 Effect of coefficient of shifting

In terms of gear design, the coefficient of shifting 
is usually applied to a gear spur to insure a sta-
ble transmission character. Figure 9 shows evolu-
tions of normal load, equivalent radius, and rolling 
speed along LOA under two types of coefficient 
of shifting condition: X1 = 0.8532, X2 = −0.5 and 
X1 = 0.1817, X2 = −0.1715. This figure shows that 
the length of LOA with the coefficient of shifting 
of X1 = 0.1817, X2 = −0.1715 is larger than that with 
the coefficient of shifting of X1 = 0.8532, X2 = −0.5. 
What is more, the single-gear-pair-engaging zone 
under the condition of X1 = 0.1817, X2 = −0.1715 
is obviously smaller than that under the condition 

of X1 = 0.8532, X2 = −0.5. In a word, different coef-
ficients of shifting result in different geometrical 
meshing characters.

Figure 10 shows the oil film stiffness distribu-
tions along LOA under the same working condi-
tion with Figure 9. As shown in Figure 10, the value 
of oil film stiffness calculated by the coefficient of 
shifting of X1XX 0 1817= . , X2XX 0 1715= − .  is lower 
than that calculated by the coefficient of shifting 
of X1XX 0 8532= . , X2XX 0 5= − .  and the position where 
there is a maximum value of the oil film stiffness 
along LOA is also changed. This is because differ-
ent coefficients of shifting can lead to the change 
in the geometrical characters. Hence, the distribu-
tions of the oil film stiffness will be changed under 
different coefficients of shifting cases.

4 CONCLUSIONS

Contact stiffness and oil film stiffness along LOA 
are studied in the work analytically and numeri-
cally under a given spur gear pair parameters. The 
Hertzian method and the Yang-Sun method are 
applied to predict the contact stiffness of the spur 
gear pair, while the empirical film thickness method 
and the complete numerical method are used to 
predict the oil film stiffness. Influences of input 
torque, input rotational speed, and coefficient of 
shifting on oil film stiffness along LOA are also 
investigated. Conclusions are made as follows:

1. Contact stiffness of a spur gear is hardly affected 
by working conditions, which is mainly deter-
mined by the material properties. Under the 
same working condition, the magnitude of the 
oil film stiffness is generally two orders higher 
than that of the contact stiffness along LOA.

2. Oil film stiffness of a spur gear has a relationship 
with working conditions, which increases with 
the increasing input torque and the decreasing 

Figure 9. Normal load, equivalent radius, and rolling 
speed along LOA under two types of coefficient of shift-
ing condition.

Figure 10. Oil film stiffness predicted by averaged film 
thickness method under two types of coefficient of shift-
ing condition.

ICPT2016_Book.indb   985ICPT2016_Book.indb   985 9/29/2016   12:32:13 PM9/29/2016   12:32:13 PM



986

rotational speed. This is because both of them 
can result in difficulty in compressing the oil 
film. In addition, the oil film stiffness predicted 
a higher value in the single-gear-pair-engaging 
zone than in the double-gear-pair-engaging 
zones.

3. Under the same working condition, different 
types of coefficient of shifting can lead to varia-
tions in the normal load, equivalent radius, and 
rolling speed along LOA, so that the oil film 
stiffness varies along LOA.
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Simulation and analysis of the lubrication system based on Flowmaster
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ABSTRACT: In this paper, we used the one-dimensional fluid simulation and calculation software to 
simulate and calculate the lubrication system of helicopters. By studying the principle of lubrication sys-
tem, pipe, etc., we built a calculation model which was consistent with the lubrication system of the trans-
mission, and we got the oil pressure distribution of the transmission in the steady condition.

Keywords: Lubrication System, simulation, analysis

3 SIMULATION AND ANALYSIS

3.1 Simulation model

According to the schematic of the main reducer 
lubrication system and the real device perform-
ance, the lubrication system was established using 
the one-dimensional fluid software Flowmaster. 
The pressure of helicopter transmission lubrica-
tion system is generally low, which belongs to the 

1 INTRODUCTION

The main reducer lubrication system is completely 
independent of the engine lubrication system, 
lubricating all friction areas — gears, bearings, and 
the spline connection parts, to reduce friction, cool 
down all parts effectively, and avoid wearing and 
gluing fault. Pressure and flow distribution are key 
parameters to assess the performance of reducer 
lubrication system. However, the flow of each 
nozzle interacts with each other during the work 
procedure, and iterative calculation is required 
during design calculation process, which are tons 
of work.

In this paper, we established a reducer lubri-
cation system, based on the one-dimensional 
fluid software, namely Flowmaster. By assessing 
the results of  the lubrication system, theoreti-
cal support for the lubrication system design is 
achieved.

2 INTRODUCTION OF THE 
LUBRICATION SYSTEM

The lubrication system consists of two gear pumps, 
pressure regulators, an oil filter, a radiator, and 
other components. Two gear pumps installed in the 
main casing draw oil from the oil pool through suc-
tion filtration with the suction magnetic element. 
There is a regulator installed in the pump outlet to 
ensure that the outlet pressure is stable. Then, the 
pressure oil flows to the radiator through a hose 
which cools down the oil. The cooling oil passes 
through the oil filter, into each nozzle through 
inner casing pipes. The schematic of the system is 
shown in Fig. 1.

Figure 1. Schematic of the system.
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low-pressure system. Piping pressure loss of the 
lubrication system accounts for a large proportion 
in the whole system. In order to simulate a more 
realistic working condition of the lubrication sys-
tem, all kinds of pipe connections should be con-
sidered in the model (such as sudden enlargement, 
sudden contraction, gradual expansion, tapered, 
elbows, tees, and valves). The Flowmaster network 
model is shown in Fig. 2.

3.2 Boundary conditions

Initial conditions: altitude, 0 m; pressure regula-
tor, tightened; the oil level, 30 mm higher than the 
initial oil outlet; temperature, 70 °C. The working 
conditions change as follows:

1. oil pressure changes when the atmospheric pres-
sure is set at the altitude of 0 m, 1000 m, 2000 m, 
3000 m, 4000 m, and 5000 m, respectively;

2. oil pressure changes when the temperature 
is set at 30 °C, 40 °C, 50 °C, 60 °C, and 70 °C, 
respectively;

3. oil pressure changes when pressure regulators 
loose circle by one lap, two laps, three laps, four 
laps, and five laps.

4 CALCULATION RESULTS AND 
ANALYSIS

4.1 Different atmospheric conditions

When the atmospheric pressure was set at the alti-
tude of 0 m, 1000 m, 2000 m, 3000 m, 4000 m, 
and 5000 m, respectively, simulation analysis of 
oil pressure of the lubrication system is shown in 
Fig. 3.

As it can be seen from Fig. 3, the pressure flow 
curve goes down when the altitude increases. 
Atmospheric pressure reduction causes the oil 
pressure of the whole system falling, the perform-
ance of oil pump becomes bad, and oil flow is 
reduced, resulting in lower oil pressure.

4.2 Different temperatures

Simulation analysis of the lubrication system 
under different temperature conditions is shown 
in Fig. 4.

As it can be seen from Fig. 4, when the tempera-
ture rises, the oil pressure falls down. The oil vis-
cosity decreases with the increasing temperature; 
meanwhile, the pressure loss factor decreases, and 
hence, the oil viscosity affects the whole system. 
When the temperature is 60 °C and 70 °C, respec-

Figure 2. Lubrication system simulation model.

Figure 3. Annular cavity pressure at different altitudes.

Figure 4. Annular cavity pressure at different 
temperatures.
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tively, the oil pressure change is very small, which 
is consistent with the oil temperature viscosity 
characteristics.

4.3 Different regulator conditions

Simulation analysis of oil pressure under different 
regulator conditions is shown in Fig. 5.

Figure 5. Simulation analysis of oil pressure under dif-
ferent regulator conditions.

From the results, it can be observed that the 
pressure regulator has the function of  control-
ling and stabilizing the whole system pressure. 
In the real working process, the pressure regula-
tor is in the open state. With the number of  loose 
laps increasing, the open pressure of  the regula-
tor decreases, and the overflow moving through 
the regulator becomes more, while the flow to the 
transmission system becomes less. This will inevi-
tably lead to lower pressure in various parts of  the 
system.

5 CONCLUSION

Based on the Flowmaster software, we simulated 
and analyzed the transmission lubrication system 
with different parameters, and obtained the oil 
pressure change regulation with different param-
eters, which provided theoretical support to lubri-
cation system design and development.
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ABSTRACT: The jet lubrication ball bearings was simulated by the Volume of Fluid (VOF) method 
and dynamic mesh in Fluent. The lubrication performances of jet lubricated ball bearings are analyzed 
based on oil volume fraction in different conditions, such as different speed, different oil injection quan-
tity, and different number of nozzle. The results show that the air–oil distribution inside the oil-jet lubri-
cated ball bearing is not uniform. The flow velocity and the pressure of the air–oil phase increase inside 
a faster operating bearing. The average oil volume fraction becomes smaller as the speed increases. With 
the increase of the oil injection quantity, the oil volume fraction in the bearing and the drag against the 
rotation increase. Meanwhile, the non-uniformity of the air–oil distribution is also enhanced. The air–oil 
distribution of the dual-nozzle jet ball bearing is more uniform that that of the single-nozzle jet under 
similar conditions.

diameter will have certain influence on the lubrica-
tion performance of ball bearings. In this paper, 
the numerical simulation method was used to 
study the oil–air two-phase flow in rolling bearing, 
and the influence of oil flow rate, bearing speed, 
and other parameters on lubricating oil distribu-
tion is analyzed, which will improve the lubrication 
efficiency and the bearing rotating speed will be 
ensured to achieve precise lubrication.

The bearing geometry was set up by UG, and 
ANSA was used to mesh the bearing cavity and the 
nozzle fluid domain. The jet lubrication of the ball 
bearing is simulated by the Volume of Fluid (VOF) 
method and dynamic mesh in Fluent. Finally, the 
effect of different rotating speeds of bearings, oil 
injection quantity, and the number of nozzles on 
the distribution of lubricating oil is obtained, and 
suggestions for optimizing the jet lubrication are 
proposed.

2 MATHEMATICAL MODEL

2.1 Dynamic mesh model

The simulation of jet lubrication of a ball bear-
ing is based on the standard k-ε turbulence model 
and SIMPLE algorithm with pressure and velocity 
coupling. The dynamic mesh technique was used to 
simulate the rotation of the inner ring and the roll-
ing element to consider the high-speed rotation of 

1 INTRODUCTION

A rolling bearing is one of the most widely used 
mechanical transmission components in the 
mechanical transmission system. It is also an impor-
tant component for transmitting motion and bear-
ing load. The lubrication of the rolling bearings 
has a direct impact on the temperature rise of the 
bearing and associated system, the working accu-
racy, and the bearing service life. Therefore, good 
lubricating and cooling performance have become 
key problems for high-speed bearings. High-speed 
rolling bearings can be lubricated with jet lubrica-
tion, ring lubrication, and oil mist lubrication. Jet 
lubrication is easier to be realized in structure and 
has good lubrication performance.

In jet lubrication, high-pressure lubricating oil 
is sprayed inside a rolling bearing through one or 
a few small diameter nozzles located between the 
inner ring and the retainer to lubricate the mov-
ing elements of the bearing. The jet lubrication is a 
very effective type of lubrication and cooling, and 
is suitable for bearings operating under high speed 
and heavy load. However, the lubricating oil will be 
deteriorated in circulation after a certain operating 
period, thus affecting the lubrication performance. 
Therefore, when the quantity of the lubricating oil 
is large and the circulation is fast, the oil needs to 
be renewed timely.

As for jet lubrication, the lubricating oil, 
the rotating speed of bearings, and the nozzle 

ICPT2016_Book.indb   991ICPT2016_Book.indb   991 9/29/2016   12:32:21 PM9/29/2016   12:32:21 PM



992

the bearing. The dynamic mesh model can be used 
to simulate the transformation of the flow shape 
with time due to the movement of the boundary.

The dynamic mesh model was used, and the 
movement of the boundary can be predefined by 
specifying the velocity or angular velocity before 
the calculation or just according to the step of iter-
ated results. The mesh update in Fluent is based 
on the boundary changes after each step iterative. 
Therefore, the initial mesh, boundary movement, 
and moving area need to be defined at first. In addi-
tion, profile or User-Defined Function (UDF) can 
be used to define the movement of the boundary.

For each flux Φ, in the arbitrary control volume 
V, the boundary is moving, and the formula for 
conservation equation is:

D
dt

dV d A

S dV

v
v

v v

ρ ρdVΦ ΦdVρρ dV

ΦS

Φρ ( )u u ddg−u

=

∂

∂

∫∫∂∫
∫ ∫d A

v v
d A∇T

∂

��

 (1)

where ρ is the oil density, u
˜
 is the oil velocity vector, 

u
˜g is the deformation velocity of dynamic mesh, T is 
the diffusion coefficient, SΦ is the flux source term 
Φ, and ∂v is the boundary of the control volume V.

In the above formula, the first term can be 
expressed as the first-order backward difference:

d
dt

dV
t

n n

v
ρΦρ

Δ
= ( )Vρ VΦVρρ V ( )VVρ+

∫v

1

 (2)

where n and (n + 1) represent the value of the cur-
rent and next time step, the volume Vn+1 of the 
(n + 1) step is calculated by the following formula:

V V
dv
dt

tnV +V nV1 Δ  (3)

where dV/dt is the time derivative of the control 
body.

2.2 VOF model

The analysis of the whole flow path in the jet lubri-
cated ball bearing is related to the flow of air and 
oil. In order to track the flow of air and oil, the 
VOF method for multiphase flow was used. The 
VOF method was developed by Hirt and Nicholls 
in 1981. It is a type of surface tracking technol-
ogy that concerns the interface of two or more 
immiscible fluid. The sum of the volume fractions 
of all phases in each control volume is one. The 
VOF method has reasonable accuracy, and is less 
computation intensive and relatively simple to use. 
Furthermore, it can solve highly complex flow 
problems. The VOF method is one of the most 
convenient ways to simulate two-phase flow.

For two-phase flow model in jet lubricated ball 
bearings, oil-phase volume fraction is represented 
by ϕoil in the VOF method, where ϕoil = 0 shows that 
no oil is present in the unit, ϕoil = 1 shows that the 
unit is full of oil, 0< ϕoil <1 represents the interface 
of air and oil. Therefore, ϕoil is defined as:

ϕoiϕ l = 0 in the air  (4)

ϕoiϕ l = 1 in the oil  (5)

0 1ϕoil in the interface  (6)

where the subscript oil represents the characteris-
tics of the oil phase. The interface between oil and 
air is tracked by solving the continuity equation 
of the oil-phase volume fraction. The continuity 
equation for oil-phase volume fraction is

∂
∂

( ) + ∇ ⋅ ∂( )t
V S)oil oil oilρ ϕ)V S) =oil
  (7)

where ρoil represents the oil density, ṽ represents the 
velocity vector, and Sϕοil indicates the mass source. In 
the VOF method, if the right-hand side equals zero, 
then there is no quality transfer at the interface.

Because of the existence of two phases, solving 
the equation can only give the volume fraction of 
the oil phase. The volume fraction of air phase is 
obtained by the following constraints:

Φoil air+ =airaa 1  (8)

where ϕair represents the volume fraction of air. 
The subscript air represents the characteristics of 
the air phase. The single momentum equation can 
be solved using the VOF method. All the variables 
and attributes can be obtained according to the 
following equation:

∂
∂

( ) + ∇ ( ) =

− ∇ + ∇ [ ]∇ + +
t

p∇ + ∇ ⋅[ g F

) + ∇ () + ∇ ⋅(
ρ]] +] +

) ∇ (
�∇ +∇ +∇  (9)

where ρ is the mixture density, μ is the dynamic vis-
cosity, p is pressure, ḡ is the acceleration due to grav-
ity, and F∙  is the force according to the surface tension 
force of the interface. Properties in the momentum 
equation are properties of the mean volume fraction. 
The density and dynamic viscosity of air–oil two-
phase flow are obtained by the following formula:

ρ ϕ ϕ ρ= +ϕ ρoiϕ l oρρρ il aiϕ r aρ ir  (10)

μ ϕ ϕ μ= +ϕ μoiϕ l oμμμ il aiϕ r aμ ir  (11)

where ρoil is the density of air, μair is the dynamic vis-
cosity of air, and μoil is the dynamic viscosity of oil.
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3 NUMERICAL MODELING

3.1 Geometry model

A SKF6210 deep groove ball bearing was chosen 
as the research object and the bearing parameters 
are as follows: the diameter of the inner ring of the 
bearing, 50 mm; the diameter of the outer ring of 
the bearing, 90 mm; width, 20 mm; the diameter 
of the rolling elements, 12.18 mm, and there are 14 
rolling elements.

The geometric model was built according to 
the geometric structure of the rolling bearing in 
UG. The 3D model contained lubricating nozzle, 
the inner ring and outer ring of the bearing, roll-
ing elements, and retainer (as shown in Fig.1). In 
order to compare the effect of single nozzle and 
double nozzle on the lubricating performance of 
the bearing, the single nozzle model and double 
nozzle model were established, respectively, and 
the space between the two nozzles was 180°. The 
bearing cavity model was based on the single inlet 
and single outlet. The entrance was located at the 
top of the model with the diameter of the nozzle 
being 3 mm, and the outlet was located at the lower 
part of the model.

3.2 Grid generation

The 3D geometric model was imported to ANSA 
to extract the fluid domain model of the bearing 
cavity, and meshed by unstructured tetrahedral 
mesh. Because the nozzle is small, the grid distance 
was set as small as 0.5 mm to ensure the overall 
quality of the grid. In the meantime, the spacing 
between the inner ring and outer rings is small, in 
order to improve the overall quality of the mesh 
model, and the grid distances of the rolling ele-
ments and the retainer were set at 1 mm.

The single-nozzle fluid domain mesh is shown in 
Fig. 2. The final single-nozzle model was divided 
into 80,678 surface mesh elements and 504,150 

individual grid cells. The double-nozzle model was 
divided into 81,398 mesh elements and 508,590 
individual grid cells. There are two fluid regions in 
the simulation model, one is the nozzle area and 
the other is the bearing cavity.

3.3 Boundary condition and differencing schemes

The inlet of the nozzle was set as the mass flow 
inlet and the two outlets were set at standard 
atmospheric pressure. The type of lubricating oil 
is CD15 W/40, whose density and viscosity are 860 
kg/m3 and 0.018 Pa⋅s, respectively. The air is the 
compressible phase, whose density and viscosity 
are 1.225 kg/m3 and 1.79 × 10−5 Pa⋅s, respectively.

Because of the complexity of the fluid field, the 
fluid motion was simplified. In this paper, only 
the revolution motion of the rolling elements and 
the retainer was considered and the rotation of the 
rolling element was ignored. The rolling elements 
and the retainer rotate in a certain angular veloc-
ity, and the speed of the rolling elements and the 
retainer can be obtained by the following formula:

ω ωmω ωω ω ( )mαD dα mα1
2

D−  (12)

where D denotes the ball diameter; α is the contact 
angle; dm is the pitch diameter of the bearing; and 
ω is the rotating speed of the inner ring.

For the dynamic simulation of the flow field 
in the bearing cavity, the finite volume method 
was adopted. Since the model was divided by 
unstructured tetrahedral mesh, the Green-Gauss 
cell-based method was chosen to discrete the con-
trol equation. The first-order upwind scheme was 
used to discrete the momentum equation, turbu-
lence equation, and phase equation, and the pres-
sure term was set as PRESTO!. The interface of 
oil and air in bearing changes transiently with the 
rotation of the rolling elements and the retainer, 
so the SIMPLE scheme was suitable. The time 
step was set according to the rotating speed of the Figure 1. 3D model of the ball bearing.

Figure 2. One-nozzle mesh model.
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rolling elements and the retainer; at each time step, 
the maximum number of iterations was 20 times. 
The residual curve and the boundary flux conser-
vation were used to determine the convergence of 
the simulation results. The residual convergence 
threshold of the phase function was set for 10−6, 
the residual convergence threshold of the velocity 
component was set for 10−4, and the residual con-
vergence threshold of the turbulent kinetic energy 
and dissipation rate was set for 10−3.. The simula-
tion was carried out in Fluent.

4 RESULTS AND ANALYSIS

4.1 Effect of different number of nozzles

Figures 3, 4, and 5 show oil volume fraction, 
velocity distribution, and pressure distribution of 
different nozzle models, respectively. During the 
simulation process, different models were set the 
same conditions: the speed of the bearing inner 
race was 2,000 rpm, and the quantity of oil injected 
was 2.0 L/min.

Comparing the simulation results under the 
same conditions, it is evident that the distribution 
of oil and air in the double-nozzle jet lubrication 
is more uniform than that in the single nozzle 

system, and the mean pressure and mean veloc-
ity of the double-nozzle jet lubrication are slightly 
higher than those of the single-nozzle jet lubrica-
tion model. Furthermore, the rolling elements in 
the double-nozzle jet lubrication model can contact 
with more lubricating oil in the same time interval, 
and the movement of the rolling elements and the 
retainer may make the distribution of the lubricat-
ing oil more uniform. Meanwhile, the speed and 
pressure of the lubricating oil increase because of 
the increase of the interaction between the lubri-
cating oil and the bearing assembly.

Analyzing the oil–air two-phase flow field in 
bearing cavity, it can be seen that the distribution 
of oil and air in circumferential direction is not 
uniform. The oil-phase volume fraction is rela-
tively high near the nozzle, and the lowest volume 
fraction is observed in the upstream of the nozzle 
in both single-nozzle and double-nozzle models.

4.2 Effect of different rotating speeds

In this section, the effect of rotating speed of the 
bearing will be analyzed under the same oil injec-
tion quantity.

Figures 6, 7, and 8 show oil volume fraction, 
velocity distribution, and pressure distribution 
with different rotating speeds, respectively, and the 
quantity of oil injected is 2.0 L/min.

From the numerical simulation results, it can be 
found that the oil volume fraction decreases with 
the increase of the rotating speed, and the change 
of the fraction with the rotating speed is nonlinear 
and tends to be uniform. However, the interaction 
between the air–oil flow and the bearing assembly 
becomes stronger with the increase of the rotating 
speed, which increases the pressure of the air–oil 
phase. The flow speed of the air–oil phase increases, 
and hence this phase leaves faster. At higher speeds, 
the oil volume fraction of the bearing remains at a 
lower level. In addition, the decrease of the aver-
age oil volume fraction in the rolling bearing will 
deteriorate the lubricating ability.

Figure 3. Oil volume fraction distribution around the 
circumference of the ball bearing with different nozzles.

Figure 4. Pressure distribution around the circumfer-
ence of the ball bearing with different nozzles.

Figure 5. Velocity distribution around the circumfer-
ence of the ball bearing with different nozzles.
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In general, it is known that the speed reduc-
tion has an impact on the flow speed of the air oil 
phase, which is helpful to improve the oil volume 
fraction. Increasing the residence time of the air 
oil phase in the bearing can ensure sufficient lubri-
cation between the lubricating oil and the bear-
ing assembly. Therefore, we need a more efficient 
mechanism to make full use of the lubricating oil 
for lubricating the ball bearings.

4.3 Effect of oil injection quantity

Figures 9, 10, and 11 show oil volume fraction, 
velocity distribution, and pressure distribution 

with different quantities of oil injection. The speed 
of the bearing inner race was 2,000 rpm.

It can be seen from the simulation results that the 
oil volume fraction near the nozzle increases with 
the increase of the oil injection quantity, and the 
non-uniformity of the air–oil distribution increases.

According to the simulation results, it is not dif-
ficult to find that the average velocity of the air–
oil phase in bearing cavity does not change much 
with the increase of the oil injection quantity, so 
the rotating speed plays a main role on the average 
velocity of the air–oil phase. Meanwhile, the higher 

Figure 6. Oil volume fraction distribution around the 
circumference of the ball bearing with different rotating 
speeds.

Figure 7. ressure distribution around the circumference 
of the ball bearing with different rotating speeds.

Figure 8. Velocity distribution around the circumfer-
ence of the ball bearing with different rotating speeds.

Figure 9. Oil volume fraction distribution around the 
circumference of the ball bearing with different injection 
quantities.

Figure 10. Pressure distribution around the circum-
ference of the ball bearing with different injection 
quantities.

Figure 11. Velocity distribution around the circumfer-
ence of the ball bearing with different injection quantities.
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the oil injection quantity, the more lubricating 
oil will be carried into the bearing cavity, thereby 
decreasing the running efficiency of the bearing.

5 CONCLUSIONS

The bearing geometry was set up by UG, and ANSA 
was used to mesh the bearing cavity and the nozzle 
fluid domain. The jet lubrication of a ball bearing 
was simulated by the VOF method and dynamic 
mesh in Fluent. The air–oil two-phase flow in the 
jet lubrication ball bearing was studied based on 
the CFD method. The VOF method for the study 
of multiphase flow was used to track the flow of 
air–oil two-phase flow. Since the ball bearing is a 
rotating component, the dynamic mesh technology 
was used, and the effects of different parameters on 
oil distribution were investigated. The following are 
some of the conclusions drawn in this paper:

1. The distribution of air–oil phase in the jet lubri-
cation ball bearing is not uniform. The lowest 
volume fraction occurs in the upper part of the 
nozzle, and the volume fraction of the oil near 
the inner ring is very small due to the centrifugal 
force.

2. The flow rate and pressure of the air oil phase 
increase with the increase of the rotating speed, 
and the average oil volume fraction in the bearing 
decreases with the increase of the rotating speed.

3. The average oil volume fraction of the bearing 
increases with the increase of the oil injection 
quantity, the average velocity of the air oil phase 
is slightly affected by the injection quantity, and 
the non-uniformity of the air–oil distribution 
increases with the increase of the fuel injection 
quantity.

4. The non-uniform air–oil distribution should 
be considered in the optimization of the jet 
lubricating ball bearings. The nozzle should be 
optimized according to the rotating speed, oil 
injection quantity, and oil distribution.
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The effect of lubricating oil parameters on the efficiency of mechanical 
and electrical short-range transmission system of shearer
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ABSTRACT: On the basis of the mechanical and electrical short-range transmission system of coal 
mining machine, the reasons of temperature rise mainly include gear meshing loss, bearing loss, churning 
loss, and windage loss. Considering the immersion depth of gear, height of flow, volume of lubricating 
oil, gear parameters (the number of teeth, module, pressure angle), and other factors, power loss model 
based on MTALAB/Simulink is established to calculate the efficiency of transmission system to provide 
a basis for the design of cooling system

combined with the linear regression to propose 
a formula for calculating the instantaneous fric-
tion coefficient. Chen[8] established a model of 
dynamic efficiency of  gear meshing base EHL 
and introduced the correction factor of  lubricat-
ing oil viscosity.

The no-load power loss includes churning power 
loss and windage power loss. Terekhov[9] proposed 
the formula of mixing torque Cm, which depends 
on the Reynolds number and Froude number by 
some experiments. Changenet[10] showed that the 
direction of rotation (clockwise and anti-clock-
wise) may affect churning power loss and made a 
correction to the stirring torque of large transmis-
sion ratio. Considering the centrifugal accelera-
tion, Changenet[11] modified the oil mixing torque 
by conducting several tests. Changenet[12] mainly 
considered the effect of axial clearance, radial 
clearance, and the total volume of lubricating oil 
on the loss of oil.

Y.Diab[13] established the fluid model of open 
gears to calculate the windage loss of tooth pro-
file and tooth and calculated the drag coefficient 
Ct through dimensional analysis. Sylvain Pallas[14] 
used CFD software to calculate the windage power 
loss of gear.

2 MECHANICAL AND ELECTRICAL 
SHORT-RANGE TRANSMISSION 
SYSTEM SCHEME OF COAL MINING 
MACHINE

Drum shearer is one of the main equipment of 
fully mechanized mining machine and is widely 
used to exploit in large-scale mines. Cutting unit 

1 INTRODUCTION

Coal is the main source of energy in China, which 
had been produced 36.6 tons in 2012. A proportion 
of 40% of mines have a mining depth of more than 
500 m and 40 mines have a mining depth more than 
1000 m, with an annual increase of 8–10 m. Dang 
Jing [1] explored the coalfields of Ningxia, Shan xi, 
Meng GU, and collected data about geothermal 
gradient of mines—the variation in temperature 
when the mining depth increases about 100 m. 
There are slight differences in geothermal gradient 
at different places, about 2.32–2.78°C/100 m. With 
the increase of temperature, gears as an important 
part of the coal mining machine will generate more 
heat, whose reliability will seriously affect the over-
all performance of the shearer. In the whole system 
of shearer, lubricating oil, which plays the role of 
cooling gears, is cooled by a special group of cool-
ing pump. In the cutting system, the heat source 
mainly includes load power loss and no-load 
power loss, which involves meshing power loss and 
bearing Loss, and churning power loss and wind-
age power loss, respectively. This power loss will 
be converted into heat, which is taken away by the 
lubricating oil.

The gear meshing loss is mainly determined 
by the friction coefficient μ. The study of  fric-
tion coefficient can be divided into three catego-
ries: considering it as an average or fixed value in 
the whole meshing area[2][3]; empirical formulas 
to calculate the friction coefficient through some 
tests[4–6], which is more accurate than the first 
category; and calculating the friction coefficient 
based on elastohydrodynamic lubrication fluid. 
H.XU[7] established an effective EHL model and 
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is one of the main working institutions of drum 
shearer, which includes motor, gear transmission 
system, rocker box, and roller. At present, the more 
common coal mining machine mainly has the fol-
lowing shortcomings: too long gear transmission, 
too many transmission elements, thin-walled gear 
rocker box, and high external load, which leads 
to large deformation, serious deviation in trans-
mission gears, and decrease in the load carrying 
capacity. As a result, the reliability, service life, 
and efficiency of the transmission system are all 
reduced.

By studying of the service behavior of the 
cutting department of mining machine power 
transmission system and analyzing the topology 
structure of the system, self-adaptive short-range 
transmission system, as shown in Figures 1 and 2, 
is constructed, with high efficiency and high reli-
ability under the working condition of overloaded 
mutation. Parameters of each component are 
showed in Tables 1 and 2.

Power of transmission system is transmitted 
by three motors, whose rated power is 15KW and 
rated speed is 1475rpm to three gear shafts, which 
are connected with motors by flat keys. The power 
is passed to the reduction box, including the first-
stage reducer and planetary reducer. The power is 
output by the planet carrier, which drives the roller 
to rotate.

3 TRANSMISSION SYSTEM EFFICIENCY 
MODEL

The power loss of transmission system mainly 
includes mesh loss, churning loss, windage loss, 
and bearing loss.

3.1 Gear meshing power loss

The meshing gear loss mainly includes slid-
ing power loss and rolling power loss, which are 

Figure 1. Principle diagram of mechanical and electri-
cal short-range transmission system.

Figure 2. Three-dimensional view of mechanical and 
electrical short-range transmission system.

Table 1. Geometric parameters of the first gear trans-
mission system.

Parameter Value

Number of teeth Z1 29
Number of teeth Z2 180
Module (m) 0.002
Pressure angle (°) 20
Roughness S (μm) 0.6
Face width (mm) 0.05

Table 2. Gear parameters of herringbone planetary 
mechanism.

Parameter Value

Number of teeth Z3 26
Number of teeth Z4 59
Number of teeth Z5 148
End module (m) 0.003
Pressure angle (°) 20
Helix angle (°) 22
Direction of rotation Left and right
Radial displacement coefficient 0.64
Roughness S (μm) 0.6
Face width (m) 0.115
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V V V CO CO
isVV −V CO CO1 2VV VVVV 1 2 1
1( )1 2 ( )
i

+1 1
1 ω1  (4)

Instantaneous rolling velocity Vr of the meshing 
point O is:

V V V d
i

COrVV +V +1 2VV VV+VV 1 1i
1[ sdd1ddd i
i

( )1 1 ]ω1COCO++ ( )−1 ]  (5)

Similarly, the relative sliding speed and the 
instantaneous rolling speed of the meshing point 
O, which is located in the N1C section and the 
result is the same as (4) and (5). At any meshing 
point O, putting CO X= ,  we can deduce the for-
mula for the relative sliding speed and instantane-
ous rolling speed:

V
i

XsVV = ω1
1( )
i

+1 1  (6)

V d XrVV d⎡
⎣⎣⎣

⎤
⎦⎦⎦
⎤⎤

1 1ddd
⎦⎦⎦

1 1i (+ ) ωX ⎤
⎥
⎤⎤

1X
⎦⎥⎦⎦

−1(++ )
i

 (7)

3.1.1 Instantaneous sliding power loss of spur 
gear

Kahraman[15] compared the empirical coefficient of 
friction model (Drozdov, O ‘Donoghue, Misharin, 
and Benedict) and the friction coefficient model 
based on EHL and analyzed the difference of these 
models under different contact pressure, radius of 
curvature, and surface roughness. He proposed a 
new empirical formula for friction coefficient based 
on EHL by conducting several experiments:

μ νPν b SR V Rf S P S
h

b b b bSR )ν 3bb
7νb bbν 8bb

2 0νe  (8)

where:

f S P S b
b e b e

h hPP
SR P ShPP

,SR lb b SR P ( )
;log ( )

ν SS lb SR Phb SR PP og (
ν

S b 1hh glhb SR PP og 0 0((
5 9b eb bb0ν

bbbbb
+ +b e SR PhPP log ( )νb eb 10 0νν−

The value of b b b b b b b b b1 2b bb 3bb 4 5 6b bb b 7 8b bb 9bb,2bb ,b4b ,b6bb 7bb ,  is -8.19, 
1.033, 1.036, -0.354, 2.812, -0.101, 0.753, respectively;

SR: slide-to-roll ratio,SR
V

V
sVV

rVV
=

2 ;

Ve: entraning velocity,V V
eVV rVV

=
2

;

Ph: maximum Hertzian pressure, ;P wE
Rh

′
πRR

w: load per length (N/m);
v1,v2: Poisson’s ratio of gear and pinion;
E1, E2: modulus of Elastic of gear and pinion 

(GPa);

Figure 3. Gear meshing principle diagram.

related to the load and speed. In the Figure 3, EB1 
and B2D are double-tooth contact regions and 
DE is the single-tooth contact region. The main 
gear meshing loss is produced by relative sliding 
and rolling at the meshing point. When the O is 
located in the CN2 segment, the tangential veloc-
ity of  the gear and pinion is V1 and V2, respec-
tively, m/s:

V N O CO1 1V NV N 1 1 1 1 1N O1N +ωωO 1 ω1α CO+)1( )N C COCON C CO1NN CO ( sr1rr in )  (1)

V N O CO2 2V NV N 2 2 2 2 2N O2N ωωO 2 ω2α CO−)2( )N C CON C CO2NN CO ( sr2rr in )  (2)

N1N2: theoretical length of line of action (mm);
B1B2: actual length of line of action (mm);
B1, B2: start of mesh cycle and end of mesh cycle, 

respectively;
α αa aα 2a :α 2α aα  addendum circle pressure angle of gear 

and pinion, respectively (deg);
O: meshing point;
C: pitch point;
Transmission ratio

i
d
d

r
r

= = =
ω
ω

1ωω

2ω
2dd

1dd
2rr

1rr
 (3)

Combining (1), (2), and (3), the relative sliding 
speed Vs of the meshing point O is calculated as:
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E’: equivalent modulus of elasticity,

E
E E

′ = +
⎡

⎣
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⎡⎡
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⎤

⎦
⎥
⎤⎤

⎦⎦

−

2 1− 11
2

1EE
2

2

2E

1
ν−ν 11 2 ;

r1,r2: radius of curvature of gear and pinion (m);

R: effective radius of curvature,R rr
r r

=
+
1 2rrrr

1 2r rr r
;

S: surface roughness (μm);
V0: dynamic viscosity (cps).
The load distribution of gear is more compli-

cated, and the load factor can be introduced with-
out considering the deformation of gear. The factor 
is 1 when the meshing point is located in the single-
tooth contact region and is 0.5 when the meshing 
point is located in the double-tooth contact region. 
The load per length w can be expressed as:

w

F
b

B D

F
b

D E

F
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E B

nFF

nFF
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 (9)

where Fn: overall normal load, Fn=
2T

d cos

1

1

;
α

T1: torque, T P
n1TT 9550=  (N⋅m).

Instantaneous sliding loss Ps of the gear at any 
meshing point can be expressed as:

P u F Vs nP uP FF sVV( )XX ( )X  (10)

3.1.2 Instantaneous rolling power loss of spur 
gear

Rolling power loss is mainly related to the thickness 
and film. On the basis of Hamrock and Jacobson’s 
model, film thickness can be obtained as:

h V
E wmh eVV= 3 07

1000

0 57 0R 4
0

0 71 0V 71

0 71 0E 03 0 11

. .V 0V
. E71E .

γ νR0 50 7R. R57R′  (11)

where:
γ: pressure viscosity coefficient of the lubricant 

(m2/N);
R’: equivalent radius of curvature of gear at 

meshing point,

R ON ON
ON ON

i
r

′ =
+

= i+1 2NN ONN

1 2NN ONN+
1 1

1rr
( sr1rr in )( in )x−

( )i 1 sin
.α ir+ x 1x irirrx s

α
 (12)

On the basis of the EHL, the friction power loss 
models of Anderson and Leowenthal are adopted, 
and the rolling friction loss at the meshing point O 
can be expressed as:

Pr mP rV br= 90000h  (13)

where:
B: face width (m).
Because of the periodicity of gear meshing, only 

the average power loss needs to be calculated. The 
average power losses can be achieved by averaging 
integrations on the meshing zones of four parts:

P P
PdXdd

B B

PdXdd

B Bm sPP
sPP

a

b

i
rPP

a

b

ii

ib

i

ib

+PsPP
∫a∑ ∫a∑

P ;
B B B B

i ii i
= +i =i+=

rPP 1

4

1 2B BB B
1

4

1 2B BB B
 (14)

where:
ai (i = 1, 2, 3, 4) is 0, pb-e2, 0, pb-e1, respectively; bi 

(i = 1, 2, 3, 4) is pb-e2, e2, pb-e1, e1, respectively;

e CB NC B N C r r ra br rr1 1CBBCC 1 1NN BB 1NN C rar 2
1
2

1rrCBCCBC N C1N C − r sin ;α ;;

e CB NC B N C r r ra br rr2 2CBBCC 2 2NN BB 2NN C rar 2
2

2
2rrCBCCBC N C2N C − r sin ;α ;;

pb: base pitch, p mb π αmm  (m).

3.1.3 Meshing power of planetary gear
Meshing power is always used to calculate the 
meshing efficiency of planetary gear by converting 
the planetary gear transmission into fixed axis gear 
transmission[16]. The efficiency of planetary gear 
can be obtained by calculating the efficiency of 
transforming mechanism. As shown in Figure 4, 
gear A is active member in planet gear mecha-
nism and it needs to judge the flow of power in 
the transformation mechanism. Fixing the internal 
ring gear B, the meshing efficiency of component 
A in the transformation mechanism is PA

C. The 
mechanism characteristic coefficient φA is intro-
duced, which can be expressed as:

φAφ P
P

T
T n

AP C

AP
A AT C

A AT n
AB

C

AB
C

= =
( )n nAn C− = i

i 1AB
C −

 (15)

The positive and negative values of φA need to 
be determined. If  φA is positive, the gear A is the 
active component in the transformation mecha-
nism; otherwise, A is a driven component. It is 
observed that.

iAB
c <0 in the cutting system; as a result, φA is 

positive. We can conclude that the gear A is the 
active component and power is flowing from A 
to B in the transformation mechanism. When the 
planet carrier C is used as the output element, the 
meshing efficiency of the planetary mechanism 
can be written as:

η η
ACη B i

i
ABi C

ABη C

ABi C= −

−

1

1
 (16)
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where:
ηAB

C: when the planet carrier C is fixed, ηAB
C is 

the meshing efficiency between A and B, which is 
equal to the efficiency of fixed axis transmission 
system.

Gear meshing loss of helical gear and herring-
bone can be calculated as:

u Hm AP PP mz vHH  (17)

where:
Average friction factor

u
F
bR v

R R
Xmz

nFF

ER
a aR

LX= 0 048
1000 2

0 2
0

0 05 2RaR 0 25. [048 ] (−0 2
0

0 05 )02 .
0

PA: input power (W);
RE: radius of curvature of the meshing point;
v t2 cvt os ,β  vt is velocity of pitch circle;
Ra1, Ra2: surface roughness of gear and pinion 

(μm);
XL: roughness factor is related to the types of 

lubricating oil;
Gear tooth loss coefficient:

H
z iVHH =
π

β α
( )i +π
cos

( )− + +ε ε+ εαε ;
1

1εε 2
2ε 2

ε ε εαε ,ε :1 2εε ε,εε  transverse contact ratio, contact ratio 
of gear and pinion, respectively.

3.2 Churning power loss

Many scholars have obtained the empirical for-
mula of the stirring torque Cch by conducting sev-
eral experiments, such as formula (17):

C r S CchC m mS C
1
2

2 3rρω  (18)

where:
Ρ: density of lubricating oil (kg/m3);
Ω: angular velocity of gear (rad/s);
r: pitch radius of gear (m);
Cm: dimensionless torque;
Sm: area of the gear dipped into the oil. The 

gear–lubricant contact area (Fig. 5) is modified by 
the helix angle and it is decomposed into the lateral 
surface of the flanks and that of the teeth, which 
can be approximated as

Sm r b
Z H btootH h= r +2 2 2 2b +r b( s( s2 i )

cos
θ2s )) θbbbb

θHH
π αcos β

Changenet[10-12] found that the dimensionless 
torque Cm is related to centrifugal acceleration ϕ 
and a new empirical formula based on the theory 
of Vaschy–Buckingham and several tests, and can 
be expressed as:

If  ϕ<750m/s2 and Rec<4000
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Figure 4. Mechanism of planetary gear.

Figure 5. Geometrical data of the gear immersed 
surfaces.
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If ϕ>1250m/s2 and Rec>4000
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where:
Rec: critical Reynolds number (ωrb/ξ);
ξ: kinematic viscosity (m/s2);
V: volume of lubricating oil (m3);

Φ: centrifugal acceleration φ ω⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

2ωω
1
3( ) ;

Fr: Froude number depending on gear param-

eters F
r

grFF =
⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

ω 2ωω .

In the transition zone 750<ϕ<1250, interpola-
tion between the different equations is employed.

3.3 Bearing power loss

The friction torque M of rolling bearings can be 
calculated in two ways: (1):

M dPdd1
2

μ ′

where:
d: inner diameter of bearing (mm);
P: equivalent dynamic load of bearing;
U’: friction coefficient of bearing.
(2):

M M M+M0 1MM+MM  (20)

Where M0 is the friction torque, which is related to 
bearing type, rotational speed, and lubricant prop-
erty; M1 is the friction torque, which is related to 
the load of bearing; and M0 and M1 can be sepa-
rately expressed as:

M f n
f d n

m

md
0MM 7

0 1ff
2

1
7

0ff 3
1

10 2000
160 10 2000

= ≥
<f d nmd× 7 ff 3
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⎩
⎨⎨
⎩⎩
⎨⎨⎨⎨

−

,
ξ ξdmd1

3 3
1)n ,

ξ11

and

M f Pdmd1 1M fM f 1PP

where:
dm: Pitch diameter of bearing (mm);
f0: coefficient, which is related to bearing type 

and lubrication mode;
n: rotation speed of bearing (rpm);
f1: coefficient, which is related to bearing type 

and load;
P1: calculation load, which determines the fric-

tion torque (N).

When the friction torque is calculated, the 
power loss of bearing due to friction heating can 
be shown as:

P nMbearinPP g 1 05 10 4.  (21)

The power loss of the bearing in planetary 
mechanism mainly includes the power loss of bear-
ing of the planet gear and the power loss of bear-
ing of the planet carrier. The power loss of bearing 
of planet gear is similar to the formula (21). When 
calculating the power loss of bearing of the planet 
gear, it is only need to turn n, formula (21), into 
the rotation speed of the planet gear relative to the 
planet carrier n´.

3.4 Windage power loss

Y.Diab[13] obtained dimensionless drag coefficient 
Ct by dimensional analysis, which can be expressed 
as:

C k
b
r

Z
h
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h
rtCC k

k
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where:
ki (i = 1, 2, 3, 4, 5) is 60, −0.25, 0.8, −0.4, 0.56, 

respectively, which is obtained by tests;

h rk
1 2hh

1

, .  without any flange and guide plate 
around the gear.

The windage power loss can be shown as:

P C rw tP CP C
1
2 1

3 5rρ ω1 33  (23)

In summary, the total power loss can be 
expressed as:

P P P P PtotaPP l m churningPP w bPP earing+PmPP +PwPP  (24)

4 TRANSMISSION EFFICIENCY UNDER 
DIFFERENT WORKING CONDITIONS

In this paper, a model based on mechanical and 
electrical short-range transmission system is estab-
lished. The cutting drum keeps the motion of trans-
lation and rotation at working time. The cutting 
resistance, traction resistance, and lateral force are 
mainly embodied in the cutting drum and the load 
of the roller is closely related to the coal and rock 
parameters, the shape of the cutter, the arrange-
ment of the cutting teeth, and the movement of the 
machine. The model of load torque of drum can 
be established by analyzing and establishing the 
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instantaneous force model of single pick of roller, 
which is based on the linear cutting mechanics the-
ory and model proposed by Evans and Nishimatsu 
in the 1950s.

Cutting resistance and traction resistance of 
shear is the function of roller speed, traction 
speed and coal firmness coefficient. In this paper, 
a model is built using the S function in MATLAB/
Simulink as shown in Fig 6, avoiding unnecessary 
details about the specific process.

Coal and rock firmness refers to the ability to 
resist damage under uniaxial compression, tension, 
and shear force. The firmness of different coal 
seams is different and the coal firmness coefficient 
f´ can be introduced. Coal seam can be divided 
into soft coal seam (f´ ≤ 1.5), medium hard seam 
(f´ = 1.5–3.0), hard seam (f´ = 3–4), medium hard 
rock (f´ = 4–8), and hard rock (f´ ≥ 8). Drum load 
torque of shear can be obtained in different coal 
beds as shown in Fig 7, in which the traction speed 
is 5m/min and the diameter of the drum is 2 m.

Roller speed and traction speed will be control-
led to adapt to different coal seams, but this paper 
only controls the roller speed as the result of only 
establishing the model of cutting drive system. 
Roller load is different in different working con-
ditions. Power loss and efficiency of transmission 
system can be obtained under different working 
conditions by establishing the model of power loss 
of gear as shown in Figures 8 and 9.

We can conclude: with the increase of the speed 
of the motor (or the decrease of load torque of the 
drum), all types of power loss are increased and the 
efficiency is reduced; when the rotational speed is 
1475rpm, the efficiency of the system can reach 98%; 
among all types of power loss, the meshing power 
loss and churning power loss are the main parts.

5 EFFECT OF LUBRICATING OIL 
PARAMETERS ON EFFICIENCY

It can be seen that by the third section, when 
the gear parameters have been identified, the 

Figure 6. The model of drum.

Figure 7. Drum load torque in different coal beds.

Figure 8. Change of power loss with different rotating 
speeds.

Figure 9. Change of efficiency with different rotating 
speeds.
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controllable factors mainly include speed, oil 
temperature, oil volume, and immersion depth, 
which may influence the efficiency.

5.1 Effect of immersion depth and oil volume on 
efficiency

The immersion depth refers to the depth of gear 
submerged into oil. The immersion depth of inter-
nal ring gear is defined as the reference and other 
values of depth can be obtained by conversion as 
shown in Figure 10. A detailed description is not 
provided.

With the change of the immersion depth, the 
volume of lubricating oil is changed. The volume 
of lubricating oil is a variable of the immersion 
depth. As a result, we only need to consider the 
effect of immersion depth on efficiency.

As shown in Figures 11 and 12, when the speed 
and temperature are constant, with the increase 
of immersion depth, the churning power loss is 
increased; the churning power loss at h/R = 1 (i.e. 
the immersion depth is 0.22m), where R is the 
radius of the internal ring gear, which is larger 
than that at h/R = 0.5 (i.e. the immersion depth is 
0.11m); there is a turning point at h/R = 0.8 (i.e. the 
immersion depth is 0.19m) and the reason may be 
that the immersion area Sm of the small gear of the 
first stage and planetary bodies in the planetary 
gear have all immerged in the oil and do not change 
with the increase of immersion depth. Other power 
losses, such as meshing power loss, bearing power 

loss, and windage power loss, are constant; with 
the increase of immersion depth, the total power 
loss is also increased and the efficiency of trans-
mission system falls about 1% at h/R = 1 compared 
with that at h/R = 0.5. We can conclude that the 
effect of immersion depth on efficiency cannot be 
ignored.

5.2 Effect of lubricating oil temperature on the 
efficiency

The oil temperature increases with power loss in 
the process of transmitting. With the increase of oil 
temperature, the viscosity of lubricant is decreased 
and the physical parameters of 30 lubricating oil 
are shown in Table 3:

Figure 10. Immersion depth of the transmission 
system.

Figure 11. Variation of the power loss with immersion 
depth at 40°C and 1475rpm.

Figure 12. Variation of the efficiency with the immer-
sion depth at 40°C and 1475rpm.
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As shown in Figures 13, 14, and 15, with the 
increase of temperature, the meshing power loss, 
churning power loss, and bearing power loss are all 
reduced, where the churning power loss and bear-
ing power loss are not too obvious and the meshing 
power loss is significantly reduced. The meshing 

power loss at 40°C is about three times larger than 
that at 100°C. With the increase of temperature, 
the total efficiency of the transmission system is 
increased; the total efficiency at 40°C increases 
about 1% compared with that at 100°C, as shown 
in Figure 16.

6 CONCLUSIONS

Many conclusions can be drawn from sections 4 
and 5:

1. With the increase of the speed of the motor, 
all types of power loss (meshing power loss, 

Figure 13. Meshing power loss at different oil 
temperatures.

Table 3. Physical parameters of 30 lubricating oil.

Temperature 
(°C)

Density 
ρ (kg/ m3)

Kinematic 
viscosity ξ (m2/s)

Dynamic vis-
cosity υ0 ( )cPs

40 886 0.0049 43.316
60 873 0.0020 17.885
80 861 0.0011 9.202
100 848 0.0006 5.076

Figure 14. Churning power loss at different oil 
temperatures.

Figure 15. Bearing power loss at different oil 
temperatures.

Figure 16. Efficiency at different oil temperatures.
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churning power loss, bearing power loss, and 
windage power loss) are increased and the effi-
ciency is reduced.

2. With the increase of immersion depth, the 
churning power loss and total power loss are 
increased and the total efficiency is reduced.

3. With the increase of temperature, the meshing 
power loss, churning power loss, and bearing 
power loss are reduced and the total efficiency 
is increased.

As a result, we can control the oil temperature 
and immersion depth to increase the efficiency 
of the whole system. Because the power loss of 
the gear transmission system will be converted 
into heat energy, the temperature of the gear will 
increase; if  the oil temperature is too high, it will 
be difficult for the heat of the gear to disperse. The 
volume and temperature of the lubricating oil not 
only affect the efficiency of the whole transmission 
system, but also affect the heat dissipation of the 
gear. Suitable oil temperature and oil volume will 
effectively increase the efficiency and reliability of 
the gear transmission system.
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Mixed elastohydrodynamic lubrication with realistic surface roughness 
for cylindrical roller bearing

Mingyong Liu, Chenhui Wu, Yuan Chen & Minggang Zhou
Hubei Agricultural Machinery Engineering Research and Design Institute, Hubei University of Technology, 
China

ABSTRACT: In the paper, a mixed ElastoHydrodynamic Lubrication (mixed EHL) finite line contact 
model, which could handle the realistic surface roughness, is developed to study the effects of load and 
speed on the lubrication performance of a cylindrical roller bearing. The surface roughness significantly 
affected the distribution of stress fields. The results indicate that the influence is the opposite. For instance, 
As the load increases, the contact load ratio and contact area ratio goes up, but the average film thickness 
and fatigue life decrease.

topography of the mixed lubrication in finite line 
contact.

As mentioned earlier, the issue of finite line con-
tact model has been widely researched. However, 
the information about nixed lubrication using the 
realistic surface roughness is limited. So, the main 
purpose of this paper is to obtain the information 
of the influence of realistic surface roughness on 
the cylindrical roller bearing.

2 MODEL FORMULATIONS

In this paper, the issue of the mixed EHL model has 
been considered between a cylindrical roller and 
the raceway, as depicted in Fig. 1. It is well known 
that, the contact model can be reduced to a cylin-
der contacting with a plane. The surface roughness 
has been considered. Therefore, the transient effects 
cannot be ignored. The mixed EHL model formu-
lations for cylindrical roller bearing is as follows:

1 INTRODUCTION

The finite line contact widely exists in engineering 
machinery, such as cylinder/taper roller bearings, 
gears, and cam. Generally, the oil or grease lubri-
cation has been used in the interface to prevent 
premature failure. It is well known that machine 
elements may often operate in mixed lubrication 
state. As interchangeable parts for cylindrical roller 
bearing, mixed lubrication commonly happened in 
interacting surface to increase, wear, and other sur-
face failures.

In the recent 20 years, Significant headway has 
been made in finite line contact ElastoHydrody-
namic Lubrication (EHL) (Wang et al. 2016). Chen 
et al. 2001 proposed an isothermal EHL model of 
a logarithmic profile roller and compared the the-
ory solution with the experimental results. Liu & 
Yang 2002 first studied the thermal EHL (TEHL) 
of a finite line contact. Sun et al. 2005 built a Non-
Newtonian TEHL model for finite slide/roll line 
contact and indicated that the Eyring fluid led to a 
positive influence on the fatigue life. Yang & Yang 
2007 proposed a full numerical TEHL solution of 
helical gears and the influences of design param-
eters and working condition had been analyzed. 
Hua et al. 2010 studied the logarithmic roller EHL 
line contact model under the vibration conditions. 
Zhu et al. 2012 proposed a mixed EHL model in 
finite roller contact involving the realistic surface 
roughness and discussed the influence of contact 
geometry and rolling speed. The authors and co-
worker (2014 & 2016) developed a TEHL finite 
line contact model for helical gear pair with non-
Newtonian fluids. In recently, the authors (2015) 
also studied the influences of regular rough surface 

Figure 1. The diagram of lubrication contact model of 
a cylindrical roller bearing.
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The governing equation of pressure within the 
entire solution domain, which was originally pre-
sented by Zhu et al. 2012, can be expressed as:

In the hydrodynamic regions:
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where η* is the equivalent viscosity. For the Eyring 
fluid, the value can be expressed as
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The local film thickness can be calculated by the 
geometric equation as follows:

h h h s vgh s v( )x y t, y = ( )t + ( )x y, y + ( )x y tx ,t ( )x y tx ,0hh  (3)

In this paper, the relationship of viscosity and 
density proposed by Roelands and Dowson-
Higginson, respectively, are applied. These equa-
tions can be found elsewhere. The applied load is 
balanced by the integral of the pressure over solu-
tion domain. The explanation of Eqs. (1)–(3) and 
boundary condition for pressure can be found in 
Liu et al. 2015.

3 NUMERICAL PROCEDURE

In order to accelerate the numerical simulation and 
ensure the numerical stability, the nominal Hertzian 
contact parameters of two infinitely long cylindrical 
rollers are introduced into the dimensionless analy-
sis. The dimensionless domain for pressure is chosen 
as X = [−2.5, 1.5] and Y = [−1.0, 1.0]. The mesh den-
sity is X*Y = 257*513. The convergence criterion is 
chosen as 10−4 for pressure and 10−3 for load.

A ground surface with isotropic roughness is 
employed in the paper. The measurement sam-
ple 3-D surface profile is shown in Figure 2. The 
RMS roughness of this surface is Rq = 0.2 μm. In 
order to simulate the mixed EHL of bearing with 
the finite line contact model, the sample of rough-
ness has been padded periodically on the contact 
region. The cylindrical roller bearing NU204ET of 
NSK is taken as an example and its relevant date 
are listed in Table 1.

4 RESULTS AND DISCUSSION

4.1 A typical mixed EHL results

In this study, thermal effect is ignored. All of the 
results are shown as in the dimensional form. The 
location of the maximum load roller is taken into 
consideration for analysis. The typical mixed EHL 
results under the condition of F = 1600 N, n = 250 
r/min are shown in Figures 3 and 4. The corre-
sponding parameters for Hertz are PH = 1.73 GPa, 
a = 0.084 mm.

As shown in figure 3, the surface roughness 
causes significant fluctuation of the pressure and 
film thickness. The special sections are chosen to 
show the comparison between the rough surface 
solutions and the smooth surface solutions. The 
subsurface von Mises stress fields has been shown 
in figure 4. The surface roughness significantly 
affected the distribution of stress fields. Basically, 
the local maximum von Mises stress is greatly 
increased and its location moves toward the sur-
face when the machined roughness is considered. 
Therefore, it can be speculated that the fatigue life 
of bearing is significantly decreased by surface 
roughness.

4.2 Effect of working condition

Figures 5 and 6 show the effect of working condi-
tion on the mixed EHL of finite roller contacts. 
Ha, RCL, and RCA are the average film thickness, 

Table 1. Relevant parameters of NU204ET.

Parameter Value

Outer ring diameter (mm) 47
Inner ring diameter (mm) 20
Cylindrical roller diameter (mm) 7
Length of cylindrical roller (mm) 7
Ambient viscosity η0(Pa.s) 0.08
Characteristic shear stress τ0(MPa) 5
Ambient temperature (K) 313

Figure 2. Roughness distribution of the raceway 
surface.
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contact load ratio, and contact area ratio, respec-
tively. The detailed definition of the statistical 
parameters can be found in Zhu et al. 2012. In this 
section, the stress-based contact fatigue life model 
proposed by Zaretsky has been used to calculate 
the initiation Fatigue Life (FL).

As shown in figures 5 and 6, the effects of load 
and speed on the lubricating property are opposite. 
Figure 5 demonstrates that, as the load increases, 
the RCL and RCA go up but trend slowly. Owing 

to the direct contact with the metal, the Ha and FL 
are gradually reduced. Figure 6 shows the opposite 
conclusion for the influence of speed.

5 CONCLUSIONS

In this work, the mixed EHL model is extended 
to investigate cylindrical roller bearing involving 
realistic surface roughness. Effects of working 
conditions and roughness parameters are studied. 
Results show that the surface roughness has a sig-
nificant influence on the distribution of stress field 
and fatigue life.
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ABSTRACT: Dimples were fabricated on surfaces made of GCr15 bearing steel and a reciprocating 
friction test was carried out to investigate the frictional performances for the GCr15 bearing steel surfaces 
with the square, circular, and equilateral triangular dimples at a drip lubrication state by a MFT-5000 
multi-function tribometers. The effects of geometric parameters such as texturing area ratio and pore 
depth of these types of dimples, and working conditions such as normal load and reciprocating frequency 
of the friction pair were investigated to reveal the frictional performances for the textured surface. 
The experimental results show that there exist an optimal texturing area ratio and pore depth minimizing 
the friction coefficient of the textured surface at the drip lubrication state, a greater normal load induces 
a larger friction coefficient, and a faster reciprocating frequency generates a smaller friction coefficient. 
Moreover, the friction coefficient for the surface with circular dimples is distinctly less than the corre-
sponding values for the surface with square or triangular dimples.

In practice, the starved-oil lubrication usually 
exists due to worse working conditions. However, 
most of the past studies focus on the dimple effect 
at dry contacts or fluid lubrication states, and there 
are few researches concerned with the frictional 
performances for textured surfaces under starved-
oil lubrication. Besides, a previous work by the 
authors reveals that a certain material shows the 
contrary dimple effect between the friction and 
wear properties under dry contact and starved-oil 
lubrication (Meng, online).

Moreover, little work has been done on fric-
tional performances for the textured surface 
made of  GCr15 bearing steel, which is a common 
material used for manufacturing rolling bearings. 
The effects of  texturing area ratio, dimple pore 
depth, as well as working conditions (such as 
normal load and reciprocating frequency of  the 
friction pair) were investigated in the present 
study to reveal the frictional performances for 
the textured GCr15 surface with square, circular, 
and triangle dimples. The conclusions drawn can 

1 INTRODUCTION

Laser surface texturing is a technology that fab-
ricates microscale dimples on the surfaces of 
mechanical parts through the adoption of laser 
beam. Owinng to the ability to reduce friction 
and enhance load-carrying capacity of tribologi-
cal components, this technology has been applied 
extensively to modifying performances for confor-
mal tribological pairs.

Etsion (2005) summarized the application of 
the surface texturing on mechanical seals, along 
with lubricated and non-lubricated mechanical 
devices, and pointed out that the surface texturing 
is a feasible means to improve the tribological per-
formances of textured surfaces. Dong et al. 2011 
reported that dimples with reasonable geometric 
parameters can decrease the friction coefficient of 
a TiNi alloy-coated surface. Experimental results 
from Meng et al. 2010 indicated that the friction 
force for a parallel surface with rectangular dim-
ples decreases due to the dimple effect.
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provide some references to the optimal design 
of  textured GCr15 surface and the studies on 
tribological behavior improvement for rolling 
bearings.

2 EXPERIMENTAL DESIGN

2.1 Experimental device and parameter settings

The physical model of the friction experiment for 
rolling bearing steel consists of two parallel speci-
mens, which reciprocally move relative to each 
other. The experiment is performed on MFT-5000 
multi-function tribometers produced by Ameri-
can Rtec Company. With modular design, this 
tribometers can switch its friction test module 
among rotary ball/pin-on-disc module, high-speed 
reciprocating motion module, and Timken’s block-
on-ring module. Besides, the WLI (White Light 
Interferometer) component embedded in the tri-
bometers can be used to observe the 3D surface 
topographies of the specimens.

The schematic and prototype of the tribom-
eters are presented in Figures 1 and 2, respectively. 
As shown in Figure 2, the laser-textured lower 
specimen is fixed in the oil sink and reciprocates 
along with the workbench in the x-direction at a 
frequency of q (the corresponding average linear 
velocity, U = 0.02q). To simulate the starved-oil 
lubrication, the friction pair is drip-lubricated with 
infiltrative cotton swab, which is impregnated with 
10# engine oil with a dynamic viscosity η of  0.045 
Pa⋅s. The upper specimen is horizontally fixed and 
withstands a constant normal load s on its top sur-
face. The lower and upper specimens are all made 
of GCr15 bearing steel with a hardness of HRC 
60–70. As shown in Figure 3, an 8 mm (in the x-di-
rection) × 8 mm (in the y-direction) rectangular 
rubbing surface of the upper specimen is chosen as 
the test domain, and the end of the upper specimen 
is clamped in a holder above it (see Figure 2). The 
rubbing surface with a 20 mm × 10 mm  rectangle is chosen as the test domain for the lower specimen. 

As illustrated in Figure 3b, four test zones are fab-
ricated on the lower specimen.

2.2 Characterization and processing 
of surface textures

2.2.1 Characterization of surface textures
The common easily fabricated square, circular, 
and triangular surface textures are taken as the 
research objects, whose topography parameters are 
shown in Figure 4. The side length of the square 
dimple is b, the diameter of the circular dimple 
is d, and the side length of the triangular dimple 
is c. All the center distances of these three types 
of dimples are a. Then, the area ratios of the three 
textured surfaces are, respectively, denoted by Figure 1. Schematic of reciprocating friction test.

Figure 2. Reciprocating friction test setup.

Figure 3. Appearances of upper and lower specimens.
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b2/a2, πd 2/4a2, and 3 2 2/ .24a44  Therefore, the rela-
tion 34 2 2 2b2 cπ  stands when the three area 
ratios are equal to each other.

2.2.2 Preprocessing of specimens
After being cut into required size from the raw 
GCr15 material, the rough surface of the specimen 
often cannot meet the experimental requirement, 
which needs a preprocessing of the experiment. 
First, the rubbing surfaces of the upper specimen 
and non-laser-textured lower specimen are pol-
ished successively with 400-, 600-, 800-, 1200-, and 
2000-grit sandpapers. Then, the rubbing surfaces 
are finished on the P-1 metallographic sample pol-
isher pairing using W5 diamond powder.

2.2.3 Processing of surface textures
The surface textures on the lower specimen are 
fabricated using the DP-75F semiconductor pump 
laser marking machine produced by Chongqing 
Xu’An Technology Co., Ltd. Based on several 
attempts, the most optimal laser processing param-
eters are chosen as follows: a marking frequency 
of 30 kHz, a laser output power of 30–50%, a 
marking speed of 100–400 mm/s, and a marking 
repetition of 2–10 times. Thus, the surface textures 
can be manufactured by controlling the above four 
parameters.

Owing to laser melting, the melting impurities 
inevitably stack up on the bottom and edge of the 
dimple after the laser processing. To remove the 
impurities, it is necessary to clean the processed 
surface with the polishing brush. Finally, the speci-
men is immersed in anhydrous ethanol and cleaned 
with a KWD-1012A single-slot ultrasonic cleaner.

The geometric parameters for laser-textured 
specimens are given in Table 1. In this study, the 
side lengths of the three types of dimples are 
constant values: b = 300 μm, d = 338.5 μm, and 
c = 455.9 μm. The area ratio Ar of  the textured 
surface is controlled by the center distance a. The 
center distances corresponding to the five studied 
area ratios are 1 200, 960, 800, 685.7, and 600 μm, 
respectively.

2.2.4 Observation of 3D surface topography
The 3D surface topography of the textured speci-
men is observed with the WLI component embed-
ded in the MFT-5000 multi-function tribometers. 
Figure 5 gives the surface topographies of the tex-
tured specimens with square, circular, and triangle 
dimples with a texturing area ratio of 19.14%. The 
topographies shown in Figures 5a, b, and c, respec-
tively, correspond to specimens A4, B4, and C4 in 
Table 1.

Figure 4. Morphological parameters for dimples.

Figure 5. Surfaces of specimens A4, B4, and C4.

Table 1. Geometric parameters for textured specimens.

Specimen 
name

Dimple 
shape

Area 
ratio 
Ar

Dimple 
depth 
μm

A1, A2, A3, A4, A5 Square 6.25%, 
9.76%,

B1, B2, B3, B4, B5 Circular 14.06%, 
19.14%

7.06

C1, C2, C3, C4, C5 Triangular 25%
A6, A7, A8, A9 Square
B6, B7, B8, B9 Circular 6.25% 6.01, 11.77
C6, C7, C8, C9 Triangular 17.96, 28.64
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3 RESULTS AND DISCUSSION

All experiments are conducted under the ambient 
temperature of 26 oC. The duration of each fric-
tion test is 10 minute which is longer than the time 
needed for the stabilization of the friction coeffi-
cient. Moreover, each final friction coefficient is 
taken from the average value of three tests of an 
individual specimen.

3.1 At varied area ratio

The specimens used in this section are A1 to 
A5, B1 to B5, and C1 to C5 given in Table 1. 
At the pore depth h of  7.06 μm, the normal 
load s of  100 N and the reciprocating frequency 
q of  6 Hz, Figure 6 shows the texturing area 
ratio Ar versus friction coefficient f under drip 
lubrication.

As shown in Figure 6, with the increase in the 
area ratio, all the friction coefficients of  the three 
types of  textured surfaces increase first and then 
decrease. For the surfaces with triangular, square, 
and circular dimples, the minimum friction coef-
ficients occur at Ar = 14.06%, Ar = 9.76%, and 
Ar = 9.76%, respectively. This indicates that there 
exists an optimal texturing area ratio for a textured 
surface with specific pore depth and shape, which 
is similar to the results obtained for textured sur-
face with cylindrical dimples by Yu (2012). The 
friction coefficients of  untextured surfaces under 
the same working conditions are also given in 
Figure 6 (see the dotted line). One can see that 
all the friction coefficients of  textured surfaces 
are smaller than the corresponding values of  the 
untextured surfaces (i.e., 0.149), revealing that the 
surface texturing helps to decrease the friction 
coefficient. Generally, the antifriction effect of  the 
circular dimple is more obvious than that of  any 
others.

3.2 At varied pore depth

The effect of the pore depth h on the friction 
coefficient f is shown in Figure 7, where the tex-
turing area ratio Ar is 6.25%, the normal load s 
is 100 N, and the reciprocating frequency q of  
the lower specimen is 6 Hz. The results in this 
section are obtained from the specimens A6/A1/
A7/A8/A9, B6/B1/B7/B8/B9, and C6/C1/C7/C8/
C9 given in Table 1, and the corresponding pore 
depths are 6.01, 7.06, 11.77, 17.96, and 28.64 μm, 
respectively.

As shown in Figure 7, all the friction coefficients 
of the three kinds of textured surfaces decrease 
first and then increase with the increasing value of 
h. In addition, all the friction coefficients take the 
minimum value at a pore depth of approximately 
11.7 μm. It shows that there exists an optimal pore 
depth for minimizing the friction coefficient of a 
textured surface. Dotted line in Figure 7 denotes 
the friction coefficients of untextured surfaces 
under same working conditions. As shown in this 
figure, all the textures are beneficial to decrease 
the friction coefficients of the surfaces, except for 
the one of triangular textured surface with a pore 
depth of 6.01 μm. Mourier et al. 1989 pointed out 
that the dimple with a small depth helps to improve 
the hydrodynamic interaction between frictional 
surfaces under elastohydrodynamic lubricating 
conditions. However, an undersized dimple depth 
will weaken this improvement, and the difference 
between the tribological performances for surfaces 
with different textures becomes indistinct.

3.3 At varied normal load

At drip lubrications, the friction coefficient f 
obtained at different normal loads s is presented 
in Figure 8. Here, the texturing area ratio Ar is 
6.25%, the pore depth h is 11.77 μm, and the recip-
rocating frequency q of  the lower specimen is 6 Hz. 

Figure 6. Friction coefficient at varied texturing area 
ratio. Figure 7. Friction coefficient at varied pore depth.
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Moreover, the results in this figure correspond to 
the specimens A7, B7, and C7 given in Table 1. The 
normal load s is set at 60, 100, 140, 180, and 220 
N, respectively.

As shown in Figure 8, all the friction coefficients 
f for the three types of textured surfaces decrease 
with the increasing normal load s. The tribological 
pair in the test lies in boundary or mixed lubrica-
tion state due to the fact that the test is conducted 
under a drip lubrication state. According to the 
classic Stribeck curve in the above-mentioned 
lubrication regime, an increment in the normal load 
leads to a smaller Hersey number (ηU/s) and then a 
larger friction coefficient. Meanwhile, an increase 
in the normal load will result in an increased quan-
tity of contacting asperities on the surfaces of the 
tribological pair, and thus, the friction coefficient 
increases. At the same normal load, the textured 
surface with circular dimples performs with better 
antifriction capability, compared with the surfaces 
with square or triangular dimples.

3.4 At varied reciprocating frequency

The relation between the friction coefficient f and 
the reciprocating frequency q of  specimens A7, 
B7, and C7 at drip lubrication condition is given in 
Figure 9. All the results are obtained in the condi-
tion that the area ratio of the textured surfaces Ar, 
dimple pore depth h, and load s are taken to be 
6.25%, 11.77 μm, and 100 N, respectively. In addi-
tion, the reciprocating frequency is separately set 
to be 3, 6, 9, 12, and 15 Hz, corresponding to the 
average linear velocities of 0.06, 0.12, 0.18, 0.24, 
and 0.3 m/s, respectively.

From this figure, one can see that a faster recip-
rocating frequency brings out a smaller friction 
coefficient for the surface with three different 
dimples. According to the Stribeck curve under 
boundary or mixture lubrication state, the increase 

in linear velocity results in a larger Hersey number 
and a smaller friction coefficient. Meanwhile, at 
the same reciprocating frequency, the friction coef-
ficient becomes small in order of the surfaces with 
triangular dimples, square dimples, and circular 
dimples. Moreover, the frictional performances 
for the surface with the circular dimples are better 
than that for the surface with square or triangular 
dimples.

4 CONCLUSIONS

Through a reciprocating friction test, the present 
research investigates the frictional performances 
for the GCr15 bearing steel surfaces with square, 
circular, and equilateral triangular dimples at a 
drip lubrication state. The main conclusions are 
given below:

1. There exist an optimal texturing area ratio and 
a pore depth minimizing the friction coefficient 
of the textured surface at a drip lubrication 
state.

2. A larger normal applied load leads to an 
increased friction coefficient for any type of 
textured surfaces.

3. An increment in the reciprocating frequency 
helps to decrease the friction coefficient for all 
the textured surfaces given.

4. At drip lubrication state, the friction coeffi-
cient for the surface with circular dimples is the 
smallest, followed by those at square dimples 
and triangular dimples.
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ABSTRACT: Herringbone gears are widely applied in gas turbines and aeroengines at high speed and 
heavy load, and their frictional power losses are currently focused by many researchers. This paper stud-
ies the effects of various fluid rheological models (including Newtonian model, Ree-Eyring model, and 
power law model) on Elastohydrodynamic Lubrication (EHL) line contact for herringbone gears). While 
the model of EHL line contact for herringbone gears is established, the contact pressure, film thickness, 
and frictional power loss are calculated among various fluid rheological models, and the pressure distribu-
tion is obtained by multilevel solution. The numerical results show that there are no apparent differences 
in the pressure and film thickness between Newtonian fluid and Ree-Eyring fluid. However, the index of 
power law fluid greatly affects the pressure and film thickness distributions. With the increase in index, 
the second pressure spike and film thickness decrease. The frictional power losses of herringbone gear 
between Newtonian fluid and Ree-Eyring fluid are different due to the effect of rheological model on 
the lubricant equivalent viscosity. The frictional power loss of Newtonian fluid is larger than that of 
Ree-Eyring fluid.

Keywords: fluid rheological model, herringbone gear, frictional power loss, multilevel solution, elastohy-
drodynamic lubrication

bad. Therefore, lubrication failure becomes one 
of the main failures for gear drives and lubrica-
tion analysis of gears is a prerequisite for a further 
research on surface failure (Zhu et al. 2013). Liu 
et al. (2014) studied a micro-TEHL finite line con-
tact EHL model of a helical gear pair. Recently, Qin 
et al. (2014) studied friction and profile error exci-
tation for herringbone gears in the view of kinetics. 
Liu et al. (2005) studied numerical solution for the 
thermal EHL problems in point contacts using the 
Eyring model. Punit Kumar (2009) studied several 
types of non-Newtonian EHL models pertaining 
to lubricant rheology and piezo-viscous proper-
ties. During the gear meshing process, especially 
in high-speed and heavy-load cases, the power loss 
due to the tooth friction is significant (Liu et al. 

1 INTRODUCTION

Herringbone gears have great advantages includ-
ing a smooth transmission, big transmission 
torque, and high speed applications (Chen et al. 
2013). Hence, they are widely used in gas turbines, 
ships (Wang et al. 2010), and aeroengines. Many 
researches have studied the geometric model and 
dynamic characteristics of herringbone gears. Qin 
et al. (2014) proposed a model for herringbone plan-
etary gears, which can be applied in the dynamic 
analysis of variable speed processes. Chen et al. 
(2015) studied the nonlinear vibration response in 
a herringbone gear set under the influence of stag-
gering and pitch error. In many cases, the work-
ing conditions of herringbone gear are extremely 
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2015). Zhou et al. (2014) modeled and calculated 
the impact friction caused by corner contact in gear 
transmission and studied the complex mechanism 
of teeth impact friction. Liu et al. (2015) studied 
the frictional power loss under starved lubrication 
of a spur gear pair.

In this paper, the model of EHL for herring-
bone gears is established. The effects of various 
rheological models on EHL line contact for her-
ringbone gears are studied. Both Newtonian and 
non-Newtonian fluid models including Ree- Eyring 
fluid and power law fluid are used to depict the 
rheological behaviors. The frictional power loss of 
herringbone gears is also studied.

2 GEOMETRIC MODEL

The herringbone gear consists of  two identical 
helical gears with opposite hands without consid-
ering the assembly errors and the modification, 
and the load of  herringbone gear is shared by the 
similar helical gears. Thus, to illustrate clearly, 
the meshing process for helical gear pair is stud-
ied to obtain the equivalent curvature radius and 
entrainment velocity. The meshing principal of 
the helical gears is shown in Fig. 1, which indi-
cates that N1N1

’N2N2
’ is the theoretical plane of 

action. The length of  contact line K1K1
’ increases 

when engaging in and decreases when engag-
ing out. While in the engaging middle phase, it 
remains the same.

The plane of action for helical gear is shown in 
Fig. 2. N1N2 is the theoretical line of action and 
B1B2 is the actual line of action. The equivalent 
meshing width of tooth Bl and the length of con-
tact line l at different meshing points can be calcu-
lated. If  N1K1=r1d, then

B

r r

BlB

d fr
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=
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where r r r N B r N Bd b b fr a1 1rrd brr 1 1NN 1 1B rB a 1 2N BN⋅rbrr 1brr =N B r1N 1B rtan ,b .N1rar 1 2N BN Bβb  rb1 and 
βb are the base radius and base helix angle of driv-
ing gear, respectively. The relationship between the 
equivalent width of tooth Bl and the length of con-
tact line l can be shown as follows:

l Bl bB /cosβb   (2)

The total length of contact line lz for the total 
teeth meshing at the same time can be calculated 
by contact ratio εr,

Figure 1. Meshing process of helical gears.

Figure 2. Variation in contact line for helical gear.

l lz il ll
i

N

=
∑ ( )))

1

 (3)

where θ is the angular displacement of base circle 
for driving gear and N is the total number of teeth 
meshing at the same time.

The applied load on single tooth during mesh-
ing process can be expressed as

F
l
l

F
zl

zFF=
( )
( )

))
))

 (4)

where Fz=1000T/(mnz1cosαn) and T = 9549P/ns. P 
is the sum power of herringbone gears, kW; ns is 
the speed of driving gear, r/min; and mn is the nor-
mal module, mm.

The instantaneous contact of the helical gears 
could be approximately simulated using two trun-
cated cones with opposite orientations. As shown 
in Fig. 3, r1d and r2d are the radii of curvature of 
two equivalent cones, respectively. At any point K 
on the contact line K1K1

’, the transverse radii of 
curvature of K are r1, r2, respectively. The normal 
radii of curvature of K are R1, R2, respectively, and 
the following relationships can be concluded:

r rd by d b1 1r rr r 2 2= r yyy i β βb d by2 2 += sr yy2r rr r2rr rr=r in  (5)
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3 KINEMATIC EQUATIONS

3.1 Generalized Reynolds equation

when the point K, which is on the middle of con-
tact line, is studied, the governing hydrodynamic 
equation for EHL line contact and non-Newtonian 
fluid is given below (Yang et al. 1990):
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where x is the horizontal coordinate, p is the pres-
sure, ue is the entrainment velocity, h is the oil film 
thickness, U  is the dimensionless entrainment 
velocity, W  is the dimensionless applied load, u1 
is the velocity of driving gear and u2 is the velocity 
of driven pinion, ρ and η* are the lubricant density 
and the equivalent viscosity, respectively, and z is 
the coordinate of the direction across the film. In 
the contact region, generalized Reynolds equation 
must satisfy the following boundary conditions. 
P(xin) = 0, P(xout) = 0, and P(x)≥0, when x ranges 
from xin to xout, where xin is the inlet coordinate and 
xout is the outlet coordinate.

3.2 Film thickness and load equations

h x h
x
RKR

( )x ( )x= +h +0hhhh
2

2
δ ((  (11)

δ
π

( )δ ( ) ln( )
Eπ

p x( dx
x

x

in

out= −
′

′dx)∫x

2 2  (12)

where δ is the sum of normal deformation of two 
contact bodies, h0 is the central film thickness of 
the rigid bodies, RK is the equivalent radius of cur-
vature given by RK = R1R2/(R1+R2), and E’ is the 

Figure 3. Contact between equivalent cones with oppo-
site orientations. 

Figure 4. Velocity of the equivalent cone.

The equivalent radius of K can be shown as

R
R R

R RKR = 1 2R RR R

1 2R RR R
 (6)

where, R1 = r1/cosβb, R2 = r2/cosβb
The equivalent gap is expressed as

h h h z z
r

r

g gh h g

b

b

b

+hgh −z

= b ( )x rb−

+

1 2hgh+ 1 2z
1rr r

2rr
2

−
cos

cos
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βb

βb
b

βb

cocc s
cos
2

2 2 2

2

1 2

2
β

β βcos2
bβ

bβ ββ cos

K

x
r2

x
RKK

( )cos1 1 2 2cos2
2

βbβ rx cos22 cos2βbβ−1

≈ +
βbββ

=

 (7)

As shown in Fig. 4, it can be found that the axis 
N1N1

’ is the centrode by analyzing kinematic char-
acteristics of the driving gear, and the following 
relationships can be concluded:

u r1 1 1 2 2 2rrω ωr ur1 1 2rr ur u1rr u  (8)

The entrainment velocity ue, the slide velocity 
us, and the slide-to-roll ratio ξ can be concluded 
as follows:
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equivalent elasticity modulus given by 2/E’= (1−μ2
1)/

E1+(1−μ2
2)/E2

pdx w
x

x

in

out =∫x
 (13)

where w is the load per unit width.

3.3 Viscosity-pressure and density-pressure 
relationships

η η

{ }η + ( )× −⎡
⎣

⎤
⎦
⎤⎤

0η exp
η +η ( +⎡

⎣(⎡
⎣  (14)

where η0 is the lubricant viscosity at ambient pres-
sure. Z0 = α/[5.1 × 10−9(lnη0+9.67)], which is the 
Roelands viscosity-pressure coefficient, where α is 
the Barus viscosity-pressure coefficient.

ρ ρ0ρ 1 ( )0 90 ( )91 1 7 101 1 71 7⎡⎣⎡⎡ ⎤⎦⎤⎤101 1 76 10 96 ) (1 1 7 10 91 10+ ×1 71 7/)  (15)

where ρ0 is the ambient density.

3.4 Fluid rheological models.

3.4.1 Ree-Eyring fluid 
The rheological model of the Ree-Eyring fluid 
reads as

∂
∂

=
⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

u
z

τ
η

τ
τ

0τ

0τ
sin  (16)

where τ0 is the characteristic shear stress of the 
fluid. The non-Newtonian effect is taken into 
account in the generalized Reynolds equation, 
and it introduces the equivalent viscosity to solve 
the non-Newtonian problems. For the Ree-Eyring 
fluid, the equivalent viscosity included in the gen-
eralized Reynolds equation reads as

η η τ
τ

τ
τ

*η
⎛
⎝⎜
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⎝⎝

⎞
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⎞⎞
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⎛⎛
⎝⎝

⎞
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⎞⎞
⎠⎠0τ0τ ⎠ ⎝

sinh  (17)

For both Newtonian and non-Newtonian fluid, 
the following equation can be applied:

τ τ= +τ ∂
∂2τ z

p∂
x

 (18)

where τ2 is the shear stress on the surface of driven 
pinion.

Therefore,
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3.4.2 Power law fluid
As well, the rheological model of the power law 
fluid reads as

τ =
∂
∂

∂
∂

−

m
u
z

u
z

n 1

 (20)

The equivalent viscosity reads as

η ττ*η n n1 ( )n 1  (21)
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For power law fluid, the following viscosity- 
pressure relationship is adopted

m m= m { }z+m ( )p+ × −⎡
⎣

⎤
⎦
⎤⎤

0 { mm (⎡{{  
 

(23)

where m0 is the ambitious viscosity function.

3.5 Frictional power loss

P ufPP τuu  (24)

where Pf is the frictional power loss.
Use the following non-dimensional terms as

x x b h hR b z z hz h p p p
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4 RESULTS AND DISCUSSION

The Reynolds equation is discretized by the second-
order central differencing scheme for the Poiseuille 
flow term and the first-order backward differenc-
ing scheme for the Couette flow term. The multi-
grid method is used for pressure iteration (Venner 
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1991). There are 961 nodes on the finest grid level 
and 6 grid levels are adopted in the iteration group. 
The pressure iteration process continues until a rel-
ative accuracy of 10–3 is achieved and the applied 
load iteration process continues until a relative 
accuracy of 10–3 is achieved. The relevant param-
eters of herringbone gears and lubricant properties 
are given in Table 1.

4.1 Length of contact line and kinematic 
parameters during the meshing process

The relationship between the contact line length 
and the angular displacement of base circle for the 
driving gear during the meshing process is shown 
in Fig. 5a, which indicates that during the engag-
ing-in process, the contact line length increases, 
but it decreases during recession process, while 
in the middle phase of the engaging process, the 
contact line length stays the same. The variation in 
load during the meshing process is shown in Fig. 
5b; the variation trend is similar to that in Fig. 5a. 
There are three specific points A, B, and C in Fig. 
5b, which are studied for EHL performances in the 
following parts. Fig. 5c, d, e shows that the equiva-
lent radius of curvature, entrainment velocity, and 
slide-to-roll ratio change with the angular displace-
ment of base circle for driving gear, respectively. 
First, the equivalent radius of curvature increases 
slightly, and then decreases quickly. The entrain-
ment velocity keeps decreasing and the slide-to-roll 
ratio is zero at the pitch point.

4.2 Pressure and film thickness distributions 
among various fluid rheological models at 
three specific points

As shown in Fig. 6, in lightly loaded case, the sec-
ond pressure spike cannot be seen, the effects of 
three fluid rheological models have some differ-

ences in pressure, but the film thickness is simi-
lar for both Newton fluid and Ree-Eyring fluid, 
because even with different slide-to-roll ratios, 
there are no apparent differences in the film thick-
ness between Newton fluid and Ree-Eyring fluid. 
However, the power law index of power law fluid 
has significant influence on the film thickness. 
In the case, its value is above 1.0, and the film is 
thinner compared with Newtonian fluid. Fig. 7 
shows that with the increase in load, the pressure 
profile changes and a pressure spike appears, with 
the same power law index of power law fluid, the 
effects of which on pressure and film thickness 

Table 1. The parameters of herringbone gears and 
lubricant properties.

Parameter Unit Value

Number of teeth, Z1,2 – 34,28
Normal pressure angel, αn deg 20
Helix angel, β deg 33
Teeth width, B mm 60
Input power, P kW 400
Input speed, ns r/min 2000
Oil density at ambient pressure, ρ0 kg/m3 870
Oil viscosity at ambient pressure, η0 Pa⋅s 0.08
Equivalent Young’s modulus, E’ Pa 2.2 × 1011

Characteristic shear stress, τ0 MPa 10
Pressure viscosity coefficient, α P–1

a 2.19 × 10–8

Figure 5. Length of contact line and kinematic 
parameters.

Figure 6. Pressure and film thickness distributions at 
point A among various fluid rheological models.
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distributions are similar to that in Fig. 6. Fig. 8 
shows that the pressure and film thickness profiles 
are similar to that in Fig. 6. The reason is that the 
load is the same and the entrainment velocities and 
equivalent curve radii are similar.

4.3 Effect of the characteristic shear stress

When the working condition and parameters are 
all the same to point B, the effect of characteristic 
shear stress τ0 of Ree-Eyring fluid on pressure and 
film thickness is shown in Fig. 9. Under different 
characteristic shear stresses, oil pressure profiles 
are similar and the characteristic shear stress just 
affects pressure spike, which increases slightly with 
the growing characteristic shear stress. At the same 
time, oil film profiles are also similar due to similar 
pressure distributions.

4.4 Effect of power law index on power law fluid

when W = 3.5 × 10−5, U = 2.0 × 10−11, and G = 5000, 
the power law index has a great effect on pres-
sure and oil film thickness. As shown in Fig. 10, 
it can be seen that with the increase in power law 
index, the pressure spike decreases and it moves 
toward the outlet field, while the oil film thickness 
decreases as well. The reason is that the power law 
index changes the equivalent viscosity of the power 
law fluid.

4.5 Frictional power loss among various fluid 
rheological models

Fig. 11 shows the frictional power loss between 
Newtonian fluid and Ree-Eyring fluid. It can be 
seen that the velocities of both fluids in the middle 
layer of lubricant are almost the same, which indi-
cates that fluid rheological models have no obvious 

Figure 7. Pressure and film thickness distributions at 
point B among various fluid rheological models.

Figure 8. Pressure and film thickness distributions at 
point C among various fluid rheological models.

Figure 9. Pressure and film thickness at point B with 
different characteristic shear stresses.

Figure 10. Pressure and film thickness at different 
power law indexes.

Figure 11. (a) Velocity, (b) equivalent viscosity, and 
(c) frictional power loss among various fluid rheological 
models.
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effect on velocities. The values of friction power 
loss are different, but the variation trend remains 
the same, because fluid rheological models greatly 
affect the equivalent viscosity. In Ree-Eyring fluid, 
the equivalent viscosity decreases more than that 
in Newtonian fluid, which results in less friction 
power loss.

5 CONCLUSIONS

In this paper, an elastohydrodynamic lubrication 
model for herringbone gears has been proposed. 
The effects of various fluid rheological models 
on EHL line contact and the frictional power loss 
were also studied. From the numerical simulation 
of EHL model for herringbone gears, the follow-
ing conclusions could be obtained:

1. The difference between Newtonian fluid and 
Ree-Eyring fluid in pressure and film thick-
ness distributions was slight, but the power law 
index of power law fluid had great effect on film 
thickness distribution.

2. The characteristic shear stress of Ree-Eyring 
fluid had no significant effect on pressure and 
film thickness distributions. However, the power 
law indexes of power law fluid greatly affected 
the pressure and film thickness. When the index 
increased, the second pressure spike decreased 
and was closer to the outlet, and the oil film 
thickness decreased as well.

3. The frictional power loss of Newtonian fluid was 
larger than that of Ree-Eyring fluid because the 
lubricant equivalent viscosity was less accord-
ing to the Ree-Eyring rheological model.
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Design, manufacturing and analysis for an indexable carbide inserted 
blade cutting hob of planar double-enveloping circular worm drive

Y.W. Cai, L.G. Yao, J. Zhang, G.P. Liu & C.S. Fang
School of Mechanical Engineering and Automation, Fuzhou University, Fuzhou, Fujian, China

ABSTRACT: Indexable carbide inserted blade cutting hob can provide increased productivity and qual-
ity. Due to the increased requirements for large-scale gears applied in mining, wind turbine and other 
fields, there has been an intensive demand for the design of indexable carbide inserted blade cutting 
hob. This paper proposes a novel indexable carbide inserted blade cutting hob for the planar double-
enveloping circular worm drive. The proposed cutting hob consists of a cutter body and 6 radically uni-
form distributed segments including cutter pads, blades, end covers and connecting screws. Based on the 
axial tooth profile data, a digital modeling method for the planar double-enveloping worm hob is put 
forward. Then, the 3D solid model of the inserted blade indexable worm hob is established. The design 
process for the cutting hob is investigated and the machining simulation is further performed. Finally, a 
prototype of the cutting hob is manufactured according to the theoretical analysis.

this model, they analyzed the meshing character-
istics of the worm gear by consideration manu-
facture errors and load deformations. Sun (2007) 
completed a planar double-enveloping circular 
worm solid model through Boolean operations.

From the above discussions, it can be found 
that the previous researches mainly focused on the 
modeling and analysis of the circular worm tooth 
profile.

Different from the above studies, this paper aims 
to develop a novel indexable carbide inserted blade 
cutting hob for the planar double-enveloping cir-
cular worm drive. After introducing the structure 
of the proposed cutting hob, a digital modeling 
method for the cutting hob based on axial tooth 
profile data is put forward. Then, a 3D solid model 
of the cutting hob with the indexable inserted 
blades is established. The design process and 
manufacturing simulation are further performed. 
Finally, a prototype of the cutting hob is manufac-
tured and tested.

2 STRUCTURE OF INDEXABLE CARBIDE 
INSERTED BLADE CUTTING HOB

The structure of the indexable carbide inserted 
blade cutting hob of planar double-enveloping cir-
cular worm is shown in Fig. 1.

The tooth surfaces on the two sides of the blade 
cutting hob are respectively named A tooth sur-
face and B tooth surface. The worm gear hob as 
a cutting tool should remain a back corner, which 

1 INTRODUCTION

The planar double-enveloping circular worm drive 
was developed in the background of the machin-
ery industry toward the high speed, heavy load and 
efficient direction. Due to the increased require-
ments for large-scale gears applied in mining, 
wind turbine and other fields, there has been an 
intensive demand for the design and manufactur-
ing of indexable carbide inserted blade cutting hob 
which can provide higher productivity and qual-
ity. Though numerous investigations have been 
carried out on mathematical modeling, geometric 
properties, and manufacturing approaches for the 
circular worm tooth profile, there is no literature 
on the design and manufacturing of the indexable 
carbide inserted blade cutting hob to the authors’ 
best knowledge. Yao (2003) developed a paramet-
ric design system for the planar double-enveloping 
circular worm reducer based on the OpenGL with 
which the parametric optimal design, 3D modeling, 
assembling and simulation can be automatically 
fulfilled. Zhang (2011) proposed a tooth surface 
configuration method for the worm gear and com-
pleted the solid modeling and error analysis for 
the planar enveloping circular worm drive based 
on UG/GRIP. Ma (2006) used the Broyden itera-
tive method to obtain the original tooth surface 
data and completed the solid modeling of a planar 
double-enveloping circular worm drive based on 
Matlab and UG/GRIP. Xu (2005) used the direct 
numerical modeling method to complete a planar 
double-enveloping circular worm model. Based on 
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forms the main flank face and side flank face. In 
addition, the main elements of worm gear hob also 
include primary and secondary cutting edge, rake 
face, top torus and dedendum torus of the hob.

3 THE MATHEMATICAL MODELING OF 
THE PLANAR DOUBLE-ENVELOPING 
WORM HOB 

3.1 Steps for solving the axial tooth profile data

As shown in Fig. 1, the tooth thickness of the hob 
is variable, which makes the main cutting edge diffi-
cult to be determined. When given a value between 
tooth top radius and fillet radius as a constraint, 
a nonlinear equation group is formed. Because A 
and B sides of the hob are spiral surfaces, there 
will exist multiple solutions when reverse seeking 
ϕ1 (the angle around the hob axis) or ϕ2 (the angle 
around the worm axis).

As shown in Fig. 2, when given the limit of the 
radius R of  the arc, point P to meet R can be found 
in each tooth. To solute the nonlinear equations, 
the common solution methods such as the New-
ton downhill method are difficult to determine 
the roots. For this reason, the following section 
will discuss the solution for the axial tooth profile 
data.

Each point on A and B tooth surfaces of the 
hob is corresponding to a definite u and ϕ2. When 
fixes u and changes ϕ2, the spiral line is obtained 
along the tooth length direction. When fixes ϕ2 and 
changes u, the contact line along the tooth height 
direction is obtained. Based on such change rule, a 
given value of u can determine a value of ϕ2, thus 
determines the point P1. Define the angle between 
the half  section through P1 and the worm axis and 
i1

(0) positive direction as θ1. As shown in Fig. 3 (a), 
the hob has not be slotted. When the angle is θ2, 
the situation is the same. When given a value of ϕ2, 
it can determine a value of u, which can determine 
the point to meet the arc radius R.

From the above analysis, the solution steps of 
the axial profile data can be addressed as follows:

1. Give the initial design parameters including 
center distance, transmission ratio, generating 
plane tilting angle, tooth top arc radius and 
dedendum arc radius of the hob.

2. Solve the corresponding value θ0 and ϕ2 of the 
starting point. According to Fig. 3, the spiral 
intersecting line between A (B) tooth surface of 
the hob and dedendum torus is named A (B) 
root spiral line of the hob; the intersection line 
between A (B) tooth surface of the hob and 
addendum torus is named A (B) addendum spi-
ral line of the hob. The intersection point of B 
root spiral line of hob and the right end surface 
of the hob is defined as the starting point. Simi-
larly, its end is called the starting end. When the 
coordinates of intersection point Pf of  the front 
cutter face (cutting plane) and B tooth surface 
of the hob is on the right end face, this point Pf 
is the starting point. The method of finding the 
corresponding ϕ2 of initial point is the golden 
section method. First of all, the search interval 
of ϕ2 is given as [ϕ2a, ϕ2b]. ϕ2a is less than initial 
angle, ϕ2b is less than the half  work angle. When 
given value of ϕ2 every time, one can derive u to 
satisfy dedendum arc radius Ruf. Then one can 
judge if  the point determined by ϕ2 and u is on 
the right end face or not. To solve u to satisfy 
Ruf, the golden section method is also applied. 
After calculating the coordinates of the starting 

Figure 1. The structure of the hob of planar double-
enveloping circular worm.

Figure 2. Roots of cutting edge equation.

Figure 3. Axial tooth profile of different angular 
positions.
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point, the corresponding θ0 of the starting point 
can be obtained by using inverse trigonometric 
functions.

3. Solve the coordinates of point Pf on the gear sur-
face of the hob. As shown in Fig. 3 (a), the coor-
dinates of the point Pf on A tooth surface of the 
hob corresponding to B tooth surface of the hob 
should satisfy the restrict conditions θ0 and the 
tooth root arc radius Ruf. Calculate u to satisfy 
Ruf by golden section method. When searching u, 
given u each time, calculate ϕ2 to satisfy θ0 on the 
basis of value u. Take this u and ϕ2 into A tooth 
surface equation of the hob, then calculate the 
coordinates of the point. And determine whether 
the point meets Ruf or not until find the point 
satisfying both Ruf and θ0. Then this point is the 
coordinates of Pf on A tooth surface of hob.
There may be many solutions for ϕ2 when the 

above requirements are satisfied θ0 by a given value 
u. So it is necessary to control the search interval to 
have a unique and orderly way to solve the coordi-
nates of Pf. The specific procedure is as follows:

As shown in Fig. 4, θ0 indicates the projection 
of  Pf and half  section of  the hob axis in the plane 
i1

(0) − j1
(0) around the origin O1

(0) turns to i1
(0) 

clockwise. θ01 and θ02 are the same meaning with 
θ0, whose difference is the points Pf1 and Pf2 are 
obtained when ϕ2 are given as ϕ21 and ϕ22 respec-
tively, and ϕ22 = ϕ21 + γ, γ is on behalf  of  a given 
search interval size. When θ0 is in the change 
range of  θ01 to θ02, [ϕ21, ϕ22) is a solution search 
interval. In a certain range, when ϕ22 > ϕ21, the 
resulting variation range is not including i1

(0), θ02 
< θ01. At this point, it is easy to judge whether [ϕ21, 
ϕ22) is a solution interval. If  θ02 < θ0 ≤ θ01, there is 
a solution interval; otherwise, there is no solu-
tion interval. When the change range of  θ01 to θ02 
is including i1

(0), θ02 falls in the fourth quadrant, 
so θ02 > θ01. At this time, it is more complex to 
determine whether [ϕ21, ϕ22) is a solution interval. 
The whole change interval [0, 2π) is divided into 
two parts, one part is called the adjacent region 
[0, θa) ∪ (θb, 2π] of  i1

(0), and the other is called 
the middle section [θa, θb]. To determine whether 
[ϕ21, ϕ22) is a solution interval, it will be divided 

into two cases. One is θ0 in [0, θa) ∪ (θb, 2π], the 
other is θ0 in [θa, θb]. When θ0 is in [θa, θb], if  satis-
fied θ02 < θ0 ≤ θ01, [ϕ21, ϕ22) is a solution interval; 
otherwise, there is no solution interval. When θ0 
is in [0, θa), if  satisfied θ0 ≤ θ01 < θ02 or θ02 < θ0 
≤ θ01, [ϕ21, ϕ22) is a solution interval, otherwise, 
there is no solution interval. When θ0 is in (θb, 
2π], if  satisfied θ0 > θ02 > θ01 or θ02 < θ0 ≤ θ01, [ϕ21, 
ϕ22) is a solution interval; otherwise, there is no 
solution interval. At this point, we can determine 
whether a given interval [ϕ21, ϕ22) is a solution 
search interval satisfied θ0.

For Pf on the starting end of A tooth surface of the 
hob, use ϕ2 obtained from step 2 and appropriately 
reduce to be ϕ21, ϕ22 = ϕ21 + γ. Then judge whether 
[ϕ21, ϕ22) is a solution interval. If there is no solution 
interval, ϕ21 will be assigned to ϕ22, ϕ22 = ϕ21 + γ, and 
then continue to judge. Take [ϕ21, ϕ22) determined 
the first time as the final solution search interval 
of ϕ2. For Pf on the non-starting end, ϕ2 corre-
sponding to the point Pf on the previous section is 
appropriately reduced to be ϕ21, ϕ22 = ϕ21 + γ. The 
solution interval judgment method is the same as 
above.
4. To determine whether the coordinates of Pf is in 

the work range of the hob. If  in, turns to step 5), 
if  not, turns to step 8).

5. Solve the coordinates of Pa on A tooth sur-
face of the hob. Referring to Fig. 3 (b), use the 
same method to solve the coordinates of Pf 
on A tooth surface of the hob in step 3). And 
exchange the limited condition Ruf for Rua, then 
solve the coordinates of Pa on A tooth surface 
of the hob.

6. Solve the coordinates of the middle points 
between Pf and Pa on A tooth surface of the hob. 
And the middle points are defined as a series 
of discrete points which are located in the same 
rake face of Pf and Pa. These points also form 
A side cutting edge of the hob. Pf and Pa are 
two endpoints of the intersecting line between 
the same rake face and A tooth surface of the 
hob. Let u on this intersection line vary monot-
onically. After the value of u is determined, ϕ2 
can be calculated to satisfy the constraint of θ0. 
These u and ϕ2 determine the coordinates of the 
middle points P1', P2'...... Pn' between Pf and Pa. 
This completes the solution of coordinates of 
points on A side cutting edge of the hob.

7. Constantly modify the value θ0. That is, changes 
the rake face position, and turns to step 3), to 
solve A deputy cutting edge data of hob on a 
series of positions. To be specific, make θ0 minus 
2π/L0, where L0 is an integer, whose physical 
meaning is density of the cutting plane along 
the circumferential direction. The greater L0 is, 
the more dense the cutting plane will be. When 
θ0 < 0, set θ0 as θ0 + 2π.Figure 4. Schematic diagram of solution interval of ϕ2.
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 8. Correct the end θ0, and solve the correspond-
ing coordinates of Pf, Pa and the middle points 
to this θ0. When Pf is out of the working zone, 
correct θ0 obtained from the last time, then 
solve the coordinates of Pf, Pa and the middle 
points according to step 3), step 5) and step 6). 
The solving method of the end θ0 is the same as 
the method of step 2). The conditions should 
be satisfied left end surface and dedendum arc 
radius Ruf. Upper and lower limits of the search 
interval of ϕ2 are the value of ϕ2 corresponding 
to Pf beyond the length of the hob torus face 
last time and the value of ϕ2 corresponding to 
Pf on a previous section plane, respectively.

 9. Solve the coordinates of Pf, Pa and the middle 
points on B tooth surface of the hob step by 
step with the same value θ0 of A tooth surface 
of the hob. The solution is the same as that of 
A tooth surface.

10. Solve the coordinates of the point on the 
main cutting edge of the hob. As known from 
step 1) to 9), the Pa1 and Pa2 in Fig. 5 have 
been obtained, it can reverse the correspond-
ing value ϕ, ϕa1 and ϕa2 by the hob tooth top 
torus equation. As in the same rake face, the 
values of θ corresponding to the point on the 
main cutting edge are equal, that is, θ0 corre-
sponding to Pa1 or Pa2. When θ is known, and 
ϕ is a series of discrete value between ϕa1 and 
ϕa2, which taken into torus equation can get a 
series of points’ coordinates. These points con-
stitute the data points of the main cutting edge 
between Pa1 and Pa2. After working out a series 
of data points of the main cutting edge along 
the spiral direction, the solution of tooth top 
torus data of the hob is accomplished.

3.2 Solid modeling of the planar double-
enveloping worm hob

A cutting hob of the planar double-enveloping 
circular worm can be classified into three types 

according to its structural features: the integral 
type, the inserted tooth type and the inserted piece 
type. This subsection will describe the process of 
solid modeling of an indexable carbide inserted 
blade cutting hob which claims the advantageous 
characteristics of inserted tooth type and inserted 
piece type. Because of its inserting characteristic, 
it can avoid the overall use of tool steel and high 
cost; meanwhile, the indexable function prolongs 
the cutter life.

As shown in Fig. 6, the main structure of an 
indexable insert cutting hob includes a cutter body, 
a set of cutter pads and blades, two end covers and 
a set of fasteners. The blade shape is an approxi-
mate rhombus. When the upper edge is worn or 
chipped, it can still be used by rotating 180°. Since 
each blade must be a complete rhombus, the length 
of the torus should be slightly larger than that of 
the integral type. Since the wear resistance of the 
carbide is better than that of ordinary tool steel, 
the indexable blade can be made of carbide. The 
edge belt is not retained, so the blade is modeled 
only on the basis of the edge curve. The cutting 
edge data (that is, the axial profile data) calculated 
and saved in Matlab is imported into Solidworks 
to get an edge curve of the cutter tooth as shown 
in Fig. 7.

By using the converting entity-reference com-
mand, the edge curve will reappear on a sketch 
datum which is established to coincide with the 
edge curve. After executing a solid-copying com-
mand and an entity-rotating order, the other 
three cutting edges those are symmetrical about 
the center point can be obtained. The results are 
shown in Fig. 8.

An entity can be generated according to the cut-
ting edge curves in Fig. 8 by a stretching command. 
Because the resulting flank face is a space curved 
surface, which can not be directly used as a posi-
tioning surface. Since the blade must be accurately 
positioned on the cutter pad, the indexable blade 
after shoveling the back is manipulated to form 
the positioning plane by executing the stretch-cut 
command once again. The original indexable blade 
solid generated by the edge curve, the blade entity 
after shoveling the back and the blade entity with 
the positioning plane are illustrated in Fig. 9 (a), 
(b), (c), respectively.

Through the positioning planes which form a 
certain intersection angle on both sides of the blade 
and the positioning plane on the blade back, the 
complete positioning of the blade can be carried 
out. Then the solid model of the indexable blade 
can be obtained after punching a stepped hole for 
fastening in the center point of the blade. The solid 
model of the indexable blade is shown in Fig. 10.

The cutter pad has functions of positioning the 
indexable blade and protecting the cutter body. The 

Figure 5. The schematic of the data solution for main 
cutting edge.
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blade on the cutter pad “thin” by the movement 
command in Solidworks. Moving A tooth surface 
of the hob to the right is presented in Fig. 11.

The moved A and B tooth surfaces of the hob 
are transformed into the corresponding solid entity, 
and the base model of the hob is established, then 
the corresponding strip cutter pad can be obtained 
by using the stretch-trim command along the axial 
direction as shown in Fig. 12.

In order to realize the accurate positioning of the 
indexable blade, the plane positioning the index-
able blade on the cutter pad must have the same 
spatial location with the corresponding positioning 
plane on the indexable blade. Therefore, the cutter 
pad and the blade entity are combined together 
according to the corresponding spatial position. 
Then using the Boolean subtraction method once 
again, a plane for positioning the blade can be car-
ried out. The blade used to form the pad position-
ing face is called the tool blade, which is combined 
together with the cutter pad as shown in Fig. 13 
(a). Then the necessary anti-interference grooves 
(in the intersection of the positioning surfaces) 

Figure 6. The structure of indexable insert cutting hob.

Figure 7. The cutting edge curve of the hob.

Figure 8. The edge curve of indexable blade.

Figure 9. The indexable blade entities.

Figure 10. The solid model of indexable blade.

cutter pad and cutter body have bosses support-
ing the blade above the tooth top torus. In order 
to prevent interference, the bosses’ size along the 
axial direction must be less than the corresponding 
size of cutter tooth. This paper adopts a method 
of moving A and B tooth surfaces to the middle 
respectively. That is, make the boss supporting the 

Figure 11. Moving A tooth surface of the hob to the 
right.

Figure 12. The cutter pad without positioning groove.

Figure 13. Forming process of positioning surface.
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and the center holes corresponding to the index-
able blades can be punched, and the cutter pad 
eventually formed is presented in Fig. 13 (b).

As previously stated, moving A and B tooth sur-
faces of the hob makes the cutter tooth “thinner”. 
And opening 6 rows of the corresponding straight 
grooves on the cutter body is to accommodate 
and locate the cutter pad. Due to the special torus 
character of the cutting hob of the planar double-
enveloping circular worm, the cutter pad illustrated 
in Fig. 13 has the feature that both ends are high 
and the middle is low. And the hole matched with 
the cutter bar must be punched on the cutter body 
and the straight grooves accommodating the cut-
ter pad on the cutter body can not be opened too 
deeply, which makes the radial size of the cutter pad 
limited, resulting in a phenomenon that the blade 
bottom in the middle of the cutter pad is beyond 
the bottom surface of the cutter pad. In order to 
prevent the blade from interfering in the cutter 
body, the groove on the cutter body is punched 
in the corresponding position of the cutter blade 
beyond the cutter pad, so as to accommodate the 
prominent part of the blade, and the cutter body 
model is finally obtained shown in Fig. 14.

The blade, the cutter pad and the cutter body are 
locked with the hexagon socket countersunk head 
screws and the nuts. The screws penetrate from the 
cutter body to rake face of the blade to avoid the 
screw for too long interfering in the adjacent cutter 
tooth. The method can avoid the interference of 
the screw head and the worm tooth surface newly 
processed. In the nut end, fill up the flat washer 
and spring washer from bottom to top in turn. The 
flat washer can increase the force area of the index-
able blade, and the spring washer has the role of 
anti loosening.

The two end covers of the indexable inserted 
blade cutting hob own the functions of axial posi-
tioning and pressing the cutter pad. And the model 
can be established by using the commands such as 
stretching and rotating commands.

At this point, the solid models of each compo-
nent of the indexable inserted blade cutting hob 
of the planar double-enveloping circular worm are 
established, which can provide the data source for 
NC machining.

4 SIMULATION AND MANUFACTURING 
OF THE INDEXABLE CARBIDE 
INSERTED BLADE CUTTING HOB 

4.1 The simulation process of the hob

The simulation process for the cutting hob can be 
completed based on CAM according to the solid 
model obtained from the subsection 3.2. Because 
the worm gear hob is a revolving body, and the 
complex curved surface of the cutter tooth is dis-
tributed on the peripheral circumference, the NC 
milling machine with 4 axes (or even 3 axes) can 
be used for the processing. When the NC milling 
machine with 3 axes is adopted, since the cutter 
tooth has 6 rows, the processing of the whole cutter 
tooth can be finished by turning 6 times. In order 
to remove the extra blank on the row of cutter 
tooth being milled, and protect the adjacent rows 
of cutter tooth from milling at the same time, the 
milling row of cutter tooth should be surrounded 
in the middle of two half  sections established with 
the included angle of 60˚.

The machining process and parameters are pre-
sented in Table 1, where, the unit of the main shaft 
speed is r/min, that of the feed rate is mm/min, and 
the other units are mm.

After the preparation and execution of the cor-
responding procedure according to Table 1, the 
machining simulation of the cutter tooth can be 
accomplished. In Cimatron E, we can draw a cylin-
drical blank, then the entity will be filled under the 
maximum cylinder profile by the surface generation 
method. Finally, it generates a blank whose upper 
and lower parts are a half cylindrical and a rectan-
gular block. The tool path and the machining simu-
lation process for one row of cutter tooth of the hob 
are illustrated in Fig. 15 and Fig. 16. With the same 
procedure and parameter settings, the remaining 5 
rows of cutter teeth can be finished.

4.2 The manufacturing of the hob

After the above simulation program is transmitted 
to the NC machine through the post processing pro-
gram, the manufacture of the gear hob can be carried 
out. The finished cutting hob is shown in Fig. 17.

Because all the cutter teeth are formed on the NC 
machine, the precision of the cutting hob depends 
on the accuracy of the model and the machin-
ing accuracy of the machine. Compared to the 

Figure 14. The cutter body of indexable insert worm 
hob.
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traditional processing methods, numerical control 
eliminates the working procedure of manual shovel 
back. In particular, the side teeth can be completely 
machined according to the theory of correct tooth 
shape, and the accuracy has been improved. The 
material of the cutting hob is Cr12MoV, after 
quenching at a temperature of 1000 °C and oil 
cooling, the theoretical hardness of the cutting 
hob is about HRC 58∼62. By means of the actual 
measurement, it shows the hardness range of every 
tooth surface is about HRC 57.2∼61.0, which basi-
cally conforms to the requirement. The hardness 
test is presented in Fig. 18.

5 CONCLUSIONS

In this paper, we proposed a modeling method for 
the cutting hob of the planar double-enveloping 
circular worm based on the axial profile data. The 
solving divergence about the tooth surface of two 
ends ensured the consistency and accuracy of the 
hob tooth surface. The axial profile data of any 
angle position provided the data source for the 
modeling and manufacture of the cutter tooth or 
blade. We accomplished the design of an indexable 
carbide inserted blade cutting hob of the planar 
double-enveloping circular worm, and the indexa-
ble characteristic is expected to improve the service 
life and the machining efficiency of the hob.

Table 1. The machining process and parameters of the hob.

Process Tools
Safety 
plane

Spindle 
speed

Feed 
rate

Cutting 
depth

Machine 
allowance

Surface 
accuracy

Rough machining D16R0.8 Nose knife 15 2100 3500 0.22 0.3 0.01
Two opening D6 Flat blade 15 3000 3000 0.18 0.1 0.01
Local root cleaning D6R3 Ball cutter 12 4000 2000 0.1 0.05 0.01
Fine machining D6R3 Ball cutter 15 4000 2500 0.12 0 0.01
Finish cleaning D4R2 Ball cutter 15 4000  1500 0.07 0.03 0.01
Finish cleaning 2 D3 Flat blade 15 4000  1500 0.07 0 0.01

Figure 15. The tool path of one row of cutter tooth for 
the hob.

Figure 16. The machining simulation for one row of 
cutter tooth of the gear hob.

Figure 17. The finished cutting hob.

Figure 18. The hardness test for the cutting hob.
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Manufacturing method of large-sized cylindrical worm gear with 
Neiman profile using CNC combined machine tool
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I. Tsuji
Iwasa Tech Co. Ltd., Funabashi, Japan

ABSTRACT: A large-sized worm gear with Neiman profile is manufactured using a CNC combined 
machine tool. This manufacturing method has some advantages that realize arbitrary modification of 
tooth surfaces and machining of the part except the tooth surfaces. For this study, first the tooth contact 
pattern and transmission errors of large-sized worm gear pair with Nieman profile are analyzed. Next, 
the numerical coordinates on the tooth surfaces of the worm wheel are calculated and the tooth profiles 
are modeled using a 3D-CAD system. After rough-cutting, the worm wheel was semi-finished and fin-
ished based on a CAM process. The tooth surface deviations were detected and the surface roughness 
was measured. Both the obtained tooth surface deviations and surface roughness were small enough. The 
manufactured worm wheel was meshed with the ground worm gear and the tooth contact pattern was 
observed. The tooth contact pattern showed a good agreement with analyzed one. From these results, the 
validity of the manufacturing method of the large-sized worm gear pair with Neiman profile using a CNC 
combined machine tool was confirmed.

The worm wheel is usually generated by the 
hob cutter that is identical to the mating worm 
to be conjugated at the worm gear tooth surface 
are in line contact based on the theory of gearing. 
However, worm gear manufacturers have to apply 
oversized cylindrical hob cutters with land edges 
for longer tool life and good meshing condition of 
the gear pair.

The worm gear pair is usually used for outmoded 
power transmission of pulverized coal mill in ther-
mal power generation and rolling mill of iron man-
ufacture plant when the gear pair has large size. 
Due to the increase of the demand for renovation 
of old plants in the world, the demand of large-
sized worm gear pair has also increased in recent 
years and hereafter the demand may increase more 
and more. While the large-sized worm gear is usu-
ally manufactured by NC worm grinding machine 
which can control the variety of tooth profiles, the 
large-sized worm wheel is usually generated by a 
continuous cutting procedure using a specialized 
hobbing machine with tangential feed and large-
sized worm hob cutter with special profile like Nei-
man. However, the number of the production of 
the specialized hobbing machine corresponding to 
the large-sized worm wheel has recently decreased 
and the accuracy of hobbing machine is getting 
worse more and more. Moreover, it is very hard 

1 INTRODUCTION

A worm gear pair is usually mounted on noninter-
secting shafts which are at 90 degree shaft angle. 
This worm gear pair is composed of a driving 
worm and a driven worm wheel, and is used for a 
large speed reduction ratio and a high road carry-
ing capacity (Townsend 1991, Davis 2005, Stephen 
2012).

In rough comparison, there are two types of 
worm gear pairs. One is a worm gear pair with 
a cylindrical worm and the other is a worm gear 
pair with an hourglass worm (South and Ewert 
1995). The worm gear pair with the cylindrical 
worm is mostly used due to the easiness of  the 
manufacturing although the worm gear pair with 
the hourglass worm has more tooth surfaces in 
contact than that of  worm gear pair with the 
cylindrical worm.

There are a lot of types of tooth profiles in the 
cylindrical worm gear pair. The worm gear pair 
with Nieman profiles which is one of a lot of types 
of tooth profiles has the following advantages 
(Dudas 2000): The bearing stress decreases and 
it makes possible to enlarge transmission torque 
because the worm with concave tooth profile and 
worm wheel with convex tooth profile are meshed 
each other.
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to manufacture large-sized worm hob cutter in the 
world and it costs a lot.

In recent years, the high precision machining of 
various types of gears has been expected using a 
multipurpose due to the development of multi-axis 
control and multi-tasking machine tool (Nakami-
nami et al. 2007, Moriwaki 2008). The manufac-
turing methods of bevel gears and double helical 
gears using a CNC machining center have been 
proposed in order to respond such expectations 
(Alves et al. 2013, Lei et al. 2014, Kawasaki et al. 
2010, Tsuji et al. 2013, Kawasaki et al. 2014).

In this paper, a large-sized worm gear with Nei-
man profiles is manufactured using a combined 
machine tool. This manufacturing method has the 
following advantages: (i) The tooth surfaces can 
be modified arbitrarily. (ii) All we have to do in 
gear machining is only one machine settings. (iii) 
The hole and blank diameter and so on except the 
tooth surface can be also machined. (iv) The aux-
iliary apparatus, special type of tools, and special 
type of machine tools are not needed.

For this study, first the tooth contact pattern 
and transmission errors of  large-sized worm 
gear pair with Nieman Profile are analyzed. 
Next, the tooth profiles of  the worm wheel are 
modeled using a 3D-CAD system. The material 
of  the worm wheel was bronze casting and the 
worm wheel was machined by swarf  cutting that 
is machined by the side of  the end mill using a 
coated carbide end mill based on a CAM proc-
ess. The real tooth surface was measured using a 
coordinate measuring machine and the tooth sur-
face deviations were detected using the measured 
coordinates. Moreover, the surface roughness was 
measured. As a result, both the obtained tooth 
surface deviations and surface roughness were 
small enough. The tooth contact pattern of  the 
manufactured large-sized worm gear pair was 
observed. The tooth contact pattern showed a 
good agreement with analyzed one. From these 
results, the validity of  the manufacturing method 
of  the large-sized worm gear pair with Nei-
man profile using a combined machine tool was 
confirmed.

2 TOOTH SURFACES OF WORM AND 
WORM WHEEL FOR WORM GEAR PAIR

The axial tooth surface of the worm with Nei-
man profiles is defined as concave circular arc. 
The worm tooth surface is usually generated as 
an enveloping about a series of the grinding wheel 
with convex circular arc. The tooth surface of 
worm wheel is considered as the conjugate tooth 
surface which is generated as an enveloping about 
a series of the worm tooth surface.

Figure 1 shows the mounting of the worm and 
grinding wheel. The crossing angle between the 
axes of the grinding wheel and worm is equal to the 
lead angle β of  the worm. The rectangular coordi-
nate system O-xyz is set based on the relationship 
between the axes of the grinding wheel and worm 
as shown in Fig. 2. The worm axis coincides with 
z axis. The axis of grinding wheel is inclined by β 
about y axis. The common perpendicular of the 
axes of the grinding wheel and worm is y axis. The 
distance between the axes of the grinding wheel 
and worm is e.

Figure 3 shows the coordinate system Og-xgygzg 
of  the grinding wheel and the profile of grinding 
wheel with convex circular arc in cross section 
xg = 0. P is the reference point at which tooth sur-
faces are meshed each other and is defined in the 
center of the tooth surface. α is a variable param-
eter which represents curved line. The parameters 
m, n, Wm, ρ, Rm, and γm represent each distance 
and the meanings are also shown in Fig. 3. The 
solid and dotted curved lines show the profiles of 
the grinding wheel and worm, respectively. The 

Figure 1. Mounting of worm and grinding wheel.

Figure 2. Coordinate system expressing relationship 
between axes of grinding wheel and worm.

ICPT2016_Book.indb   1036ICPT2016_Book.indb   1036 9/29/2016   12:37:17 PM9/29/2016   12:37:17 PM



1037

coordinates yg and zg of  the curved line of the pro-
file of the grinding wheel in cross section xg = 0 are 
represented by
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This curved line is rotated by angle ψ about zg 
axis. Therefore, the curved surface x of  the grind-
ing wheel is represented by
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The curved surface of the grinding wheel is 
defined by a combination (α, ψ).

After curved surface x is moved along ym axis by 
e, x is rotated about ym axis by angle β. Afterward, 
it is rotated about zm axis by angle ν. The curved 
surface x1 in O-xyz after this procedure is repre-
sented by

C( )(x+E)+h1 ν β)B(  (3)

where B and C are the matrices of the coordinate 
transformation with respect to the rotation about 
ym and zm axes, respectively.
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Moreover, E = (0, e, 0)T and h = [0, 0, h(ν – ν0)]T 
yield. h is the reduced pitch. ν is the parameter 
expressing helix surface and ν0 is the initial value 
of ν.

Assuming the relative velocity w between the 
grinding wheel and worm at the moment of rota-
tion angle ν and the unit surface normal n1 of the 
curved surface of the grinding wheel, the equa-
tion of meshing between the grinding wheel and 
worm is as follows (Sakai 1955, Litvin and Fuentes 
2004):

n 1 0( , ; ) ( , ; )α ψ,, ;; w)) ( ,,ψ ν;ψ ; ); ) =)w( ψ ; ); )  (5)

From Eq. (5), we have ψ = ψ(α, ν). Substituting 
ψ = ψ (α, ν) into x1, any point on the tooth sur-
face of the grinding wheel and its unit normal are 
defined by a combination of (α, ν), respectively. 
When x1 and n1 are transformed into the coordi-
nate system fixed to the worm, these become the 
worm tooth surface and its unit normal.

Figure 4 shows the relationship between the 
axes of the worm and worm wheel whose angu-
lar velocities are ω1 and ω2, respectively. The worm 
axis coincides with z axis. The common perpen-
dicular of the axes of the worm and worm wheel is 
y axis. Since the tooth surface of the worm wheel 
is considered as a conjugate tooth surface which 
is generated as an enveloping about a series of the 
tooth surface of the worm as mentioned above, 
the meshing equation between the worm and 
worm wheel is introduced in coordinate system as 
shown in Fig. 4 in the same manner as the equation 
between the grinding wheel and worm. Therefore, 
the tooth surface of the worm wheel and its nor-
mal are determined and these are represented by x2 
and n2, respectively.

Figure 3. Profile of grinding wheel in cross section 
xg = 0.

Figure 4. Relationship between axes of worm and 
worm wheel.
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3 TOOTH CONTACT ANALYSIS

The worm and worm wheel are assembled in coor-
dinate system O-xyz as shown in Fig. 4 in order to 
analyze the tooth contact pattern and transmission 
errors for worm gear pair. The analyzed method is 
the same as that in the case of other gears. In this 
method, the position vectors of the tooth surfaces 

of the worm and worm wheel must coincide and 
the direction of two unit normals at this position 
must be also coincide in order to contact the two 
surfaces.

The tooth contact pattern and transmission 
errors of  the worm and worm wheel were analyzed 
under unloaded condition. Table 1 shows basic 
dimensions of the worm and worm wheel. PCD 
of the worm wheel is 1270.0 mm since the large-
sized worm gear pair is targeted in this paper. 
Figure 5 shows an example of the analyzed results 
of  tooth contact pattern and transmission errors. 
The right side from the center in Fig. 5 shows the 
analyzed contour line on the tooth surface of the 
worm wheel at every instant when the rotation 
angle θ of  the worm changes from –75 deg. to 
45 deg. The lowest figure of the right side shows 
the total tooth contact pattern considering con-
tact ratio. The region whose clearance between the 
tooth surfaces of  the worm and worm wheel is less 
than 80 μm is displayed. The tooth contact pat-
terns are obtained around the center on the tooth 
surface.

The left side in Fig. 5 shows the analyzed trans-
mission errors. The shape of transmission errors is 
near parabolic function. In this case, the rotation is 
transmitted smoothly. Therefore, it is important to 
have the intersection before and after meshing. The 

Figure 5. Analyzed results of tooth contact pattern and transmission errors.

Table 1. Dimensions of worm and worm wheel.

Worm Worm wheel

Number of teeth
Outside diameter
Pitch circle diameter
Tooth bottom diameter
Face width
Hand of spiral
Radius of curvature 

of grinding wheel

6
272.2 mm
250.5 mm
180.2 mm
400 mm
Right 
110 mm

51
1312.2 mm
1249.5 mm
1220.2 mm
180 mm
Left
–

Tooth profile
Center distance e
Axial module
Pressure angle
Lead angle
Mean radius of 

grinding wheel Rm

Neiman
750 mm
24.5
24 deg.
32.5839 deg.
400.0 mm
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maximum value of transmission errors is about 5 
arcsec. This value can be controlled by the amount 
of tooth surface modification.

4 CAD/CAM SYSTEM

The numerical coordinates on the tooth surface x2 
of the worm wheel were calculated. Moreover, the 
unit normal n2 was also calculated.

The coordinates are changed by the phase of one 
pitch after the coordinates of left and right tooth 
surfaces are calculated. This process is repeated 
and produces the numerical coordinates on other 
left and right tooth surfaces. When the range of the 
existence of the workpiece that is composed of the 
root, face, heel, and toe etc. is indicated, the tooth 
surface of the worm wheel is modeled.

Figure 6 shows the tooth profile of  the worm 
wheel based on CAD/CAM system. Figure 6 (a) 
shows the profile of  the worm wheel modeled 
using a 3D-CAD system and Fig. 6 (b) shows the 
tool pass calculated automatically after checking 
tool interferences, choosing a tool, and indicat-
ing cutting conditions. When the numerical coor-
dinates of  the tooth surface are calculated, the 
tooth surface is estimated by the smoothing of 
a sequence of  points, removal of  the profile of 
undercutting, offset of  tool radius, and genera-
tion of  NURBS surface. Moreover, the calcula-
tions of  intersecting curved lines of  left and right 
tooth surfaces, and sectional curved line, the 
approximation of  straight line are conducted. 
The approach escape is added in order to avoid 
the interference. When the attitude of  the tool 
and coordinate transformation are conducted, 
NC data and IGES (Initial Graphics Exchange 
Specification) data for the machining and display 
can be obtained.

5 MANUFACTURING OF WORM WHEEL

A 5-axis control machine (DMG Moriseiki Co., 
Ltd. DMU210P) was used in order to manufacture 
the worm wheel. In this case, the plural surfaces 
except installation surface can be machined and tool 
approach from optimal direction can be realized 
using the multi-axis control since the structure of the 
2-axis of the inclination and rotation in addition to 
3-axis of straight line are added. Therefore, it is pos-
sible to use a thicker tool. This means to be expected 
to reduce the machining time and to obtain better 
roughness. The radius end mill made of cemented 
carbide was used in the machining of tooth surface. 
The ball end mills were used in the machining of 
tooth bottom. The material of the worm wheel was 
bronze casting and the worm wheel was machined 
by swarf cutting that is machined by the side of the 
end mill using an end mill based on a CAM process.

First, the worm wheel was rough-cut using end 
mills with diameters 40, 25, 16, 12, 8 mm, respec-
tively. Afterwards, the worm wheel was semi-
finished with the machining allowance of 0.06 mm 
and the tool pass of 3.2 mm by swarf cutting. 
Finally, the worm wheel was finished with the 
machining allowance of 0.01 mm and the tool pass 
of 1.0 mm by swarf cutting. The machining with 
the high accuracy and high efficiency utilizing the 
advantage of the multi-axis control and multi-
tasking machine tool in swarf cutting is expected. 
Table 2 shows the conditions for semi-finishing 
and finishing of the tooth and for machining of 
the tooth bottom in worm wheel machining. Fig-
ure 7 shows the worm wheel on the 5-axis control 
machine. The real machining times of one tooth 
surface in both semi-finishing and finishing were 
about 3.25 min. and 9.00 min., respectively.

The machining was finished without trouble 
such as the defect of the end mill.

Figure 6. CAD/CAM system of worm wheel.

ICPT2016_Book.indb   1039ICPT2016_Book.indb   1039 9/29/2016   12:37:19 PM9/29/2016   12:37:19 PM



1040

Figure 7. Machining of worm wheel. Figure 8. Grid of tooth surface of worm wheel.

Figure 9. Measured results of tooth surface deviations 
of worm wheel.

Table 2. Conditions of machining of worm wheel.

Processes

Diameter
of end mill
(mm)

Revolution 
of main spindle 
(rpm)

Feed
(mm/min.)

Depth 
of cut (mm)

Tool pass 
(mm)

Time/one 
tooth (min.)

Semi-finishing
of tooth

Finishing of tooth
Machining of tooth 

bottom

12.0

12.0
10.0 
(Ball end mill)

2,000

2,000

2,000

1,200

1,200

 600

0.06

0.01

0.5

3.2

1.0

0.1

3.25

9.00

5.00

6 MEASURED RESULTS

The tooth surfaces of the manufactured worm 
wheel were measured using a coordinate measur-
ing machine and were compared with the nominal 
data of the tooth surface that were determined 
mentioned above. In this case, five points in the 
direction of the tooth profile and nine points in 
the direction of the tooth trace for the grid were 
used. The reference point is defined in the center of 
the tooth surface and the deviation is zero at this 
point. Figure 8 shows the grid of the tooth surface 
of the worm wheel in the case of R = (x2 + y2)1/2. 
Figure 9 shows the measured results of the tooth 
surface deviations of the worm wheel. Figure 9 (a) 
shows the results on left hand and Fig. 9 (b) shows 
those on right hand. The maximum values of the 
magnitude of deviations are 0.035 mm on both 
hands. This value as a whole is a permitted limit 
enough because the reason is that the size of the 
worm wheel is very large and seems not to have an 
influence on the tooth contact pattern.

The worm mating with worm wheel was ground 
for finishing. The ground worm and manufactured 
worm wheel using 5-axis for CNC milling machine 
were set on a gear meshing tester and the experi-
mental tooth contact patterns were investigated. 
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Figure 10. Meshing test of worm gear pair.

Figure 11. Comparison of tooth contact patterns of 
worm gear pair.

Figure 12. Measurement of surface roughness Ra.

Table 3. Measured results of surface roughness Ra.

Left tooth surface Right tooth surface

Tooth profile Tooth trace Tooth profile Tooth trace

Surface roughness Ra (μm) 0.480 0.564 0.456 0.473

Figure 10 shows the situation of the meshing of 
worm gear pair. Figure 11 shows the compared 
results between the analyzed and experimental 
tooth contact patterns on the tooth surface of the 
worm wheel. Figure 11 (a) shows analyzed tooth 
contact pattern and Fig. 11 (b) shows experimental 
one. The tooth contact patterns in Fig. 11 (a) and 
(b) seem almost the same.

The surface roughness of  the machined worm 
wheel was measured using a surface rough-
ness measuring instrument (Mitsutoyo SJ-210). 
Table 3 and Fig. 12 show the measured results of 
surface roughness Ra and the situation of  meas-
urement, respectively. The surface roughness of 
left and right tooth surfaces was Ra 0.4−0.6 μm 
in the direction of  tooth profile and tooth trace, 
respectively. These values were acceptable since 
the required accuracy which was less than 0.8 μm 
was satisfied.

7 CONCLUSIONS

The large-sized worm gear with Neiman profile 
was manufactured using a CNC combined machine 
tool. First, the tooth contact pattern and trans-
mission errors of large-sized worm gear pair with 
Nieman profile were analyzed. Next, the numeri-
cal coordinates on the tooth surfaces of the worm 
wheel were calculated and the tooth profiles were 
modeled using a 3D-CAD system. After rough-
cutting, the worm wheel was semi-finished and 
finished based on a CAM process. The tooth sur-
face deviations of the measured worm wheel were 
detected and the surface roughness was measured. 
As a result, both the obtained tooth surface devia-
tions and surface roughness were small enough. 
The manufactured worm wheel was meshed with 
the ground worm gear and the tooth contact pat-
tern was observed. The tooth contact pattern 
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showed a good agreement with analyzed one. 
From these results, the validity of the manufactur-
ing method of the large-sized worm gear pair with 
Neiman profile using a CNC combined machine 
tool was confirmed.
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A study on the crest width of the edge tooth of a modified TA worm

Chongfei Huai, Yaping Zhao & Yimin Zhang
Northeastern University, Shenyang, Liaoning, China

ABSTRACT: Tapering of the edge tooth may greatly debase the working performance of an hourglass 
worm drive. Therefore, checking its occurrence is always necessary during the designing process. For 
this purpose, a mathematical model for computing the crest thickness of the edge tooth of the modified 
TA worm is established. Due to the special geometric properties of the modified TA worm, the crown 
thickness of its edge tooth may be acquired analytically. The obtained results show that tapering of the 
edge tooth does not occur easily with the modification of the center distance. Besides, the top thickness 
of the edge tooth will be greater when the number of worm threads is more and the transmission ratio 
is less. Moreover, the crest thickness of the edge tooth of a type II worm is always lesser than that of a 
type I worm.

Latterly, Zhao analyzed the calculation of the 
top width of the edge tooth of the dual-torus 
double-enveloping toroidal worm (the DTT worm) 
in detail (Zhao 9,14 & 15).

Due to the geometric particularities of the TA 
worm, an analytical method is proposed to calcu-
late the crest width of its edge tooth in this paper. 
This method is inspected and verified by the com-
puted results. By using the above method, the influ-
ence of the parameters on the top thickness of the 
edge tooth is also investigated systematically.

2 GEOMETRIC CHARACTERISTICS OF 
MODIFIED TA WORMS

As shown in Figure 1a, the stationary coordinate 
systems σod{Ood; iod, jod, kod} and σo1{Oo1; io1, jo1, ko1} 
are used to represent the initial positions of the tool 
apron and the worm blank, respectively. Therein, 
the two unit vectors, ko1 and kod, are present along 
the rotary axes of the worm roughcast and the cut-
ter frame severally and they are mutually perpen-
dicular. The shortest distance between these two 
axial lines is the distance from point Od to O1, and 
|OdO1|= ad = a + Δa, where ad is the operating center 
distance during machining of the worm and Δa is 
the modification parameter of the center distance. 
In this work, Δa is a constant.

According to whether the meshing limit line 
exists or not, the modified worm gearing can be 
classified into two types: type I gearing and type 
II gearing. In the case of simplex center distance 
modification, when Δa < 0, the type I worm drive 
will be obtained and type II gearing will be attained 
when Δa > 0 [10].

1 INTRODUCTION

The TA worm pair, which is also known as the 
Hindley worm drive or the globoidal worm drive, 
was initially invented in 1765 by a British clock 
maker named Henry Hindley (Litvin 1998 & 2004). 
About in 1909, Samuel I. Cone greatly improved 
the Hindley worm drive (Dudley 1962, Crosher 
2002, Dudas 2000, Buckingham 1988). For the 
purpose of enhancing the engaging properties of 
the TA worm drive further, many modification 
methods have been proposed successively since the 
1930s (Zhao 2011 & 2014, Chen 2015).

The usual practice shows that tapering of the edge 
tooth may greatly weaken the working performance 
of a toroidal worm pair (Dong 2004), especially the 
performance of a planar double-enveloping hour-
glass worm drive (the TP worm drive).

Shen, et al studied the calculation of the tooth 
thickness of the TP worm (Shen et al. 1981).

Qi, et al carried out systematic research on the 
computation of the crest width of the edge-tooth 
of the TP worm (Qi et al, 1987). Meanwhile, they 
suggested that the top thickness of the edge tooth 
should not be less than 0.35 mt, where mt is the 
transverse module of the worm wheel.

Dong proposed a method to compute the crest 
thickness of the edge tooth of the toroidal worm, 
which was on the basis of solving a series of sys-
tems of non-linear equations (Dong, 2004). This 
method was applied to the TP and TK worms. 
Besides, the corresponding measures to avoid 
tapering of the edge tooth were proposed.

Zhou also studied the computation of the top 
thickness of the edge tooth of the TP worm (Zhou, 
2005).
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In addition, two moveable coordinate systems, 
σd{Od; id, jd, kd} and σ1{O1; i1, j1, k1}, are fixed with 
the cutter frame and the worm roughcast, respec-
tively. While cutting a TA worm, the tool apron 
revolves around kod nd the worm blank spins on 
ko1. When the rotation angle of the worm blank 
is ϕ, the corresponding rotation angle of the tool 
post is ϕd and ϕ = i12ϕd, in which i12 is the transmis-
sion ratio of the TA worm drive.

2.1 Helical surface equation of a modified TA 
worm

As shown in Figure 1b, the vector equation of the 
straight cutting edge can be represented in terms 
of σd as follows:

i j
d d b du rid b( )rdr +  (1)

Where, rb is the main basic circle radius of the 
worm gear.

In the process of machining a TA worm, the 
locus surface of the straight cutting edge in σod can 
be obtained as follows:

i j
od d od od od odR y( )rdr [ ]kod dkodk d ( )drdr +iodd  (2)

Where, x uod d b d oy d dcos i , sy uoy d u=yy d − inϕ ϕd b srd rr− rrr in ϕd
+ rb drr cosϕd

The rotation transformation matrix (Dong, 16) 
is represented as follows in Eq. (2):

R
d d

d d

cos i
sin

ϕ ϕd dsd in
ϕ ϕd dcd os[ ]od dko ,ϕd =

⎡

⎣

⎢
⎡⎡

⎢
⎢⎢

⎢⎣⎣
⎢⎢

⎤

⎦

⎥
⎤⎤

⎥
⎥⎥

⎥⎦⎦
⎥⎥

0
0

0 0 1

From Eq. (2) and the relationship shown in Fig-
ure 1a, the vector equation of the TA worm’s heli-
cal surface in the movable coordinate system σ1 can 
be expressed as follows:

i i

i j
1 i 1

1 1 1 1j
2

( )r1rr [ ]k[ ]k1k ⎡
⎣⎢
⎡⎡
⎣⎣

⎤
⎦⎦⎦
( )r +⎧

⎨
⎧⎧
⎩

⎫
⎬
⎫⎫
⎭
⎬⎬

= i +

Rk ]k1kk −k1k ⎧
⎨
⎧⎧ a

x y1 1ii1i y

o1 2 ⎦⎦⎦
(r od d oi

o

i 1]] π

dd k1kk
 (3)

Where, x1 ( )x aod d+xod cosϕ  and y1 ( )x aod d+  
sinϕ. Besides, u and ϕ are the parameters of the 
modified TA worm’s helical surface. The rotation 
transformation matrix in Eq. (3) is represented as 
follows:

R oi 1 2

1 0 0
0 0 1
0 1 0

, π⎡
⎣⎢
⎡⎡
⎣⎣

⎤
⎦⎥
⎤⎤
⎦⎦

−0 0=
⎡

⎣

⎢
⎡⎡

⎢
⎢⎢

⎢⎣⎣
⎢⎢

⎤

⎦

⎥
⎤⎤

⎥
⎥⎥

⎥⎦⎦
⎥⎥

2.2 Tooth profile equation of the modified TA 
worm in its axial section 

As shown in Figure 2, σt{Ot; it, jt, kt} is a moveable 
coordinate system. The unit vectors it and kt are 
present in the worm axial section T; meanwhile, the 
unit vector jt is perpendicular to this plane. Accord-
ing to Equation [16], the tooth profile equation of 
the modified TA worm in its axial section T can be 
attained as follows:

i j k1( )r1rr [ ][ ]k ( ) +i⎧
⎨
⎧⎧
⎩
⎨⎨ t t1]( )1 t t+ t t tk

t

]kk (rrrk 1rr y jt t

y
]]]

= 0
 (4)

Where, x yt t( )aox d da+xox d ( )( ) = ( )aox d da+xxco )s( ))  
sin(θ − ϕ) and θ is a directed angle from it to i1, 
which can be used to ascertain the position of T 
in the moveable coordinate system, σ1. When the 
values of the angle θ differ, the position of T in σ1 
differs concomitantly.

Figure 1. Schematic diagrams that expound the forma-
tion of a TA worm.
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Because yt = 0, it is possible to arrive at the fol-
lowing relation:

θ  = ϕ (5)

Therefore,

x at od d( )aox d da+xox d ( ) = +xodcos )  (6)

3 COMPUTING OF EDGE-TOOTH’S 
CREST WIDTH

As shown in Figure 3, point C is at the inlet por-
tion of the TA worm and on its reference torus. 
Therefore, the system of non-linear equations, 
which is used to determine point C and contain the 
unknown variables, ϕdC, uC and θC, can be repre-
sented as follows:

y

y u r L
t

od C dC b dC wL

( )C

( )C + r

( )a xt
( )C + ( )yod

( )C =

= 0

sinϕ ϕdC b+ r cdC b+ rbrr os 1
2

2 2 11
4

d2dd 2

⎧

⎨

⎪
⎧⎧

⎪
⎪⎪

⎨⎨
⎪⎪
⎨⎨⎨⎨

⎩

⎪
⎨⎨

⎪
⎪⎪

⎩⎩
⎪⎪
⎩⎩⎩⎩

 (7)

Where, Lw is the working length of a TA worm 
and d2 is the reference circle diameter of the worm 
gear.

By substituting Eq. (6) in the third expression 
of Eq. (7), the following expression for xod

( )
pp

C  can be 
obtained:

x d L aod wLL( )C − L
1
2 2dd 2 2LL Δ  (8)

From the expressions of xod and yod in Eq. (2), 
the following expression can be obtained:

x y u rod od C brr
( )C ( )C+ =yod

( )C 2 2r+  (9)

Substituting Eq. (8) and the second equation of 
Eq. (7) in Eq. (9) yields the following equation:

u d L a
L

rC wd LL wL
brr−dd⎛

⎝⎝⎝
⎞
⎠⎟
⎞⎞
⎠⎠

+ ⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

−
1
2 2w ⎠⎠⎠ ⎝⎝⎝

dddd 2 2LL
2 2L⎛ ⎞ 2Δ  (10)

From the second equation of Eq. (7), a trigono-
metric equation with respect to ϕdC can be acquired 
as follows:

sin
2 22

( )ϕ ϕ0ϕϕ =ϕ w

C b

Lw

u r2 +C b+
 (11)

Where, ϕ0 is an auxiliary angle and tanϕ0 = rb / 
uC.

Solving Eq. (11) yields the following equation:

ϕdCϕ b

C

w

C b

rb

u
Lw

u rC b

=
⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

−
⎛

⎝
⎜
⎛⎛

⎝⎝

⎞

⎠
⎟
⎞⎞

⎠⎠
arctan arcsin

2 2 2r+
 (12)

Figure 2. Schematic showing tha axis plane T in σ1.

Figure 3. Tooth profile of the worm in the plane, yt = 0.

ICPT2016_Book.indb   1045ICPT2016_Book.indb   1045 9/29/2016   12:38:31 PM9/29/2016   12:38:31 PM



1046

In the light of Eqs. (5) and (12), θC can be 
expressed as follows:

θCθ b

C

w

C b

i
rb

u
Lw

u rC b

=
⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

−
⎛

⎝
⎜
⎛⎛

⎝⎝

⎞

⎠
⎟
⎞⎞

⎠⎠

⎡

⎣
⎢
⎡⎡

⎢⎣⎣
⎢⎢

⎤

⎦
⎥
⎤⎤

⎥⎦⎦
⎥⎥12ii

2 2r+2
arctan arcsin  (13)

As depicted in Figure 3, point A lies on the 
same profile as point C. Therefore, the follow-
ing relations can be easily obtained: θA = θC and 
ϕdA = ϕdC. Point A is also present on the addendum 
arc of the worm, after obtaining the angles θA and 
ϕdA, and then it can be ascertained by the following 
equation:

RaR( )a xt + ( )yod
A A2 2

1
2  (14)

Where, Ra1 is the radius of the worm addendum 
arc.

Simplifying Eq. (14) can yield a quadratic equa-
tion about the parameter uA which is as follows:

uA
2

1 2A2 0Au A2AAuAuA1AuAAu  (15)

Where, A a A a r ardC b br ar rr2A1A aA dC
2 2r 2+a2a AAAa ΔdCddC sindd

ϕdCϕ aRaa− 1
2 .

Because uA > 0, one related solution of Eq. (15) 
can be obtained as follows:

u A A AA + A1 1AA + AA2
2AA  (16)

With the help of Eqs. (12) and (16), the coor-
dinates of point A in σt can be represented as 
follows:

x u at A dC b dC d
( )A +cos i ϕdC bϕ sdC b− rrr  (17)

y uod A dC b dC
( )A +sin ϕdC b dϕ + crdC brr+ os  (18)

From Figure 3, it can be seen that point L is at 
the throat of the worm and on its reference torus. 
Therefore, the non-linear equations about ϕdL, uL 
and θL can be presented as follows:

y u r l
t

od L dL bdd dL

( )L

( )L

=

+ r

( )a xt
( )L + ( )yod

( )L

0
1
2 1ll

2 2

sinϕ ϕdL bd + r cdL brrd + rrr os

==

⎧

⎨

⎪
⎧⎧

⎪
⎪⎪

⎨⎨
⎪⎪
⎨⎨⎨⎨

⎩

⎪
⎨⎨

⎪
⎪⎪

⎩⎩
⎪⎪
⎩⎩⎩⎩

1
4 2

2d2

 (19)

Where, l1 is the chordal thickness on the worm 
reference torus at its throat. Herein, l1 = d2 sinγ1 and 
γ1 is the half  angle of the worm tooth thickness.

Solving Eq. (19) leads to the following 
equations:

u d l l rbL a d l l rr= +aa⎛
⎝
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

+ llΔ
1
2

1
4

dd 2 ll 2
2

lll 2 2r  (20)

ϕdLϕ b

L L b
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u
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u rL b
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⎟
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arctan arcsin 1ll

2 2r+2
 (21)

θLθ b

L L b
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u
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u rL b
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⎤

⎦
⎥
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2 2r+2
arctan arcsin  (22)

According to Dong [10], the relationship of the 
angles θE, θL and θC can be expressed as:

θ θ θE Lθ θθ Cθ−θ2  (23)

Since points F and E lie on the same tooth pro-
file, θF = θE. From Eq. (5), the following formula 
can be acquired:

ϕ ϕdFϕϕ F Fϕ θθ iϕ ( )θ θL Cθ θ−θθ/ /θθθi θθθ/ ii /ii 12 12ii  (24)

In addition, point F is present on the addendum 
arc of the worm and therefore, it can be determined 
by the equation to be Eq. (14). Since the angles θF 
and ϕdF can be yielded by Eqs. (23) and (24), uF 
is the sole unknown variable of the equation for 
determining point F, which can be simplified into 
a quadratic equation as follows:

uF
2

1 2F2 0F u FF 2FFFFF uF uF1FF uFF u  (25)

Where, F a dF1FF Δ cosϕd  and F a r abrr2FF 2 2 2Δ Δrrr2 2r 2+a2

r Rb drr F aRddi 1
2  

Solving Eq. (25) yields the following equation:

u F F FF + F1 1FF + FF 2
2FF  (26)

Based on Eqs. (24) and (26), the coordinates of 
point F in σt can be expressed as follows:

Figure 4. Graph showing Δa—ks curves.
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x u at F dF bdd dF d
( )F +cos i ϕdF bdϕ sdF brrd − rrr  (27)

y uod F dF bdd dF
( )F +sin ϕdF bd dϕ + crdF brrd + os  (28)

In view of the symmetry of points B and F, the 
top thickness of the edge tooth of the TA worm 
can be expressed as follows:

s ABb AB
2 2

ABAB ( )x xtx t− + ( )y yod od+yod
A F AA F  (29)

4 NUMERICAL EXAMPLES AND 
DISCUSSION

The major parameters of the numerical examples 
are listed in Table 1. To summarize, the numerical 
examples in this work can be used to denote two 
typical cases which are as follows: less Z1 and more 
i12 (E1 and E3); more Z1 and less i12 (E2 and E4). 
Herein, Z1 is the number of the worm threads.

To measure the degree of edge tooth tapering, the 
tooth thickness coefficient may be defined as ks = sb1/ 
mt . Usually, the top width of the edge tooth is deemed 
to be thick enough when ks ≥ 0.35 [10, 12].

Major computed results of the example E1 under 
the condition Δa = 0.04 mt are indicated in Table 2. 
Generally speaking, the rotation angle ϕd of the cut-
ter frame should be an acute angle at each point dur-
ing a processing cycle. As shown in Fig. 2, the value 
of yod at point A should approximately be equal to 
Lw /2, while the absolute value of yod at point F is 
slightly larger than Lw /2. Besides, the values of u at 
points A and F should be nearly equal because they 
are present on the addendum arc of the worm. Simi-
larly, the values of u at points C and L should also be 
equal approximately. Obviously, the results listed in 
Table 2 are in accordance with the above geometri-
cal facts. Consequently, we have reasons to believe 
that the method proposed in this paper is reasonable 
and the computed results are correct.

The curves of the tooth thickness coefficient 
ks and the modification quantities of the center 
distance are shown in Figure 4. The values of ks 
decrease with the enlargement of Δa, while it 
increases when the value of a increases. Moreo-
ver, the crest width of the edge tooth of the center 
distance-modified TA worm is greater when Z1 is 
more and i12 is less.

5 CONCLUSIONS

Due to the special geometric properties of the TA 
worm with center distance modification, an analyt-
ical method is proposed to calculate the top thick-
ness of its edge tooth. Meanwhile, the accuracy 
of the above method is verified by the computed 

results. By using this method, the influence of the 
parameters on the crest width of the edge tooth is 
studied systematically.

The obtained results show that the possibility of 
tapering of the edge tooth is usually lower for the 
TA worm with the center distance modification. 
Therefore, the selection range of the modification 
quantity can be larger relatively.

In addition, increasing the center distance is 
helpful in reducing the risk of edge tooth tapering. 
But this risk will grow if  the modification quantity 
of the center distance increases. Meanwhile, the 
possibility of edge tooth tapering of the type II 
worm is greater than that of the type I worm.

Tapering of the edge tooth scarcely occurs even 
under the condition that the number of worm 
threads is more and the transmitting ratio is less. 
As a consequence, the application of the modified 
TA worm drive is almost unlimited and therefore, 
its scope can be widened.
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Effects of the center distance setting error on the helix error of a planar 
enveloping hourglass worm

Fayang He, Zhaoyao Shi & Bo Yu
Beijing Engineering Research Centre of Precision Measurement Technology and Instruments, Beijing University 
of Technology, China

ABSTRACT: In order to improve the machining precision of a planar enveloping hourglass worm tooth 
surface, the influence of the machine setting parameter, center distance error on the helix error is investigated. 
Based on the gear meshing theory, both theoretical and error equations for the tooth surface are established, 
by which an expression to determine the normal error of points on the tooth surface can be derived. The 
helix error curve of the reference circle is studied and the concept of influence coefficient is put forward. The 
impact of the surface error caused by center distance error can be obtained using the influence coefficient. 
The relationship between the influence coefficient and worm parameters is also studied, and meanwhile, the 
value range of the influence coefficient is obtained. The influence rule is verified based on the tooth surface 
precision detected by an hourglass worm and hob measuring machine. The results and methods of this work 
have a great significance on error tracing and effect analysis of other machine setting parameter errors.

Keywords: planar enveloping hourglass worm, machine setting parameter error, helix error, error influ-
ence coefficient

the normal error of the tooth surface based on the 
gear meshing principle is built in this paper. Also, 
the change rule of the error curve is analyzed and 
the concept of an influence coefficient is put for-
ward and its relationship with parameters of the 
worm is studied.

2 MATHEMATICAL MODEL FOR THE 
NORMAL ERROR OF THE TOOTH 
SURFACE

a. Theoretical tooth surface equation
Figure 1 is a schematic diagram of machining, 

where O0O1 denotes the line of centers, σ0(O0; x0, 
y0, z0) is the moving coordinate frame fixed to 
the generating plane and rotating around z0 at an 
angular velocity of ω0; σ3(O3; x3, y3, z3) is the auxi-
liary coordinate system on the generating plane; 
σ1(O1; x1, y1, z1) is the moving coordinate frame 
fixed to the worm and rotating around z1 at an 
angular velocity of ω1, ω1 = ω1i01; i01 is the transmis-
sion ratio; β is the inclination angle of the generat-
ing plane; rb is the radius of the base circle; a1 is 
the center distance; and μ and ν are the parameters 
of the generating plane. According to the principle 
of gear meshing and the homogeneous coordinate 
transformation matrix [5–6], the tooth surface equa-
tion of the plane enveloping hourglass worm is 
given by the following equation:

1 INTRODUCTION

For a planar double-enveloping hourglass worm 
drive, the characteristics of a large number of 
enveloping teeth and double wire contact at the 
inlet determine its high sensitivity to error and high 
requirement for machining precision. An adjust-
ment error of the machine tool as well as thermal 
and mechanical deformation generated from the 
machining process result in an unavoidable error 
of the worm tooth surface to be machined. It is 
an important way to improve the precision of the 
worm tooth surface by fine anti-adjustment of the 
machine tool’s adjustment parameters to compen-
sate the tooth surface error. Rational parameter 
adjustment can minimize the tooth surface error. 
Qihe Xie [1] designed the machining error detecting 
system of the worm tooth surface and Zhaoyao 
Shi et al.[2, 3] developed a worm and hob detector, 
which realize the detection of tooth surface preci-
sion. Wenjun Luo et al.[4] put forward the method 
for error detection, machining error tracing, and 
correcting the worm helix, but did not perform a 
deep analysis on the change rule of various errors. 
In order to apply the measuring result to anti-
adjustment of the machine tool, it is necessary to 
study the influence of the machine tool’s adjust-
ment error on tooth surface precision.

With adjustment error of center distance as an 
example, a mathematical model for determining 
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Where, ϕ0 is the rotational angle of the generat-
ing plane; ϕ1 is the rotational angle of the worm. 
The point p(x1,y1, z1) on the helix of worm refer-
ence toroid:

x y
z R
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0
0

+ −y1
2 =
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⎨
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⎩
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( ca R1 ∗R os( ))
sin( )

))
θ))

 (2)

Where, R is the radius of reference toroid and θ is 
the angle between PO0 and O0O1 in the mid-plane.

The center distance, base radius, and inclination 
angle of the generating plane need to be adjusted 
before the tooth surface is machined. Assume that 
there is a center distance error Δa1 in the process 
of machine tool adjustment, and therefore, a1’ = 
a1 + a1′. At this time, the equation obtained for the 
error of the worm tooth surface is as follows:
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b. Normal error
The point of intersection between the reference 

helix and the center line on the theoretical tooth 
surface is p0; turn the error tooth surface to make 
the point of intersection p0’ lie between its refer-
ence circle and center line coincide with p0 and 
denote the normal error of this point as zero. The 
normal is drawn through the point p(x1, y1, z1) on 
the reference helix of the theoretical tooth surface 
and it intersects with the error surface at point 
p’(x1’, y1’, z1’). The distance between the two points 
is as follows:

pp y′ = + +( )x′ − x ( )y′ − y ( )z z′1 1xx 2
1 1yyy 2

1 1z 2  (4)

The normal error is defined as negative when the 
worm surface is lower than the theoretical tooth 
surface after grinding. And therefore, the normal 
error Δε of  point p(x1, y1, z1) is[7] as follows:

Δe signi pp= ∗ ′( )z′ − z1 1zz  (5)

In order to study the error change rule, analysis 
is made with the following worm parameters as an 
example:

Figure 1. Schematic of the processing equipment.
Figure 2. Schematic showing the normal error of the 
tooth surface.

Table 1. List of parameters of the 
worm hourglass.

parameters values

Rotation direction right
a1 (mm) 126.35
i01  30.4
rb (mm)  40.505
β (0)   9
d1 (mm)  53
l (mm)  61.77

Where, l denotes the working length.
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3 INFLUENCE RULE

c. Helix error curve
The curve constituted by the normal error of 

each point on the helix of the reference toroid of 
the worm is the error curve of the helix. Analysis is 
made at a center distance error of ±0.075, ±0.011 
and ±0.017, respectively with corresponding accu-
racy grades of IT5, 6, and 7. For the tooth surface 
on the left side of the worm, when z1 < 0, the worm 
is toward the inlet; when z1 > 0, the worm is toward 
the outlet. The helix error curve caused by the error 
of the center distance is as follows:

From Figure 3, it can be seen that when the 
center distance error is positive, the normal error 
of each point from the inlet to the outlet is increas-
ing from the negative to positive;

When the center distance error is negative, the 
normal error of each point from the inlet to the 
outlet is decreasing from the positive to negative;

The helix error curve along the axial direction of 
the worm is approximately linear;

With the change in the center distance error 
from the positive to negative, the helix error curve 
rotates around the zero point clockwise.

d) Helix error
Helix error Δfhl is the normal distance between 

the two nearest helixes enveloping the actual 
helixes on the reference toroid of the worm within 
the working tooth width of worm gear teeth (in 
addition to the incomplete teeth on both ends).[8]

As shown in Table 2, the greater the abso-
lute value of the center distance error, the larger 
the helix error—they exhibit an approximately 
linear relationship. When the center distance is 
increased or decreased by the same value, the value 
of the resulting helix error is similar, as shown in 
Figure 4.

Assume the specific value kahl between the helix 
error and absolute value of the center distance 
error as the influence coefficient of center distance 
error to the helix error. With further analysis on 
Table 2, the following relation can be obtained:

Δfhl =  kahl |Δa1| (6)

Where, kahl = 0.5628.
Considering the influence of factors such as end 

relief  at the inlet and outlet[9], the specific value 
between the axial measuring length and working 
length of the worm is denoted as the measuring 
length coefficient kl of  the worm, then,

Δfhl = kl kahl |Δa1| (7)

4 RELATIONSHIP BETWEEN WORM 
PARAMETERS AND INFLUENCE 
COEFFICIENT

For a plane enveloping hourglass worm, center 
distance and speed ratio are basic parameters. In 
reference diameter d1= k1a1, k1 is the coefficient of Figure 3. Graph showing the helix error curve.

Table 2. Effect of center distance 
error on the helix error.

Δa1 (mm) Δfhl (mm)

−0.017 0.0095
−0.011 0.0062
−0.0075 0.0042
0 0
0.0075 0.0042
0.011 0.0062
0.017 0.0095

Figure 4. Graph showing the helix error.
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the reference diameter. In base circle diameter db 
= k2a1, k2 is the coefficient of the base diameter. 
The inclination angle of the generating plane can 
be calculated by using equation 8 [9].

tan [ cos( ) ( ) / ]
[cos( ) ( ) / ]

β α)cos( ))
α) cos( ))

=
a) /cos( α)cos( ))

i r[cos( )))) a
2 1cos( ) ( ) /α)cos( a) /cos( α)cos(

01ii 2 1( ) /αcos( a
 (8)

Where, r2 is the reference radius of the worm 
wheel; r2 = R; a is the pressure angle of the refer-
ence circle in the worm wheel. When i01 ≥ 30, Δ = 80; 
when 30 > i01 ≥ 10, Δ = 60.

After determining basic parameters, the refer-
ence diameter coefficient and base circle diameter 
coefficient as two independent variables can be 
optimized within a certain range according to the 
actual working conditions. Meanwhile, the calcu-
lated inclination angle of generating plane also can 
be optimized to some extent.
e. Optimization of worm parameters

According to reference [9], the value range of 
k1 is 0.33 ∼ 0.38 and the value range of k2 is 0.50 
∼ 0.67. The inclination angle β of  the generating 
plane varies between −20 and 20. For the sample 
worm, the influence coefficient after parameter 
optimization is as shown in table 3.

Through the data analysis mentioned above, 
increase in the worm diameter, base circle diameter 
and inclination angle of the generating plane will 
lead to the decrease in the influence coefficient. 
When the reference circle diameter coefficient and 
the base circle diameter coefficient change within 

the value range, its influence on the influence 
coefficients can be ignored. For convenience of 
calculation, k1 = 0.35 and k2 = 0.63 are used and 
the inclination angle of the generating plane can 
by calculated by using equation 8.
f. Basic parameters

As shown in Table 4, from the analysis of the 
worm with center distance and speed ratio as the 
first series[10] of  parameters, center distance has less 
influence on the influence coefficient; the larger 
the speed ratio, the is greater the influence coef-
ficient; the value range of kahl is 0.44 ∼ 0.58; after 
power exponent fitting, the following equation is 
obtained:

kahl = 0.5768–8.282*i01
−1.82 (9)

5 EXAMPLE VERIFICATION

Nine types of worms that are optimized in param-
eters and listed in references [11] are selected to 
calculate their influence coefficients (Table 5). 
Through analysis, it can be found that the influ-
ence coefficient and the calculated value of the fit-
ting formula exhibit a big difference when the 
speed ratio is smaller. This is mainly caused by the 
large differences between the inclination angle of 
the generating plane and the calculated value of 
the formula after parameter optimization.

To further verify the above rule, the worm is 
ground by using the four-axis-linkage grinding 
machine of an enveloping hourglass worm and the 
helix error on the enveloping hourglass worm and 
hob detector is detected.

Taking into account the factor of end relief, 
when the length coefficient of the worm (kl) is 
determined as 0.89, the actual helix obtained by 
detection (Δfhl) is 0.019, as shown in Figure 8 by 

Table 3. Influence coefficient effect of parameters.

k1 kahl k2 kahl β(0) kahl

0.33 0.5655 0.50 0.5823 7 0.5644
0.34 0.5650 0.54 0.5770 8 0.5627
0.35 0.5645 0.58 0.5711 9 0.5611
0.36 0.5640 0.62 0.5647 10 0.5593
0.37 0.5635 0.67 0.5560 11 0.5572
0.38 0.5630

Table 4. Effects of basic parameters of influence 
coefficients.

a1 (mm) kahl i01 kahl

100 0.5611 10 0.4515
125 0.5610 12.5 0.4928
160 0.5609 16 0.5234
200 0.5608 20 0.5422
320 0.5607 31.5 0.5588
400 0.5607 40 0.5663
500 0.5606 50 0.5704
630 0.5606 63 0.5728

Figure 5. Graph showing the effect of ratio on the 
influence coefficient.
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line 1. The center distance error (Δa1) is artificially 
made to be -0.2, machined and detected again, and 
the actual helix is as shown by line 2, Δfhl  = 0.093. 
One measuring result is substracted by the other 
to obtain the changing curve of the helix as shown 
in Figure 9 by line 1, where the value of variation 
is 0.099. By theoretical calculation, the helix error 
caused by the center distance error (Δa1 = −0.2) is 
0.100, and it will be 0.113 when calculated by using 
the fitting formula; the helix obtained by calcula-
tion is as shown in the figure by line 2. Two lines 
coincide after the factors of the periodic radial 
run-out in clamping are eliminated.

6 CONCLUSIONS

1. The helix error curve of the reference toroid 
caused by the center distance error shows a lin-
ear relationship approximately; with an increase 
in the center distance error, the error curve 
rotates clockwise.

2. The influence coefficient between the center 
distance error and helix error of the reference 
toroid is between 0.44 and 0.58. The influence 
coefficient mainly has a connection with speed 
ratio; the larger the speed ratio the greater is the 
coefficient; an increased inclination angle of the 
generating plane also increases the influence 
coefficient, while the change in center distance, 
reference diameter and base circle diameter has 
less influence on influence coefficient.

3. Contents and methods obtained from literature 
were also applied to analyze other influences of 
parameters adjustment and a theoretical basis 
for error tracing and anti-adjustment of the 
machine tool was provided.

Table 5. Influence coefficients of nine kinds of worm 
gear.

i01

a1 (mm)

100 250 630

10 0.5098 0.5101 0.5100
32 0.5545 0.5546 0.5478
63 0.5702 0.5662 0.5650

Figure 6. Picture of the grinding machine.

Figure 7. Picture of instrument used in the measure-
ment of the helix error.

Figure 8. Graph showing the helix error curve.

Figure 9. Graph showing the variation of the helix 
error curve.
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Analysis of the characteristics of toroidal drive with different types 
of internal gears and central worms
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X.L. Zeng
School of Automobile Application Engineering, Fujian Chuanzheng Communications College, Fuzhou, China

ABSTRACT: The traditional toroidal drive often contains an internal toroidal gear and circular central 
worm. The purpose of this paper is to facilitate the accurate machining of the internal gear in toroidal 
drive and to achieve better drive characteristics. For this purpose, the configurations of the internal gear 
and the central worm as well as their influences on drive characteristics of the toroidal drive have been 
studied. The new prototypes of the toroidal drive with the cylindrical internal gear and the circular central 
worm, the cylindrical internal gear and the cylindrical central worm, and the cylindrical internal gear and 
the spherical central worm have been proposed and discussed. Three-dimensional modeling and kinematic 
and dynamic simulations of these new prototypes of toroidal drives have been accomplished. The charac-
teristics of energy dissipation, driving torque, and reaction force of different types of toroidal drives have 
also been compared and analyzed.

be discretized into coordinates array using MAT-
LAB. After importing these coordinate data into 
SolidWorks, an accurate Three-Dimensional (3D) 
model of the central worm and the cylindrical inner 
spiral gear can be set up (Wei, G.W. 2004).

The design parameters of the main components 
in the 3D model are shown in Table 1.

2.1 The prototype combining annular inner gear 
with annular worm

A traditional toroidal drive contains an annular 
inner gear and an annular worm. Fig. 1 shows the 

1 INTRODUCTION

Toroidal drive combines planetary gear drive with 
worm drive skillfully. It has many advantages such 
as compact structure, high drive ratio, and smooth 
transmission (Yao, L.G. 2004). In a toroidal drive, 
both the inner spiral gear and worm are annular, 
making the spiral rollaway longer. As a result, the 
toroidal drive can embody more rollers, which 
means more teeth can mesh simultaneously. There-
fore, its power diversion is more efficient. However, 
because of the special structure of the toroidal 
drive, the inner toroidal gear must be processed 
separately in half  and then assembled together 
(Zeng, X.L. 2015). This may increase machining 
and assembly errors. Another problem is that the 
impact and vibration are serious when the rollers 
enter or exit the raceway.

2 NEW PROTOTYPES OF TOROIDAL 
DRIVE COMBINING DIFFERENT 
TYPES OF INTERNAL GEARS WITH 
DIFFERENT TYPES OF WORMS

Mathematical equations of conjugate profile of 
the central worm and the inner spiral gear can be 
deduced according to the gear engagement princi-
ple and coordinate transformation formula. (Yao, 
L.G. 2006). The precise tooth surface of the cen-
tral worm and the cylindrical inner spiral gear can 

Table 1. Main design parameters.

Parameters Value

Center distance (a0/mm) 119
Tooth number of the central worm (z1) 1
Diameter of the central worm (d1/mm) 113
Number of meshing rollers (z2) 8
Diameter of the planet gear (d2/mm) 125
Radius of the meshing roller (ρ/mm) 8
Tooth number of the cylindrical inner spiral 

gear (z3)
23

Diameter of the cylindrical inner spiral gear 
(d3/mm)

Wrap angle of the central worm containing 
planet worm gear (Ewp/°)

363

90

ICPT2016_Book.indb   1055ICPT2016_Book.indb   1055 9/29/2016   12:40:29 PM9/29/2016   12:40:29 PM



1056

3D model for kinematic simulation of this type of 
toroidal drive.

Without loss of generality, we set the transmis-
sion power as 11 kW and motor speed as 1000 rpm 
for kinematic and dynamic simulations. These two 
parameters are used for the simulation of other 
types of toroidal drives in the following sections 
for comparison.

The kinematic simulation revealed that the roll-
ers always move along the raceways of the inner 
spiral gear and the central worm without any inter-
ference. This proves that the motion law of this 
prototype is correct.

The dynamic simulation results of this toroidal 
drive are shown in Fig. 2.

Fig. 2 shows that the curves of energy dissipa-
tion, driving torque, and reaction force are not 

stable. This may be caused by the frictions of roll-
er–gear pairs and the uneven distribution of load 
in the toroidal drive. The figure also shows that 
the average energy dissipation of toroidal drive 
is about 21,532,529 N⋅mm/s; the average driving 
torque is 171,730 N⋅mm, and the average reaction 
force is 8,541 N.

2.2 The prototype combining annular inner gear 
with cylindrical worm

A toroidal drive contains an annular inner gear 
and a cylindrical worm. Fig. 3 shows the 3D model 
for kinematic simulation of this type of toroidal 
drive.

The kinematic simulation indicated that the roll-
ers always move along the raceways of the inner 
spiral gear and the central worm without any inter-
ference. This shows that the motion law of this 
prototype is correct.

The dynamic simulation results of this toroidal 
drive are shown in Fig. 4.

As can be seen from Fig. 4, the average 
energy dissipation of this toroidal drive is about 
18,655,703 N⋅mm/s, the average driving torque is 
148,455 N⋅mm, and the average reaction force is 
6,980 N.

2.3 The prototype combining annular inner gear 
with spherical worm

A toroidal drive contains an annular inner gear 
and a spherical worm. Fig. 5 displays the 3D model 
for kinematic simulation of this type of toroidal 
drive.

The kinematic simulation indicated that the roll-
ers always move along the raceways of the inner 
spiral gear and the central worm without any inter-

Figure 1. 3D model for kinematic simulation of a toroi-
dal drive contains annular inner gear and annular worm.

Figure 2. Dynamic simulation results of a toroidal drive 
containing annular inner gear and annular worm.

Figure 3. 3D model for kinematic simulation of a toroi-
dal drive containing annular inner gear and cylindrical 
worm.
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ference. This shows that the motion law of this 
prototype is correct.

The dynamic simulation results of this toroidal 
drive are shown in Fig. 6.

It can be observed from Fig. 6 that the aver-
age energy dissipation of this drive is about 
17,849,422 N⋅mm/s, the average driving torque is 
133,610 N⋅mm, and the average reaction force is 
6,453 N.

2.4 The prototype combining cylindrical inner 
gear with annular worm

A toroidal drive contains a cylindrical inner gear 
and an annular worm. Fig. 7 shows the 3D model 

for kinematic simulation of this type of toroidal 
drive.

The kinematic simulation indicated that the roll-
ers always move along the raceways of the inner 
spiral gear and the central worm without any inter-
ference. This shows that the motion law of this 
prototype is correct.

The dynamic simulation results of this toroidal 
drive are shown in Fig. 8.

From Fig. 8, it can be found that the curves of 
energy dissipation, driving torque, and reaction 
force are not stable. This may be caused by the fric-
tions of roller–gear pairs and the uneven distribu-

Figure 4. Dynamic simulation results of a toroidal drive 
containing annular inner gear and cylindrical worm.

Figure 5. 3D model for kinematic simulation of a 
toroidal drive containing annular inner gear and spheri-
cal worm.

Figure 6. Dynamic simulation results of a toroidal drive 
containing annular inner gear and spherical worm.

Figure 7. 3D model for kinematic simulation of a toroi-
dal drive containing cylindrical inner gear and annular 
worm.
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tion of load in the toroidal drive. Fig. 8 shows that 
the average energy dissipation of toroidal drive 
is about 13,361,256 N⋅mm/s, the average driving 
torque is 83,723 N⋅mm, and the average reaction 
force is 7,001 N.

2.5 The prototype combining cylindrical inner 
gear with cylindrical worm

A toroidal drive contains a cylindrical inner gear and 
a cylindrical worm. Fig. 9 shows the 3D model for 
kinematic simulation of this type of toroidal drive.

The kinematic simulation revealed that the roll-
ers always move along the raceways of the inner 

spiral gear and the central worm without any inter-
ference. This proves that the motion law of this 
prototype is correct.

The dynamic simulation results of this toroidal 
drive are shown in Fig. 10.

It can be found from Fig. 10 that the aver-
age energy dissipation of this drive is about 
7,994,724 N⋅mm/s, the average driving torque is 
63,620 N⋅mm, and the average reaction force is 
4,511 N.

Figure 8. Dynamic simulation results of a toroidal drive 
containing cylindrical inner gear and annular worm.

Figure 9. 3D model for kinematic simulation of a toroi-
dal drive containing cylindrical inner gear and cylindrical 
worm.

Figure 10. Dynamic simulation results of a toroidal 
drive containing cylindrical inner gear and cylindrical 
worm.

Figure 11. 3D model for kinematic simulation of a 
toroidal drive containing cylindrical inner gear and 
spherical worm.
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Figure 12. Dynamic simulation results of a toroidal 
drive containing cylindrical inner gear and spherical 
worm.

Table 2. Dynamic simulation results of different toroidal drive prototypes.

Annular inner 
gear–annular 
worm

Annular inner 
gear–cylindrical 
worm

Annular inner 
gear–spherical 
worm

Cylindrical inner 
gear–annular 
worm

Cylindrical inner 
gear–cylindrical 
worm

Cylindrical 
inner gear–
spherical worm

Max. power 
dissipation 
(N⋅mm/s)

57,420,077 37,311,407 35,698,844 21,378,011 15,989,448 5,134,540

Av. power 
dissipation
(N⋅mm/s)

21,532,529 18,655,703 17,849,422 13,361,256 7,994,724 2,567,270

Max. driving 
torque 
(N⋅mm)

457,945 296,910 267,219 223,259 127,241 53,386

Av. driving 
torque 
(N⋅mm)

171,730 148,455 133,610 83,723 63,620 13,346

Max. reaction 
force (N)

20,058 12,565 11,345 16,908 10,464 7,083

Av. reaction 
force (N)

8,541 6,980 6,453 7,001 4,511 892

2.6 The prototype combining cylindrical inner 
gear with spherical worm 

A toroidal drive contains a cylindrical inner gear 
and a spherical worm. Fig. 11 shows the 3D model 
for kinematic simulation of this type of toroidal 
drive.

The dynamic simulation results of this toroidal 
drive are shown in Fig. 12.

As shown in Fig. 12, the average energy dissipa-
tion of this drive is about 2,567,270 N⋅mm/s, the 

average driving torque is 13,346 N⋅mm, and the 
average reaction force is 892 N.

2.7 Comparative analysis of dynamic simulations

The dynamic simulation results of the new proto-
types combining different types of internal gears 
with different types of worms are listed in Table 2.

By comparing the results shown in Table 2, one 
may easily find that a toroidal drive containing a 
cylindrical inner gear claims lower values of power 
dissipation, driving torque, and reaction force 
than those of an annular inner gear. This can be 
explained by that the raceway depth of a cylindri-
cal inner gear has more smooth transitions, yield-
ing smaller resistance and impact. As to a toroidal 
drive with the same structure of inner gear and 
different types of worms, the power dissipation, 
driving torque, and reaction force decreased in 
the order of annular worm, cylindrical worm, and 
spherical worm. Compared with annular worm, 
the raceway depth of spherical worm and cylindri-
cal worm changes gradually, thereby reducing the 
resistance and impact.

3 CONCLUSIONS

1. Several new prototypes of toroidal drives were 
proposed in this paper by combining different 
types of internal gears with different types of 
worms.

2. 3D modeling and kinematic and dynamic 
simulations were carried out for these types 
of  toroidal drives to analyze the driving 
characteristics.
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3. A toroidal drive containing a cylindrical inner 
gear and a spherical worm claims the best 
performance when power dissipation, driving 
torque, and reaction force are considered.
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